Lecture 04: Characteristic

Friday, January 18, 2019 8:52 AM

In the previous lecture ooe’?rwecl tht char A= lc.mm. oG,
ac A

N:x-\' W= %e‘L' O Ym\c'r\ br:Hl:r Y’CSU\H,— 1ear /N Uknl"lal n%\a .

Eovwsﬁl'\bn. SU\’F\‘FOSC A s & (Am"l,'al m'ng . “’- o(d4 A\ <ob, +hen
chae A = o iA\ 5 F o(d, ) =, Hen char A=o.
PR . od

— A

_l—T\tre—Pore Cl\ar A =o0.

Y=o, then ﬂnez—r, hi—k=0) and S0 QA=¢

. L.?:l— Nn-.= OCiAB Qe COl“ Sl'\am 'H'\c\'l' N=—= \—C.hf\ ol .
ach
niA=° = Vo\e/*, <hik oO=o0o = ha=o

= oCoq‘h .

Hence n S o Common \MV\H'\'";‘% 019 OCay’s *, thas

l.C.m. Y- < n . CIW
ae A —
On -Hr\e OH\er "w\ncl l.c.m. olr) \s o\@os\‘}\\m} YY\U\H‘I?‘Q
ae A
of OCiA\;, amc{ so  l.cam. o) 2 OCJLA_ =n @)
ac A
CD O\nci C_lf M l o(d ):’-C.m_ o(a) . Hhcl ‘Hle
) ra A acA b&

VESMH Ym\fecj In 'H\e 'fre\n'ous lec[‘vme, claim ‘Po“ocos- =
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Lecture 04: Characteristic

Friday, January 18, 2019 9:03 AM

Ex. Find char (Zn"‘ -xZ, )
Solution . Jince Z,’s are anita) Cings, S0 15 Yrerr divect
preduct (as Yo showed @ in gour HW assfanmn-h . Hence
char (Z_ xoxZ, Y=o Hhe ‘AmHn )

=0 (izn: - jzn,} Cthe same H\)
Lt m.= o(izh\, -...,1th\ . S0 m is the smallest qosihive

n + P = -.,a). éfNce
+’€3~1Y s M(izh ,LA_ Y= (o,..,a). Ngh

\ th
W\(:LZ ’.h’iZ )= (o) "‘)O) -% (W\i " ;"'IMth)=(°I")O\
n, L I e
= m iZ =0 , ..., M =o
n
- ocizmx | oy ol Y | ™

<=5 ", |m, ey nk‘ m

=, mMm (S a Common MMH_'T‘Q o? Y\(,..)nk

Hence smm||€5'l' ?05\"\'{\1{ \'n'l‘fser caith Hh T@Tcr{:\a s

l-L-M-CV\‘, .--,V\k’\- Y O\Ierfo»“ CLmr(Zﬁic---xan)=|-c~m.(-Y\‘r-m‘}.
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Lecture 04: Integral domain

Friday, January 18, 2019 9:18 AM

:D_e_%- A unital chMu‘l'orLWe n’nj D is called an m‘l'egal domain

F oxd and D has no zem-c‘f\/l;sor.

Ex. 24. 's nal on "rrfeaml omain s 2+#o and Ix2=o .

. Z R, R, ad € ocre \'n"?\:aml domains-

movre C,W\l p

these are Piclds .
?ﬁ?os{';:‘l'ov\ In o (Am:‘l?o\‘ Y‘fha A, DAY sz 0.1 Cbl\QYQ

DAY s the set o;? all zem-—cll'Vl'sars o:l? A n -Po\r'h‘cu‘ar
a Pdd F ois an |'n+faml domarn.
RE . S’wﬂmse 1o the Cor\‘l'mr(a Hit aeDAIAAN . 0

o o G\hc{ Halel\\30§ , ao =o O\nc‘ 30\,/'275\,0(/0\—_-1.

Cr ) A )
o’ DA one A
Y ’ 4
= 0\/@\0\\=O\/'0=O i‘:) N=o cohich (s o
[
(Lo N/ = 1. ol=c¢l covﬂ'mcfu‘c'bc'm :

Dince T 15 '?I'elc(, s & Vm\+a| Comm\,d'orln\/c nhﬂ om:‘
o+1. Therefore to shoco F s an m{—egml o{olma\'h ) ({‘ Is
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Lecture 04: Integral domain
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cnough to show DCF)= g, By the Piret part of this Tw‘,ash\an
DA F =g ; and 50 DF) C cormlement of T -

As F=T\1E, we deduce et DEIC 3. Sihee

o 15 nit a zea—divisor, DEF) = of;, and cluim Balloces.
Nohice that Z s om «‘h-btaml domain ahich 5 nat o hidd ;m:mq\
5o the converse of the above slotement is not frue in
aeneml. Next we see thit ahen a rng s finite  then

the Converse holds as cvell -

—“-f\e_ov‘em, A 'f'lim-.);e, In tﬂf?J clohno\\’h D 1S & ‘?le\cl

P Since D is an .‘n{—taml dowain, 4 15 o unital commudadie
ring ond 0% 1. Qo o show it s a Reld, Fis encugh +o
prove. any non-Zero chemert s & und ; thed means we hove
b shwo YoeDAIi, ToeD, aa’=d . @imilar 4o the
prok § Coeg's Hheorrs i gy Fheary cve make e

0‘2 ’Pu:(D‘—):Dz ‘?0\@20 == O\?C,) Le’\' ’L\CD—F;D, L(‘X\ =QYX.
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Lecture 04: Integral domain

Friday, January 18, 2019 9:39 AM

We have fo sho that FoeD st /=4 which 1s
cquivalert do saging €L Iroge of 4. So it s enagh 1o
showo 4, is Surgedive. We corll prove that ish,  ingechie,
oad then uoing pigenhde and the ossumghon that D 15
Pinde, ce deduce thit 4, s Surfechive ond claim coonld

"?o”o W.

In a*l:‘l'vflt‘ o &\ f&(fx‘)= lo\(rx‘,_) = OX, =ox,
Noco e L\o\\le *l:o SLoQ "Hw‘l? we Coan Comce‘ Om+ C. -

AN =X, = QX -a%x,=0 = R&-%)=0o

= e\"H\er OA=0c Ovr 9('-9(2_=o as D l’\o\s No

Zer‘o—Al'\n‘sor‘
> x\ —9(&=° = ')C\:(xz

(0o ol
(&)e BLIO(A)QJ’ 'H\e

Cance“d‘[‘!bn laoo. )

dince  IDI<ed o —da:'D D s I'Y\Jecln'\le y 'L N &Ara‘ Ve .
Hence e ‘w\ae v{ &, coLt‘CL means Ea’eD, /L(o\’)-;i/

0mo[ So 0\0\/=i) mr\c‘ C,lou'm ‘Po”ocos. =
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Lecture 04: Recall an application of pigeonhole principle

Friday, January 18, 2019 9:49 AM

Recall . Suppose X and Y are foo Pinte sels omd [ X]=IY1.

Suﬂmse ‘?r X—=Y 5 « 'Punc:l'fo'n- “Then 'H\t. -“za“ocmhg ove

ealw'vqleyf}:: €N -{2 s \if\&ec):l've;) C\o) 4 s Suraie_c?l'li/e.;
oy 1 i El'a'echi/e.;
(€N :,Cla} Sbfﬂwsc ‘? is Vb‘k SUY‘a-‘QC[‘iVE .—m\'nle O.Lou('" elemch‘['s

g o-‘?— X as ’/Tn‘ﬂms\\/ e\emew[-:. o-e \\/ as ,/T\‘acm[«oles\\ y 0\“6\
§ 4?- as a ooou(._j o-{Z assiam'na ?\'Tov.\«ales -Lo ’Fl'aecﬂ'\S* Since. %

‘?— IS no‘l,' SM(BEC[’WQ , e ['\m\ze a‘f lﬂ&s‘r one less 'Pl'atsmlnole

o o\ss&jv\ +o Piqeens. So La the ?l'amnlxale ?n'ncx'\:le ot least

LW{' ‘H\IS Means "l') S Y\O"T l'ha'cC\?l'Ve Ql\lbl\ IS A Co&mdtt%\bn .
CL\=}CC,\ Qe LwVe— {70 St\cco 42 Is Iha‘eciil'\le . ”F no+, le‘L”S SGJ
Jcl\e_ :l_SFL ﬁml the thl rl)rneoy\_s avre &l\anhg aTlﬁeth\ale . Do

Onlta n-2 '\Jrﬁeohs NMFY\; aml ‘Hxﬂa Canm‘l' Cover 'H\e_

3 ‘l’ooo Tl'agms SLOU\H Le GSS(&htA ‘(ZJ 'H\e, Same 'Platml\aiﬁs', %

N-1 v\em(m'v\a ?l‘o‘)ecv\lwles . This Cov»‘l‘mA\cf\ZS sur-jc&\'w*‘a a:rl -l? .

(=6 (s clear. @
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Lecture 04: Integral domain

Friday, January 18, 2019 10:07 AM

—Wcomm. S(A'FPose n62+. —l—heh 'H'\c -’Fo"oco\'na S{u‘kfmwts are

equivalent :

W Z s a Preld, by Z._ s an fn{-ea(\ml domain, Ce) n is prime
B @ =) A Bed s an \H;eanl domain .

M=) B rt, nis ether 4 or ab For sme o<, ben

In Zi, o=1; and 50 i na* an t‘n‘l'eaml domain ooLu‘cL \S o~
COn'l'(?AJ l'c‘l!Tbn .

B neab for some s<o, b<n, Fhen

abeZ N3§ and ab=s in Z ; ond 5 o and b
ore zer-diviors in Z_, coL\l‘cl. |i-nf|t'e5 Z_ s nat on ih‘l’eam‘
Jomain. This is a corldichon .

©) = @) CJe«vaeJ this in the Previus lecture .

As e have seen an l'n‘liegm\ domain & ot nccessc\n‘la o Fied, eq.

Z . An(\j lﬁ%m\ domanin, W, can be embedded h “?‘\do\ ovd
’H\crc Is '“\Q Srnm”os't Sucl\ %cu, €%v Zg@ .
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Lecture 04: Field of fractions

Friday, January 18, 2019 12:45 PM

Tor instance i the aase of Z, R . held T aotains Z as
a sibring, then V me Z\3oT, L exsts in T, and s For
dry neZ ,oe ZN\], A exels i hich means theve
sacy o} @i F

Our gl 15 Fo shoco For any gl domain D there i
the smallest held QD) thot Cortans & copy of D; QD s
calld the Fiekl o rachions of D.

e coill e @Q os o 8“‘4" $or the construchon of QD). Thet
reans @e coill make serse of  Practims & e aeD and
5€DN\¥o§ - One miht be ﬁm?irté b5 comsder Dx (D\3:3)

t be the sdb for QD) ; viesing Hrist mefontn‘\‘ as the
rumeackor and the 3 anponerd a5 the. deremunche The
problem cyth ths naive o\??mcL s Fhat 9;;: - o Por

any re'D\%e3. So e need to tred (o b) and (or, br)
Qs ea‘uqu . anl \n aeneml we need o ‘h‘ea‘& (Cxl,Ll) ond an_,Lz)
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Lecture 04: Field of fractions

as equal ¥ ab=ob (O\T‘l=%7_.{= o, b—a.b)

TThat is whd we colleck all such pais in & subset and comsder
the allechon o these subseks . Infutively each subset
comsists of pairs Phet represent  the same Fraction ; let
[ab] .= 3 (o/,Kre Dx (D\Led) | ab’=a’b?.

" Theorem . 3 [, ] \ C«,L)QDX(D\ioZ)E IS G *Parjn"hbn

o Dx O\
We will pove this in a several s+ef$;
St 4 ,dye [a,b] = (o, bye [te,dy]
. codyelah] = cb=ad = @& belccd].

_3_{}1__2. Ce,dye [Cq,L>]§=», e ) e o, b1 .
e, ele,dy]

P (o, dyellah] = cb=ad = ecb=cadi,
) cflod] = ed —%c — aed =o\-9-c:[
ceb-caf = c (eg_.hﬁ) —o = either c=o0 Or
eb=at . In latler cose e Prelnb]. B oo, then

math103b-19-w Page 9



Lecture 04: Field of fractions

Friday, January 18, 2019 1:05 PM

d +o

o=cb=aoad =5 G=0 OYr c‘:oi:—; Q:0]s> Ou‘P-—l)e
0o :-_C‘F::QCJ = €=0 Of‘0\=0j—_-s) e—=o0

O‘?Sa
And 0 again (t;ﬁ)e[(o\,L\]

Sep 3. (cheTab] = [bl=Me,d].
- dyelah] = [ hIC [G,b)] CTLU Sff?l-
cedhellabh] = Gbele,d] by Shepd
= (@, 5] [ked] o l’ﬁ Sbe? 2 .
) ~nd @) l'mf)a Lo, h 1= [odhl.
Spep &t [ta, by} o [er, )£ 2 = [o,h]) =L@, )] .
B b ells D](\ [(« QY [N
(e, dyela,b] _> [(e, )] =[Ca,b] 7= T bl-lwl4].
Lc,J el W) — [ d)y] =[] K
3’&13

S5 O [l = Dx (DN18)
@, L\ GDx@\zag\
. akb-ab=o = @bcl&b] =

S'FQ'P 1-5 lmTIJ the meirhaned theorem. We caill et W] as VY
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