Lecture 20: The content of a polynomial

Monday, May 21, 2018 10:27 AM

“The SODJ O‘f— -fc,cla\:j's ’ec‘:ure (s -L> Prove 'H\e ‘PD('OCQ\-Y\S .

“Thearem , Su?Pose -foer['x] s & fPrl'mrl'l'\/e 'Po\&hom\‘o\l B

For some Pome P, cTcJ?} €Z 1 s irreduci ble, and

oleﬂ P_ o\% c\,e{i) ,‘H'\en _\‘200 is I'rTeo‘vthUe in @I .

Recall .. Tor B = 0 a, X 40, € Z [xdNgs, Fhe

cantert () o-?. ¥ s 5cc! (a,,a,, --,0.) .
o V -Pe Z [xd \2{03 , = E ;‘\>rimf+|‘ve , “?‘(fx) =°4(—£) .-FCX) .

-G =0 & P lech)

e ey =c @) YeezZl.

[ emma, . sv?:yoS{, ‘P,a e ZIX1 are FPn'mi‘[‘!\/i . Then "}3 is ?ﬂ'\m(‘l‘i\le,.

‘Ef: \? r‘0'}7/ 3 T :’?ﬂ‘"‘e 3‘\7 *T ‘0((")‘3)- H€a'\ce'_ Cr('?-a§=o.
€

O\N:‘ Seo CT(;P) CT(J)=o. Since T s 'Fn'mt_, Z'T IS &n fn‘\'tam\
ctamo\\'n 5 and  so Zf [ s an inteqral o[omon'n . Thas xR
I'm'f):’es eluer C?(’P) =0 oY cT(a). —merelpwe €r'H\€,r

T[e(c-P) o Tlo{(ﬁ) cohth comtrndicls the cfnhfl'\'vﬁta a-f_ £
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Lecture 20: Gauss's lemma

Monday, May 21, 2018 10:40 AM

Grauss’s lemmon For ﬁ,%GZ[‘X:\\Zo’f, o((-£33=-£(-?) o((a).

- 4300=°<(1p_) ?(X\ cohere ¥ 's ']m‘m{ Ve X_:_,?
GO = ) 0 cahere 3 & «Fn'mi'l‘fve.
Fea gon = <) ~(3) Pox goo- =
o((‘?g) = ol (P =«g) P a_ )= «Ch «(q) o((-?('j') ,X=>
. 'F—, 8— '\)nivxt;l'l've = $3— ?n'mn%'m = o(@g):i
otd’—a) = ot ($) =(g)- =
Gro\'na %’Om @ ‘L‘o Z

" Theorem . Swwose 'P(X) e ZA s YTYl‘m\.‘\"l'YQ— an\ '€CX\=5(X\ 3200
P some 8; cale Qx1. Then o, oy € Q" st

@A) o, o,=1 @ goo:=0, 9 and goo=a, 909
Gre In 2[9{_'[ ancl ?nmrl-n\!e .

/

dey 5, =deg, -

ln ?ar‘l‘lleO\r 'PO() 8()()(3 @\ m\J c[ea j‘-c(e
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Lecture 20: Irreducibility over Z and irreducibility over Q

Monday, May 21, 2018 10:52 AM

cm—

Pt Sice 9,9 c@ma, T n.ne Z' st

%" () =h, g omd %Cm:nz 900 Ore n Z X1 .

(Take the cammon denominabor of all the celicients )

S nn, Foo = Foa oo Therefore by Grauss’s lernma,

nn «f)= <Gy (@) -

Since. € s Pn'm(-h‘ve,, nn, = «da\;) x(z‘]\'g) (T

On the other hard, There are pnmrbive T;c,lam.-mls 3 ond

g such et Foo= @) F00 and Foo=wg)F o0

Hence  nn, RISN) =%"Cx\ (5200 = u?ﬁ'l) ECX\ = 3 13,0
= =) «F) 90700 @

%aC[\ and @T), NN, %m_nnzacm%m, and S0

Fcx) =000 -

Qe olso Y\d’lﬂCQ_ ‘H\o\‘\' 3 Ox) = ny 3 QN Onrcl So
R
0\|~:= L \So\‘l"‘s%‘ts owr lem. B
o(ar)
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Lecture 20: Decompositions over Q and Z

Monday, May 21, 2018 11:06 AM

By indachion on n, coe can exbend Gonss’s lewma o ?mc‘v\c{' of m doctors

and CanscquorVHg e)d’em( the ”PY‘CVlb\AS rcxsu.l‘k.

Gonss’s \emiwg . For :P‘\ , ---,£m€ Z_Ix], e!(%- ----?m\ - d(-?D- S (‘Pn)

‘-F_P_ Qe ?DG&J % inémc;‘nbn N m, e l%wc o\lreo\cla «Frove the case u-P

m=2; Iduction Step. ()

" T

= O((fl -:P_-)_. e ‘ﬁh_| . GFM:?\YH-D)

d('lqﬁ RVC ) “(:em-l\' x(-?m.ﬁm-ﬂ)

) oy @) B (R )

m
“Theorem . SU\YTose. -f(x)e Z [x1 is r\:»n'mf‘l'l\l'e , CAK\J '?CX\ = H 3.()()
=) O

for some g0 € QIx1. Then 3J 0\|,...,o\me®x st.

(1) 040y ol , ) Fi=0; qo0 & W Z Ixd and
fpruhﬁb'\lt =9%" 0‘“3 I

In (Fo«\f'{'l'cular‘, APCX)= \']=—-|[ @\.(x\ omJ olea 8i= CLQJT .

B-_ Arawm,h‘\ IS \'o\en-l'fa\l o _H\f, ase o-g m=2 . 3 n;e 'Z_+ szt

M "
%)..C)(\= n, 3"0()' T\en (En;» #62) = :;ri%".()q . Hence Bb
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Lecture 20: Decompositions over Q and Z

Monday, May 21, 2018 11:24 AM

m ™
Gauss’s lehmoa, ]_.[ ﬂ*\ (3 = 1—[ d(%\ ‘Hﬁhce

3

f

= TLag) . ()

39 meZ Ix) Primiive s
%J"Cx:\= 297 9,00 and  So

(1T n;) foo = ]?I’ﬁ'cx — (1'\1 «§) . 1‘[ T L&

=]

gcx»:_i_ %-(«x\= e 9 A
9 | d(g\'\
Hence Rermm 0 Sorh's-‘?nhs aur Claims - =

oacfa\ﬂ
CLY‘: SMfF‘Fqse '?O()QZ Ixd s ?ﬁmi'l'l‘w. omc\ c;ea #Zl Then

‘?0(\ is .*rmcluc,l'\ole n 7 M _P(X) s fmJ&l\c\' L\e in @'D(l
- (= 6‘7 = € a
" &) B net, Pcx Slm lcx) o Some 99. @QTx] and|

deg 9;21. Ten IF00eZ D0 st ey Tr=cleggind
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Lecture 20: Mod p irreducibility criterion

Monday, May 21, 2018 11:33 AM

ond —‘?m:g‘m 3,0, cohich ieslies 4 s not irreducible in
LT

@ Soppose + is b ireducille i ZDa. Siee deg $21,
Px0 oand a wnd. So -th:g‘oq 9,00 o some
9,9 ¢ ZIXANE. As ¥ is ired. in @D, either

c'e‘j g=0 o Jea g,=0- OLIG. leb7s assume 9,00 =< eZ7E.
Then ¢ [a«cf)=4 ; ad so 9.0 €14 ohich s o

Can‘l«’moll tom . B

T A the mentioned \'mému'la{lfié cn"';m'oi X

Sppese {0 the contrary that 6o is ret ineducible i
QDAL Sinee o) s ireducrble in Z, T, deg e izt
Since Jgg $2 deg cp®), e heve ey ¥ 4. So

et being iveducible imples 3 g, 9,6 ®Ix1 st dog g1
fon=g0q 900 - Henee 3,3 ¢Z DG primibive s 3-

J‘ﬁ 3= Jeg q:24 and Pm=‘3"' ) o000 - (o be continued!)
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