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Theovem  Tor oy prime. g and deZ', there is & unique, upto
on isamorthisrn, Pield of order 1. (i 15 ofben derobed by )
PR (e have proved the existece. Suppse E, and E, are fwo
Bieks of onler . Then char Ej = the addibive order of 1
divdes |E;| ; ond char E; is pime os E; 15 an \‘nJrfgraJ
domoin . Hence. char E;=¢ a5 ¢ is the onby prime factor o

\Ei|= T“- Hence Z,\> IS o SML:nh% o¥ E:i. . e hove scen

TJ

that x_x =TT (%—el) (N Eil:‘Xl. Hence E:f. IS a Sfer'lna
oteEi
d
. T - : AL
Peld A %X -Xx over ZT . Iheredore La the Uniqueness vf. Svrlru’ma

-f-’re[JS, E_.L‘ﬁ E)_ - »

?l_vrosi"l'lbv\. Suﬂwse_ P IS f]>r|'me. , m In ore f\>os('l'l've \'n‘l.‘f%ers.

[Then there is a unigue. suloreld od .ﬂ?n thet  has ovder ?m.

M. Existence . B\A??ose Nn=mKR. Then <\>“ A= (t"‘)k_i . Let 1_;-?‘“.

Then 'Fn—ia ot_:l_- QF_;D( Cf—j:,. ‘]lf—%"‘ —+1). And so Tm—i \ Tn -1.
L .
Hence Sl'mflﬁk‘*a ‘)&P _i—i c\\'vu‘o\es ')Z 1-1. . —U'\CY*Q:P'OPQ.

math103b-18-s Page 1



Lecture 27: Some properties of finite fields

Friday, June 8, 2018 10:51 AM
4]

"
At
X _ox divides X -x = T L (x-o¢) . Hence el the zews
aefE .,

and SO0 @ ss?h'ﬂ‘u'na Field o (X?rz(x s

7

crf— ‘XThio( Qre in ]im-
a subdeld o{. —ﬂ:,rn. “Thus —E\’" has o SV\L%C“ o~f. avder Y’“.

Um'qv\entss. Su??ose Ei and Ez. are two subfields f/‘f. ET" Fhott

have Tm elements . Sugrpose to the °’“+"*3 thit E = Hence
lE‘u Eal> T'“..._L . Ow the other L\o\hcl/
™ "

Vue E|uE;U cLT- ol =0 ; m\cl ‘KT-‘X hass O\‘l:' least Tm_‘.j_
2e.Yus In —H_;n . This is & Coﬁ\rmol»‘c'l-lbn 0s A rl:o"é o.P— o\eawe J
has ot most d zems in a Pield . =]
Remack. i -frn has o subfield of order r,f"’, ‘hen m|n. Hence
there is o Lu'a'ec 1om .Le:l,‘c)een SvLJ'?'ldclS O:F th and ’rcsi ve dwisos
o n.

M |'m]>or'l'an+ tool for Classi'%u'ng oba'ec:‘;s s the 3'\7\)\(1% o%‘H\e\'r
S\Arnme:l‘nés . ln Some Sense morH»emoct‘l'cs IS O\L?OW\' 'R'hc\ima «?a\Jrems in order

+o Sirnyii’pa Com?‘ﬁx OLa’eC‘I‘s- Ore CJNA 0_10_ clu;scn']:\'na To\'H'c(h.S \s
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Vi Mops that presave Hhe 8|‘vcn f\m‘H‘tm. Galois H\twg wes
‘H\e Some Th{losc?a n Ow|er ‘l,‘o S’cv\da sﬂmchrc 0‘]& a,—%'o\o\-
Det . Pvch’CTfr.,\ =30 FT,,_JEF“\ o l:S o rihg \'Somor?\m'sz
‘Remo\r‘lz (A(A"{Z(F?,\) ,c) IS & Smu? .
(derhity) I eAut(E n)
Y Iy eakCE
(‘nverse,\ O e Au\‘l Cﬂ;?n\ = O‘—ie Aut (E?h\)
Operetin) 0,0 € AR = o0y, & Ak (S
. Qe ho\\ﬂa Seen F-.- F‘,n_’ﬂ__?n) Fr(o():a(? IS on \'somaf?‘m'swx
(it 15 clled the Fobinus e A¥
" 2

k k. n

and by induchon T o= of . And 0 B oomd =a

Hence -_\:r:': L. o m<n, l‘ige:ﬂ:\’“ l .F\.:‘(pL)= o(“
= [jeely| o = <"
And so ‘F;fm:[: T # 1<men. Therebre the order o T is n.

n-1
—mms %11 Fr‘; :F-rz) "‘J-F"' 3 g PW\'\ (-ETY\\ . IY\ ‘Fﬂ\c'l' one. Can
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shoo thet At (E,) = 33, %, 7, SRy Z

Recal thet ol the subgevps of Z, are gyche , ond o= any m
there is o unigue cyelic wam of odder M. And so

{&Lamqfs 4 Z,7 = {m st mn] 2 {Subhekds of 58
TThis is o very speaal case of Geeloss theory. This fype o bijec.
between subhells ond swlsﬁrmrs of aito. 15 pack o the main

theorem of Galors ":keoﬂd )
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