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1. Suppose A and B are finite abelian groups and S1 := {z ∈ C | |z| = 1}. Let f : A × B → S1 be
a pairing; this means that f is a group homomorphism with respect to each component separately.
Let

fA : A→ B̂, (fA(a))(b) := f(a, b) and fB : B → Â, (fB(b))(a) := f(a, b),

where Â and B̂ are the duals of A and B, respectively. Suppose fA is a group isomorphism.

(a) (2 points) Suppose b ∈ ker fB . Prove that b ∈ kerχ for every χ ∈ B̂.

(b) (2 points) Prove that fB is injective.

(c) (2 points) Prove that fB is an isomorphism.
(You are allowed to use results about the dual of finite abelian groups that are proved in the lectures,
except the above problem!)

2. Suppose F is a field of characteristic 0 which contains an element ζ of order n and F is an algebraic
closure of F . Suppose E ∈ Int(F /F ), E/F is a Galois extension, and AutF (E) is a finite abelian
group of exponent n. Let

∆(E) := ((E×)n ∩ F×)/F×n
.

(a) (2 points) Define the Kummer pairing f : AutF (E)×∆(E)→Mn where Mn := {1, ζ, . . . , ζn−1}.

(b) (3 points) Prove that the Kummer pairing is well-defined.

(c) (3 point) Prove that f∆(E) : ∆(E) → ̂AutF (E) is injective where f∆(E) is given as in the first
problem.

(d) (2 points) Prove that |∆(E)| ≤ |AutF (E)|.
(This problem consists of some steps in the proof of the finite abelian case of Kummer theory. It goes
without saying that you are not allowed to use the final result of Kummer theory for this problem.)

3. Suppose p is a prime and F := Q[ζp] where ζp := e
2πi
p . Suppose a1, . . . , an ∈ F× are such that

A := 〈a1(F×p
), . . . , an(F×p

)〉

is a group of order pn. Let E := F [ p
√
a1, . . . , p

√
an] where p

√
ai is a zero of xp − ai in F.

(a) (3 points) Let g : Zn
p → A, g([m1]p, . . . , [mn]p) := (

∏n
i=1 a

mi
i )(F×p

). Prove that g is a well-
defined isomorphism.

(b) (3 points) Suppose K ∈ Int(E/F ) and [K : F ] = p. Prove that K/F is Galois and AutF (K) '
Zp.

(c) (2 points) Suppose K ∈ Int(E/F ) and [K : F ] = p. Prove that K = F [ p
√
a] for some a ∈ F ,

where p
√
a is a zero of xp − a in F.

(d) (1 point) Suppose K ∈ Int(E/F ) and K = F [ p
√
a] for some a ∈ F , where p

√
a is a zero of xp− a

in F. Prove that a(F×p
) ∈ ∆(E), where ∆(E) is given by Kummer theory (see problem 2).

(e) (2 points) Suppose K ∈ Int(E/F ) and [K : F ] = p. Prove that K = F [ p
√
a] for some a(F×p

) ∈ A
that has order p.
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(f) (2 points) Prove that there is a bijection between {K ∈ Int(E/F ) | [K : F ] = p} and one
dimensional subspaces of Zn

p .

(g) (1 point) Prove that |{K ∈ Int(E/F ) | [K : F ] = p}| = pn−1
p−1 .

(In this problem, you are allowed to use whatever result is proved in the lectures.)


