Lecture 12: A Euclidean domainis a PID

Monday, April 30, 2018 11:12 AM

(Re.cm“ An l'h+€8m‘ o[omafn D is Cq”rccl (4N E\Ac\\'elean clomo«in \-t
Zo
aN(D——PZ ’ n NCJ)‘_—’_Q ] &’o

@) VoeD, beD\1%, 3 7,7€D,
- a.—.bﬂ-\-r
- Nin< Neb)

Qe proved ZLil and FIx1, where T 5atell, are EDs.
Theorem. A Fuclidean domain 5 oo PID.
P Suppse  IaD. W I=o ,then it & pricgal. So assume T
Comsider 3 N | 0T, ool . Qince it s a nm\-emf—&a swhset
o} Z+, it has a mimimum . Sugpose  a, €T 5 s+
Nay=woin SN(® | aeT, o#o§-

Clam. LI=<a>-
M. Since a,eT, <> T.

. Fr aeT, Ho‘r,me st X=0,9 +r and NONG)

= (= o\—O\Qa“‘e I Gncl N< NC%)]:) o = ae<a,y.
Jhce N@oy=mh N @)\ acT, ‘7\#"} =
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Lecture 12: Certain factors of Gaussian integers
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Com“oma Suﬂ»ox O\Z+L2=r‘> is ?ﬂ'he— m Z o\né O\,LGZ.—men

ZDVQH-L{) v Z/YZ .

B Sl pra ond pxb.

. Surppose o the Ovn‘hwg P | & . TThen
e rther P=0 O P< lal-
. IR P=2., then 132—_-T chich & a cortadichon os P

IS "i)ﬂbwt
. vi;_g lnl, Hhen ‘Fz_<_ a® < 0\2+Lz=,1> c\))\\'cl\ 1S
Gﬁqfn a coitrod.  as r?>j_.

)

%&'- = ole Z S.‘b 0(25 -1 (n'\oct ‘?} and 0\-1-o<lo“——=-o(\wlc\>\
e ohBE=p imhes ®4iT=3 nZ -
Since. T*L , L#oin Zﬁ’l . s Z/,17
(FhY =4 S0 waqz = - sefishes e -

- & a R,

%t& $:Z01— Z/PZ , P (c+1d)= c+«d +7Z

a n‘na lqmomoﬁfl\\'sm .
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Ceddihon : exevise)
P ((prid ICeoridr)) = $ (€ -dd,)+ (e dred))
- fo-dd v < ledir e d)+ 72
$ () $leprid)=(cpr «d +72Z ) (v «d, +p2)
= (ot “dd; + < (g ) +7Z

i ol = A Cm0°\’>; )%A (C‘Cz-c[ JZ)TO((C\‘J?.:'T'J\ L)-r?Z

0\Y\J O[omm -go lO(AS

S_tc_\zt\-. &+ is onlo.

V5€24ZI o~ = G+VPZ = %:(0\3 .

3‘3’5 a+l:i ¢ ker $-

FE $latbd= 0pba +9Z =5 - (by sty 2.

%6 . ker b — <ok,

P Since ZL1 is « ED., it is a PID. 3o
kec =+ li> . Sie arbi> C kecds,

atbr= (o\’.\.\,/.'\ (cad?) For some o,dcZ . Hence
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L ol = B (ead?) o (3P 4d ) p.
Since P is prime, efther a’ﬂk’z—_-«? and ¢ d’= 4 or
a’?+L%=1 and c2+olz=]>.
Clon . /%421 .
B R aA Nl then A= (L) (0ovb)eker &
this cortadicts PA)=1+YZ # 043Z - D
‘Bn the above cloim, 2d2=1 . Hence (caid)(e-id) =1,
which implies c+id eUZTT). Therehore
Lagbis= <o B) (Catd)> — <o+ 1>
crid € UZL)
Thes ke dp =Conbiv. frdse by the T iSomorphise

thegrem  Z L1/,

a+bi / ker

N [m =Z .
RELESE

)
As coe merhioned eorher, ideds coere defined 1o extend
our nNumber ‘H\eowb'c “techm‘ﬂv«es 'I;o rlhas cfH\er 'H\om Z. .
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e S’l’ar‘t OOI'H\ c\a@f?l'm'nca ﬁ?n‘me ic\eo\‘s-,
(Di- Suﬂ>ose (R IS a \m\"“a\ COmmu‘Lc\‘l"'Vt Y “\8. An l’c‘eal I o—¥_(R

is culled a Prime idea if I+ R ond

abe T = edher acl or bel.

EA What  are (\)ﬂhue ideals 0{2 Z ?

Solution . As Z is o PID, oy deol of Z is of Hhe Form
0 Z P sme neZ .

e B n 5 wmposite, then FabeZ st 4 <o b<n , n=ab.
Hence ab=ncnZ , ond ognZ, bgnZ. Ad ©nZ
s nt o prime ideal

B n=d dhen nZ=Z is nit & qroper ideal ; Oond S0
s nat o qrinc ideal.

WP n=o ,then nZ=%.8 397 ond

QL)G %o& = QL:D T_,)- A=0 Or L:o:;&e%ogorloegog-

é Zﬁ,‘s ih'lreara‘ LM{V\E
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and so 30§ 1S o f\>n'mc ideal .

B n=T s Tr\'me, then TZ IS a(rmrer Ic\eo\l ond

a\oeTZ. = T jab -$—__> Pla or TI\c:; aepZ or LGTZ :
Emclfc[’s
% lerama é

And 'FZ IS a '\Dn’mf, idea] .

Hence om ideal T cnf. Z s Tn'me P and On)d 2
I= {og or I= TZ for  some r‘DY\'h\Q, P -

?emo\rk . The Euclu'c(’s \cmmo\ RS 'H\e, main Sowrce o-:P ‘H\e,

a"'Ven o'fﬁe-u'm‘l'b'on a:F 'Pn'me loleals
I He ned lecture we aill prove:

?_V’U?og‘l'\on . Swﬂ:ose (Q IS & U\hl"l’al Commm‘Jfo\'['\\l‘Q Y‘l}\a ahcj IqR.

“Then I 5 « v‘fn‘mc ideal = P/I IS an ih’\,’eam‘ c\qmm'y\.
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