Lecture 13: Prime and maximal ideals

Wednesday, May 2, 2018 11:03 AM

In the previous lecture coe defined
IiR is  prime 2 abeTr (eI or beIl).
Fopostion - TR s prime <=, i is an in’l‘eaml domanin .
B =2-I+R = R & net the zew n‘na
@+ BtD=6+I = obtI=0+1T
= abcT = ael or bel
= o+I=0+I or b+I—0o+I
Hence Ry does not hove o zer dvisor .
&R s not the zew rig = TR
abeT= abtI=0+T = (+I)@G+T)=0+I
= cither a+I=01t1 or b+I=o+]
= either oel or bel. =

% T gﬁ R is colled a moximal  idea 4

T<cJ<«dR im?h’es I=J o~ J=R.

Aaou‘n the ‘?v\c%vr nha ‘R/I Can "»CI'F us 1o ‘Pn«l ot R T s
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moscimal 0C nok-
‘PETo_siucf_ TaR is modimal o Rip is o Field .
) Since I£R, Rip is not the zer ring. Noay e
need o show YV orTIfotrI , a4T has o muH—f?IrcA-n\re,
inverse.

Let J= T+<wy =% byoar | beT and re R3-
Clant 39 R

P A olm\ri i Usfna the ideal criberion e need to shood

X Xp6d = X\ =%, &g ond  reR,xeg=y rxeg
X %€ D =>f><‘.L‘+o\rl = x\-x?_=<L‘- L)+ a(n-n)
——
Xz.—_-L O e .
2 2 i T N 'R
| L;e__[, ~eR = X%, €3 -

XGJ = K= L-\‘Qr/ ‘3—.-_“) X = rL+ o\(rr/) => r’XGJ

be I, R L T’R
Notee Txd o8 oacdI -

As T s ma\xfma‘, J:‘R. Hence ieZ\',wh‘oL l‘wr\n‘cs
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I brar For some beT and re®R. Hence

1+T= or+T = (a+T) (r+T). Theredore a+T is

a unt -

&) Suppose IGJ and JIR . 3o I aeI\T .
Then o+Tsa+I in Rip. As R 5 a hed,
JaeR st (a+I)@+I)=1+T. Hence

= oaa/i b For sewe beT.

aed = O\O\IGJ§=> 1@3’ = J=7R . em} se 1 1s
lex g

moximal . (Nohce Since Rig is not the zero ni‘a; T+R)=

Corollo\rb. T4 R mwaximal = TI4qR ?n'm-e,.

'F_-F- I4dR moaximd = ‘R/I eld
= 12/:[ fn‘t‘eaml dowain = TIak Prime. . )
E.. T14qZ is mo\xirml P I:T Z cohere P is ?m"e"

gl._ SU\WSL O\2+Lz="> is r\)ﬂ'me, ; +then <o+ 1 L} QAZLi7 15 meiod
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P Zuay o™ 2/, 05 R paved in the previaws
lechure, omd 56 8 s & Pield. Hence <a+bi> s a maximal
ideal. m

Next dehinrtion help us o understand  mascimal idedls o o PID.

Ded.o Let R be (as befre) o undal commubative ing

caeR s lled ivedncible o is net o zen-divisor

and A s nd a unit  ond
a=bc = ether be UR) or ¢ cUR).

Levamna.. Suﬂwse Dis a PID, cohich is nat o feld. Then

aeD is ireducible +% <ay 5 o maximal ideal.
P o) Suﬂmse <> <% ddD. Shce Dis a PID,
J=<a’y for some o’€D - As ac> C <>

a=o’d o some deD. Sice a is irredncible,
either o/ TU(D) or de UD) .

i3 JGUCD)/ then <0(>: <0\/0|>:<0\> cohich is G\Cm\‘lim\.
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“Therefee  a’e UMD ; ond so <a’>=D.

Note that, sine o @TUM), <a>£D - il so @ s a
moxcimal ideal

) . P a=o0 ,then D/@v =’D/<<D D & ofdd whidh s a

contradickion . So ao. Sie D is an in+eam| domain, o is
nok o zero—divisor.

AF o s aunt, then <o =D s oon hod & in your HW;
this carhradicts the assumption Hat <a> s a maximal idenl.
B a=bc , then o> c<by . Hene either <bo—<ay or
<>=D. fis P hod e in your HW,

v <By=cay implies o= bu tor some ue UM); and so
bue bc  cohich imylies c=ue UMD) (D & oan fn’ceﬂm\
domoin , ond 50 it has the concelladion ?rv?eu‘bo)

r <by=D imglies be U(D).

Hence_ el'-H-\f.v' LeUCD) or CeUCD)' .
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