Lecture 06: Field of fractions

Thursday, April 12, 2018 11:56 PM

b He Previous \ecl’vme. we stoted the X?ollm;na Hreorem:

Theovem. Let D be an |'w£e(<1m' doreain. Then there are o frdd QD) and

a r.'na lwomomonfln'Sm 9:D—aM) s+. ) © s |hjecl1'v<. , (@ ana elemert of
QDY is o the fom Qe BT For some aeD, beD 3. A Pield coith thes
;onJi-h'ons Sorh’sgés 'H\e-f-)o[laoofr\S ?chrk&: # 4. DT is an \‘nﬁ'ec{-i\/e, n‘ng
Lomoman\J.{sm, then there is an |hjec'h'\1a l\omﬂ? Q) —» F st. A(ady=4dy

Lo any deD . In '?arh'cdow o $reld eaith conditions (1) and C2) s U“‘°\"‘€— V\?—}o
an l‘somow‘)]’\l‘sm 5 am[ |‘¥ is called the %é\ol 0{3 ‘Pmch'ons °’P D:

e, ‘POHOOO ‘H\c hne'ch( 0:£ Cgﬂ.&‘l’W\Cl'IW\ ‘*-? @ ‘Pm"’\ Z;
|A‘er‘mo\“3 elaments o:F QD) are of the Form numm‘fm’/o\e“mn
mr\c‘ oleho*m. CO\Y\h(‘fL- L)C Z€eYo - (BUL_l: _H“em IS SMBHC'{—U )

o = or) . Fer any reDNE] - Ard so ce start corth

Y

Dx (D\3%) ond Then ‘?o\rh‘—l'ron it i a coay +hat CO\I,E') and
CO\Q,,LL) are in ‘H\e, Some S\ALSC"«" ?MSCIU c\))\e,\ ”o\\ /'o|__= qz/lo: .
thet Sl\mnu mean O\‘L2=0\2L\. AnJ So oo A#P\'ne,

[(a, 0] = §(o, by eDx (Dn3f) | ab/= /b

Lemma . 3 T@ L1 | (abyeDx (DI § 5 Ox?ar‘:n‘h‘on
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od DxD\3%).

PE (a,b) e Tca,H1 oas  oab=ab. fnd so

U [0, by) = Dx (D) -
(th) ¢D XCD\E"'D

o (o, dyeTabl < ledl=IaWh
&) (edre [(edl=la,b] .
=) cd elohl = ad=be
e [eedhl = xd —ye = bad=ybe=y ad

L = yor = C’X,tj) e T¢a,b)] .

Cancellation

P And 50 [ce,d] < Lea,bd

(% e L@ bl = Gy = bx - oy = bex= ad x

Concellohon = 8(‘,-—-0('7( = C‘X/‘A)€[(C,c|):l
EW t Ad s bl < Teedi] -

« (c,d)e ]:(0\\ ;ED._\ a Loy, “’7)3 =

J)

[(O\‘, byl = L, d] = ]'_(0\2_,)3,_\] '

Omcl C‘m‘m 'f-u“o AR m
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Corollary. [(a, byl = Lo, b1 4= o b =0 b

PR (e have proved that
[y, byl=lo,, bl & (a,b) e[, b))
< oab =ba, =
Next we moke QO):=% Ta,bl | 6,b)eDx (DK} into

a Held .
Lerma . “The f-olloomg are we“——o(e%ht:c[ J’"“""S q?em-l-lbns o QD).

]:Co«,lo)] +]:(C,c|\j = [@\Jq—BC ) lDol \1 Ond [(o\, lo)__\ .[(C,Jﬂ=
(Of' Course , 'Hm's a[c‘{gl'vf\l;{?i‘/v\ 1S \Y\&F{{Ec‘ ‘DU ‘H\e Oso(all{‘wn Omcl mml“:‘l'T\l'Cn‘l’lbn
o Fractions in @)

:Ff_' [(0\| ) Ll\-l: .[(qzlLﬂ] ]‘_—> [(0\ ‘J"" L)lcl ) lo|cl‘)1=[(0‘2_°|2+ L7cz’)'>:_°,')—-‘

[y, d) 1= Tee,,dn)
ce knoo ab—a b, od cd,=dc, ; and cve’d like to Sheos

(O\nd I-'-LIC\) lo:_cl:_ -_?—_. (O\zOlz"'LzCl) L)|le°

(ad +bc)bd, =adb, dy bc bd, =o_d bdx liczb,fj. = (adreb) bd.
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Bimilarly o3¢ hove to shos (o b1 =Tl by and Iey,d) J= e, )
phes [ae |, bdd]=Tlone, , bodd) - Qe knoco ab,=ab and
cdmcd ond cerd ke to s e byd,—bd,oc,
o € bd, = o cbhd . m

Lemma\. For Onnj QGD\%a%, t(°;1)1= L@, 0\!\;{ ot s the

nevtral elemet d + n QM.

P-eo-a=1.0 =>[(o,if_\=[(o,o\)1 ,
. Kolii‘i'[(C;O‘)l: [(0 c‘—l—i C. .j.cl)] = ]:(C_,chl . 3(!\"!10\;"3
[(th]‘\'[(o:i)] =.I:@I<h] - R

l‘ﬂﬁ~ <QC_D\,"‘1 ) s QA Commtirhive n'ma.

P One hos o check assocc'ocl‘wn‘lré Omc[ distnbathon . These are
rother ensy ond | leave them as exercise.

Lermno . For omn o\efD\%oE, I(O\,o\\1=[@,i)1 O\r\c[ f‘l‘ s 'H\Q

——

un-’-l?j A QD)5 and Wyl 4Id47] .

P .adl=10o = [@ol=[{i0

. e} . ld D] = ad, L)) =[G, b)) .

- E(C’li)]=[(i-)i} jr \\.es Oi=ii = O=i OOL\!DL\ 1S o Cnm+(‘
] .-\’ os D = an |'w\;e0r-l Jmnmh N ]
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Lemma . QD) s a el

B Sice ce have alwéa proved QM) s anm-zew wital commatatie
ring, it is enaujk to shew ang nwn-zemw element has an iverse.
[ byl < [, 1] = aeD\IE = [ch,a)]le QD) o

[, 31 [ch,a)l= [ob,ob)l =[] = =

Lemma. 6: D—QCD), 6cd)y=T@,1)1 & o l'hjec['t've. ring lme\,k.-.
and oy elemert 2 QD) 5 A Fhe form GGy oL For some

aeD, beD\3}-

(e will conhinue nextt ln'me_ﬁ
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