Lecture 09: Irreducible elements

Sunday, August 20, 2017 10:30 PM

(D‘;:R_‘. Let R be on |'n‘['68m| clomou’n; xeR is ca\\e;] reducible

? O x+o and X;Z(RX.
@ T o beR, x=ab = (either aeR or \beRX\) -

_'_E_x_‘- xeZ is iﬂ"?—(lucflb‘e— = XxX=£o, %%ii, Gr\c!

the Oh‘\é ‘PO«S\"‘;‘\'V(’/ divisovs
0=P x ore 1 and (x.

CNou have been calli such number “prime’. e use.
the ol rime® For ancbher e of ckne;
ond we coill shas xeZ is ireducile o i s
prime.)
Ex. Let Fbea Pell. Then Pexre FIxd s iveducible
= O clua'?'z 1
@ Ftoo amd be written as a Yme:P od
non — aomstat ?olammia[s.
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L

ecture 09: Irreducible polynomials

Sunday, August 20, 2017 10:44 PM

P =) Sinee Fisoa -Qc'e\cl, FLx1 s an (h“/‘cﬁm\ dovnon .

o it c{oes no{' ‘r\o\\{e O\. zerov c!fvfsor‘ . \C)m;\ FDQX—_— sz F\%o} .
|‘p ‘?’(‘)0 = 0 \0(90 , then either o e FIg = 3%
ar LCK\ e_F['x‘lxz :\‘{03 5 (,,)\m‘c‘r\ imc‘;\(&s ‘H\o\‘b
‘P Comr\o'l‘ )De, OAYTHBY\ o0S Ao r‘;mc[w:‘k o:?_ non— C.ems'\':aﬂJC
?o\ﬁnomfa(s .
=) Dince. F_I_:xjx= F\33 ad T Ix) s an l'n'\Te% | clmr\a\'n ,
J-eﬂ 4 >4 \'mT\l'e.s -B:{:o, L s norl: N UmE-L.
-B(f)q =QCQQLD('X\ = (ex*\r\er AQ% o=—0 o Ae% L;é,

-‘-?-#—o = @#o Qm\ B:I:c\

PaYe) ether netT N\ = 'F]:r;qx or be F\%a% - -F[f)qx .=

Br. 2% i \‘nreAuu'b\e. n @EX]) _lwcl.‘ "L‘ IS Y‘Qc\uciue,

ct

O\

ket means nat |'me_cluu)>‘e3 in ZTwx] - C,E\'H\er 2 oC X
e hJ\T U\n\;\& In ZE‘)Q -
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Lecture 09: Irreducibility of degree 2 and 3 polynomials

Sunday, August 20, 2017 10:59 PM

Lemmn . Let F be o Freld. Suppose Pe FIxy and
2 <deg $<3 - Then L s reducible n Fixg % owd
Dnla # + has o zero n¥ -

PR.(=) = a,be T, deq o\,cl«l b> 4 and
po=P . Sie T s a Relds e hove

deg o+ deg b = c[e;é#. As deg O\,Oleca b2 and deg <3,
either deg a=i or dey b=t. Qithout loss of amml&a,
we can ond aill assume c\eaa-—_-i. D ) = X

wd cyt0. Thoedre $(_o.c) = acc,cdy becd)

@y B hes o zew weF, then ;«Ot\,;e Poctor theorem
H e FID such that o0 = (x—x) 90
So o[e% g+ clea(‘x—o() = o\ea? =
cleg 9 _—=Aeﬂ¥ 14 >4
Hence £ is reducible . =
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Lecture 09: Irreducible polynomials

Sunday, August 20, 2017 11:14 PM

Ex« Shoco that x&1 is veduci ble w €I and trreducible
in RI .

Sohebion. . XZi= (X+7)(%-1) and cfea(‘?(:tﬂzi- R0
x%d is reducible i C .

. Suﬂbose Xz—ri (s Y‘e.cluc:i‘ole n @[‘X’] Tken sz 'H\e v?r‘e\n‘ous
it has a zer in R ; oJu'cL\ S & con-['mc[fc{-\bm B

‘¢t~nm0\ /

=X . Shocy that -?—(;q: xg.|. 3 XZ+9_X+‘5 IS recluc{ ble N (RD(]-

Selubiom. T s enowal\ b shoo £ hes o zero in B. Nobice

'H\oﬂl,‘, Since |l’m -?(X)-: [o34) OmJ h‘m %Cx) =_—00,
X —p 0 W= —oD

¥ar |ar3e e,hov\ﬁl'\ A , e Lme ‘E(a))o Omc] ‘Eaf‘ Shv\‘\
enou‘jl\ L: ae lw\\ﬁe ‘ECL)<0. Dince ‘? iS @h‘l‘inmms,

= \:<Q<0\ Such -H\,\‘\,' —PCQ)___.O.
(Remark. Usmg A SiYh{|a\r o\ravmneﬁl_ one  Can SL\q,o-,

('ecme@[xj , c[cawg>i,’o‘<3 ¥ oJJ):}‘J?‘ has  «
zew in R

=;>—P IS reducible
in R
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Lecture 09: Having a zero in Q

Monday, August 21, 2017 1:32 PM

Ex. ls x3x+2 irreducible in QIx1?

_So,wl:io'r\. Since o‘ca (_xs._)(+2_), 53 N Lehmv\w/ i‘}: s iWEJu.

in QD3 CXQCHB cohen i does not have o zero in @ .
So supose b/ s & zem o xixr2 cohere b ceZ,
cto, and ﬁcJ (bc)= 1 . Hence (%)3_(%)1_2:0 .
Fréter cleom'mé the derominator, coe <aeJC

b_bc 4o —o0.
So  -2c3= b(kc®) chich |'m‘>‘l'cs b |-2c%, and beo
Since %cc( (b,)=1 omd b[-2c%, ce deduce b|2.
8.'m;|mr|3 B=c(~betac) mplies ¢ =3

Since ac:l Cheo)=1 and c|-b3, cve deduce | L.

x| 1 -1 2 -2
XS-X+2\ Z 2 3 4
e deduce that xEx+z does nob have a zevo in Q.
and 5o it is ireducible in @ Ix3.

Hence L/Q G%ii/ilg . Since

“The above me'H\oc( IS ‘Pal'rla e,%ech\rc n ‘Pl'hclfng Ou‘l' cohether
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Lecture 09: Having a zero in Q

Monday, August 21, 2017 1:44 PM

an in‘bﬁﬁer ?altjnom{a\\ has o zero in @ .

Lewoma.. Suppsse oo = avo, o 4 - p0 € ZIxD,
0o, and O #0. I {3(_56)-——0 Yor b,ceZ,
Cc#o, and %Cc\ (l:,c,‘)=i, then

bla, oand c]a,
33%"%(%iu”%4<%§ﬂ+””*Q&%»*Q°=°
implies o b . a, e 4 o4 a, bd™ 4o =0, D
S b bia Kicisad)=—a,d,
. =

n Z_
C«)L\\‘cl\ im?lies L>'-O\°Cn- Since aCJ CL,C—)=1 0\"\4 L‘-Gdé‘,

e deduce that b |a,

‘Béj @, cwre also 86\7

n—|

(o, kb o _ L cyvabe tal )c_ _a k.
i Z
So < [-Q“Ln, OQL\\‘CL\/“ZﬁefH\fr coith 8@‘&, b=4, frﬂf\\‘es

cla,. =
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Lecture 09: residue maps; study irreducibility

Monday, August 21, 2017 1:52 PM

n-|

Ex. Suppose Foo=xh o, X k- +0x+l e Z g . Then §
has o zevo in @ i# and OY\IU i? edher 2y=0 ov frd)—.
PBok- (=) is clear as 21e® .
(=) By the proviius lermma, i Phy=o for
byceZ, oo, gd h)=1, then L{1 and c|d.
S b e9-418, cohich means erther Fd)mo or
)= =
Another {m(?or—tanjc chcl.mb\mc s using the residue rrags:
recall thot , For any u‘n)oeﬁer- n, cpZ—>Z_ ,ca=al

n

s a r‘l'ng Mmor?hISM- We coan e.f‘:em‘ i{' o ‘H\t n'ma o1D—

‘\)o\xammt’o\ls .
S ed -
Lemmo, . ¢ : Z[x]—» Z,[x]1, cn(_Z O‘i x =2 c (al\x
= 1=0
IS o rting \r\omomor?l\(sm
E Cn( EQT ‘)Ci _‘_1% L)‘ 9(_1. ) = Cn( ‘.=°CQ,i+B.i) X )

@:’ i c (0,;+b,) 'xi

iI=o
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Lecture 09: residue maps; study Irreducibility

Monday, August 21, 2017 3:57 PM

C:l— L, (C(o«l)+¢—(lo‘b‘x

S o rmf) "\“/WOW\

Qte?ag/l

additiom i

@) x +ZCCE)X

Z Tx] ‘><\+C(Z\ofx)
e (Z o) Z b)) = e (Z (b ) %)
2 Ay Lk-l) <7ck
k

_CZ_ c (@)X \(?;_C(L)«x )
= Cn(g a"‘X Cn<§bi¢xl) .
(Exerc,\‘se. %ml’ne H\e v\emscmn‘na Lcl\l}\c[ to\c['\ earm‘c“:\j ) [

r -1
C"“’“ﬁ‘fy Let am =0 X+ 0 K+t and

g S
h(‘)\) = bs‘)c + ks-l X

4+ - + l)o. Su??ose ca,keZ[x])
Omcs P IS O f?n'me oukfcl\ cloes r\o‘[‘ ol\\n‘Je O\r}as.
Then c,r(ﬂk)=c?(3§ CT(D o\no[ J%Cc?(3))=r‘ and

cleﬁ( CTCL\)\ =S
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