
Homework 3 Solutions

7-
.

@ We use sub ring criteria
, for a , b ,

c , d E Z

. At bw - ( ctdw ) = ( A - c ) + ( b - d) W EZFW ]
.

• ( at bw ) ( ctdw ) = Act adwtbcw + bdW2

= Act ( adtbc ) W + bdw
'

]
here  

uses
:

W2+W2
= Ac + ( adtbcsw + bdl - w - 1 ) +1=0

= ( Ac - bd ) t ( ndtbc - bd ) W G Zlw ]
.

⇒ ZEW ] Is a sub ring of ¢
.

@ . First We show At W ] is a field .

By similar argument as above
, we know DEWJ is a swbringotc .

e Q EW ]
1

Now consider for t at bw to
.

atbw
.

According to hint
, we compute

latbw ) Catbw ) = n 't ablwtu ) t b
' win

.

= a
'

- ab + b
' ( Here we used w=

' ¥3 ,a=¥3

and get  wth = -1
,

WW =\ )

a2 . ab+b2 = ( a -E)
2

+ ¥b
'

to since ato
, bto .

1 1 atbh atbh atblt .  w )⇒
- = - .  

-
= - = -

ntbw atbw atbh at - nbtb a
'

- abtb
'

a - b
= +

- b
- W E @ EWJ

.

a
2

. abtb
'

at . abtb '

=> QEW ] is a field

. Let  i : ZEW ] → Qfw ] be the natural inclusion

mtnw
1-

mtnw
(

mint
21 )

i is injective ring homomorphism .

For any at bw e New ]

at bw = the + let W  = (±¥Yef¥±W
,

with Lkieztkzli ) W EZFW ]

\V
ki.li EZ

,  i. 1,2
.

kill E 21 EZTW ]
.

⇒ QEWJ Is the field of fraction of ZTW ]



µ
since R=< 17

2
.

@ < µ > = R ⇒ < U > = 517 # 1 E < U > I EVER sit
.

UV =L

←→ never )

@ < a > = cb > ⇒ a =bU for U
,

wt R

b = an
'

µ
here  we assume ato .

⇒ a=bu= awu ⇒ 1 = n' n since R is integral domain
.

⇒ U is unit  ⇒ a=bu with UEULR )

If n=o
.

< a > =<b7=co7 ⇒ be < 07 ⇒ b= 0
.

⇒ a=1b
,

with 1 EUCR )
.

On the other hand
.

a=bu ⇒ a ⇐ < b >
. ) ⇒ < a > =cb >

.

U is unit  ⇒ an
' '

=b ⇒ be < a >

3
.

Let 21 = { XER
,

,
sit

.
( x

,
° ) E I }

Let In = { YERZ ,

sit
.

( o
, Y ) e I }

.

First  we show I
,

× Iz =  I
.

F ( X , Y ) E  I , X Iz
,

( X , y ) = ( X
,

0 ) +  ( 0
, y ) E  I

.

⇒ It XIZ CI
.

tt ( X , y ) E  I
,

What  to show XEI , , Y E  I  2
.

( × , y ) ( 1r , ,
o ) = ( ×

.  ° ) ⇒ ×  ←  Ii by the definition  Of  ± '
.

} ⇒ I ,×± ,
> 1

.

( x. y ) . ( °
,

1R
. ) = ( o

, y ) ⇒ y E Iz by the definition  of  Iz
.

So Ii×I~=I
.

Now We show I ,
A Ri

,
Ir # Rr

.

Let Xi , xvt  Ii
,

RE Ri
.

X
,  

- Xz t I
,

since ( X
,  

- Xu
,

0 ) = ( Xi
,

o ) - ( Xz
,

0 ) c- I
.

⇒ 114121
.

✓ X ,
E  I , since ( rxl , 0 ) = ( r

,
071×1,0 ) E  I

Similarly we can show that 1=24122
.



4. Assume by contradiction that < 2. x > is a principal ideal
.

Then 7- flx ) EZTXT s .t
.

( 2
,

x > = ( fix > 7 .

. 2 E ( f ( × ) 7 => 2 = fix ) .

g ( x ) with g ( × ) EZIX ]

degfix ) + deg guy = 0 while degftx ) to . deggix ) 70

⇒ deg fix ) = deg 91×3 = 0 ⇒ f ( x ) =m
, glx ) =n

,
m

, n EZ
.

⇒ 2 = m . n ⇒ flx ) =  m  =  1=1 or 1=2
.

- Also
,

XE < fix ) 7

Suppose fix )=tr,
×  = 1=2 . glx ) ⇒ gix ) =  ± 't ¢Zfx ]

.

⇒ The only possibilities for fix ) are ± 1
.

✓ Suppose ten =±l
.

⇒ < 2 ,
X > = ( Il 7 = ( 17

⇒ 1 E ( 21×7
.

i. e
.

7- hi ( x ) ,
hvlx ) E Zfx ]

.

s ,t .

1=2 hilx ) t × hzlx )
.

But the constant  term of RHS Is an even number

⇒ fix )=±1 is also impossible .

⇒ Our assumption Is wrong .

⇒ < 2. x > Is not principal ideal In 215×1
.

5
.

( A >
. 102459087 = 108+2×106 + 4×105+5×104 - 9×103+8×10  +7

.

( m•d9 )

r

102459 087 L mod 9 ) = 18 + 2×16 + 4×15 t 5×14+0×13 - 8×1+7

= 0 ( mod 9 )
.

⇒ the remainder Is 0
.

( b )
. Similarly ,

102459087 ( mod 11 ) =H)& -12×1 - Db + 4×45+5×1 - D
4

+ 9 x ( - 1)
3

+ Sxi -

l ) +7 ( mod 11 ) = 5 ( mod " )
.

⇒ the remainder Is 5
.



( c >
.

• 3×4=12  = I in 21,1
.

⇒ 3-1=4 in 21,1 .

⇒ 2/3 =  2 x 4 = & in 211
.

•

 11×7=77--1 In Zig ⇒ 7-1=11 in Zig .

⇒ 2/7 = 2×11 = 22 = 3 in 2119
.

.
- 5×9 = - 45=1 in 2123 ⇒ 94 = - 5=18 In 2/23

.

⇒ 21g = 2×18 = 36 = 13 In 219 .

Remark : A general way to find mt In Zn When ( min ) =L is to use

Euclidean algorithm .

As an example ,

we compute 7
- ' In Zig .

(7/19)=1
.

19 =  2×7+5 .

1  = 5 - 2×2

7 = 1×5+2 ⇒ = 5 - 2×(7-5)

5  
=  2×2+1 = 3×5 - 2×7

= 3×(19.2×7) - 2×7

= 3×19 - 8×7 .
(B)

⇒ in a ,g ,
A) ⇒ 1=-8×7

⇒ 7
+

= - 8 = 11
.

6
. @

.

a ,
b

, c
, d t 21

• fliatbi ) + ( ctdi ) ) = f I late ) + ( btdsi ) = AT @ 21 bid )

= at @ I @ 25 +02£
.

flatbi ) @Hctdi ) = a @ 25+0 E @ ztd
) )

⇒ f ( latbi ) + cetdi ) ) = f ( atbi ) @flctdi )
.



' f ( ( atbi ) ( ctdi ) ) = f ( Cac- bd ) + ( adtbc ) i )
= a=bd +0 21 adtbc )

= at -0 Fd +0 215A ) @ zbt

= ( IOI) -0 ( 5 0 d- ) +0 2 ( EO at ) +0 215.0 I )

= ( oioe ) +0 2 ( oiod ) 8 2 ( IOI ) +04 ( IOI ) ( InII )

flatbi ) 0 flctdi ) = ( a @ 25 ) 0 ( Etozd ) ) )
= ( IOE ) @ 2120 at ) @ z( JOE ) @ 4150 et )

⇒ ff ( atbi )( ctdi ) ) =

fcatbi
) Of ( ctdi )

⇒ f is a ring homomorphism .

@ To show < - Zti > c Kerf .

Enough to show - Zti Ekerf .

i.e. fl - zti ) =

If- ( -2 + i ) =  =2 +0 I = 2=2 = J € 25

i. e.  
- 2  tic kerf .


