Lecture 08: Ideals

Wednesday, April 18, 2018 8:36 AM

\h OV‘C‘Q,T -l—o So\ve ‘Fe.r“ma‘l' )s \o\s‘l:' Covsa'ee‘:' ure Kummer‘ Coor‘QeA ooi'l:k 'ch

n‘na Z]:(;n1=%_Qo+¢“q|+...+¢n;'a“_'\ 0\‘-623 where

e
Cm=e " . Hc rEo»llzeA Hm‘l‘ in Hns r‘l'r\g, numlaers m\‘GH'\x,
contlen as r\brvalucl:s o:ﬂ an'me in Ju%\'&n‘[‘ cooujs. Bul cohen he
worked coith “ideal numbers”  he could conte them as (?roémc‘\‘ ot
”?nime, ideal number” in a Vmu‘a]ue, waa . Later Dedekind and Noether
extended these CDnce(\SlS 1o all n}ﬂs; omJ nocy e talk about ideals

omJ ?n'me_ I'OIQo«‘s .

Det. Suppose R is a fing. We say TSR &5 an deal ¥
MI isa smkn‘na , @) ¥reR, Yoel, mel ond arel.
We orite T<R.

Lemma. Suppose R &k a ring and g£L C R. Then IqR i

and only # @ Yo ,bel, o-bel @ Voel, reR, marel.

B &) dee T 6 a Su\an'na,(:\) holds ; since TqR, @) holds.
@‘) O\)e O"n\a nteA —l;v So\a wL\\d 15 & SV\L(‘I.r\a . %a 'H\{_ sm‘or{na
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Criterion it is enaugh to sha ¥a,beT, a-beT ond abeT,
And both are direct wnseqireces o our asgum«‘:f‘h‘Ons. =

Ex. T4dZ 4= TonZ Hor sme ncZ.

B abenZ = nla, nlb = njo-b abenZ.

o aenZ]=> 3n|a 'E___, n| ar anrd nlrv\=>{ar‘enz.
r e Z re/Z rmen/.

&) .If I=o0, we are done .
B Teo, leb neINgS. Then neT . And S I has
o positive rnchﬁer. Let h.= min TaZ" . Then n, ZCI.
Clojm . n Z=1.

Woﬁ claim.  Tor mGI, Ba the division alﬁwﬁl‘km/

E{cy,reZ st m= Neq+r , oSr<ng.
And so  r=m- oq < In o, ne1) -6
Snce Ng=mm LA Z+, La ) Y=o. A so

m=n,alen°Z X
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Exs Ideals caenem@eo\ E\d a“...,o\ne‘k in o unrtal commiderhive Mg
Qe So«n T s the ideal aenemfee\ loa A, -0 £ I s

the smallest ideal o{l R it covtains a,--,0,. We dencte

ipn oy A0
Clain_. <&, 5 %ny = Tnam—+ma,| 1reRE.

P Lel’s cll the rraH: hord  side E(tj SR
SEE:L. # IaR ond Q,-yoned, then JTI.

E-_ 0\|-e'_\'. = ¥R, riae T

= r‘o‘|+----|-r;\ah€1 . Hr\ci So JQI

f'-_T_ J <R.
Te. (Z-ﬂo\) (Zr q)—Z(r‘ rNa, €J .
= = nn'R

- ¥reXk, r(Zf‘O\) Z(W)oh cd-

=\

. Qince R is Cmnmm‘\TK'hVC
(Znaﬁ r=1r (Z_. nac) e & -

1=\

&33 o\‘,...)a\nea-.
f-_fl; Sice R s un,'-l,-p\[, _i.a'-=0\‘-€g-- =
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Det o An ideal is called ?EE‘T‘;I & s %@emlceé by 1 clement.
. An l'n‘lxﬁm[ domain is called o Principal Ideal Domain (PID)
i any idenl i5 privcpal .
Ex. Z s o TID .
e, Suppose F:R,—R, 5 a fing Mommfk\‘sm. Kernel <f +
is ker ¥ =3 reR | fey=0- Then ker < R, .
B . obekert = F@1=0 , Phi=s
= Fo-b = Pey-y=o
— o-beker?.
cackerd  reR = Prary= ey k=0  d=o
= ore kerf .
Sim{lo\r\a Leray = 2Py = Ky 0 =0 = rac ke £.
Ad so kRer PqRy - @
Using an ideal cde can onshnet & nesy ring ; that is called the

#oc‘:Or" Y\ha o~.?. R 303 I and &+ 1S cl-enaL'eJ La (R/l
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?mP°Si'|:"0L : Suﬂmse_ ITqR. Let (R/I =%r+I [reR] be

the seb o all He (oddhve) cusels of T in R. Then
(R/I,+,-) s @ ring where

-(a+I)+(b+I)= @+H+1 ,

« @+ T)(b+I) = ab+T

(e il continue next time )
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