
Homework 9

1
.  (a) 2/3  is a field

,

x3 - Xtl has degree 3
.

×3 - ×  +  1  is  irreducible In 21 }exT iff  x3 - xtl has  no  root  in Zz
.

Since  03 - 0+1=1 .

to

13 - 1  +  1  =  I to in 2/3

23 - z  +  I  = 7 t  0

⇒  x3 - xtl has  no  root  In Zz .

c b ) 2135×3 is a PID and x3 - xtl  is  irreducible in 21 }ex]

⇒ < x3 . xti >  Is maximal ideal

⇒ 213 / < x3 . × - 1 >  Is a field

2137×3
(c) We know  that /< × }  , ×+ , >

has 33=7 elements .

Consider the map Pa : 21 } Ex ] - �1�

glx )  -7 gc a)

' Imf a  = { co  

+42+4222
| Cit 213 }

.

Clearly Cotciatcr 22 E  Im$a
.

Now  for  any g ( × ) E 2/35×7 . GIX )  = 171×71×3 - xti ?  +  rlx )
, Plx ) ,  rlx )  E 2/3  fx ]

. degrix )  £2
.

Then g (27  = Pc 2) .  O  +  812 ) E { Lot  Ci  2  th  221 lie  21 } }
.

. 2 Is  a  root  of  x3 - x  +1  ⇒  < x3 - xt .

7  E Ket  $2
.

But  1  4- Kerry a  ⇒  Ker  42  F 2/3 ED ⇒  < x3 - xt  17 =  kerfs .

i  By 1st Isomorphism Theorem
,

2138×42×3 - xtl > E { eotuatc.si/citZ } } .

⇒ { cotc ,  2+422 | Cit 213 } Is field of  27 elements
,  with root  of  x3 - xtl

,  which

Is 2
.

2. (a) . Consider 3
, Prime number

31 6 .  3) 30
,  3/12 . but  32+12

⇒ flx >  is irreducible by Eisenstein criteria
.

(b) . Consider  the evaluation  map Ha : a  Tx ]  → Cl

gcx )  -7  Gla )

fix ) has 2 as  root  and th )  is irreducible

⇒ Kerry a  =  < ftx ) 7



By the main theorem  of  evaluation map ,  we have since degflx )  =5

Imf = { co  that  c222t  cos  23+424 I Cie Q } and the image  Is a field .

lc >
. Suppose  we have Not  a ,  2  + . .  . + Ag 24=0

,
Ai  E A .

Consider gcx ) =  aotaixt . . .  +  a¢x4 , gla )  - o by assumption .

⇒ G ( x ) e  Ker  0/2  =  < flx >  7  ⇒ gix ) = fix ) .  hlx >

But dlggix ) €4 <dlyflx )  =  5

⇒  the only possibility Is that gixs  = hcx ) to

⇒ Ai  
=  o

.
 i=  °

,  
- -

i  4 .

3
. fix )  is  irreducible in @ Ex ] I # fi - x >  Is irreducible # fl - ixti ) ) is  irreducible

.

f- ( -  ( xti ) ) = ( Xt  D Ptt  ( XTDP
' 2+ . . .  t  ( x+D+|

=
1-  c Hx 'P

=  ×Pt+  ( ? ) xp '
+ ...  + ( ¥r ) x  + ( ¥ . , )1-  ( It  X )

PI ( Pi ) but P 't 1¥ . )

By Eisenstein 's  criteria ,  its  irreducible .

Another  way of  writhing 3 :

fix >  is irreducible iff fc - x )  Is irreducible .

Let glx )  = fl - X )  =  XP "
+  xptt . .  . +  xxl

.

As  we did in Lecture
, gcx ) =  ¥4

(y+nPt
g ( y #, = any =  testes = yet + (

P
. )ym+ . .  . + l k ) .

glyti ) is irreducible by Eisenstein 's  criteria
.

( Pl 1 Pi ) ieiept
, tit l Pm

, ) )
.

suppose gin  is  reducible ,  then

gcx ,  = g ,  ex > gnx )
,  with deg gilx ) 71

.

⇒ g ( y +  1) = g ,  lytl ) galyti ) with deg gilyt
. ) 71

,  contradiction .

⇒ gix  =ti - x >  Is irreducible

⇒ fix ) is irreducible
.



4
.

 (a) 24-222-2  = ( Is )4 - 2 ( ET )
'

- 2

= (1+53)
'

- 2 ( it Fs ) - v  = 1+253+3 -2-253-2  =  0 .

⇒ 2  Is  A  root  of  x4 - 2×2-2

By Eisenstein 's  criteria ,  we  notice  that  212 but  It  2
.

⇒  ×4 - 2×2 - 2  is  irreducible

⇒  x4 -2×2 - V is  minimal polynomial
to > As  usual ,  consider  the evaluation  map Pa at

2×4-2×2- V  is  irreducible and admits 2 as  a  root

⇒ Ker  $ a  =  2×4-2×2 . z >

By the main theorem  of  evaluation  map  and the fact  that deyx
't -2×2-2=4

.

We have  that  Imf = { as  +  al  2  +  az22t  as  23 | no ,  al ,
as .  as e A } is a field

.

5
.

 ×2tz  Is irreducible In Zsfx ] as it has  no  root

⇒ ZsaD/< xyz >  is  ea field with 52=25 elements .


