Lecfure 3 : Divisors O\"Cl Pﬂhes-

In the previous lecture wefprovc,cl

Thm ( The division o.laorrl"HlM\

VoeZ, beZ 3! q,rez st
() o=hg.r,
Q) o<r<b.
We worted 1o s":vulta subgroups ot Z, ie.

XcZ st. ) oecX.
(A xeX =>-%XeX.
G X, yeX= 0(-'-36)('

Exp. For Oma neZ,

nZ :=§nk | ‘keZS
the set of mulbiples An isa Subﬂm,cr.
Recoll . Let a,beZ % a=bk For some iabeger

\‘?, then oo So\a
° k c,ll'vfcle.s o , . L 1S mc‘t'w'sof‘ 02 G.)

«c A IS & ma'h'?‘e. of b,
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And coe crite b |a.
Basic 'Pm\:er{:lhs

® alb A ble = alc

® alb A alb,= ol bax+by Qﬂf‘ana
.‘n%fﬂers o and y.

® alb ond bro = lal<ibl.

1l fer any o o o -Bef‘am\da-
" albey bZCaZ
' bZ CaZ A bZoaZ —
bz b, Z < aZ.
= 3ok | kyezd.

Thm Let X be o subgroup of Z . Then either X5
or X=n chee N 5 H\e&mlles{-?as({v've,
element of X.

PR Suppse X #£PF. So I xe X cohich s NOT Zero.

Hee ether XeXnZ or —xeXaZ . Theredore
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an>°¢ % . So b‘d the a,el[-orclema princeple Xa Z°
has a smallest elemert n
Siace neX, l:a o lemmo e hove nZ C X.
Now> Por ang xe X, by the dvision qlam"ckm
dq.reZ st. x=nq+r and
o<n.

Qince nT,fxeX = Y= 'X-nc&ex 3=> r<o
r<n
n : smollest in xnz7°_\ é

[ X=nZ gi XCnZ «—— XenlZ 3

nZCX

Def. VaeZ, be Z\%, we call d the %ﬂen'\i‘ts'['
Common divisor o a and b F
O dla ad dIb.
@ dla ad ¥b = d'<d.

We dendte 1t log 3ch (o,b) .
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Them Yoe Z |, be Z\$o§ ce have
0 +bZ = ydew Z
In partrcular, 3 x,yeZ st.
9ed @by = c\fx-u-l:a.
Cor. o+ by=c has Ml:‘eszr sdutions <= gcd @by |c
o them
aZ +bZ is a subﬂmuf o Z chich is NoT
2¢ro. Therefore
aZd+bZ —nZ
chere N is the smallest posihive element o2
a L+bZ. Tn purticar,

aZ S nZ = nla 1=> ns_accl(q,b):.J
bzZ<cnZ — nlib
Onﬂe,o{'lnef j‘\lmcl,

dla — aZ < JZ]:, aZ+bzcdz

dIb = bZCdz) —m nzZcdz

= dln
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=> d=WI<Inj=n

=>A=n .

Cornllarj olbe ond 3ch (a,B)::L = alc.

Pt 3Cn‘(a,l>)=i=’l' 3')(,*362,
O\’X-l-b‘-d:l
Qa 'q A al be u

Def. p>1 is called o prime number # its anly divisors

are 21 and £ .
Cor. Let p be o prime number. TThey,
Plab = pla or plb.
TR . Suprose  plab and pra. S0 gdG#}
s mpeo-'l::w divisor df. P . Thus acd (pa)=1.

Qe Let pbe L prme number. “Then
Pla, -G, = qu. or f‘a‘z or ... °’flﬂn’
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