Lecture 10: Some applications of the 1st isomorphism
theorem

Monday, April 23, 2018 11:07 AM

Ex. @Exj/<(x,_+i><z QL.

—

. In ths e><omf|e coe will lean on im‘)orl?'o\w[' -l:echnb]ue cohich

coc'” )}C (AStcl ajou’n omJ o«ﬁm'n-

Evaluerhon mop a 1. Comsider o - QLI — C,

P (pe)y=pC -

Then B is o ring l’\OmOma?hl'sm. (cahy 2 ‘tra-l:odus-h?b the) .

[ o = @LiA.

B fome LA, poo= a“w"+---+0\,9<¢a° A —
Og-e@ . Hence PP = 9, (l')"+---+OL,a‘3+o\° &)
On the ather hand, C\a-e'@liij and e QLI1. Thus by &)
fp)e@L Theefere  m + < @I.

- Yo,be@ , ¢ (atbi=otbr; and 50 QLICIm S
Aind  clain Follocos .

< Chit 5 kernel of + - x?»ieleer .. b (x5)= (+1

And S0 <Xy Chker + -
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Suppase Py cker % . By long division, 3 rod, g0 e AT,
@cm:a\(m &)+ ron Jea r<o .
And  so q:‘,(h = ) =o.
Suppose )= a+bex for a,be @ . TThen Cb'.(r\=0\1-l9\'=o
imihes a=b=o. fAnd S0 r=o, and +me<xidY.
Therefove. lqer<(>i=<o<z+1>.

Hence by He 4 isomerghism theorer

@LCx1 L/ o2t> ~ @Lil- m

From the above exarple o Jeam a Fecd imporont techniques:

D When ce cont B show o Factor ng R/ s isomaphic
B oangS, Tisa aoovz‘ idea dp stort caith o Ning hooror
$: R3S o $:R—S’ st S isa subdng o} .
Ty o shuo In<p=S ond ker =T

@ Hmu'r\g d:R—» S, often it is net hard o Find Im (). To showo

\eercy>=I , One has to show I ker & ond Rerb T.
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GRben ib 15 easy Fo shos TS herdp. Most of the times T is
qfven by o set of genertors I= <n, -, > Then o show
1< ker &, one has o check $arye .= db1=0, which is
often steaghtfoconrd. To shows ker ST, it is ofben hard, and
uswa\\(lj a ( 3enemhzal) division olgorithn s use-Ful; s‘)ecfo\“(z)

cwhen T =xb) is ouPrinc(rFal ideal. “Then ane S‘l:-v\rl's with aekera
then “divides o lad b” (# possble), then &=b<1+r‘ , ond

. A
Y is Zsmaller -

/

ond = 0-bg ekerdp; In the next step, one
hos 1o shoow r=o0. This s cohat ce did cdhen we showed Z is
a PID; and we used the some fechnigue 1o Solve the previous
exammle , and cre cill see that Hhis idea ovill helg us to show
@Ix1 s a PID. In the nef[’e)(am‘)‘ﬁ we will use g similar
dea dor Goussian ih-k(o)ers Z 31 ; ad e e coill prove

that Z 0] s a PID .
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Ex. ZLY cvnis & Lz
']’_f_ We ’d like 1o o[e}q.'wa a nh% ‘rwmomm?kn'sm

=SS AN I p— 2/'32 . Where sl‘\oulc[ Qe Senol 1 O\.SS\Am\'ha

b )y= 4141320 Py = P(iT)=$ L)= -1+137Z.
Nobioe thit 5= 25 = -4 (med 43). & it makes sense
fo send 140 5 and defive b (arbi)= at+5by BZ .
Claim &b 5 « hg hmmoq;lu’sm.

((ar b1y adN) = & (Ge-bd) g (ad b i)

— (o\c_LJ)+5(M|+LcJ + B Z @)

> (a+ b)) & (c¢di) = ((GH- 5b)+ l’SZ) ((c-\- 5d) 413 Z>

£\

= (a5 (5 + BZ
— ac+25bd + 5(ad+be)+ BZ

=@c-b)+ 5 (adtbke) +RZ @

(1) and dr) lm«rlg <$ preserves mul-h:‘plfc&lbn.
It s easy fo check that & Preserves odddiow gen.)
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e is orbo, Sihee Pp(d)=1+13Z, YneZ

43(“\:\(\-\-131. PSY\O‘ So <l3 IS G'YTID
What is kerme o ¢ 2

P(2+2)= 24+5«x2+412 Z = o+132 .
Ano‘ so <2+2iY < ker < . @
To showo  ker P <3+2i>, 05 we Qx";\au‘ncc{ earlier, oo -b«a

4o divide oasbre kcr‘qb La S+2¢

Groing back o m-feaers , e Can Viewd divigion as g lloas:
fr Nm in Z ond mzo, e amsider the Fraction D ea,
et q be the eregemFar-k of b oad wrte n_q.e
chere o<e <dl. Then N=mq+ (em) - So reZ ond
o <€em gm n'mPh‘cs osy<m. (e w:ll Polloca The same V\-H\
in Gawssion l'n'l?tatrs ord Comsider  OAbI _ o+ bie@Li].

3+21
(e coill comhinue in the next lecture )
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