Lecture 9: Congruences

Wednesday, October 22, 2014
3:00 AM

In the previous lecture coe defrined
Z =3 nZ, aZ+1, - nZ+(-0§.

Tor any Mjceaef &l [ :=nZta.
Lemma . The ﬁouomj prepecties are equivalent

Q) ]:a]n = Eb]h :

) I 0 [bl +@.

iy aZb.
In «Par\n'cular for any xela)  we have [ =lad, -
Def. An element of Lod s colled o res?vcserrbécu}e,
O?' [oﬂn ‘

| emma_ i ]:O\]n-r [LJH 1= ]__Gt-i-bjn

[ad, [b], = [a k],
are well-defined ; re. it does NOT c[e,‘:ud

on the choce of mvmen‘\:oﬂn\/cs o and b

E. [Q'I].- =m9_]_- =r a’l n—=- 0\93=‘r¥ C('I"_‘C’l 'l=a7+loa.
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. [Q'l]r\ =[O\"]n = Q = 0\1:;7761.'-1%[ 'l=a2+|ol

b3 = [b),, = b, Zb, h

a_',b‘ =Q -b

2 "2

=‘c1 [a+b ], =Moy+b,],
tO\ll’l_J no [albz]n : 0o

o hove to be. extremely careful chen you are corking
with reprsentatives.
Exp-ls [0, F2 18], o cwell-detined map
tom Z, o Z, Q
Qdlwtiim . [0, =[8]; , bib [T #L3] - S
it is NOT . coell-deined. mog.
[Q Tor oot posttive integers m ond n, the above
dedined mop i3 well-detined -
B Zn Ly W’,,'m([a],,\ =[&],,"
Solution. If it is well-dePined, then

L

Tol =Tnl = Lol ~Tn3_
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Y-y
= min.
B min , then e claim that Bym s cwelldePined .
o3, =001 = a‘ns Q,

= n | o\l_qzjﬁ m ‘Ql"Ql

m | n
—> qlg Q?_
= [ad, . =10]],. -

Chinese. Remainder Theorem

Let m ond n be two mlod:t‘velta Prime, positive
M’:aaers. “Then  Z_—7 XZ
[l _|—» (Tl @)
S 0 Bt'a‘e;::l:tb/m
PE. (D) H s celldePined :

Todl F[a] od [al Folal
mn m mn n

ove well_dedined os m | mn and n | mn.
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@ It s 11,
(o1, )01,) = (Tb1_, Tk
— o0=b ad ob
= m|a-b ]_—_>. Jem(mpny ‘ o—b l

~-b
N l N caCQS Cm,v\)=ié~ /Q.C)'\(“\;V\).:M

—+ mnja—b = o =b (med mn)

= [l =Tk, ..

@ |Z_m‘=mn = |mezn‘i(,—_—.> 2 s olso onbo
s 41 m

‘C,or. Let m od n be teo re,\or[:tve,\ﬁ prime ’FO.S\',:\VQ,

\w\‘gc&e,rs Then dom ané \‘rr(:qxaexs o and b

i‘XE O QmCL n)

=L C,hr\oé m)

L\oxs 0. unLgue SO[W‘ILbn moo\ulo mn .
e e
‘E’-_ . Since the obove mm‘: N bléec;‘jlbn , -?—on améy
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aod b, 3 Ix] eZ st
(Ix3,0d,.)= (Ied,,, TE])
= 2 x =0 (vl n)
1 x=b (mdm). n

How can cee gl‘r\A SU\CL\. msng-L-fong

8&??05@ @{x‘]ﬂ ) D(l]m\ = Ctl ] N’/ onm)
and (T3, ,Ix3 Y= (L03_, 1)

= ([ox+bx], Tnog+bx,d,)

= (ToJ_ o] + LB Tx,3 , ™3, Tx Bwit TH] 1] )

Nifﬁn o7, Lol [
= (a1, b,) - i

So it is enou%k to -Pl‘nd %, ond _‘x_,'_ .

= i ‘Xl ;— i
m

?C‘=o b ')c\=m<)c for some

l‘vrfe%er%-

S we need 1o solve

~
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Vi

m o

|l

1 o\ljcerno\-h‘velt} 0] =[] .
Det: We say g s o wnit in z_ i
2 ) ez, st. To] [ =[4] -
Goollay  [m3_is o unit in Z_ & qed.(myn)=1..
PRI T 1 by ORT we koo the aboe cquibion
hos o solution . |
Jx, m][x] =[] <« 3x, me=1

= dxyeZ, mx-1i=ny

= Ax,9yeZ , mx4ny=1

= ged (mny=1. =
Ore. can use. Eoclid s algoribhm 4o ind q.cd. ond

oL Solwl:lbn to X + b&a = Oacc[ @,b) M an e?-?-l‘c\‘en‘\,‘
COQ3 . Reod - in Your booke.

Whit ove the selutioms o lonear ec\m\:tbns N Zn?_

Tod Dc]n= Eb]n < ox=b
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It hos o solubin 4= Tx4yeZ, Gx-b=ny
= Tx,yeZ E:O\fx—na
= beaZinZ=qdanz
= ged Cam | b

Proposition . [od [x] =TCk]  has o Soluhion

i+ and 0“'3 P %cc[ (o, n) ‘ b.
Hoco many Salutions does & ho\ve,‘g

Exp. [61 Xl =[21 &y 6% =2
Ci{’ hos o soltim os ged(6,9)=2 | 2 )
& FYyez , Y =6%x-2
=t T Ye Z, 43:3%-:\_
oy sxt ot

= fxi-i-

=\ X =4k -1 for some in‘lseﬁu‘
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< [<><]8= [1]% or [317

it has two Solutions m

CRUP(S!"\J'OR (i) ol [x] = [b’_\n has  ov Solubion
N n

# andonly #  ged camy | b
@ F d=gdeym | b, then Ta3 [x] =Tb3,
hos exoctly d sobebioms in Z .
(Mowlo 17 | it bos o ungue soliction.)
PR (i) [, X1, =[b], <> ax=b
=y HyeZ , ny=ax-b
= =Gy
=y (@)« Eéﬁ (ed 1)

3od (3 )=
80 T xeZ s+.
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<= x=&_k +G:a%° for- Eome, i‘n"\:eta.

= %&yxo or
(et o
(), +2 5 or

-
(I) %, +(d-1) ﬁ :
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