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Lecture 25: Finite fields

Monday, June 4, 2018 11:18 AM

I the (Frevious \ecjtme R ’Frovec\:

“Theorem - g(x)le[’xl s imeducible 0£ Afamcn,‘Hr\en

E-= Zf[txj/<£(’)o> iS & %eld O;E order ?n .

An )'mflbofl‘an'} (Pmym-l'n Cf£ A %‘m"[‘e ‘{?‘u‘bu o-JF orcLer Tn 1S
the ‘ea“,owl’hg-.

Lcmmo\. Swr"iz;se E is & =9:elal Wncl IEI-:CL . ._n\en

\VIO(GE, 0(‘1‘—:0(,

B . [£ =0, then 021.:0 =t . B tto, then e U(E).

U®) -1
58 La(jmhﬁtfs ‘H\tovem o(\ ¢ ‘-:—j_) O‘mcl So 0(1 =_’]_=’7°:l:=°(.’

Theorem . Smfrpase E s a -?—l‘u'rte %‘JJ ond \E\=<1,._\T\en

%
I—-[ (‘X-—O(\ = X-%.
eE

. Ba the previous lemma, Vo€ E s o zevo of xq'-oc. And

So 3 gcfx)eEDd, (xak-'x-_- 30 TT (x=x -
AcE

Caﬁ?an'hg J‘%Y‘GCS wﬁ%e‘t“ OL-_- Clﬁ{jg"' lE‘:G\Qa J+9 -

math103b-18-s Page 1



Lecture 25: A splitting field of a polynomial

Friday, June 1, 2018 11:40 AM

And 5o dega=o. Ths means goo=ceENLg-

Grgaing Ye lmJ.'ma coc . coe deduce Hot cml owd
aim Bllocns. =

We cwill come back o this theorem later. Tor now let’s % back
B zeos o qlyrominks . o For ce hoe fnd & Feld extension

'H\m't th‘fal'ns a zew 0'? an l'rﬂeJuciUe *‘Po‘anom"al- Can ce
fnd & ‘P'\'CU extensin that contains all the zevms O/fi an

a:l)ﬁm__yg TOS';LW "‘fgf’e ’fo‘gho'\'nl'o\l 2
Eﬁ. Swrfose Fisa ‘PlblCl/ ;g(voeF[oQ has f\;os.'-\:we Jeg\ﬂ:e',

Eis called o syllting Peld o 4 oyer T iF
o F Lly E ; Hot wems T is an lh(]‘ec:l;‘l've, r |'hc3
L-omomm:rlfn’sm .

@ 4 X5 s, € t, '¥(‘X) =C (%=oX)) - (K=cXyy)
c ek

CB) E is ‘H‘t «Sma“-CS'l‘ %eu "H\m+ Cofrr['o\\ks \(;) D\Y\cl

0(" "'}d“ .

math103b-18-s Page 2



Lecture 25: Examples of splitting fields

Monday, June 4, 2018 2:25 PM

Ex. Q21 s a S?er‘l'ncA field o X-1 over @.

Salwtron . - @ cy QLVZ]
at—» <

X2 = (RT ) (X2 )
N a g contas @ o5 o subring ond V| Fhen
Vabe @, arbi@ is in that ing Hence @QTI2] s
te smallst subring of QTET Hhat Grtring @ and V&

Ex. Fid a spliting Peld of xT2 over @.

Solutim. A splithing freld £ of X2 over @ corboins zeros of

2. Let’s start corth %'ml.-ng zews of this poynamial in C.

# a ampkex umber s o zen o) -2, then

z 2. Usirg b coordinates oand  Euler Pormula, ce have

Z2= re‘e cohere = P omcl o= arg(z). Hence

3 310

=2 O\nJ c

Q C,I.Qf: 2 |‘m\>||es r =41, And so r‘=::{2

=<
O\nJ 29 =2kt 'Por' Some keZ Hence. »o
2o,

>
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Lecture 25: Examples of splitting fields

Monday, June 4, 2018 2:38 PM

[Reco\\\ From CCN\YICK numbers :

R 2eC ad 2"=1, then [21=1 imTh‘es 12=1. fnd 50 2

z

is on the ok circle. B the o\r((TAmenJr
o} 2 is @, then ruthy- by 2 s
gost rotahion chj argle ©  abot the otin . So 2" =1
meas abter n fimes rolatien coe gd‘ bock 4o L. Thexehre

ng= 2k for Some lze Z. . Hence coe Q‘e} N TossQL\e.

2 n-1
valnes 1, & & L

é: e = Cvs(_g—r-f-)-‘-'\ Slh(.‘z—_gCB \\

cohere

And so 3"-i= Y-1)(Y-&) ""'@"C\H)‘ &

Hence 3/;, E/‘z—(’ )3;/;__ CZ' are  zews o -2 cohere
o

C’= e * = G:,.Z?-C.ﬂ-i St'h% = _%.'.1,‘ 'J—é . SO o ST\\'H'H'\(}

held ok x3-2 ower @ s @Yz ,32¢,%2 &7 cohich

is the smnllest subfield 4 C Hhot contains @, 3z, ?ﬁ'é

Gind ?\IZQZ “Then ¢=79-é;/3\ﬁ S n Hhis %’Ji;o\m& So
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Lecture 25: Existence of a splitting field

Monday, June 4, 2018 2:50 PM

Ce QLY Yo& 3] . Henee QI (1 C @ OT F2 6 12810,
Clewrly 2, Y&, Pee@iE, e1. 30 QLiz, )
5 & S"\%h‘a Pdd o X2 ovec @ .

[Theorem . 3\/0ﬁ>ose Tisa ‘\Ql‘eH and ‘IQCm e Fira ‘\0\5 —Fosi-['\'\/e,

c‘earee,. " Then 19(7() has o 8?[7"”1?\8 ;P\’e\c\ over .
- (e frocd by induchon on alfﬁm.

Base . I o(ea@)z.i/ then 4((70: A, A+ A ond aleF\'U‘.

Hemee ‘\)—(x)-zo\l (%x+ 22, 2 ¢F; ond s0o F s
AN aq

2 S‘F'l#mg ’Pl'e,[o‘ o':f. .‘3(.,0 over -

Inducthion %'Ee‘a Fxd s a UFD. S 'ﬁ('x\ — UT‘.(m eshere

Ti o IS \'YY‘eJmc_(Ue n F['x]. Hence = :"_L_r—p f v
< e :\—: s.-L-. T(;TA\ (ey=0o ,<H-ence -; (ﬂ?) ) = o\ omo\ E 3
'qu Sm\ks\«’ h"'ﬁ 'H'wr\‘ Con-l'm’ns (%4 OmJ 1(F) . _merdp-we LU

'H'\e f-v\c:hr‘ 'H'\eovem, 3 T?.oqe:\:_]jxj ST\T“- Je.a ¥ =J~¢U-f -4

and By = (et T tonr. Nato La the induchon km:o{-kesfs,
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We % over this Tarl- o{l an umen% n the hex":' \m{-um,.

! Consider + ci, E Ll, E

Lecture 25: Existence of a splitting field

Monday, June 4, 2018 11:29 AM

1 b o sqlithing hield over F; that means

T hed E ad i T E ingechive rig hom.
= T A =Y e (0 = (o) - (Holp,) O Some CET
. The smallest subbield of B Hht candins V) and «,1nh

s E -

/N

[

-
L) ) = (T &) 20

7 ( (x=et) £00)
= (- fi\(o(\\ {t‘\(‘i—-ﬁ (o

e R e (Xt - (Kt )

<

. A 5~AL:F1€U v—@ E 'H\p\'l' Can“’mhs +(F) o\hJ

2 e S Contins QCT(‘F\) ond /1'\(00}

Od so i conduins ?(WF)]}J) Gnd -y -

(Ar———

Hence it shald be €. ; :‘:J) o Folboas. m
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