Lecture 14: How to use irreducible elements to show
certain ring is not a PID

Monday, May 7, 2018 11:28 AM

e V-& s ieducible i Z [{-€7)

P . J-€ %o

. Oince Z[JZ] IS o\Sugn'r\a oaf C, it has 1o zem—cl\’visors.
V€ s nat wu%,’ othercyise EQ,LQZ s+

(JTZ) (oa+b€) =4.
Hence Cbns\'cl-enhg Jr‘\e 5‘1"‘““‘ o{? ‘H\e, Cvn«flex horm X JeJuce

(617 Jar byl = 17 = @) (a6 b)=1
in Z

= & |4 ohich is o Can‘\:r'o\cj\t'.'['!m
T = (ot b ) (erd YR) = WEET = lar b 617 | ord 1"

= & = (6*+¢b®) (HedD) =

ezz°
0\2+6l:>2=i,0Y' 2,(7‘('3, 6 .

Nehee | J:.—.{:o, then 6>6 — Q2+6L226. &)

Claim . o@_rél:’:}& 2 and oZCbm£ D

HL no',,‘, ‘H\en O\Z+6L?‘<6 3 O‘\nJ So La ) l:=o -_\T\tn o\a=2 o
0\2-=3, 0311!‘«1'\ IS & Ccm‘l'YD\c\ as 2 omJ 3 are ns‘l' ’Pefpeclr Solware,.
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Lecture 14: How to use irreducible elements to show
certain ring is not a PID

Monday, May 7, 2018 11:38 AM

BU ths clam | ether 0\z+€|oz=i or Ca-réc'l:i- W L.0.G
I(‘t ’s  assume 0\z-|- é Ioz=i .

Clam . o+[¢& b is a mnn+.

P 1=o’r ¢ L% = (a JZ€ L) (a- G )

N—_—

w ZL[-¢ ]
Hence O +y-6€ b is a wnit in Z LJ-6d -
.—rhert%re \/—I IS |‘rrec‘mu'l:|~c,. =

‘measm ZLJ6] is nt & PID.

P Suppose to the comtrry thet ZLJ-€1 is o PID. Then
since J-& is ireducible . <y is o moximal ideal of
ZI|-6). Hene <[-€7 is a prime ideal of Z[V-€1.
Clim . (-2)(3) e [[67 and -2 ¢<J6> ond 3¢
T of chim  (2)@)=-6= 8. J€ <{-6>.

£ 2 e {75y, then —2- JT (e b{E) = {F o bhy

COM'FW!?\% real rparfs, we deduce. -2 =_6b => b=d, chich 1¢ a
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Lecture 14: Algebraic and transcendental numbers

Wednesday, May 9, 2018 9:55 PM

contmdiction os be Z .
B 3e<{Ey , then 3= [€ (ab{€) For sme abeZ.
Hoce 3=/-6 a -6b Comparing the real parts, 2-_¢b; ond o
b= Y which is & corbroditon as beZ .

And 5o <€ is not a prine ieal; this implies Z[{781 s oot
o PID. m

Next we go back Jo olypomisls and zews of polynomials + Suppose
xeC. Then the evalwrhon ot o gies us & ring kmomori;h\‘sm
$: Aa—C, b (fex) = F@) . We have seen cxomfles of
e o hocs hepful <3 con be. b gomerdl

ker ea_—_{-Pcfx\e ‘Alpal l —ﬁmzos = xe QIXI \,,( sa T

zerw of P

Tor mony os | ker dy =0y . TThis Takes usto the next deP .
Det.. xeC & called on ol gebimic number 1% o is o zerw of
& non-2e0® polynomial o\&grmhvc\y 2 her & 7505

e 15 Ca\lﬁc{ + rmnscenJen{nl I’? \"f‘ IS no‘[‘ alaebmlt: .
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Lecture 14: Minimal polynomial

Wednesday, May 9, 2018 10:47 PM

T}-lﬁanc,m . Sv\ﬂwse xeC is on o\[aegﬂn‘c humLef‘. Tken

3 m (xe QTx1 s+.

(1) ker q:?*=<md(‘x)> ) m o0 1S irreo\wcf“e in @D .

(Such m 0 15 colled o minimal golgnomiol of o over @ )
P QSicee Rl 1s a PID, 3 m, € @ [x] 5+-k€r<t2‘=<md(oo>-
@ . Qe o is a[gebm\'c., kerp #o - find S0 m 10
. As @D s on l'n‘kgml domain, m_ma 1s nota Zer0 ~divisor.
B Mmoo 15 o unt, Hhen her s =QIA ; ond So iekerc\:.(
cohich is a conbadichon as 1 does net hove o zero-

. m_ =000 by = m @0 =ac0 ben = ae bea =0

= edher aGa=o or bea=n; oo.l.o.ra. lel’s assume.  aw=o

= A(XNE ker cE:(mo([fx)) =r A= m (%) 4 for Some

g0e@DA . Hence M 0= m (0 qoabeo. Siee QLK 15

on mjczgml o’omal'n, b(j the cancelahon fay = Ctm b .

prnol So l)(fx)e_U (QE‘X]) . Werefore m_X) IS imeducible . m
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Lecture 14: Minimal polynomial

Wednesday, May 9, 2018 11:05 PM

Qemwk,.Ohe Can See er& @[’Xj is an M‘I:eﬂml clormam us{n:j

ey g = deg F 4y g,

ove. il j{nemln"ze_ ths k‘ter'

" mdm 1S o ml'm'mo\I '\mka. o:? X Over @ F
e MyR)=0

<M, (%) is He smallest Jearce ‘Po|d- ot has o as a zers.

o M () IS & Minrmal ?°'3‘ a{l o Over () o

Ren=0 &= mo | faa -
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