Lecture 2 - 11\1'?.%05 and divisors.

Tn the previas lecture we Jearmed
M What qroup is; ond
@ severol examples: Tsom(S'); Tsom(A);
Sp + Symmetnic. group;
(245,05 (2 ,%):
’Edaa e coill reaall some of the base properties R Z.

For +Hwo mawnm reasoms:

G\ Some. OP 'Hnese '?ro?e.r":les are C.m.c.lb\l n S",'ucltdm% an

arbi":mnd 3mu1>
(2) Later coe will 3enem|t'ze, some. of the (meer\:-c.s of Z

-lu oan O\rbf‘l’fbﬂj afuu‘), e,.g . C.OAS'truc“.“tbn o‘p O\'PO\C‘:O{‘
a’bw‘F as a 3emlazm{-nem O'P modular ar'f":llmel:t'c. Omcl

Laamnac'.s theorem as a 3enc,rb\|izo\'l1'on A Euler’s theowesa
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One OP +he ke\& ‘Pfofer'\:lcs O‘P f\>o$\'l'|'ve, In S 1S
‘H!Q. Ooeu-o\('de_r‘ma ‘Pr‘mm

@i?rjermﬂ pnnqple T - o
Evend -em‘:fa subse:l' 09- '\:os{".’u’ve, in-\'t.ae.rs hos
o\ Smalles+ element. (l

-_

g s —a a 4 — 4

e Y e

3‘".’"0"6 induchion — Well- orc\enna 'Pr‘unCI'P‘e

(You con skeip this if you coish-)

Su to the cortrory theit there is o non-eny
mbsj:mA 4 2 c.:ik no smallest clement .#8
By strong induchion, ce prove that NgA | hich
u‘n?l'*es A=F Anrd thiscotrodids our assum?'l'(on.
Bose of induction.

R 1cA, then 1 is the smullest element

n A. So 1¢A.
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Strong induction step. I 1gA, 2¢A, ..., RgA , then
R+ €A
¥ nat |, then kil cwould be the smallest element of

A. ]

o . Prg— p—

|
|

P o
iy - o —

(henever you leam o new structure,, you shoud study
G) Functions that preserve the structure.
@) Subsely that share the same structure.
Let’s Focus on the group structure of (Z,+), ond try to
onswer the second question.
What con we say about X Z s+

D oeXx.

@ xe X = -xeX.

® x,,%,EX = X, +%,eX’
Exp. 303,Z, 2Z, nZ %rand nezZ.
Lemma . Let X be o mbamF of Z.

I xe X, then nxeX ko ama neZ .
(PrH:ermja'veJ» we Can corite Zx < X
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Ti .‘B% tinc‘mc.'l:\bn om N e show thet nxeX
‘?or‘ om\a Pos hve (n‘t'eqef n.

Bose P t'v\clucbb'l . xeX.
Iduckion step R ex = Che) xe X

xeX 1=‘r kfx+*x=(i+|)¢x eX.

haxeX
0. X=oce X
M ngo = —nYo = -—nKeX = nxeX.
T (Division Algori thm)
VoeZ, beio, 3l q,veZ

Q= ’oc}+r‘ and o_<_r<L.

P . Let 7= .=%a-bk| ReZ and o-bh>o% .
Is Z +¢¢

o=-b(l)=lalb+a > |al(b-1)>0 .
So LU coe“—onlen'na 'Pn'nc(‘:le, %:r Some c‘,eZ
r:&—b(]_

‘s the Smwmllest elemest b 7.
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In ?oﬁl'icular : o<Yr omcl. Sree f—!p(f‘ , H.‘
IS 1\0‘\7 n 2 — V‘J:(o =

o _<f‘<'o .

Uni;!ueness . O.=b0'|+f:‘ 1__.? r“-f;_= lo(‘}—c;)qq.

| '2

Q= bqrz-l- r,

oSf;,f‘,_(‘o —>-b<r~l_r~?_ <b \

n-r\=b 19-9.) <b = 14.-4,)=-

= 4,59,
= n=r,- @
—_ﬁ!\r\_ . Ana CO\AcL'l"'Ve\ SULGVOU\F o Z is oF the Sorm nZ

$or some \'v\'k.aef n .
E:_.."g x=6, o are C‘Cﬂ\e,

e X\ 33 = ether A>o or _x>0, and
‘X, ‘X € X
=> Xn Z>°;&gs

= A x e Xn Z>° cohith swollest

: 7°
n X(\Z_ .

Hence ,ba Lemman, Zx, < X
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C\m.m -Z'x°=x :

Swwosz 3eX .
'B‘d the cl('wlsl'un a'aom"“nm ; 2 9.r€ Z st.

Y=9qxX 4r ond o<r< X,
By Lemma, g4 eX j = r=Y-9x.eX{=
U c X r-<¢xo =0
x, ‘-Smll@“?
?osf“‘:!\&, u'ni:eser‘
m X .

= Ye ZLx,.

Dt (D dlo : d dwdes o #* aedz
o s o\w\hﬁe d{’-d

dis a clt'vn'wr‘ o‘?- A .
A 1S Cll'vfs{ble bn b .
@ he %m'\zsl‘ Common Au\n'soﬂ' 0‘? o Omcl b

is the larsesl' 'Posf{'l've, u’vrltaer which c‘\'w'o!ts o and b .
It i dendred ‘OU 3@' (a,b)
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A Feo propecties

® alo VaeZ.

@ alb gd bxro= lal<lb.

@ 1la VaezZ.

® acd (o, 0)  does NOT exists .

® ged @,b) < min(lal, (b)) 2 either azo or bao.

The . Suppae 0,be Z and ato. Let d=qcd (a,b) .

Then  dZ=aZ 4bZ . In parkiculor,

d=oaxiby  For some Mlecjexs X, ond y, .

R ..aZ+bZ s a&bamr o Z

+ oealZ b7

* = (ax+by) = a(-x+ l,(_n)qu-.-LZ

+ @xrby) + @%by = A06%)+b(Yy,)
€ aZ+bZ

aZ4+bZ =Fo as> aF¥Fo =}
/
J. Z=0Z +bZ cohere CL/ s He smallest ?chwe.
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in“xser n aZ+bZ.

We coill prove d=d’.

Claim . o [d”.

. 3 x,,4,eZ s+ c\/=o\x°+53°

d o = d o, 1:» o ooy, =d%

Claim . cl./_<_cl
P dlay = e qdebp=d. .
v bx
0<CI./
Cprollar, . dla = d | 30:1 (a,b)
dlib
o o
™. 2 x,Y,eZ , acé (o\,b)=0\9(o+‘o‘do
dla = c\l"""o} = d| on“'b‘do' ®
d b= d \on
Corollry o be 3=> alc
ged (a,b) =1

B gd@bi=t = ax,j,62Z, ox+by=1

= (%,0) a+Yy,(bc) =c
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ala 1:) a | (x Qo+ 30(bc)=c.

a | be
= alc-
AHW«"‘J’\(C',

aZ D bz

CZ+b2=2 = oacZ +bcZ=cZ
N

AZ + 0Z =oZ.

N

alc.
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