Lecture 08 : Fermat's little theorem

Thursday, February 21, 2019 2:34 AM

I the previous lectuve e dePined the evalusdion mag onek
«?mrrl—ccl out that Two ?0'3' mn‘ak{- give us the same -Pmnchions .

Fermat”s litHe theorem gives us one such Qmm?\e:

‘Theorem. S\k??cse ‘? s ?mnc _IT\L”Y\ ,‘?OY‘ O\nk(,] ac Z]"

P
A=Q.

PE- Z’F hos chamcterishic P - In Your Hw 0\35\8nmen'{'

you hove ?wvec\ thert (’)(-rtg: ?(?—r UP in Z? @

T T
Cloym . (7(‘-|-‘X2_-|-~--r’)(n)= 9<T—|----—1-‘Xn "?'Of‘ Omvj 96‘-62?-

T‘P d‘f- C‘on'm.(»u)e Tvbceec[ )93 l'hcluc‘\.‘lé'n on nNn- ® \'m\>|re5

the n=2 cose . m

P P P
Induction S‘h‘!?.- CC?CH +{Xn)+(xn+\) =1v@(lﬂ' X Xy

= (x?l -~+'x:+ wZ‘ ("nclucbi'm kd\%ﬁesfs)

P P F
Fr ae Z,, a= (d+4+-+1) =1+ 41 =4+ d=a.

T . AN
trmes o Dimees

d ‘H\e G\Lx)\/e Q\m’m B

a ‘h'mcs
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Lecture 08: Evaluation map

Friday, February 22, 2019 1:48 PM

Le‘t’s recall ‘WQ C\Ialuo\",'lbn mo\?_ L Su\:‘:ose IL\ 'S o

%u\mwa c»? B ond beB. TThen the evolustion it b
cb\o: ALX1—p B, 4310('?) — fb) is a r\'nca ho'momor?\q\‘sm
Im c\:b: 3 CLO')‘Q\b‘f""\‘Qan \ [l.ieﬁ, Y\GZ—\—% el

ker <pb=§_‘P X eﬁl:'xj\ b is a zevo o? -P(’mz .

Ex. Tind ker(ﬁ:ﬁ) cohere CP‘E_'. QLx]— C
is the QVG\'U\OAT\'O“ at 2 .

Solution . F e ker 43\&1@ -P(\]I)___o.

Nal,-l‘ce _H\m—\: (\}_3.32—2=o‘) Omck So Ji \'S e\ ZzeyYvu o:{).
o= 2. Next we nohte that since VZ s inehioval R

Y\OJ( a ZeX0 a:@ (o clPa(Pe i ?c\dmmlo\‘ n @E‘X] -

o Fo Qon‘l:mc‘l'c'ln'm .

C\_C\l—i)szo}%. \E):: — b&_e@ Q)l'“c,l'\ S o
abe@

Claim . ker- 4>E= (-2 QAGA (ell the muH-l'?\es of ‘)(2—2')

B o Clin . o — (B0 — RUT) = (= 2) 4(E) =0
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Lecture 08: The evaluation homomorphisms

Friday, August 18, 2017

= 0 ¢ ker c\>m. 3u\>‘>ase, 8meker c\:l', e hove 1o shoo
g i o mulbiple o x=2 . So we divide 40 \95 -2,
and coe hove o argue oolqa remandec s O. ‘Ba \ow\% dvision
3 ck,re@l:ﬂ, 3c9<\=(%2—?-3c"cf>ﬂ—\- e - Je r< 2 -
0 =qWZ) = (J2-2)4UEVHI D= (I | Since
ker % has o &eﬂme 1 element, cle% r<2, and YiVo)=o,
ce deduce that Yoxny=c 1= constort. fs rcfa)=o, we

}W\Vc TO=0 | omJ 30 8C?0= CXQ' 23 0»(90€(‘X2—9~3 Q@Qrx1.
=

Ex. s there o non-zer element n ker C\S_;C where

P QIx1—» T s the evalotion b the Pre

_Solwh‘on. No, T s a nalr-So—ea\swa theorem i number ’H\tor!a

'H\a‘\' 7JC IS NOT a Zzero 0‘.& O\’Pa'amml'o\' Gol"H\ m—homl
oe%bl"en‘fs . Such & number i Cnllezl [N ‘kmnscenc\cn-b\\ number. B
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Lecture 08: Factor theorem

Friday, August 18, 2017 12:29 AM

Dk .. ae T is acnlled O\lﬁebmt‘c R ker CE\ + 303

cohere <$ ;@D(]_' C & te ewluahion at a .
- QGG:,/ coLn‘cL 'S Y\o'l-' alaekrm‘c 5 \S Co\“tc{ o

i‘anscenc‘en'lul number .

Nex‘\? (oN SRRV N34 Hme cl(\ns‘mr\ a\aer«m 'lJO S‘l?wfxa ZeYos a’-? o

?Oléjnom'b\l'
Tactor ‘H\eovem. Le'l‘ R lx an in‘l:eam\ clomou'n omc{

PooeRIN]. Then aeR s azep ok ¥ & and Onla i
Fex) = (x-a) 9 P some WG(RDG'
PE. (=) Since the Lea«clthg coefl. of xa s 1 and 1eU®)
85 Hhe divisiom aiam'%hm 3 g, reo e RIX] s
0) J«Sr< Jtacx-a)=i. fep 1 is Corsbout.
© Fon= (x-a)qe0 + riny
Since oo sazew o ¥, ® l'm«Y\l'es

Q ‘{2(0\\ = (o= OYCG\) + ) ﬁntl So ) =o-

!
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Lecture 08: The factor theorem

Friday, August 18, 2017 2:03 PM

Since r 13 Constant , e cae?\r st r=rmy=o.
So 'P(‘X):(fx_o\‘)alpq, Ar\c‘ So OIS & Zem a:? -P-
Thearem . |t D be an l’n‘{‘eaml domain y and -?(x)e'D[x].

Suppese. ay,..,0, Ore dishinct zeros o Poo. Then

Hqm0eDIx] st T = (x=0)-- (%0, 900 -
b porbicular, o ?olam\al 2 hes o mest clea(ﬁ) Zeros .
PR (e groceed by induchion on K
Bose o induchion. k=1
0y 15 & zew of §. So by the Packr theorem,

'P'('x) = (x-04) c}(fx\ Por some G‘Cfx) ¢cDQ; ths
'\N‘Oves the Lo\se a:@ l'nc[mc-l-l‘ on .
|nc{mc‘[‘um S{‘EL. Socﬁ;ose o o,

g + are A\'Sl‘l‘nc‘l' Zens
of ‘F‘(‘K\ .

Qince. a is o zeo o +, La the Pocdor theorem

k+d

I3 heoeDIxa st ‘p(90=(9<—0\ )hcx), So, o 0‘“3

k-+1
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Lecture 08 : Zeros of a polynomial

Friday, August 18, 2017 2:15 PM

A<i<k, o =-‘B(o\i\= (a.i—o\k_ﬂ) 1’\(0\,,;) . Dince

o =(0\,‘:—O\k+\\ \’\CO‘,L) = km\)=\'\faz\==\r\(qk3 =0 .
Nyt Ny P I=is<k

D hos no zew-divisor
So ¢y, a, are dishact zews of h. Hence by the
induckion hypothests coe  hove Hht
hey = (x=q,)-- &-a,) 4
for sme o0 e DI Therehore
F00 = (x—a, ) h6A = (x_a)- (-0, (x-a, ) 4™

“This ﬁu’ves us 'H\Q 10-11‘5{' f\w—l- 0=P— ‘H\eovem.

lo %e:l,‘ the. second ?ar'[r ot Hhewem, e have

Jea £ Jeﬂ ((9(—0\0...@_0\\3 0»(‘70\ = k+ c‘ea GF/
cohich l'm‘;\l‘es o(fa + Zk. S¢ ¥ has ot erast Jea(-g)

Zevps - B
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Lecture 08 :Zeros of a polynomial

Friday, August 18, 2017 2:24 PM

Notice thd %=1 has 4 zews in Z 5

G1)* =1 inZ,. and D=1 in Z,g; hence

in the 'PTEVIOUS s‘l‘m":emen‘l,' |+ IS I'm\p*r‘b«n‘l' ‘H\h‘k D is an mjkam\
cjomm'n- e con use Chinese (\?ewn'nc\cr “Theorem {o shoco
thot ’Xz-i has €><0\C‘ué 4 oluhons in ZIB . ‘B(*] CRT,
Zlg o Z?:XZB; Since ZS and 725 are 'P'Te‘cl, ’xz—i
has or[' muf!' +wo zevos n 23 cm,l 25; GnJ ‘Hued are +1 .
So X2l s ex«&la 4 zevos In st 25 cohich are

(td,z1).
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Lecture 08: Fermat's theorem and finding zeros

Friday, August 18, 2017 12:16 AM

Next coe see hoco Terwat’s ]l"H'le_ theore con lﬁcl‘; ns cle‘l?tfh\‘ne
l"'? Qa %(\/en rPo|Unom|hI l%.s O Zeyo in ZF or no":‘.

it is esevrh‘o\l\«a bosed on the %lloooina obse vation:

Lerma . Tor ana v‘;n'me. P \>osf{?\\le, \‘n{'eaer‘ n, ond o€ ZT .

= O\ \.Y\ Z,? .

?‘ﬁ-_ Cle Troceec[ 135 l'nc]mc"l’l'o'n on n. —Ferwno\'\' ’s \i'“'\e Hheovewn

n
"

8{\/95 us the bae case of n=1. Induchon %‘L‘e?_.
N4\ . P
SO o

'héu ‘on
-'Fém:.‘\.'/s .
-

I
%E_x_. Dees X — X+ 2 have oo ze@ in Zs?

So‘u“:('on . Ea the e|>mvx‘ws ,-e,mma / -Eor ana ae 2.5, e ko»\/e,

10 16
) _
O\(B —0»-r2=0x—0\+2=27eo‘30 X(D)_x_..z cloes

hol' have o zew in Zs' =
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Lecture 08: Finding zeros and Fermat's theorem

Monday, August 21, 2017 9:52 PM

50 .
Ex. Does X" _x+2 hae o zerw in ZB e

Solukion . e write 50 in base—5. 50 =<52)(2\.
For Omgo\ez5, a —-OL-l- ~(O{_> -o\+2
2

Nowd> thit e have &_?o\\anomfv\\ om'JCk Srnal| o\egree, we. can
evalucte &t all the elements of Z’S

Qa ‘ o i -1 2 -2
Ouz-a+2,\ 2 2 4 4 3

50
R X —x+2 does not have o zero in ZS .-
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