
Math 10313 HWZ Solution .

1
.

 @ X
'

- X - 2  =  ( X  +  1)  L X - 2) =  0

if Is Prime  ⇒ Zi Is integral domain

⇒  × -11=0  or  X - 2=0 .

⇒ x  =  16 or  x=v  are  the two  solutions
.

Ob IS Is not Prime , Zig has  zero divisors
.

For  example ,

3  to
.

 16 For but 3×6=0
.

Except for  X=2  and x=i6
,  x=5  Is also  he  solution  since  csti ) (5-2)=0 .

2
. We denote  the chnrnteristic  of  a  ring by C.

. For 214×216
.

f  ( m ,  n )  E 24×216
,

 12 ( M ,  n ) =  CIZM ,  12N 7 = ( 0 ,  0 ] =>  c  a- 12

On  The other hand
,

C . ( 1 ,  o ) = ( c ,  o ) =  ( o .  o ) ⇒  41 c
.

c. ( °  its  = c o
,  c) =  ( o

,  ° , ⇒  • ,
c) ⇒ 14 c) ¥2

.

.  For 216×218×219 .

Klm
,  n ,  k ) E 26×218×2 q ,

72  ( min , k 7  =  ( 7 zm
, 72N , 72k )  =  ( 0,0 ,  o )  ⇒  Cs ) 2 .

On  the other hand ,
C . ( 1

,  0,07  = C e
,  °

,  ° 7  = ( o ,  o
,  o 7 ⇒ 61 c

c . ( 0
,

1
,  07 = ( o

,  c
,  o ) = ( o

,  o
,  o ) ⇒ &| a

° ' ( 0 '  °
,  ⇒ =  ( °

,  o
,  c) =  < •

,
.

,  , ⇒ g , a

) ⇒ 721 '

⇒ c- 72 .

Remark : you  could also  use  the taut  that  the characteristic  of  a  wnital ring Is  the order

of  the unity if  it's finite
.

So  to  compute  characteristic
,  it's  enough to figure  out  the order

of  11,1 >  In 2164×2/6  and ( 1
,

1 ,  17  in 216×218×21 q .

3
.

 @ .
 First  since ( AtbE) t let DE )  =  late )  +  ( btdtv

( atb Tv ) ( ctdfz ) = ( Act  zbd )  + ( adtbc ) 52

We know DEE ] is closed under  addition  and multiplication .

i Oh [ 52T Inherits  its  addition  and multiplication from  R so  it  automatically
satisfies at b=bta ,  htlbt  e)  = @ b) to

,

Nbc )  = Labsc
,  albtc  =  abide

for  a
,

be A [ Fs
.



"

0 Is additive  identity , for  at BFE DIET .  
- ( atbfz )  = - a - bet @ EF ]

.

i 1  Is multiplicative  identity , for  at BFFEQEFT
.

He
=  FEE c- Rest .

T
=) QFJZJ Is a field . note  that  a

'  
. zb 't  °

( atbjz  to  ⇒  either  a  ±o  •  rbts
.

@ Define  map  i : ZTJZ ] - DEE ]
⇒ Fz=1±n| or  F.  = label

,  In

mtnfz  1- Mtn  Jz
.

either  case  JZ  is  rational
,  which

Is  impossible > .

Then  clearly i is injective  ring homomorphism .

f  at be  = ¥
,

+ PETE  with Pi ,ai ez

a  + BE  = 1*5%225=2 with q , one21  c ZEE ]
,

Piqt g. PZEEZIE ]
.

⇒ QFFT Is  the field of fraction  of 21 [ Jz ]
.

4. .
 First  we  check f  is homomorphism .

let  a ,  b.  c
,

d E 21
.

f ( ( atbsz ) + ( ctdsz ) ) = f ( ( at  c)  +  ( b  + d)  E) = ( hbtfd[Fed
'

]
11

statue ) + Hudes = ( of2L ] + ( eased ] = ( abttoa
"

batty )
⇒ f ( ( atbfz )  +  L ct DE ) ) = f ( at  BE ) t f ( at de )

.

Also
, t ( latb  E)  ( et d5z ) ) = f ( ( actzbd ,  + ( adtbosz ) =

(
A " ↳ d 4 hdtb "

|
adtbc  actzbd

a
team . . anal ;IHIAYFIYIIDAIYIYII

⇒ f ( ( at BE > ( ctd E) ) = f ( at  BF ) . flctdfz ) .

• Now  we  check f  is  one  to  one ,  enough  to  show Kerf  = { o } .

Suppose flat  bE ) =  0  ,  at b E  G  ZTE ] .

Then
( ofZba ] =  •

⇒ a=o
,

b.  o .
 ⇒  at  be  =  o  ⇒  kerf = fo }

.
 

Every [ hb'bn ] in co domain has pre image  at BEE  ZTET
.

Hence f  is onto
.

⇒ f  is isomorphism  of  rings .



5 . By binomial formula ,

( ×  +y]
P  

= ( Po )xPy°  + ( I ) xp
. '

y
'  + . . .  + ( ! ) xp ' iyi + .

. .  + ( Pp ) ×°yP
.

ti
,

o<i< p ,

we have PI ( ¥ )
.

⇒ ( 4. ) xp ' iyi  
=  o  t  i

.  o<i< p ,
since A has  characteristic P .

⇒ ( xty ]P  
=  xp + YP

.

Remark
.

 t  i.  sit
.

 ocict
, PI 1 Pi )

.

Proof :

( ? ) = it÷II
⇒ p !  = I Pi ) i !  ep . it !

P divides  one  of  the factors  on  the  right hand side .

Pt  i !
. Pt  ( P .  is ! since  icp ,  p - i< P .

⇒ p has  to divine ( Pi )
.

6
.

 @ 5  
= 12+22  

=  1 -  ( zi )
-

= ( 1 tzi )  ( 1 - zi )
.

⇒ In Zsti ?,
1 tzi

,
1 - zi  to but  ( Hzi ) ( i - zi ) =  0

.

@ X 0  1  2  3  4  5  6

ltx
'

1  2  5 3 3  4 2

⇒ ltx
" has  no  solution  In 217 .

@ We  can  assume  at 0 ( the case bto  Is done  similarly )
.

Zy Is a field since 7 Is Prime  and at  o  implies  it  makes  sense  to

talk about  a
' '

.

a- + b
2  

=  a2 ( 1  + ( bat )2 ) =  O  ⇒  It  ( b  at )
2

=  o  in  Zy ,

↳
since 2/7 has  no  zero divisor  and a # o

.

But D shows  that  there  Is no  such but
.

⇒ a- + b2 Is never  0  in 217 .

@ 217 Is finite
.

 i2= - I  ⇒ Zy Ii ] is finite  ring .

To  show Zy E it Is field
,  it's  enough to  show ZYEIJ is  integral domain

.



Suppose ( atbi ) lctdi ) =  0
.

Then I a - bi ) ( atbi ) ( c  + di ) ( c - di ) =  °

⇒ ( a 't b2) ( it d2 ) - 0
.

⇒  de  + b2 =  o  or  i. d2  
=  O

⇒ By @
,

a=b=o  or  c=d=  o

i.  e
.  a  +  bi  

=  o  or  etdi  
=  o

.
 ⇒ 21

,
Ei ] Is an  integral domain

.


