
QUIZ 3, MATH100C, SPRING 2021

1. (5 points) Suppose F is a field, F is an algebraic closure of F , and α ∈ F. Suppose F [α]/F is a
Galois extension and [F [α] : F ] = p where p is prime. Prove that L[α]/L is Galois and [L[α] : L] is
either 1 or p, for every L ∈ Int(F /F ).

2. Suppose Q := {α ∈ C | α is algebraic over Q}.
(a) (3 point) Prove that Q is algebraically closed.

(b) (5 points) Suppose α0 ∈ Q \Q and let Σα0 = {E ∈ Int(Q/Q) | α0 6∈ E}. Prove that Σα0 has a
maximal element F with respect to inclusion.

(c) (5 point) Suppose F ∈ Σα0
is a maximal element, and E ∈ Int(Q/F ) and E/F is a finite

Galois extension. Prove that AutF (E) is cyclic. (Hint. Argue that F [α0] ⊆ K for every K in
Int(E/F ) \ {F} and think about Galois!)

3. (4 points) Suppose Q is an algebraic closure of Q. Suppose σ ∈ AutQ(Q), and let F := Fix(〈σ〉).
Suppose E ∈ Int(Q/F ) and E/F is a finite Galois extension. Prove that AutF (E) = 〈σ|E〉.

4. Suppose ζn := e
2πi
n ∈ C and Kn := Q[ζn] ∩ R.

(a) (4 points) Prove that Kn/Q is a Galois extension and [Kn : Q] = φ(n)
2 where φ(n) is the Euler

φ-function.

(b) (2 points) Prove that for every α ∈ Kn all the complex zeros of mα,Q are in R.

(c) (2 points) Suppose α ∈ K×
n and αm ∈ Q for some positive integer m. Prove that α2 ∈ Q.
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