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Lecture 15: Evaluation at an algebraic number

Monday, May 7, 2018 10:11 AM

o e grevious lecture we proved parts o} the %\lowsha theorem:
Theorem . Let «eC be an algebraic element. Let

$:@Ix1 — C , b (feon)==% be the evalnatin at «
mop. Then I m ee@Lxl st.

@) ker ¢ — <m0y © mm Is ieducble in QX
@ b sateld @ Seppee degm = n. Then

"’“E(= §a°+q\o<+---+ah_‘o<h-'] 2, e@y -

PR Ol have alr&mlé poved @) ond G
R QLA 5 & PID and mye is ieducikle, <m ) s
& moscimal idenl. Hence  ker b is o moscimal ideal. TThevehore
@ray L e Field. And 5o by Hhe g somorphism th,

Ion +$

«

~ @paq_ s @ Peld .

-1 n-I|
‘VO\\.GQ) t(o\o"'q‘?("\‘""\'ah_\(xn ) - 0\0-1- °\‘o£-|-----|-0“_\,( € 'l“l\ 43“

And S0 LHS DRHS.

.V‘?COOGQ)DC\, et Q:r Le_ ’H\e qvm*‘l'en't Gnd the Y’emon'ncle{’
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Lecture 15: Evaluation at an algebraic number

Jd foo dwided \3 M, (%), TQ?TQCJC‘Ne'd. Then

Fox) = 40 M0+ TN ond Jea r<deg m, =n.

And 30 rcvo:o\a1-q.<>c+...+ah_‘<,<"" Jr some ;e @ and

CE (tew) = 4E) M E+ M) = ey = a°+a'o<+---+ah\\ocn-'
= LHS < RHS. ° B
So if ce manage Jo Pind Fhe minimal ?oldmm.b\l m_ (0 o o,
then coe Underskand kf‘“‘i ard lmq:; ; and cve would be in
o good shape. But hoeo can cve do that 2 In Fhis course e
aill lean some bechmgues that con help ws; bt this probler
5 had grreral.The ey sturking point 15 the Felocaing
obsexrvation.

Lemma. B poge her & is imeducible in QTx1 For
some e C, then  ker b = cproy  ond PR 5 @ rinimal
’folc\jmm"m‘ L .

P Since QDA is a PID and Py is vreducrble,
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Lecture 15: Irreducible polynomials

Monday, May 7, 2018 10:42 AM

<pooy is o woximd Tded. Since  proeker b, <pooyChecd .

See 1f¢ ker &, kerd#QD. A o
ker 4o = <307,

amd  Clm follocs. m

Qo we need Certain duds that con help s determine £ o given
Tol(ljnmm‘o\l is irreducible or not . Let’s qo over on @omple that
coe hove dore earlier.

Ex. . @DCI/<X,_+1>2 @ALI=3a+bi [ abe@} ; ond QLT is @

-‘el'elcl .

SO"A‘\T‘I'CW\ . H s QYIO\AJL ’[‘o SLO(,Q n mlhfrno\l Tolanotn\‘o\\ m'. (%) ‘,,P N
1S ‘X2+i . ”‘) Qe S‘woo ’HM‘S, ‘Hr\en laj ‘H\e_ ?rewous theorem :

. ker P. = <‘x9=!-i7 v ln <P| = %o\o_'_qij_ \ Qc‘lqie(ag 'S o "P’\elc\

. Im q>| o ®Dq/ker¢\~} ond  Cloim ’?o“ocos .

To show 9(2_'_1 is o minimal ?08 o{i ' over , bd the f_‘){@y\c'w\s 'emmn/

it s enth To shoca: 1 is & zera of X%l ond o34 15 ivred.in @pa.
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Lecture 15: Irreducible polynomial

Monday, May 7, 2018 10:10 AM

Cd= —di1=0 and S0 T s o zero of of+l.

. X541 1s net zew, zero_divisor, and o unid in QI (coe woil
discuss this th more ﬁenm\lx'ly ldder) . 3o # o541 is net ineduc.,
then Foawo,bod ot unt n QoA and  9E+1— om0 boa.

Since  @Q\30§ Consists o unrts CIQJ ato Gnd olaglg:#o.

On bhe obher hand,  2—dleq o031 = deg apdeg b Hence

Jej a=deg L=1. TTheretore. 3 o,,0,, b, b e @ , aze, bro,

aM =0 +ax ond boo=bibx; and so

'XZ'H- = @o-ra, 'X) (19°+L,'x) . Let/s evalrode beth sides ot (—%ﬁiﬂ

(_

C\°§2+i = o, woheh is o cortradichin os the LHS> 4. =m
|
,n ‘H\e a&ove. %m?‘e we See aon l‘m?ofl'qn“? +echn|i1ue:

3 o\ea &L (Yola. IS I'TFQC‘U\C(UQ < it has no zeyo-

Qe. CJ\“ r\>r<)vg _H\LS \a-ler. Fm" hood coe ao Lac‘« "D 'H\e ﬂ}\a o-? f‘:alamml'a‘s

N\Cl S+Wla 'me 'Hmrouslqla K
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Lecture 15: Degree of polynomials

Monday, May 7,2018  11:24 AM
Recall c\ea (A X400 X 4 x0)=n # o,%o ond
deg ©) = — o .

Convention: . ()4 ne —o o any ne Z

- (Ceo) 4 (—e0)=—00

.¥neZ, _ea<h.

?rofost‘{’l'on : Suﬂ:ose D s an l'ﬁl'eam‘ domoin. Then Vﬁ, %e'D I,

?F;. HB -E =0 Or 8=° , then "P%:o y ancl becouse 0*2 our COnven‘Ifbh

deg +g = deg ¥ +-deg o

- Suppese Rmo and g0 Hence Fo0 = A X+ +0 and O x0,
go0= b+ ...+b, od b o, for sme a,bjeD.

By dishribubion,  Fo0 900 —

[%x”T (o o deq n-i)] [y (Forms. o deg < m-t) -
ok %n+m+<+¢ms ) Jea < nem-d) .

Since A, 0, Lm-;r:o , omc( ® IS GNn |’w\'e8m| o[o'mm'h, thm#.o. Hence.

A%GSD = n+m=c[98—? +Je38 B
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