Lecture O1: Historical note

Saturday, January 12, 2019 9:49 AM

Historically algebm s developed to study zeros of golynomials. TThe
cond algebra comes rom bhe name of o bock cortien by o gersan
mathemahcion  Kharmzm'  ((g)lg) . I this book, he esseﬁl'lb«llg +old
us how o Pind zens o} dey. 4 and deg. 2 polynomils . TFiding
zeros of Aej 3 polynomils hos o %ascn'no\‘n'na hfs+ar8, Khayaam hed
o geametric method 4o solve cerboin such polgnamils , bt the genend
axse had been solved by Tactaglion. Zews of deg. 4 poly. cmre
Found by TFerari . In 1324, Abel Showed thet one canndt express
zews of o ﬂenem\ c‘eza. 5 ?olanam.‘a\ usina &= %) [, omd
rodicals. In 1222, Golois Jmﬂwc us heww o sEuJLa zeros of
?olammls-

Another problem that hod o lot of inPluence. in developemedt of

O\‘Sﬁm cons 'Fem-& ,S Las“f CMVSQC{'MQ'. 'Xn-yan-:z.n \'\o\S

no nm—"\:n'\lfou\ l'"{‘faw\\ SO‘U\JD'OY\S- As \dow Can See, r{' IS 0\3(,\\’“ aLoGl'

zerns of o 'Fo{gnom"«‘ 5 bat +this time there ore more bhen 1
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Lecture 01: Definition

Saturday, January 12, 2019 9:52 AM

Variable and e art asking for zes in Z .

In both of Hhese qrobloms, coe odd azero b @ or Z, create
o new “sysbem of numbers”, and study rt - And this is oo eoe
3& to g H\eo(a :

In this course, we oill skuég besics of ring H\ear\& and
propectes of polyomials aith wefficents i Z (o any other
rirg) . Qe will see the bcamm‘ng of Freld theary os aell -

Mith 103 o0 coos about syrmetries o obects (grovp theory),
abstoct ﬂ"’wfﬂ“’(ﬂ Come. OFber (ing -Hmna ond 1t s-\mo[\a
cvors portially mativted Lj the mentioned work of Galois.
Det. A r;_\'_r\% (R,+,) is a set R ecoith two b\'m\ﬂé
opershions ;4 (oddibion) ond . (mulbiplicdtion) such e
the %umg holds
® (R.4) s an obelian 9o
@@ssmﬁ.-%n\ Vo bee®R, a-(bc)e (a-b)c.
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Lecture 01: Example; units; fields

Saturday, January 12, 2019 10:08 AM

3 (C!IS",T‘[L\A‘EO’Y\) Yo, bce®R,
QA (LH—C) = Q- b-\- Qa-C Omcl (lD+C)~Q= ,b.a+c.q :
» (e 8&3 R is wnital # 3 1Re‘R , Y re®R

i‘R = rr=r j‘R
SU\C\/\ on Glﬁmeﬁ'l' (s Ca"co( %N le'JOJ oy l'o[en‘l;'(;l'\a o'?- (R . Qe

coll shoes ‘l'lmf'/ it R hos o \b(en-l;"{\a, then it s V\mqmt;
ond So it s OK- {o denste it L\J lR.
, e 80\3 <R IS Cbmmw‘:o\'\t\‘ve @ V Q,LQ(R, Q»L:LoO\.

.E)&O«m?lf_ - Q- rotional Numbers 5

This 15 a unital commuttitive ring coith on addtional Tro?erl::];
any. fon-zero elemert has a mMH1'oI>l|‘co\+l\e inverse .

Det. @ An clmert o of o vartal g A s colled o unt
3 it ohes & mu[‘hfln‘Co"[‘l've inverse ; thot meons Fo'e A st
ao/=dla=4. The st o all the unbs of A is denstel by A"

G A unital commutetive r'l’ma T is called o 'Pl'e’cl i#
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Lecture 01: Examples

Saturday, January 12, 2019 10:22 AM

oL Chos o least oo elements) and T o F \ 363 5 that
mears any clement except 0 is o unit.
Exe R: ring of real nambers & o Field

r C:ring of amplex numbers 13 o Preld.

e 7 in{"tgtﬁ P o undal commudative ma 5 bat it is
ot o Bl in fact Z=% 4,15
LaeZ = FdeZ, oo'= 4L ﬁmm:i

Qo y; 0(/#0

O\,O\/G-Zi:-# lal >4, |o'121 ]@ lo\\= 1 = o=21.

/ o
KNF \al o] =1

Axdl=1 oad CDxEH=41.

20

—

e 2 the st of non—negorl'\'\rc fnJrezJ«s s not o ring
since (Z°) +) is not an abelion oy For instomce
;fxezzi x+1=0 .

MR s o non-cammubobive wnilal ring: the derbly

matn 15 the unity of Hhis g ; (L4000 2]=1 Y and
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Lecture 01: Examples

Sunday, January 13, 2019 2:05 AM

0 01_[0 \—\zz © Ol ond S0 r% 'S Y\dl’ Commu‘l'a‘\‘i\rt~
] © <o o Q) ‘
One Can CUr\B\AtY‘ Nnxn Ma‘l’n'ccs oo{H«\ en+r|'es In W‘ZS a('\fc‘n

fl'ng; OmA one Can sSte "Hf\q_t HnCR\ Is o ruag X

Q] Is there o Commitective ru'nﬁ coith 1 \'Jtn‘lﬂjw?_

Nes, Fo instance 27 Sutman-n% ord uttrplying oo
even numbers coe ged anabher even numbers Associattvity
distrbution ond c@mmm%w&a ore inherited from Z .

Det. Suppse R, +) 15 a tng. SSR & clled o SvJ)ﬂ'hg
T (S+,) is a ng.

In oroup theory | ou learned tht, FG, ) s o g, HEG
5 o sobyoup ond only i hb,eH, b, e H. G

co\\le,c\ ,‘-[— SMLamT Crl"l:fr"an' Sn‘m."oxrla (N L\o\\(e ('N SMLth Crl"lf(bh.

| ernma CSULn‘hg Criterion) Swﬁme @,’l'/') s o n'na Omc]
SQ(R 1S a nan-emr“‘g Sulase'L- 3 S o SuLﬂ‘Y% r? Omo\ m\a\Q

V‘X:Zje S/ x"UGS/ xnes s
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Lecture O1: Subring criterion; congruences

Sunday, January 13, 2019 2:17 AM

PE. &) is chear.

S Usn’v\g su’:amuF crbenm , ($,4) & o S\A\:%rwy ; ol
Shee S s closed under muthiphicotion, - debines o binary oyerstt-
on S. Assocth‘vf{\(;) ord dishibuhion 15 inhented From R. =

. Zn = S;ro,j.,fl ,.-.,n—ig 5 1n Mgth 103 o0 you have seen tha

(7 " @) Is o cnc,lrc yroup oohere.
Y O\,LG Zn' O\QBLJ i5 the remoinder A ath oliwided lOaY\

Smm"'wla we Con cje%be o mm"h'?llbm‘lnbn on Zﬂ:

\V‘O\,.LGZ O\QL s the Yemm'ncler C’Q ab divided L:avs

n /

Ore can cLec)Q ‘Hm{’ (Zh, D, G) 1S & um"l‘o«\ CO‘mmu'lTO\'{'\\/t r‘l’ng-
—ﬂ'u‘s Can Lve. ol:se/rVeo\ U\S\'ng OtGBl:-—zOL-l-Io (Moi n) omo\

aob=ab Cmoo\ n). Tor instance here 15 GOLU cae% the

distri L:Wl:‘l'ov» r‘:ro«?e({' &6 :
&G}CE@C\ 2: 0N C‘o@c} '=rl o\(b—rc‘): O\E-ro\c; 0\@1:;-»&@(‘.

% @7\ @E) @ () Q)C) Un\b\uess "“Y’ rewainde ¢ l'"\\a‘\'es
a0(bec) = ob) ® (aoc)
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Lecture 01: Basic properties of rings

Sunday, January 13, 2019 2:32 AM

Basic ?E?erhfs o rings.
® # R is o onital ring, Then i hos o wnigue dentrby .
P Suppee 1 and 17 are duo (Jertrbies - Then
1=4.14" (sice 1’15 om “JMHZ))
=1 (Since 1 s an \‘Jen%')%)-
@ 6.0-0.0=0

E 0+0=0 => (0+O)~o\= O A= O0Q~+ Q0 r=0-0
¢ drshvibution)
=r O0-0.=0 @R,—r) S o arwcr} -

Similmr\n . (0+0)=G.0 = A-O+A-0=00=> K-0=0.
® (-a)- b=_0ab= a.cb

P arca)=c = (ar()b=0.b=o

— a.by C). L=0o

— €-b=_alb

L)—]—C-—L\:O = . (13+(-LY)= A.0O=0 = O\.L-l-a.c-b):O

= o.Gby=-ab.
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Lecture 01: Examples

Sunday, January 13, 2019 2:41 AM

@ (—-0\\ C—b):o\lo

B o). B =— Ca)b = —(—a.b)=oab.
m

B=x. (/Oﬂ"l'e the \‘nvxl'h’f\\‘crx"\ﬂbn "lTD\LD\Q— ‘72?— 24 .

‘l° L 23 A-0=0.0=0

olo o o o 0.l = |.o=o
1le | 2 2

2|0 2 O 2 No-lrrce. -l:)-\oi\' 20 in Zé\r , LV\‘\'
3 le 2 2 )

2x2 =0 in £y -
Det: Suppoe R is a s ord  0eR . Qe saq O is
o zero-diviser #® Oto and Ga‘mo Por some OeR\Jo}.
Se 2 s & zew-dwior in Z, -
An elemest 15 o unit ?mc“se\ej ohen theve 15 a 1 in iks
> n the muthplicchon doble . So Zx4=§ 1,33 -

Simlar to group theo o, for us shracture o} ring 15 importwrt and
nat it elements ; for instonce it does nob matter F ome wses

)11213;"'; O)I,I[,m}"'.) OI\)\’,YJ,"';W O\,k/c,, 'EO

lenste elements 0=P Z, o3 |0m8 as ome uses The Hﬂl\{"
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Lecture 01: Examples

Sunday, January 13, 2019 2:52 AM

rnufh'y\fco\'h'm ond addihion '170\37\6; cshich essen"rl‘mna if there 1s
an \‘siw—mTL;‘sr_w bettseen Hhese r\'has,

‘Diip- . SU\WGSQ ? and ’R/ ore '\:mo n'has A ‘?‘\mc“n‘m

P ‘R——V‘R/ S called o\ n‘na )\omomow?‘fn’sm HQ

¥obeR, § (o+bdy = P ay+F
in R mm R7
3 (O\M;E\ = j—(a)  Rehy
m (R n R/
v g hom. P R—R s cild on isomorphism L N

oA le'er:t‘\&rr\ :

@l Is Z o sutm'ng R Z72

Al No . Zn—_—%o,j_,...,n—ii 1S & Sulase'l' o-?, Z cmA
(Zn'@&ﬂ 5 a ﬂ"\a,’ but Zn 5 et o rl'na with +, -
7

n Z- . In —?'5«& Zn 1S na’l‘ closcn; Umclfr Wic‘u'l‘lm m 2 -

4’-«- instonce i+ n-4) = n colmck s no'\: W Zn.
COn 2)

: . v | |
C)ormvﬁ. ?Yl?m’hha Friom the 3 lecture the Lﬂhomé oTerr:‘:l s o
Z, coill be dencbed by +, .
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