Lecture 06: Ring of polynomials

Wednesday, August 16, 2017 1:59 AM

You hove seen ond ooor\aec; ooith r‘eo\\ or cm«rl\sx r\fold namfax\s

in o aiven Voriable & . (Ve an o\no\ coill comsider (?o\‘d\‘\d‘ml‘ﬂ‘s

coith Coeﬂ?\’c\'en‘!:s in o (afven r‘n’r\a N an \‘an‘\'efMI}'\ﬂn'\«_ x :

CR['XJ=‘;ZQO+Q\‘X-.-O\2‘X2+ ----|-0\n'X,n \ neio, O\_[E(R% .
n <
We 80m€l:1'm65 con:be Z: Q; ‘X‘ \'ns‘l:taJ o:?_ 0\0_'.0\\9<+ .-.+%9(n.

I=o

Or ZQ ‘X 00\'“‘ on UnclerSE\r\o‘\'ng Hot Otn+\=qh+'2.= .. =0

=0

o some neZ ~*
Q[‘X] ooi'H\ ‘H«f. usuau -+ Omcl. & o n‘n%. Here s ‘H\a

*Pmmi definibion -
Z:o\ o —\-Z__B x* —T_(a;\rb)x . and

Z_;Q«.j‘x\><z—l° cx Z- (Zaz n-1
Ex Fid (x41) in Z,Ix).

2
Solddton  (x+1) = o 2x+1

2 3 .2
C‘)(—\—:DL’_ = (Cr2xl) = 200 %
4+ 29C+o0 +2X
+ x= +2—9<+i

= 9<+2‘>< +—1— = (fx-n-i) 4 + 2% +29< +’X-\—1-
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Lecture 06 : degree of polynomials

Thursday, August 17, 2017 11:15 PM

For %(mr_-;.:::q;%"e‘kf_‘xl, we 3y
olea $ = mxgneZ U i—ee} | o 0} -

So, cjeﬁree. o He zew pokgromial s defned 4o be — oo

ond oleg (ogrox++a ) =n ® o fo.

Ex. ole,g (1) =0 in am Gon-zero) unihal cing

Ex. Find deg( (ax=D)(@xrd)) in Z, T

Sohchin (202 1)(2a+1)= £ a4 20°— 29¢ —1
= 2o 20¢-4 .
So deg((294) (2xetl) — 2

Nohice that in the aboe exo\m?le,
c\ea (2x=4)= 2 , Aeca&%+i) =1, o\nc,
O"t% C@Xl{l_\ (?-X-\-.’D) =2 == 2+d= o‘ea (25&1) -\.c‘ﬂa (@x+d)

So/ 2or a%eneml Hr\g (R/ in RIX) coe do N_i“_r hove
o(ea('g%):o{aa-f'-i-c{eﬁ%
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Lecture 06 : Degree of product

Thursday, August 17, 2017 11:28 PM

A chser bk ab the previmss cxomple shaos s cshy this
eo\ua\lr'ba Fails; # foils becouse of the zero divisors .
Lemma . Suppse R 5 @ ring with no zero divisors . Then
Por Gy *,36‘\2]}(}, oe  hoxe
gty = dqfrday

oot - B ether £ or q & zew, then 33% -0
So the LHS = —0 ond the RHS — —cg4 . = =0
(os & Convertion : —sa4 n= —s0  and € o) (eo)= —=0 . )
Buppose # and g are not zerv;, and

Foo— a_ o+0,, X wQ, , Gnto

gex) = mem +b x L ab, b
[Then £(<x)acfx) — ah‘:.m x @em A A<:a(‘e€<n-\-m) :
Bice @, b 40 ond R has no zewdimory a,b 0.

Hence Jeé ‘Q%: Y\-\—M':c;ea ‘g-l-cka 3. . )|
Qoro”amg. \# R "\0\5 ho Zevo J(’V\SOYS, H\en RIx] o\oes no“?
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Lecture 06 : Units of a ring of polynomials

Thursday, August 17, 2017 11:38 PM

lqa.s no Zeyo c\\\n'Smrs. H>- (D N\ \'n’\.'eam‘ c‘mmouh, ’H’\en (D[’X—.\

is an l'n‘l.‘eaml cloma(n.

Procf p Pg—o then  deg Py ——co . Simce R has
no zers diisars, by Lemma, o\e‘a Fq = deg ¥+Je<a g
Since. teso integers  comat odd up to —wo, eddher
deg £ = 0 or Ae% g= oo ; eohich implies ecther $=o or
g =o - Hence RIx] does NOT hexe a zer divisor.

® D is on |'n‘l?€3m‘ domain , then
© D s o rnzew unital Ningi=r Vi) is & nonmzers unthal

ring -
@D s %'“V‘.lm{-'{'& = DIx] is Cmmw,:[-i[—\\/e
® D ‘10@8 NST  have & zero-c[iV’ =—>(:D 1) c[cres not- Lmve, A

zem—ol Msay .

Jishty © od ©; @ hos been ?mee\ in the st part
o this o\rgumm[‘- w

Lemme. Suppase D s on (n":eam[ domain . Then Da*=T .
PP Suppase Pe D’ Then T gemeDIx) st Poogon=d
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Lecture 06 : Units of a ring of polynomials

Thursday, August 17, 2017 11:50 PM

nce D hes no zero—c&\\n‘SO‘rs , ooe t\o\ve,

o=c‘e% ‘E% =c\eﬁ ‘?-{- C\-Ea % .

Nothce that, since %aeo, ? and g ore NIT zerv . So
oleg 'g,cleg 320 .

(Jeg-?-\-ét% 9=o0 3:}- Jﬂaiﬁ:ckaS:c) So
O‘tta —?, c‘ﬁa 3_)_6

Fo b eD ey st. Poo=a, ond 8(»0:);;‘,.
Hene  0,b,= 1, cohich rmplies 0, €D - Therehore
£l cohich implies D' B D

Sice D ond DIX] hove the Same (mofiplicardrie ) |’clen‘l'1+lj ,
t s char thet D' Do’ . Therehore by ©, ©
one gets the clom. ® ©
Ex. Zpda=3-4,13;, QT —@— @i -
Ex. Tor o gorerl ring R, R might be moch \araer thon

R*.  shod that d+2x GLEXJX.
Solbom . (+2x)(d-2x)= 1_FPx*=1 = (d-20)(A+2%x). »
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Lecture 06 : nilpotent elements and units.

Friday, August 18, 2017 12:00 AM

A closer lok ot the previous e,xo\mY\e, shocos Yhat the ke& ?m?grty
is the ’90\& that 22=0 in Z.Lt 5 we 30\3 2 \s o n(\?dhn‘f
elemert: I o n‘r\a R, an emert AR s called nl'l?ajcen‘\,' i

l’t IS & aooa exercise ‘\D Slwoo ‘H\aJr in & &Am",rox\ Commm+a‘h've r‘\'na

R, e L\o\ve_

X %
R AQ Xt (ln,xne R[] 4= GLQe(R Om<[ Q. 0, are

nilbo'l,'?n{‘ .
The Follooorng is the keg reason on oohxé the above holds:

“Theorem . Sqﬂ;o;g R I35 A Ulm“l:'a\ Y‘l'ng Omc‘ ae R 1S

n{l?ct-en#. Then 1-ae R

E S\A’FPOSQ O\n=o. _rhen
(j-a.)(l-\-a-«-az—.---.—rop-i)=i—q" =1

(St’milar'g (1+a+ -~~—-|—O\n'i)(:l_—0\)-_- 1 D) Hewce 1-a€ (Rx . @
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Lecture 06 : Polynomials vs functions

Monday, February 18, 2019 7:19 PM

Rror 1o this Course. , You hove vieaed N ”\)o\\dnomfoxl ‘PG(REX]
NN -Pv\r\cjr\bn ‘QWM R o R. Bl there & a subtle O\f{gFErtnce

—

i |

seboreen H\em Tor instance. Here are on‘a 24+ Runchions

%m ZP_ o Z_l ; but Yhere are \'n%h\"‘oe\a h\aa ?olkdnom\'v\ls

n Z}_[‘X]: c{eza (?cn)zh Omcl So ?(/9(2,9Q3I.,. are Clt.s"‘,‘lnct‘
DO\UY\OMFA].S CZ.O("‘X\.-—* b < M, a=b ) .'W\e\a Gre

1!\00\)6‘&(, Qa\U\O\\ as J?-\Ahc‘hémS 2 (): 2(

1i\4
An ex{'reme\a \'mf‘)or'%an'{‘ ?rcr\:»er—\:g U&r H’na oz\z ?o\\anorn\'a\\s \S

‘H\e 'PO\C‘.' 'H\o(l.' e l'm(e, Qa AN\‘S(OY\ alaor('unm:

Thearem SwPPose R s an |h{'ec0m| domain . Let

) n "2 d
(%) = Oun‘x—rO\n_i‘X + ----\-O\o oan

1_.. +L° : Swﬂx;se. L>m€ Qx :

8(‘)0 = lam ?(M-i— Em_' ‘)(m
“Then 3 OPC‘)O eRIx] ( called the O‘uo{:'t'ewlr) Cmc(

road e RBA ( Co\“ea[ the r’e,mou’hoItr) st.
O tfoo=qw Qea + 1o © clear < deg q

Moreover  such Par qu, r} IS wn \‘O\\Ae.
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Lecture 06: Division algorithm

Friday, August 18, 2017 1:08 AM

ln class we 'Pra\(ecl 'Hr\Q QX\S’\?EY\Ce, ‘ows\? OmC‘ 'H\en Skowecl ‘H’\e
unic'ueness COL\en (R s an in‘fecam[ c‘omou'n .

(Pino‘P o=|2 QK\'S'[RY\CQ. Qe ?roc:eec; 193 the sl:r‘on% induction on

al?—a(‘h To do s ‘PWS'\T cwe have o address The cose of
Pes .

Case 042 -P——_-o . SQJC %: =0 . _W\QX\

qy c\exar~=_oo -<m-=c‘€% 9 - D Po—o x g +0 .

Bose C‘Q fm(ucb\‘on. &8'9:0. “Vhen ‘?(X\=O\° anol A+ 0 -

Cose 4. o‘ea %_—_m}o .

8&7‘7 O}:o O\nc\ o= a, . “Then
@ A€8r=0<m=6‘1—35@ ‘£=qo=°)§8('70+r

Cose . o‘eﬂ 9= m=0

~Then 8(7(): loo ond LoeRx-
St o= o, 5 and row=o - Then
@ cleﬂ Fr=-x < o=403 8 @ -ECX)=OL°= (o«,L:i)

Bo-rfw
+ 9 r
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Lecture 06: Division algorithm (existence)

Friday, August 18, 2017 12:53 PM

Sh"oha IthU\Cl‘l'O'n 8‘\7\3'.? Su??ose, —?or O\r\a 'Faldnom— o:?. c‘Qa <k

6Je  Covn fnd a\uo‘l'\én‘l' and & mmou'ncle\r‘, ond coe. cort To
b the e relt B Hon coth dearee k-

Cose 4. O‘ea -k < clea%_-:m-

et 9q=o and r&):‘?(vo,‘ check ® od @

k k-
Yo ;P‘OQ= O\h‘X‘. +°\k_\‘>c + A, Omcl O\k#:o .

e ‘ool\ -?ar o mor\omm\, e D‘XD ) st the \fodln% ‘tem

o-P O XD acx} IS ‘H\e SAMe.  O\S -H\e, [@\Jtha '\:erm akxk O‘P 43('70.

That memns coe’d like bo hove (D?(D)(Lvm%m)—_- akxk

So the monomial s akl;i xk-m (nobee that k-m3 o,

mMm

4 km
G\hc[ S¢6 alb « 1S o hr\Ohovm'o\\\, HeY\Ce,
k T

o‘eg C e — Otkl)::l ’)ck—m %cxﬁ < k.

N ba the s\;-mn.a l'nc[tAc,{'fon hm)o'[‘ﬁesis ‘Hnem are, CL_C‘X) > 700 RIx]
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Lecture 06: Division algorithm (existence)

Thursday, February 21, 2019 1:22 AM
4 k-m
o) 1Qcoc)—akkm X G = 4,00 OO+ A -
-1 k-m
mplies that 0 < aki'x (xX) + -
@ implies (o b, X "+ qm) goo + 13
- lo—
Let rco=r® ond 9N = o\kb: x4 9N
“Then CD \‘m'?\l'es clo.n r< o\tag Dmc‘ (&) a(ves Us

f-mc\_ qym %C‘X\-l-f“(‘?o - =
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