Lecture 4 : gccl , Primes, Qanaruence.-

Thw  For and OEZ and nom-zerg inteaer b, we have
aZ+bZ = 4ed(e,b) Z .
In garbicular  3Ix,yeZ st ax+by=cd@,b).
Cor. Va,ceZ, be Z1\3.3.
ax+by=c
has m-l-cac,r solutions # and Onla P
‘iF‘l(“'b) |c.
PP of theorem
Ln the previous lecture coe ?ravecl thet
W aZ +bZ 5 « Subﬂf'ow? of Z.
@ IF X is a subcdvvuf of Z, then ether X =Yg

or X= NZ chere n 15 'H\Q- Smaue.s'\-' r\)qsu"l.'l've, clement
o® X.

Unce bxo GZ+bZ = d Z cohere d is the smallest

)

?csn"\'v'vc element of aZ+bZ .
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.80 o,bedZ = dla od dlb
= d<gd@b. O
A xyeZ st d=ax+ by =r gedca by |d
"
cdccl(a,b)g_cl@

Co‘s '00':‘\ °'P 'H\QWI
are '?O.Sl"\‘l'vﬁ, )

@ ad @ = cl:ncclca,'o). @
Gr. ¢cjoo ond clb = Cl%ccl(%b\

3(:‘(0.,5) | $=t 3cc\(o\,b) |6\9C+|.->3
ac:l@\ab) ‘b ]

vF. wemevec] that IxYyeZ st.

geda,b) = ax+by ]=> clged@b -
cla.j=~, c IO\X+LU
clb

w
Cor. 3¢c1(a.ln) =1 ¢ InyeZ, ax+by=1.
(cwe say o and b are rvela'bilc;llq’)ning: )
2. =) Cleo bd tHe above theorem .
30:' (ab) | a?('-era’ gof'om\a X' eZ
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= aACX 4 bC,a:C

a lo }:-; alo\(cx)+ ""(3)=C’ :

a | be

[ -

J_)Pi- An l’n{‘ea:{‘ P ):L s Cp\“ecl a 'Pnimc, number

I# l"l's omla cj.’vu'sors are, -_ri,:r_‘;.

Aﬂtrna{'l'vela : o(gl,c? and e“fr =3 c\.=:|. .
P '?n'mg

vLem-m. . Let P be o Prime Number. For oma M‘l:zaer n
we hove cither pln or 9ed (p,my=1.
PR Let d= 3&:' (pn) - Se o<d and d|P. Hence
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ether d=1 o cl:e\: = dei or Pln. ®

Gor. s prime 3= Pla or Plb-

Pl ab

. Pra = ‘3cclq>,q\=i.l=\( Plb-
Plab

Cot P poime X=» Pla, o= Plager - o pla, -
Tlo\‘.q‘z.....o\n

PP pruceed by induction on n.
The sequence. of pnimes is one of the go\sc.-hwl'mg -'n’ceau
Sequence : they are on one hand highly structured and
on the other hond foirly random.

How Con we defermive alll the primes less thon X 2
Sieve of Eotusthenes

“The kea ob.serva.{-.bn -'s, ,:P. n s NOT ?n'me,' H\en
it has o CL'\NSUI‘ | <an =%

(\:':O\b

for some Mhaers ika,b .
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Hence either as<dn o~ b<dn . (os otherwise
adin ,bo>h = ab>in .M =n chdhis a
contradiction.) So to find all the primes < too, it is
enom%k to cross aut all the numbers thet have a
divisor < Jlew = lo.

2 3 % 5 X 7 K XK
o 13 M JAK F XX R
2 2 23 K B % % X 98
2 22 2% 2 3B X 33 B W W4

\nsJZO = nsé‘.\

$
3P| P tome ond pedo=FnezZ |I<nsso
24n,
34N,
Sin § V323,58 -

Primes are budJ-‘na blocks of ird'eae.rs in mulh":lltarl.'u've sense.

Thm ( Fundamental thm of Arithmetic) Ama ini?.ger o>l Con be

umb‘ueké coritten os 35:' r‘?:' .'P:K cohere

R<Pu< - <R, are prime numbers and n ,..,n_ are
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<|>csu’-l-n've. th'l'eﬁers-
TRt FTA. We ned o prove the existence and

the ungueness .

Existexe . Assume o the CQWI'nma theet there is
oan u’n‘l:t,aef‘ 51 cohich cannet be corrtten as preduct
of Pme umbers. T.e.

ﬁ#Z::%neZ>il n Cannct be con"H.‘tnE
as *Frocluc‘l,‘ af Pime
Wumbus

Hence La the weu-om'en’r% 'pn'ncqble, 2 has o

smallest number n .

Since neZ , it is NOT 0 Prime number. So
N=ab For ome u‘»rl:eaers i<a, b¢n.

Since a,b<n, abgZ. . A 1<ab,

a, b ow be wniten o TmJuc": o} Prime numbers,
hich tmplies thet n can be @eidten as ?mJuc{-
of prime numbers. This contradicts the foct thit
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ne 2.
nl nk m, wmy

Unicjueness Swnaox "F‘ . .'Fk =c‘r‘ qu
ookm <|>l < ...<"=k 0mc| ‘1,‘<...<¢h' are ?n-me.
Nnumbers  and N anJ My gy Gre ’\xsu"b'\te

n'n{’eﬂec. Then =4, P. =9, ond n.=m._.
PR op Uniqueness
Suﬂaas& + the Con{mra thet

B4 L = zneZ | n can be foctored s §
Product o Pprimes m

e Bd the well-ortlen'a ?nhdﬁe 2~ has o Smallest
element : T:". P c* me
PILHS=RHS => p |q, *r some

= 7=% = T=%
TIRHS=LHS = [P T omey
—> ‘h: 5

J
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.-l\ “2 Me  (M=1) "‘2_

I S A A e
W\J this s NOT n 2

_1? 80 ef\:her l°'|.‘ S ;'l_ o |'-\- Coan be umi‘ueja cornften
RS ?ru‘uc'\' d‘g 'Pn'MQS- In eu'i:ke,r oS o 3:.*
CWV['ID\J\E{—UOV'. n
Thea (BEucld) There are .wllm&e\a many prime umbers .

E- S"‘ﬂwx— to ‘H\€ Cgm{‘Mna ‘H\a'l’ there are Ov\l«a

Hinitely mony primes: P ¢ P < <Ry
Consider Nz=p.p.-p+1. Leb P be aprime Rocter
ot N. So p=t. for some v =

Bl B *1:‘—>1> 1L eohich & o cosbod

PR .
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