Lecture 19: Fermat's little theorem and having no zeros

Monday, May 14, 2018 11:42 AM

In the previous lecture ase. showed :

Lemm, . Suppose $00 =4 a, ® 4 +0,e Z0x1. B ¥ hos o zen
n @, then, For oy me Z 4 hos o zero n Z,_ .

. Sihce £ 5 monc, ¥ by is o zew of ¥, opd by =1,
and c>o , then c=1 ; and S6 F(b)=o0 - Honce
fhy=o Grod m); chich |‘mT\ies 2 has & zero in Z, . =
Using Fhe obove fermma ord Fermab’s |iHHe theorem coe con Frind
oult cohether certain Poby. (A lorge o\tarce,) has & rehoral zero
o ot

Ex. X-x+20% b mo zew in @ -

Solchion. ¥x+2018  module 3 15 XX +2 ; and by Fermats
e theoem, YaeZ, , &®-a+2=2%0; ond S

X3—X+20\8 l\ﬁs ho zerdS In Zg,‘ Here%e laa 'H\e, al)o\/e

J{’,\wma H’f l\as ho Zerp Ih @ . B

<8|ince o‘ea ( )g_x-f_Qo\%):S, we can dedunce Hhit -t IS ined -
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in @PXI\
™) s .
Ex. x % 4208 has no zew in @ .

TF- S(A’ﬂaose 1o the Con'lt'mré e & does have o zevn in Q@ . Then La

Hhe (‘»revfous Lamm, it hos o Zero in ZS : %)

'E:a Fermat’s litHe 'H\mn/ VO\GZS) o\5=0\. A so

N

La l'ho‘mc{'lbfn on n, One has 0&5=0\. Hence

|03) 5
O(\S —Aa + W3 = R-ra+3=3 0 In ZB')

oolu'cL C(M’t'moll'(:'['s ec) . =

Ex. Showo Hhat %50_9(_1.20[7 has no zew in Z‘S and Q.

'ﬂa_. Ba the ?rewéms lehnmo«, \‘l’ s enm/ﬂk 413 Sko% ‘H'nS ?a\a L\a\g

ho Zexus in ZB'

50 @55
\/aezs, X _o+07 = @ )}

)

=@ _a+2

&Z_O\+Z.
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50
af o L+ 2 35 4 Ond S0 X —X4217F has

ot 2 2 4 3 4
ho Zems In Zs' 2

Nex+ coe will use the f‘es\J\Ae W\oqrs + ae,‘i: on l'n’exJuc(LiL"I:g

Cr‘l'{‘enbn .

Theorem . | et P be a Prime. and

n—}

N

n—

Suﬂpse CT (-P) is l‘n"QCI\AC\'Ue n Z_F[fx:l. —rken “2 IS l'r’r‘e:luciUc

in @Ix1.

B grove his crrberion ove Tolley the Same sbeps a5 for Piding
zems : - Gasuming 2 45 redwible & we hae o shi c o) s
redueible :

Stepd.  Going ton @ b Z

Yopd Gog Fon Z b Z .

S}ari s Tabher }\o\ml OmJ it ois a Consco‘v\eme 0=P Gouss’s terma.
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As we have seen earlier , there s o subtle diference between
l'rreclmq'LilfJCZ‘ in QL) ond iﬁ‘ecluc():il{'LH m Z .
Ex. 234 is ireducble in @Ixa as & s o deg. 2 and
it s no zew W@. But 2% 4=Q(x%HD)  omd
2, %524 UZDA) ; and so 2X+4 is reducible in
ZTx] .
St Pid ot ¥ FoeZBa 5 imeducible , the st Thing thet
e hove 1o do is b caleubde the god A As ek

2\

Dl For Foo=0, X4 40340, € ZDANLeS, the cortent
A+ s wcd = ged (a0, 0

Ex o(20)=2 , ot (2%44)=2, o (Xr2x+6) =1 .

Let’s recall theee ‘?m‘)a\“,‘l'e,s f g-cd.

@ Let o=gad (o, -,0,) - Then 3:&(%2,...,9_:\_3_—_1 |

@ B plagplog, o qlan, Then ¢ | ged @)ra)-

®:T:o‘“ CGZ—'—, é‘CJ (e 0\0,-'-1Q0\,\) = C acc‘ (0\0,"';0“\\'
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Here are immedicte Consequences o«{. these ?ro?ewlne_s .

CPEESH’\OY\ (BNS(C fTrccrer—[‘te.S °=P. Con‘l,'ewl'\ .

@ v %Cx)ez.]b(l\'{% ,‘?'(x\ = <) f@x\ —'P-or Some

—T%C»oez.]?x] such that oy =41 .

(ce S0 RS Primitive )

@ Vtooe Z Tnges, =0 & 9 |xch.
D) ¥ g eZ AT, ¥ ceZT, (e c o).
B O Fo=0a,Xr+q  Then o =gd(a,,-,a,)

86\3 d= <) . So 5ccl (ij.t s ) Let -'E(x)z Q:ln.xn_._...&.

O
d d
d.

Hence o((—i )= 1 Och "PCX) = '?CX) = °<(=P) :FC'XB .

@ C:T(’F) =o = 5"'00,?‘0\',--—/?\0\“ = ? \30:[(0‘0/”)&“\
= b~ -

n n—l
<@ C:atﬁﬂ—; C.O\h% =+ CO\‘_"X -+ ,..+QQ°=>

<(cd)= 3c4 (<ca,, v )= ¢ 3@‘ @, )0 =c «CF). 5
"D_e_:?. -?—()q eZ XY is canlled ”?n'w"l\'\(e. % <Cfy=1.
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