RANDOM WALK ON GROUP EXTENSIONS.
ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

ABSTRACT. We study random walks on various group extensions. Under certain bounded gener-
ation and bounded scaled conditions, we estimate the spectral gap of a random walk on a quasi-
random-by-nilpotent group in terms of the spectral gap of its projection to the quasi-random part.
We also estimate the spectral gap of a random-walk on a product of two quasi-random groups in
terms of the spectral gap of its projections to the given factors. Based on these results, we estimate
the spectral gap of a random walk on the Fy-points of a perfect algebraic group G in terms of the
spectral gap of its projections to the almost simple factors of the semisimple quotient of G. These
results extend a work of Lindenstruass and Varju and an earlier work of the authors. Moreover,
using a result of Breuillard and Gamburd, we show that there is an infinite set P of primes of
density one such that, if k is a positive integer and G = U x (SLQ)&L is a perfect group and U is a

unipotent group, then the family of all the Cayley graphs of G(Z/ Hle piZ), p; € P, is a family of
expanders.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Suppose X1, X, ... is a sequence of independent identically distributed (i.i.d.) random-variables
with values in a finite group G and the probability law of X;’s is given by the probability measure
w. For a positive integer ¢, an (-step random walk on G with respect to the measure p is given by

XO .= X, X, ;- X;.

The probability law of X is given by the ¢-fold convolution

O

ILL ::/J/*...*M
——

£ times

of p. In general, if X and Y are two independent random-variables with probability laws ux and
ty, respectively, then the probability law of XY is given by

(pix ) () == ) (2 py (21 ).
z'eG
We say a measure p is symmetric if p(x) = p(z™1) for every r € G. We say a random-variable X
is symmetric if its probability law is symmetric. Let

T, : X(G) = L), Tu(f) = puxf.

When g is a symmetric measure, 7}, is a self-adjoint operator, and so it has orthonormal basis with
real eigenvalues. Moreover, considering T,(f) = Y., . p(x) - f where (z - f)(2/) = f(z™'a’),
we can see that 7), is an averaging operator, and so its operator norm ||7,|/op, is 1. Assuming the
support u generates GG, no non-zero element in the space L*(G)° of functions orthogonal to the
constant functions is fixed by 7),. We define the spectral gap of n to be

) = 1Tule2yellops
and inspired by the definition of the Lyapunov exponent, we let £(u) := —log A(p). For a random-
variable X, we let A(X) := A(pux) and £(X) := L(px), where px is the probability law of X.
The main goal of this article is to start with a group extension

1-B—>G5 H—>1

and a random-walk with respect to a random-variable X with values in G, and control the spectral
gap A(X) in terms of group properties of H and B, and the spectral gap of properties of 7(X)
(and if needed, the spectral gap of the induced random-walk on G/H). The first result of this
type is due to Lindenstrauss and Varji. In [24], they consider the following splitting short exact
sequence
1 — F) — ASL,(F,) = SL,(F,) — 1,

and show that the following statement holds: suppose X is a symmetric random-variable with
values in ASL,(IF,) whose range generates ASL,(F,). Suppose X is uniformly distributed on its
range and its range has ko elements. Then L(X) has a positive lower bound which depends only
on L(m(X)), n, and ky. In the mentioned work, authors asked if a similar type of result holds for
SLy(F,) x SLo(F,). In [13], we give an affirmative answer to this question. Here, we give many
results of this nature. In particular, we prove a generalization of Lindenstruass-Varji’s result



RANDOM WALK ON GROUP EXTENSIONS. 3

by studying quasi-random-by-nilpotent groups. Moreover, we generalize our earlier work from
SLy(F,) x SLy(F,) to a product of finite almost simple groups of Lie type.

We take an axiomatic approach and isolate certain group theoretic conditions for H and B, in
order to be able to study a random-walk on an extension G of H by B. These conditions are
labelled by (G1)-(G9) and have the following two main characteristics:

(1) (Bounded scaled) The maximum length of chain of normal subgroups is bounded; this
means the given bound for £(X) (indirectly) depends on this number.

(2) (Bounded generation) For actions on various algebraic structures, we ask to obtain the
smallest substructure which contains an element x using the orbit of x in bounded number
of steps; again this means the given bound for £(X) depends on this number.

To go over our main results, we state these group theoretic conditions. These conditions and the

results will be restated in the relevant sections. In what follows ¢, C;’s, mg, and dy are positive

numbers that we treat as constants. We refer the reader to Section 2 for the undefined notation.

(G1): H is a c-quasi-random group; that means deg m > |H|° for every non-trivial representation
7 of H (see Section 2.3 for further discussion).

(G2): |Z(H)| <log|H|, where Z(H) is the center of H.

(G3): For every z € H,

Z(H)(I1e, Cix)(TIe, Clx))™ 2 N,

where Cl(z) is the conjugacy class of x and N, is the normal closure of the group generated
by z; that means this is the smallest normal subgroup of H which contains .
(G4): Ais an Z[H]-module where Z[H] is the group ring of H over Z.
(G5): |A| < |HI|®.
(G6): For every x € A,
[Ie, O:1le, o' =
where O, is the H-orbit of  and M, is the Z[H]-submodule generated by .
(GT): U is a finite nilpotent group of nilpotency class my.
(G8): There is a unital commutative ring R such that

@ % /%—i—l )

is a Lie algebra over R, where v;(U) is the i-th lower central series of U. Moreover,
71 (U)/72(U) can be generated by dy elements as an R-module.
(G9): The following is a short exact sequence

1-U—=G5S H-—1,
and G/v2(U) is c-quasi-random.

Theorem A (Product of quasi-random groups). Suppose Hy and Hg are two finite groups which
satisfy G1-3. Suppose

04_1 log |HR| S 10g|HL| S 0410g |HR|

Suppose X := (X, XRr) is a symmetric random-variable with values in G := Hp x Hg whose range
generates G. Suppose there exist positive numbers ¢y and aq such that

L(XL)>cy, L(Xg)>cy, and P(X =1z)>

for every x in the range of X. Then, L(X) > min{cy, 1}, where the implied constant depends only
on the given constants in G1-3.
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Let’s point out that SLy(FF,) satisfies G1-3. Therefore, the special case of Theorem A for H; =
Hp = SLy(F,) gives an affirmative answer to the question of Lindenstruass and Varjd; this case
was discussed in the authors earlier work (see [13]).

Theorem B (Quasi-random-by-Abelian groups). Suppose H and A satisfy (G1), (G4), (G5), and
(G6). Suppose G is an extension of H by A; that means there is a short exact sequence

15 A>GS H— 1.

Suppose Z is a symmetric random-variable with values in G whose range generates G. Suppose
there exist positive numbers ¢y and oo such that

L(m(Z))>co and P(Z=2z)>

for every z in the range of Z. Then L(Z) > min{cy, 1} where the implied constant depends only
on the given parameters ¢, C;’s given in (G4)-(G6), and ay.

Since the pair of groups H := SL,(F,) and A := [} clearly satisfy conditions (G1) and (G4)-
(G6), Theorem B is generalization of the mentioned result of Lindenstruss and Varju. We show
that these conditions hold for H := H(F') and A := V(F) if H is a connected, simply-connected,
semisimple F-group where F' is a finite field of characteristic larger than the square of the dimen-
sion of V and V(F') does not have a non-zero H(F)-fixed point (see Proposition 44). Hence, by
Theorem B, we can control spectral gap of a random-walk on an H-by-A extension by the spectral
gap of the projection to H. Notice, here, we do not assume that the given short exact sequence
splits; therefore Theorem B can be applied to both of the following short exact sequences

1 — sl,(F,) = SL,(Z/p*Z) — SL,(F,) — 1,
and
1 — sl,(F,) — SL,(F,[t]/{t*)) = SL,.(F,) — 1,

for every prime p > (n? — 1)? and every ¢ which is a power of p.
It is worth pointing out that in [1], Alon, Lubotzky, and Wigderson studied random-walks in
the finite group

(1) K, == F5™" % SLy(F,),
where p is a prime, F5™ is identified with the set
Fy ) .= {f : PY(F,) — Fy}

of functions from the F,-points of the projective line P! to the finite field Fy with two elements,

and SLy(F,) acts on Fgl(Fp) by left-translations. In [1, Theorem 4.2], it is proved that for every
prime p, there is a symmetric random-variable Z, with values in K, such that

L(m(Z,) > ¢y, and P(Z=2z2)= %

where ¢ is a fixed positive number and z is in the range of Z, and at the same time,
2 1

L(Z,) < -1 1—— _—

(%) < Og( p+1> <1

This example shows the importance of the conditions (G5) and (G6).
Our next result together with Theorem B allows us to control the spectral gap of a random-walk
on a quasi-random-by-nilpotent group.
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Theorem C (Quasi-random-by-nilpotent). Let G be a finite group and U a normal subgroup of G.
Suppose U is a nilpotent group which satisfies (G7) and (G8). Suppose G/v2(U) is c-quasi-random,
where vo(U) is the commutator subgroup of U. Let m: G — G /v2(U) be the natural quotient map.
Suppose X is a symmetric random-variable with values in G, and L(w(X)) > co where ¢y is a
positive number. Then L(X) > cq where the implied constant depends only on the parameters mq,
dy, and c.

The following theorems can be viewed as sample results that can be obtained using Theorems A,
B, and C. To formulate these theorems, we have to introduce a few notation.
Suppose H and U are subgroups of (GL, ) with the following properties:

(1) H is a connected, simply connected, semisimple group, and H;’s are its Q-almost simple
factors.

(2) U is a subgroup of the upper-triangular unipotent matrices.

(3) G :=H x U is a perfect group.
Let H;, U, and G be the closures of H;, U, and G in (GL,)z, respectively. Suppose py,...,py are
large enough primes, depending only on G C (GL,)q (see Section 8 for a more precise information
on how large p;’s should be). Suppose F; is a finite field of characteristic p;, and let H, ; := H,(F}),
G = Q(Hle F),and U :=U (Hf:1 F;). Then the following is a splitting short exact sequence

1-U—=G— @i,jHi,j — 1,
where @; ;H; ; is the direct sum of these groups.

Theorem D (Perfect to simple factors: finite fields). In the setting of the previous paragraph,
suppose Z = (X11,...,Xsx,Y) is a symmetric random-variable with values in G where X, ; is
a random-variable with values in H;; and Y is a random-variable with values in U. Assume the
range of Z generates G. Suppose co and o are positive numbers such that for every integer j in
[1,s] and i in [1, k],

L(X;;)>cy and P(Z=2)>

for every z in the range of Z. Then L£(Z) > min{cy, 1}, where the implied constant depends on
dim G, k (number of fields), and «ay.

Roughly, Theorem D states that the problem of understanding the spectral gap of a random-
walk in the H?Zl Fi-points of a perfect group can be reduced to the one for the Fj-points of its
almost simple factors. Next, we prove a similar result for the Z/qZ-points of a perfect group where
q has a bounded number of prime factors.

Suppose G is as above, vy is a fixed positive integer, and ¢s is a square-free positive integer such
that ged(gs, go) = 1. Suppose p;’s are distinct prime factors of ¢s. Let ¢ := ¢%°, U, := U(Z/qZ),
Gy = G(Z/qZ), Hy := H(Z/qZ), H;; := H,(Z/p}°Z), and H,; :== H;(Z/p;Z). Then we get the
following short exact sequences

s k
(2) 1—>Uq—>Gq—>EB@Hj,Z-—>1,
=1 =1
N
Hq

and for every ¢ and j
(3) 1— Hjﬂ' [pz] — Hj,i &) Fj,i —1

where 7, is the residue modulo p; map and H;;[p;] is its kernel.
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Theorem E (Perfect to simple factors: bounded number of prime factors). Suppose G,, H,,
H;,;’s, and U, are as in the setting in the previous paragraph. Suppose Z = (Xi1,..., X5k, Y) 1S
a symmetric random-variable with values in G, where X;; is a random-variable with values in H;;
and Y is a random-variable with values in U,. Assume the range of Z generates G. Suppose cqy
and ag are positive numbers such that for every integer j in [1,s] and i in [1, k],

L(my, (X)) >¢co and P(Z=2z2)> ag
for every z in the range of Z. Then L(Z) > min{cy, 1} where the implied constant depends on

dim G, k (number of prime factors), g, and vy (the power of prime factors).

Theorems D and E have immediate consequences on the study of strong uniform expansion in
finite groups. For a finite group G which can be generated by k elements, let

gen, (G) :={SCG|S =515 generates G, |S| < 2k},
and
Le = min{L(Us) | Us is a unifrom random-variable with values in S, S € gen,(G)}.

The question of studying L is raised by Lubotzky and Weiss (see [25]). They ask the following
basic question.

Question. Suppose {G;}; is a family of finite groups and 5;,S! € gen,(G;) for every i. Does
inf; L(Us,) > 0 implies inf; L(Ug;) > 0, where Ug is a uniform random-variable with values in S?

In general, the answer to this question is negative. This was first showed in [1] using the concept
of zig-zag product of graphs. In fact, Alon, Lubotzky, and Wigderson proved that there are
Sp, Sy, € genyg(K)), where K, is the group given in (1), such that

inf ﬁ(ng) >0 and inf£<USI’,> =0.
p p

The family of symmetric groups is another example that provides a negative answer to the
Lubotzky-Weiss Question. In his seminal work, Kassabov (see [20]) proved that there is an integer
k and S,, € gen,(Sym(n)) where Sym(n) is the symmetric group such that inf, £(Ug,) > 0. It is
easy to see that inf,, £L(Us, ) = 0, where S}, := {(12),(12---n)*'} (see [21, Proposition 3.5.8] or (8,
§3, Ex. 1]). A first affirmative answer to the Lubotzky-Weiss question is given by Breuillard and
Gamburd (see [5]). They proved that there is a function € : Rt — R* such that lims_,0£(6) = 0
and the cardinality of

(4) Es(X) = {p < X | Lsi,¥,)2 <}

is at most X°©). Let E; := JX_, F5(X). Using Theorem E and the mentioned result of Breuillard
and Gamburd, we obtain the following corollary.

Corollary F (Strong uniform expansion). In the setting of Theorem E, for every positive integer
s> 2,
La,s > min{ L, (1)}
where the implied constant depends only on dAim G, k (number of prime factors), s, and vy. In
particular, if in the mentioned setting G = (SLy)@ x U, then for every § > 0,
inf{Lq, 2| q=(p1...0k)" i € Es} >0.

ACKNOWLEDGEMENTS

Special thanks are due to the anonymous referee for their thorough report, which helped us
make the necessary revisions.
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2. NOTATION AND PRELIMINARY RESULTS

2.1. Conventions. For a finite group G, we endow L?(G) with the inner product

(f.9) =) fl@)g(x)

xeG
where f,g € L*(G). For f € L*(G), f € L*(G) is given by
fl@) = fla=h).

Note that if X is a random variable with values in a group G and probability law p, then the
probability law of X! is /.
For a finite group G and f, g € L*(G), the convolution of f and g is defined as follows

Frgla) =Y fgly'z).

yeG

Suppose a finite group G acts on a finite set H. For a function f € L*(G) and g € L*(H), we
let ) : L2(G) x L*(H) — L*(H) be

fRg@)=> fgly™ )

yeG

for every x € H. We call X the convolution associated to G ~ H.
For every finite set A, p4 is the probability counting measure on A.
For a subset A of a finite group G and a positive integer k, we let

[[.A={a1...ax a; € A}

For a random-variable X with finite range, the Rényi entropy of X is

Hy(X) = —log (zm: P(X = g;)2).

For a group U and a positive integer i, let ~;(U) be its i-th lower central series; that means
7 (U) := U, and for every positive integer i, v,41(U) := [U,7;(U)] is the group generated by all
the commutators [z, y] := zyz~'y~! for x € U and y € ;(U). We say a group U is of nilpotency
class mg if Ypmy1(U) = 1. For every group G, G* := G/[G, G] is the abelianization of G.

2.2. Entropy gain of Bourgain-Gamburd. Bourgain and Gamburd in their seminal work [3]
proved that multiplying two random-variables substantially increases the Rényi entropy unless
there is an algebraic reason for it. The following is a formulation of their result (see [12, 31] or [13,
Proposition 16]).

Proposition 1. Let G be a finite group. Suppose X andY are two independent random-variables

with values in G, and K > 2. If

Hy(X) + Ha(Y)
2

then there are A C G and a universal fized positive number R with the following properties.

Hy(XY) <

+ log K,

(1) (Approximate structure) A is K®-approzimate subgroup; that means A is symmetric, 1 €
A, and there is a subset B of A- A such that |B| < K® and A-AC A-BNB- A.

(2) (Controlling the size) |log |A| — Ho(X)| < Rlog K.

(8) (Almost equidistribution) For every a € A, P(X'X =a) > K+W where X' is an indepen-

dent random-variable whose distribution is identical with the distribution of X 1.
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2.3. Quasi-random groups and spectral gap. For a finite group G, let G be the set of irre-
ducible unitary subrepresentations of the regular representation L?(G). For a positive number c,
we say a finite group G is c-quasi-random if degm > |G|° for every non-trivial = € G (see [15]).
Notice if every non-trivial (complex) representation of G is of dimension at least |G|°. Hence if a
c-quasi-random group G has a non-trivial action on a finite set X, then |X| > |G| as the given
action induces a (unitary) representation on L?*(X). Therefore every proper subgroup H of G is
of index at least |G|® as G ~ G/H by left-translations.

For a symmetric measure pon G, T), : L*(G) — L*(G),T,.(f) := f * u is a self-adjoint operator,
and A(y) is equal to the maximum of the absolute value of eigenvalues of T},|12(g)e. Therefore for
every positive integer ¢,

L(u®) = 0L(p),

where L£(u) = —log A(p). The following is a result of Gowers (see [13, Lemma 7] for the given
formulation).

Proposition 2. Suppose G is a c-quasi-random group where ¢ is a positive number. Suppose X 1is
a symmetric random variable with values in G. For a positive integer £, let X, be an (-step random
walk with respect to X. If Hy(Xy,) > (1 — 5)log |G| for some positive integer £y < C'log |G|, then
L(X) > 5.

Gowers also proved the following product result for large subsets of a quasi-random group.
Theorem 3. Suppose G is a c-quasi-random group where ¢ is a positive number. If Ay, As, A3
are subsets of G and

log || + log| A + log | A
Tyl

then A1A2A3:G

2.4. Group action and spectral gap. Suppose G is a finite group and H is a finite set, and G
acts on H. For f € L*(H) and = € G, we let (z- f)(y) := f(z7' - y). Then (z, f) — z - f defines
a group action of G on L?(H). The set of G-fixed points under this action is denoted by L*(H )¢,
and this is a subspace of L?(H). The function

X L2(G) x L*(H) — L*(H), fRg:=> fy)y-g

yeG

is bilinear. If X is a random variable with values in G and probability law u, and Y is a random
variable with values in H and probability law n, then the probability law of X -Y is given by uXn.
Then for p,v € L*(G) and f € L?*(H), we have

pB (R f) = (uxv) K.
By the discussion in [13, Section 2.3], we have the following result.

Lemma 4. Suppose G is a finite group, H is a finite set, and G acts on H. Suppose i is a
probability measure on G and pg is the probability counting measure on G. Then the following
statements hold.

(1) For every f € L*(H), ug X f is the orthogonal projection of f to the space L*(H)¢ of
G-fized functions.
(2) For every f € L*(H), we have

(1 = ) B fll2 < M) |12
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3. RANDOM WALKS INDUCED BY SHIFTED-AUTOMORPHISM GROUP ACTIONS

3.1. Basics of shifted-automorphism group actions. We say an action G ~ H of a group GG
on a group H is a shifted-automorphism group action if there is a group homomorphism ¢ : G —
Aut(H) and a function ¢ : G — H such that

-y = c(z)(¢(x))(y)
for every x € G and y € H. We refer to ¢(z) as the automorphism part of the action of x and to
c(x) as the translation part of the action of x (see [13, Section 3]).

In order to get a basic understanding of shifted-automorphism group actions, we recall the
definition of the holomorph of a group. The holomorph of a group H is the semidirect product
H x Aut(H) of H and its group of automorphisms Aut(H) where Aut(H) acts on H in the natural
way, 0 -y := 6(y). The holomorph of H is denoted by Hol(H). The following lemma gives us a
basic characterization of shifted-automorphism actions.

Lemma 5. For two groups G and H, the following statements hold.

(1) The holomorph of H acts on H wvia (y,0) -y :=y0(y'), and this is a shifted-automorphism
group action.

(2) An action G ~ H 1is a shifted-automorphism group action if and only if there is a group
homomorphism f : G — Hol(H) such that x -y = f(x) -y for everyx € G andy € H.

Proof. For every (y1,601), (y2,02) € Hol(H) and y € H, we have

(5) ((Y1,01)(y2,02)) -y = (1101 (y2), 0162) - y = y161(y2)01(02(y)),
and
(6) (1,01) - ((y2,62)) - v) = (y1,01) - (y202(y)) = y161 (y202(y)) = 1101 (y2)0102(y)).

By (5) and (6), we obtain that this map defines a group action, and clearly it is a shifted-
automorphism action.

Suppose the action G ~ H is a shifted-automorphism group action, its automorphism part is
given by ¢ : G — H and its translation part is given by ¢: G — H. Let

f:G—=Hol(H), f(z)=(c(z),¢()).
Then for every z1,z9 € G and y € H, from (x1x9) -y = x1 - (22 - y), we deduce that the following
holds,

(7) c(2172)P(2172)(y) = (1) (1) (c(22) B(72) (Y)).
Letting y = 1y in (7), we obtain that
(8) c(x122) = c(x1)P(1)(c(22))

for every x1, 25 € G. From (8), it follows that f is a group homomorphism. Notice that for every
x € G and y € H, we have

The converse is clear. O

The following lemma gives us two important examples of shifted-automorphism actions that are
of central importance in this work.

Lemma 6. (1) For every group H, the following map defines a transitive, shifted-automorphism
group action H x H ~ H, (xp,xRg) -y = :BLyx}_%l. Moreover the automorphism and the
translation parts of this action are given by ¢(xp, xr)(y) = zryzy' and c(zr, zR) = rL15",
respectively.
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(2) Suppose H and U are two groups, and ¢ : H — Aut(U) is a group homomorphism. Let
G :=U x H be the semidirect product given by the homomorphism ¢. Then the following
map defines a transitive, shifted-automorphism group action G ~ U, (u,y)-u' = uo(y)(u').

Proof. Proof is easy and left to reader. 0

3.2. Gowers’s U?-norm and shifted-automorphism actions. Let us recall that for a group
action G ~ H, a probability measure 1 on G and f,g € L*(H), (0 f)(y) := [,(z - f)(y)du(z)
for every y € H, and f * ¢ is the convolution of f and g.

In [13], a non-commutative version of Gowers’s U*-norm and its connection with random walks
have been discussed. Here we recall some of the crucial results.

Lemma 7. Suppose G and H are two finite groups and G ~ H is a shifted-automorphism action.
For f € L2(H), let f(h) := f(h=1) and ||f|| := ||f = f|5/>. Then the following statements hold.

(1) | - | is @ norm and || fll2 < || f|l for every non-negative f € L?*(H).
(2) For every x € G and f € L*(H), ||lz - fl = If]l-
(3) For every probability measure p on G and f € L*(H), | X f|| < |If]l-

Proof. See [13, Lemma 9]. O

The next lemmas help us compare the randomness gained by a shifted-automorphism action
and its automorphism part. These results are essentially proved in [13, Lemma 4 and Corollary
11].

Lemma 8. Suppose G ~ H is a shifted-automorphism whose automorphism and translation parts
are given by ¢ - G — Aut(H) and ¢ : G — H. Suppose XV, X2 are two i.i.d. random variables
with values in G and YV, Y@ are two i.i.d. with values in H. Then

Hy(XV . YD)y L(X® . y@)) > Hy(p(XO) (v Oy @),
Proof. By [13, Lemma 4], we have
Hy(XW . yO)y={(X@ . y@y)) > Hy(XW . yW)y={(x D . y@y),
Notice that
(XD Y)Y @) = (XD D)y D) X D)GX )Y D)) = p(x D)y DY),
and the claim follows. 0J
We will be using the measure theoretic formulation of Lemma 8 which is given next.

Lemma 9. Suppose G ~ H is a shifted-automorphism action whose automorphism part is given
by ¢ : G — Aut(H). Then for every probability measure n on H, the following holds

i Bnl* < [l [l B (57 % )2,
where the second X : L*(¢(G)) x L*(H) — L*(H) is given based on the automorphism action of
®(G) on H.

Proof. Let XM, X® Y and Y? be two independent random variables such that the probability
law of X(@’s is ;1 and the probability law of Y ®’s is n. Then the probability law of
(X yW)y=H(x@ . y@)

——

is (uXn) * (uXn), and the probability law of
HXOY YOy @)
is ¢[p] X (1% n). Hence the claim follows from Lemma 8. O
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The mentioned norm has another (rather easier) application which has been mentioned in [24,
Lemma 5. Here we quote the formulation presented in [13, Lemma 13]. This result roughly says
that if 77 % 7 is almost a point mass at the identity, then 7 is almost a point mass.

Lemma 10. Suppose that 1 is a probability measure on a finite group H and ||n||~ < k||n||2 where
K 15 a positive number less than V2. Then we have

Inll* > v2 — k25 = n(1).

3.3. Gaining initial entropy in a shifted-automorphism random-walk. The main goal of
this section is to prove the following theorem.

Theorem 11. Suppose G and H are finite groups, and G acts on H.

(H1) (Action) G ~ H is a transitive shifted-automorphism action whose automorphism and
translation parts are given by ¢ and c.

(H2) (Automorphism action) There is a positive number ¢ such that for every ¢(G)-orbit O C H
we have that either O = {1} or |O] > |H|® > 2.

(H3) (Random-variable) Suppose X is a symmetric random-variable with values in G whose
range generates G, and for some positive numbers ¢y and og, we have

L(O(X))>co and P(X =1z)> ap

for every x in the range of X.
Then there exist constants L >>cc, a0 1 and C >, 1 such that for every random-variable Y
which has values in H and is independent of X and every integer ¢ > Llog |H| we have

Hy(X;Y) > S log |H| - C
where Xy 1s an £-step random-walk with respect to X.

A result of this type is proved for the affine action of G := SL,(F,) x F} on H := F} in [24,
Theorem 2| and for the left-right action of G' := PSLy(FF,) x PSLy(F,) on H := PSLy(F,) in [13,
Lemma 5.

It is worth pointing out that if GG is c-quasi-random, then

GI° < [H| < |G

as G ~ H is transitive. Moreover every ¢(G)-orbit in H with more than 1 element has at least
|G|¢ many elements. Hence assuming G is c-quasi-random, we can replace the hypothesis (H2)
with the following.

(H2’) The only ¢(G)-fixed point in H is 1.

Here we present an almost identical argument as in the proof of [13, Lemma 5]. Only a few changes
are needed.

Proof of Theorem 11. Choose 0 < kg < 1 such that y/a2 + (1 — ag)? + /1 — k2. Suppose 7 is the
probability law of Y. We are going to consider two cases.

Case 1. Suppose ||n|lso/||nll2 > Fo-

In this case, there is g € G such that n(z)? > k3|[n||3. Let 0z := nla\fuo} Where 1\ (40} is the
characteristic function of G'\ {zo}. Since ny, and ji,, are perpendicular and 1 = 7() iz} + 7z,
we have ||n]|3 = n(z0)? + ||ng, ||3. Therefore

(9) g 12 < (1= 55) I3
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By (9), we obtain that

1B nll2 <o)l B pigaeyll2 + [l By |12 < nlzo) || B prgaey |2 + 1n3; |2

(10) <n(zo)llpe & prgaeylla + /1 — &5 lInll2-

Notice that

(11) PRy = > 1(yGay) iy
YGay€G/Gay

where G, is the stabilizer subgroup of G with respect to z. Since there are no G-orbits of order
2 in H, by [13, Lemma 15], u(yG,,) # 1 for every y. Because the minimum of p in its support is
ap, by (11) we deduce that

(12) 1R prgayll2 < \Jod + (1 — ag)2.
Hence by (12) and (10), we obtain that

(13) @l < (y/ad+ (- au + /13 Il

Case 2. Suppose that ||n||eo/|7]l2 < Ko-

Choose 0 < k1 < 1 such that (2 — k2)™"/2 +2k; < 1. Since L£(¢(X)) > co, there is a positive
integer ¢y which is bounded by a function of ¢y and k; such that A(¢(Xy,)) < k1 where Xy, is an
{o-step random-walk with respect to X. Let v := pu(%) and so A(¢[v]) < k.

By Lemma 9, we obtain that

(14) Rl < ll¢lv] B (7« n)ll2 < [1($[v] — o) B (7 * )2 + o) B ()2
Therefore by (14) and Lemma 4, we deduce that
(15) v & nll* < sallnll® + o) B (7% 1)

Notice that {/|O] po}oe, sy is an orthonormal basis of the space L*(H)?@) of ¢(G)-invariant
functions in L*(H) where 4) is the set of ¢(G)-orbits in H. Hence by Lemma 4, we obtain

(16) Ho) R (xn) =Y O] (osiixn) po =Y (7% n)(O) po.
Oc o\ O€ya\!
By (16), we have
(17) o B @*n)llz <Y~ (1% 0)(O) [|nollz:
04\

By the hypothesis (H2), for every O €4(q)\!, we have that either O = {1} or |O| > |H|*. Therefore
by (17), we obtain

(18) 116y 8 7% m)lla < 0 (1) + | H| =,
By (18), (15), and Lemma 10, we deduce that
(19) v Bnl* < mallnll® + (2 — wg) " 2lnll? + | H|7.

Let 8 := max{y/a? + (1 — ag)? + /1 — K2, 2K, + (2 — k2)71/?}. By (13) and (19), at least one of
the following three inequalities hold. Either

(20) lv®allz < Bllnllz, or Ny ®al* < Blnl* or Il < syt 1H| =
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Applying (20) repeatedly, by part (3) of Lemma 5, we deduce that for every integer ¢ > 2clog |H|/(—log f)
at least one of the following inequalities hold. Either
(21) [ Rl <87 <|H or WORpIP < <[H[C or O Rn)® < kit H|T

By (21) and part (1) of Lemma 7, for every integer ¢ > _12025 log |H|, the following holds

19 B3 < wyt|HIT,

which means that for every integer ¢ > 7211;0;/8 log | H|

Hy(X;Y) > 5 log |H| +log .
This finishes proof of Theorem 11. 0

4. RANDOM-WALK IN A PRODUCT OF TWO GROUPS

The main goal of this section is to prove that a random-walk on a product of groups has a
spectral gap which depends on the spectral gap on each factor. This is proved under certain
assumptions for the groups and the random-walk.

To make the presentation more clear, we list the needed assumptions for the involved groups
here, and label them by (Gi)’s. Later, we verify that these statements hold for many families of
groups that are of interest.

For a positive number ¢ and a positive integer C;, we formulate the following axioms for a group
H.

(G1) H is a c-quasi-random group.

(G2) |Z(H)| < log|H]|, where Z(H) is the center of H.

(G3) For every x € H,
Z(H)([1e, Clx))(TI¢, CUz))™" 2 N,

where Cl(x) is the conjugacy class of  and N, is the normal closure of the group generated by z;
that means this is the smallest normal subgroup of H which contains x.

Theorem 12. Suppose ¢ is a positive number, and Cy, Cy are positive integers. Suppose Hy and
Hpg are two finite groups which satisfy G1-3 with constants ¢ and Cy. Suppose

Cg_l 10g |HR| S IOg |HL| S C2 log |HR|
Suppose X := (X, Xg) is a symmetric random-variable with values in G := Hyp x Hg whose range
generates G. Suppose there exist positive numbers ¢y and oy such that
(22) L(XL)>cy, L(Xg)>co, and P(X =z)>
for every  in the range of X. Then, L(X) > min{cy, 1}, where the implied constant only depends
on ¢,Cq, Cy, ap.

4.1. Random-walk with respect to couplings of almost Haar measures. To prove Theo-
rem 12, we notice that after an O, (log |H|)-step random-walk, we get a random-variable (Y7, Yz)
such that the probability laws of Y, and Yy are close to the probability counting measure of H.
The main goal of this section is to investigate what happens if after one step under a random-walk
with respect to such a random-variable (Y7, Yr) we do not gain a substantial amount of entropy.

Lemma 13. Suppose c is a positive number, and Cy, Cy are positive integers. Suppose Hy, and Hg
are two finite groups which satisfy G1-3 with constants ¢ and Cy. Suppose
(23) Cy ™' log |Hg| <log|Hy| < Cylog |HE|.

Suppose Y = (Y, YR) is a symmetric random-variable with values in Hy, X Hpg.
Suppose € is a positive number and Y satisfies the following properties.
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(1) (Coupling of almost Haar measures) For every y, € Hy and yr € Hg, we have
]P)(YL = yL) S 2|HL|_1 and ]P)(YR = yR) S 2|HR|_1.
(2) (Room for improvement) Hy(Y) < (1 —¢)log|Hy x Hg|.

Then there is a positive number vy which depends on e, ¢, Cy, and Cy, such that for every v < v
at least one of the following statements hold.
(1) (Gaining entropy) Hs(Ys2) > Ho(Y) + ylog |Hp X Hg|, where Yy is a 2-step random-walk
with respect to Y .
(2) (Graph of an automorphism) There are proper normal subgroups Z;, and Zgr of Hy and Hp,
respectively such that Z(Hy/Zp) = {1}, Z(Hr/Zr) = {1}, and there exists an isomorphism
0:Hp/Zp, — Hg/ZRr such that

P(mz, x2,(Y2) € Tg) > |Hy, x Hp|™™

where Tz, xz,  Hp X Hp — Hp/Z;, x Hr/ZR is the natural quotient map, T'y is the graph
of the isomorphism 6, and R is a fixed absolute constant.

(8) (Small cases) |Hy x Hg| < C3 where C3 is a positive integer which depends on ¢, ¢, Cy, and
Cy.

We follow the same line of argument as in the proof of [13, Lemma 17]. Before we get to the
proof of Lemma 13, we prove a lemma on c-quasi-random groups.

Lemma 14. Suppose ¢ is a positive number and G is a c-quasi-random group. Suppose S is a
subset of G and the normal closure of the group generated by S is G; thalt means the smallest
normal subgroup of G' which contains S is G. Then there is a subset S of S such that |S| < 1/c

and the normal closure of the subgroup generated by S is G.

Proof. For every subset S” of G, let Ng' be the smallest normal subgroup of G which contains S’
as a subset. Let X := {S" C S| Ng = G}, and suppose S is an element of ¥ with the smallest
number of elements among the elements of ¥. Suppose

gz{l’l,...,l‘n},

77777

Claim. In the above setting [N;11 : N;] > |G| for every 0 < i <n — 1.

Proof of Claim. Suppose to the contrary that [N;; : N;] < |G|® for some i. Notice that G
acts by conjugation on N;,;/N;, and this action induces a unitary representation on L?(N;,1/N;).
Since G is c-quasi-random and dim L?*(N;,1/N;) < |G|¢, we deduce that the G-action on N;./N;
is a trivial action. Hence, N;;1/N; is a subset of the center Z(G/N;) of G/N;. Let

N = Ng\{ﬂﬁiﬂ}’

and notice that G = N; ;1N and N; C N. Therefore, G /N is isomorphic to a quotient of N;q/N;
and a quotient of GG; in fact, we have

G/N ~ Ni+1/N/L'+1 QN and Nl g Ni+1 HN

Hence G/ N is both Abelian and perfect (as it has no non-trivial degree 1 representation). Therefore
G = N. This means S\ {z;11} € ¥, which contradicts the assumption that every element of ¥
has at least n elements. This finishes proof of the claim.

By the above claim, we obtain that |G| =[]y [Nit1 : Ni] > |G|, and so n < 1/c. This finishes
the proof. O
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Proof of Lemma 13. Suppose v is a sufficiently small positive number to be specified later, and
|Hp, x Hg| > C; for a large enough constant C3 to be specified later. Let’s assume that we do not
gain enough entropy; that means Hy(Ys) < Ho(Y')+~ylog|H x Hg|. Then by Proposition 1, there
is an |Hy, x Hg|®'-approximate subgroup A of Hp x Hp, such that

(24) |log |A| — Hy(Y)| < Rylog|Hy x Hg| and P(Yo € A) > |Hp x Hg|™™.
By the coupling of almost Haar measures condition, we have that

A A
(25) P((Y.)2 € pr(A)) < 2%—3' and P((Yr)2 € pr (A4)) < 2%,

L R

where 7, and mr are projections to the left and the right components. By the second inequality
in (24) and (25), we obtain that

(26) [y, x Hel ™™ < B(Ys € A) < B((Yy)s € mp(A)) < W

and

(27) |Hp x Hp|™™ < P(Y; € A) <P((Yr)2 € mr(A)) < %.

Inequalities given in (26), (27), and (23) imply that

(28) (7 (A)] = [Hyl[Hy " Hy |20 = | Hy |2

and

(29) [mR(A)| > |Hp|' (207,

if |[Hp|® > 2 and |Hg|® > 2. If v < ¢/(3(CoR — 2R)), then by Theorem 3, we deduce that
(30) (I3 A) = H, and 7wr(][;A) = Hg.

Claim. In the above setting, for a small enough v depending on €, ¢, Cy, Cy, if |H x Hg|® is more
than (log |Hy|log|Hg|)®, then there are proper mnormal subgroups Ny < Hy and Np < Hp such
that

([T, A) N (Hy x Z(Hg)) € Np x Z(Hg) and ([T, A) N (Z(Hy) x Hg) € Z(Hy) x N

Moreover Z(Hy) € Ny and Z(Hg) C Nkg.

Proof of Claim. By symmetry, it is enough to prove only one of the inclusions. Suppose to the
contrary that the normal closure of 7, ([[q AN (Hy, x Z(Hg))) is Hy,. Then by Lemma 14, there
is a subset {z1,...,2,} of 7 ([[g AN (Hy x Z(Hg))) such that n < 1/c and

(31) Ny Ny, -+ N, = Hp,

where N, is the smallest normal subgroup of Hj, that contains z;. For every i, there is ¢; € Z(Hg)

such that
(LUZ‘, 6i) S Hg A.
By (30), for every hy € Hy, there is an element (hy, hg) in [[; A. Hence
(h'inhzlv ei) - (hLa hR) ('I% ei)(hL7 hR)_l S H15 A7
and so
(32) Clwi) x Z(Hr) € (115 A) Z(Hp % Hy)
for every i. By the (G3) condition, (31), and (32), we obtain that
(33) Hy, x Z(Hg) € (Is0c, 17e) A) Z(Hr x Hp).
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By (30) and (33), we obtain that

(34) Hy, x Hr = (I0¢, 1/¢)13 A) Z(Hr x Hy).

By (34), the fact that A is |[Hy x Hg|®-approximate subgroup, and (G2) condition, it follows that
(35) % < socy (1/e)13 Al < [Hp x Hp| RGO/ 204,

On the other hand, by the condition on Room for improvement and (24), we have that

(36) |A| < |Hp x Hg|' 7",

and so for v < ¢/(2R), by (35) and (36), we obtain that

(37) (log |Hp|log |Hg|) ™" < |Hp x Hpg|R30C1/et2r=e/2,

Therefore, if v < &/(4R(30C;/c + 2)) and |Hy x Hg|* > (log|H|log|Hg|)®, (37) gives us a
contradiction. To finish proof of Claim, it is enough to notice that Z(H)Ny is still a proper
normal subgroup of H (as Hj is a perfect group and Z(Hp)Ny /Ny is an Abelian group), and
similarly Z(HRg)Ng is a proper normal subgroup of Hg.

By (30), there are functions fr: H, — Hg and fr : Hr — H[ such that

(38) {(zr, fr(zo))|wp € Hi} CII; A and {(fu(zr),zr)| r € Hr} C ] A.
By Claim and (38), we obtain that
fr+Hy/Z(H) = Hr/Nr, fp(v1Z(Hy)) = fr(z1)Ng
is a group homomorphism, and for every xp € Hg
Fr(fu(xr)Z(Hr)) = ©rNr.

Moreover, if (zr,zr) € [[3 A, then fr(z1Z(Hy)) = xrNg. Let My, be the normal subgroup of Hy,
such that M /Z(HL) = ker fp, and

giHL/ML%HR/NR, Q(I‘LML) :?R(ILZ(HL))
Then 6 is an isomorphism, My, is a proper normal subgroup of H; which contains Z(H} ), and

(39) T xng([13 A) =T

where myy, «ny, @ Hp X Hr — Hp /My x Hg/Np is the natural quotient map and I'y is the graph of
the isomorphism . By (24), we obtain that

(40) P(mar, v (Ya) € Tg) > |Hy x Hg| ™.

Let Z be the normal subgroup of Hy such that Z; /M = Z(H/M}). Notice that H := H /M|,
is a perfect group (as the quasi-randomness implies that there is no non-trivial degree 1 represen-
tation). Hence, by Griin’s lemma,

Z(Hp/Zy) ~ Z(H/Z(H)) = {1}.
Let Zg be the normal subgroup of Hg such that Zr/Nr = Z(Hgr/Ng). Then

0:Hp/Z, — Hr/Zr O(xpZr) :=0(xMp)ZR
is a well-defined isomorphism. By (39) and (40), we conclude that
Tzxzn([[3A) =To and  P(mz,xz,(Y2) € Tg) > [Hy x Hg|™ ™.
This finishes the proof. O
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4.2. Spectral gap for a random-walk in a product of two groups: proof of Theorem 12.
Suppose L := L(c, ¢, ap) and C' := C(ay) are the constants that we obtain from Theorem 11. Let
{y be the smallest integer which is at least

max{Llog |Hy|, Llog |Hg|,2c;" log |Hy|,2co ™" log | HR|}.

For every non-negative integer i, let Y := Xoig, be a 2'0g-step random-walk with respect to X.
Then by the Cauchy-Schwarz inequality, part (2) of Lemma 4, and £(X) > ¢o, we obtain that

e[ = i, lloo =1((Prp (1) — p,) * pgay) * gyl
<[ (prp (1) — pug,) * pgay) |2
(41) SA()* < 2705 < | H |7,

By (41) and its similar result for the right component, we deduce that
(42) PO =yo) = [H| ' < [H > and [PV = yg) — [Hel | < |Ha| ™

for every yr, € Hy and yr € Hr where (YL( ), Yg)) =Y®,
Claim 1. For every positive integer i, every proper normal subgroups Z; and Zr of Hy and

Hpg, respectively such that Z(Hp/Z) cmd Z(Hr/Zg) are trivial and there is an isomorphism
0:Hp/Z;, — Hr/Zg, we have that either

. C2
P(72, x2,(Y?) € Ty) < |Hy x Hp| 50+

or |Hi| €cap 1

Proof of Claim 1. Proof of Claim 1 is based on Theorem 11. Let H := H;/Z; and G := H x H.
Consider the left-right action of G on H; that means (71, 72) -  := 71275 "'. By Lemma 6, this is
a transitive shifted-automorphism action, and its automorphism part is given by

¢:G— Aut(H), ¢(x1,29)(y) := moyry .

Notice that y € H is a ¢(G)-fixed point if and only if y € Z(H). Therefore, the only ¢(G)-fixed
point in H is {1}.

Notice that every ¢(G)-orbit is an Hg-orbit where Hr acts by conjugation on Hgp/Zg. Since
Hp is c-quasi-random, every non-trivial Hg-orbit has at least |Hg|® elements.

Let ¥ : H, X Hp — G, (xp,xg) = (g, (x1),0 (7z,(xr))). Notice that ¢ is a surjective
group homomorphisms. Let X := ¢(X). Since X is symmetric, so is X. Since Z(H) is trivial,
$(G) ~ H and

(43) L($(X)) = L0 (724(XR))) = L(72,(XR)) > L(Xr) > co.
We also notice that for every x € Hp, x Hg, P(¢)(X) = ¢(z)) > P(X = x), and so
(44) P(X =7) > ag

for every 7 in the range of X. By the above discussion, (43) and (44), we can apply Theorem 11
for the group G, its action on H, and the random-variable X. Hence,

for every non-negative integer i, where C' := C'(«ay) is the constant given by Theorem 11 and Z is
a random-variable with values in H such that P(Z = 1) = 1. Since Hy, is c-quasi-random and H
is a non-trivial quotient of Hy, we have |H| > |Hp|° If |[HL| >cq, 1, then by (45) we have

[N}

C

(46) HQ(YQigO . Z) 2 ZlOg‘HL’



18 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

Notice that
(47) P(Xpy - Z=1) = Plrg,xpn(YD) €Ty) and P(Xgy, - Z =1) < 27272012,
Therefore, by (46), (47), and (23), we obtain that

. 2 2
(48) P(12, wz,(Y D) € Ty) < |Hp|™S < |Hp x Hg| 50+,

This finishes proof of Claim 1.
Claim 2. Assuming |Hp x Hg| is sufficiently large as a function of the parameters ayg,c, Cy,
and Cy, for every non-negative integer i, we have that either

(49) (No room for improvement) Hy(Y D) > (1 - ;) log |Hp x Hpg|
2(1+Cy)

or

(50) (Gaining entropy) Hy(Y D) > Hy(Y D) + ylog |H, x Hpl

where v is a positive number that only depends on ¢, Cy, and Cs.

Proof of Claim 2. Let vy be the constant given by Lemma 13 for the parameters ¢ := Q(TCCQ)’
¢,Cq, and Cy. Notice that the groups H; and H satisfy G1-3. Moreover, if the random-variable
Y@ for a given non-negative integer i has room for improvement (that means (49) does not hold),
then by (42) Y satisfies the conditions of Lemma 13. Hence, by Lemma 13, if |[H; x Hp| is large
enough depending only on the parameters ¢, C;, and C,, then for every positive number v <~ we

have that either
(51) Hy(Y DY > Hy(Y D) 4 ylog |Hy, x Hgl,

or there are proper normal subgroups Z, and Zr of H, and Hg, respectively, such that Z(Hp/Z;) =
1, Z(Hr/Zg) = 1, and there exists an isomorphism 6 : H;,/Z; — Hgr/Zg such that

(52) P(72, x 2, (YY) € Ty) > |H, x Hp| ™.

By Claim 1, if v < Wicﬂ and |H| is large enough depending on ¢ and «y, then (52) cannot
hold. Therefore, (51) holds. This finishes proof of Claim 2.

Claim 3. Suppose 7y is the positive number given in Claim 2. Let iy be the smallest integer
which is more than 1/~v. Then

, c

53 Hy(Y)) > (1 - ——

(53) (79 2 (1 5t
Proof of Claim 3. Suppose to the contrary that (53) does not hold. Since Rényi entropy is

non-decreasing in a random-walk, we obtain that for every non-negative integer ¢ < iy, we have

room for improvement; that means (49) does not hold. Hence, by Claim 2, for every non-negative

integer ¢ < iy, we gain entropy; that means (50) holds. Therefore,

HQ(Y(ZO)) > Zo’}/ log |HL X HR| > log |HL X HR|,

which is a contradiction.

Claim 4. In the above setting, L(X) > 2"0+2(1+C2)Cmax{32/co} if |Hp x Hg| is large enough
depending on the parameters «q,c, Cy, and Cy.

Proof of Claim 4. Suppose 7 is a non-trivial representation of H;, X Hg. Then the restriction of

7 to either Hy, or Hg is non-trivial. Since Hr and Hj, are c-quasi-random, we deduce that
(54) degm > min{|H .|, |Hg|}.

By (23), we have that min{|Hy|, |Hg|}'*“* > |Hy x Hg|. Hence, by (54), we obtain that Hj, x Hg
is ﬁ—quasi—random.

)10g|HL X HR’
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By Claim 3, we have that

C
55 Hy(Xsigp) > |1 — ————— | log |H, X Hpg|,
(59 (0600) > (1 5 ) YoulHa x Hal

and ¢, is a positive integer which is at most
2max{L,2/cy} max{log |H;|,log |Hg|}.
Therefore by Proposition 2, we obtain that
c

LX) > — .
200%2(1 + Cy) max{L,2/co}
This finishes proof of Claim 4 and Theorem 12.

5. RANDOM-WALK ON AN EXTENSION OF A QUASI-RANDOM GROUP BY AN ABELIAN GROUP

The main goal of this section is to prove that under certain algebraic conditions a random-walk
on an extension of a group H by an Abelian group A has a spectral gap which depends on the
spectral gap on the quotient H. Similar to the previous section, we list the needed algebraic
assumptions for the groups here, and label them by (Gi)’s. To be consistent with the statements
given in the previous section, new conditions are labelled by an index ¢ > 4. For a positive number
¢, and positive integers C4 and Cs, we formulate the following axioms for a group H and an Abelian
group A.

(G1) H is a c-quasi-random group.

(G4) There is a homomorphism ¢ : H — Aut(A), and H acts on A accordingly. Via this action,
A is viewed as a Z[H]-module where Z[H| is the group ring of H over Z.

(G5) |A] < |H[%.

(G6) For every x € A,

Ilc, O:Tlc, 071 =M
where O, is the H-orbit of z and M, is the Z[H]-submodule generated by x.

Theorem 15. Suppose c is a positive number, Cy and Cs are positive integers, H is a finite group,
A is a finite Abelian group, and they satisfy (G1), (G4), (G5), and (G6). Suppose G is an extension
of H by A; that means there is a short exact sequence

12A—>GS H—1.

Suppose Z is a symmetric random-variable with values in G whose range generates G. Suppose
there exist positive numbers cy and aq such that

L(m(Z))>cy and P(Z=2z)> g

for every z in the range of Z. Then L(Z) > min{cy, 1} where the implied constant only depends
on the given parameters c, C4, Cs, .

5.1. Random-walk on a quasi-random-by-Abelian group: the case of almost uniform
quasi-random component. To prove Theorem 15, we notice that after an O, (log|H|)-step
random-walk, we get a random-variable Z such that the probability law of 7T(Z ) is close to the
probability counting measure of H. The main goal of this section is to prove an analogue of
Lemma 13 in the setting of group extensions. This result describes \/K\/hat happens if after a couple
of steps under a random-walk with respect to the random-variable Z we do not gain a substantial
amount of entropy.
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Lemma 16. Suppose c is a positive number, C4 and Cs are positive integers, H is a finite group, A
is a finite Abelian group, and they satisfy (G1), (G4), (G5), and (G6). Suppose G is an extension
of H by A. Suppose 7 is a symmetric random-variable with values i G. Suppose € is a positive
number and Z satisfies the following properties.

(1) (Almost uniform quotient) For every x € H, we have

P(n(Z) = z) < 2|H| ™.
(2) (Room for improvement) Hy(Z) < (1 —¢)log|G.
Then there is a positive number vy which depends on €,¢,Cy, and Cs, such that for every v < 7y
at least one the following statements hold.

(1) (Gaining entropy) Ha(Zs) > Hs(Z) + vlog |G|, where Zy is a 2-step random-walk with
respect to Z.

(2) (Levi subgroup) There are a proper H-invariant subgroup N of A and a subgroup H of
G/N such that 7 induces an isomorphism from H to H, and

P(rn(Z) € H) > |G|~ ™

where my : G — G/N 1is the natural quotient map and R is a fixed absolute positive constant.
(3) (Small cases) |G| < C¢ where Cq is a positive integer which depends on €, ¢, Cy, and Cs.

We start with a couple of lemmas. The first one gives us a better understanding of the structure
an extension G of H by A, where H and A are as in Lemma 16, and the second one is an analogue
of Lemma 14.

Lemma 17. Suppose c is a positive number, C4 and Cs are positive integers, H is a finite group,
A is a finite Abelian group, and they satisfy (G1), (G4), (G5), and (G6). Let G be an extension
of H by A.

(1) G is a perfect group; that means it does not have a non-trivial Abelian quotient.

(2) If N is a normal subgroup of G and m(N) = H, then N = G.

(3) G is e, -quasi-random.

(4) Suppose My C My are two Z[H|-submodules of A. Then H acts non-trivially on My/M.

(5) Suppose M is a Z[H]-submodule of A. Then the only H-fized point of A/M is the identity.

Proof. We start by proving the following:

Claim. Suppose N is a normal subgroup of G such that 7(N) = H. Then M := AN N is a
Z[H]-submodule of A and H acts trivially on A/M.

Proof of Claim. Since A is a normal subgroup of G, M is a normal subgroup of N. Because M
is a normal subgroup of N and A is an Abelian group, the conjugation of N factors through 7(N).
Therefore, M is a Z[H]-submodule of A. For every h € H, there is n, € N such that w(nj,) = h.
Hence, for every a € A,

(h-a)a™' =npan;'a™ € ANN.
Therefore, H acts trivially on A/M. This finishes proof of Claim.

To show the first part, we have to show that the commutator subgroup [G,G] is equal to
G. Notice that 7(|G,G]) = [H, H]. Since H is a c-quasi-random group, it is perfect. Therefore,
7([G, G]) = H. Therefore, by the previous Claim, H acts trivially on A/M where M := AN[G, G].
Hence, for every y € A, mp(O,) = mp(y) where O, is the H-orbit of y and 7y : A — A/M is the
natural quotient map. By (G6), we obtain that

(56) (M) = 7o (y)“mar(y)~, and so my(M,) = 1.
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By (56), we conclude that M = A. Since 7(|G,G]) = H and A C [G,G], we conclude that
|G, G] = G. This finishes proof of the first part.

Since m(N) = H and A = kerm, AN = G. Hence, G/N ~ A/(N N A) is an Abelian group. By
the first part G does not have a non-trivial Abelian quotient, and so G = N. This finishes proof
of the second part.

Suppose p is a non-trivial representation of G. Since A is Abelian, p(A) is diagonalizable. Hence,
there are characters x1,. .., xa € Hom(A4, S'), where S' := {z € C| |z] = 1}, such that

pla) = diag(xa(a), . .-, xa(a)),

for every a € A. For every g € G, p(gag™') is a conjugate of p(a) and its eigenvalues are given
by x;(gag™"). Notice that 7(g) acts on A by conjugating by g; this means 7(g) - @ = gag~'. This
action induces an action on A := Hom(A, S*). For y € A and h € H, we let (h-x)(a) := x(h'-a).
Therefore, for every h € H, we have

{h'Xlu"‘7h'Xd}:{X17'”7Xd}'
For every i, the H-orbit of x; is a subset of {x1, ..., xq}. Hence,
(57) degp > |H - xil

for every i. Because H is c-quasi-random, every H-orbit has either one element or at least |H|°
elements. Thus, by (57), either degp > |H|® or H - x; = x; for every i. Notice that if H - x; = x4,
then, for every a € A, x;(0,) = xi(a) where O, is the H-orbit of a. By (G6), we obtain that

Xi(Ma) - HC5 Xz(oa) HC5 Xi(oa)il =1.

Therefore, if for every ¢, H - x; = Xx;, then A is in the kernel of p. This means p factors through H;
and so deg p > |H|°. Altogether we obtain that deg p > |H|¢. By (G5), we have |H|¢ > |G|¢/(1+C9)
and the third part follows.

To show part 4, we proceed by contradiction. Suppose H acts trivially on My/M;. Therefore,
for every a € My, mp, (O,) = mar, (a), where 7y, : G — G/M; is the natural quotient map. Hence,
by (G6) and a similar argument as in (56), we obtain that mys, (M,) = 1, where M, is the Z[H]-
module generated by a. Therefore, My = M;, which is a contradiction. This finishes proof of the
fourth part.

To show the last part, suppose to the contrary that for some Z[H]-submodule M of A, there
exists «M € A/M which is H-invariant and = # 1. Let M’ := (x)M. Then H acts trivially on
this M'/M, and so M’ is a Z[H|-submodule. This contradicts part (4). O

Lemma 18. Suppose c is a positive number, C4 and Cs are positive integers, H is a finite group,
A is a finite Abelian group, and they satisfy (G1), (G4), (G5), and (G6). Suppose S is a subset
of A, and let Mg be the Z[H|-submodule of A generated by S. Then there is a subset S of S which
generates Mg and |S| < Cy/c.

Proof. Suppose S := {z1,...,7,,} is a subset of S which is a generating set of the Z[H]-module
Mg, and it has the smallest possible number of elements among such subsets. For every integer ¢
in [1,m], let M; be the Z[H]-submodule generated by {z;, ..., z;}. Since for every i the set S\ {z;}
does not generate Mg, we have that

0C M C - CM,=Ms.

By the fourth part of Lemma 17, we have that the action of H on M;,1/M; is non-trivial for every
integer in [1,m — 1]. Because H is c-quasi-random, we obtain that

(58) |Mi1/M;| = |H|.
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By (58), it follows that
|H|™ < |Mg| < |A] < |H|.
Therefore m < C—c“ This finishes the proof. O

Proof of Lemma 16. Suppose v is a sufficiently small positive number to be specified later, and
|G| > Cg for a large enough Cg to be specified later. Let’s assume that we do not gain enough

entropy; that means Hg(?g) < HQ(Z\) + 7vlog|G|. Then by Proposition 1, there is an |G|*-
approximate subgroup B of GG such that

(59) |log | B| — Hy(Z)| < Rylog|G| and P(Z, € B) > |G|~
By the almost uniform quotient condition, we have that
~(B)|
|H]|
By the second inequality in (59) and (60), we obtain that

(60) P(n(Z,) € n(B)) < 2

(61) IG|"™ < P(Z, € B) < P(n(Z,) € n(B)) < 2m(B)]

By (G5) and (61), we deduce that
I
(62) SH[THEET < m(B)).

Therefore, for large enough Cg and small enough v, by (62), |7(B)| > |H|*~5. Hence, by Theorem 3,
(63) ([, B) = H.

Claim. In the above setting, for a small enough v depending on €, c,Cy, and Cs, there is a proper
Z[H]-submodule N of A such that
(Il B)NACN.
Proof of Claim. Suppose to the contrary that ([ [, B) N A generates A as a Z[H]-module. Then
by Lemma 18, there is a subset B := {y1,...,4n} of ([], B) N A such that

(64) mgg and A= DM, ---M

c Ym

where M,, is the Z[H]-submodule generated by y;. Notice that, by (63), there is a function
0 : H — G such that for every x € H, 7(0(x)) = x (that means f is a section) and 0(z) € [[; B.
Notice that for every = € H, we have

-y = 0(x)yd ()" €][; B.

This means for every ¢

(65) 0, C1I,B.

By (G6), (64), (65), and the fact that B is symmetric, we obtain that
(66) AC H14mC5 B.

Using (63) and (66), it follows that

(67) G = ITiame,43 B-

Since B is an |G|™-approximate subgroup, using (67) we obtain that

(68) |G| < |B||G|(14mC5+2)R7 ’ and so |G|1—(14mC5+2)R7 < |B|
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On the other hand, by the room for improvement condition and (59), we have
(69) log |B| < Ha(Z) + Rylog |G| < (1 — ¢+ Ry)log|G].
By (64), (68), and (69), we deduce that
1 —(14C4Cs5/c+2) Ry <1—e+ Ry; andso e < (14C,C5/c+ 3)Ry,

which is a contradiction if « is sufficiently small depending on the parameters ¢, ¢, C4, and C5. This
finishes proof of the Claim.

Let’s recall that by (63), there is a function § : H — G such that 7(6(z)) = « and 6(x) € [[; B
for every x € H. Therefore, for every x,x1, x5 € H, we have

(70) Oz )0(z) € ([[yB)NA and O(zy22)0(z1) '0(z2)~ ! € ([[, B) N A.
By (70) and the previous Claim, we deduce that there is a proper H-invariant subgroup N of A
such that B B

:H— G/N, 0(x):=0(x)N
is a group homomorphism; notice that since N is a Z[H]-submodule, it is a normal subgroup of G.
Because N is a subgroup of A = ker 7, 7 induces a group homomorphism 7 from G/N to H. For

every x € H, we have 7(0(x)) = x. Hence, the restriction of 7 to H := Im() is an isomorphism.
Moreover, we have

(1) (@) € mv ([, B).
where 7y : G — G/N is the natural quotient map. Next, we show that H = mx([]; B). By (71),
it is sufficient to show that 7x([]; B) € H. Notice that for every N € mn([[; B), we have

(@N)O(T(xN)) " € nn(([Ty B) N A),
and so xN = A(m(xN)) € H. Altogether, we have found a proper H-invariant subgroup N of A,
a subgroup H of G/N with the following properties:
(1) 7: H — H is an isomorphism.
(2) H =7n(II5 B).
Therefore, by (59), we obtain that
P(ry(Zy) € H) > P(Zy € [, B) > |G|™™.

This means if we do not gain entropy and are not in the small cases, then we can find a desired
Levi subgroup. 0

5.2. Spectral gap and quasi-random-by-Abelian groups: proof of Theorem 15. Let L :=
L(c/Cy, o, ) and C' := C(ap) be the constants given by Theorem 11. Let ¢, be the smallest integer
which is at least

max{Llog |G|, 2c; ' log |H|}
For every non-negative integer 4, let Z := Zy,, be an 2'/y-step random-walk with respect to Z.
Then, similar to the proof of (42), we have

(72) P(r(Z%) =) - [H|™'| < |H|™

for every x € H.

Claim 1. For every positive integer i, every proper Z|H|-submodule N of A, and every subgroup
H C G/N with the property that @ : H — H is an isomorphism, where 7 is induced by 7 : G — H,
we have that either

. — 02
P(ry(Z®) € H) < |G|~ 50D
or |H| <cp.cy 1.
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Proof of Claim 1. Since 7 : H — H is an isomorphism, the short exact sequence
l1-A—-G—H—1
splits where A := A/N and G := G//N. Hence, there is an isomorphism 6 : H — H such that
m(0(z)) = x for every x € H, and
(73) G = AxH, U(g):=(a9),7(9))

is an isomorphism, where a(g) := g0(7(g))~'. By Lemma 6, A x H has a transitive shifted-
automorphism action on A, which is given by

(74) (a,x)-a = a(x-d).
By (73) and (74), we deduce that the following is a shifted automorphism action of G on A:
(75) g-a:=19(g)- a=alg)(7(g)-a)

Notice that the automorphism part of this action factors through the action of H on A. More
precisely, the automorphism action of G is given by the group homomorphism

6:G— Aut(A), 4(9)(@) :=7lg)-a.

Hence, by part 5 of Lemma 17, the only qg(a)—ﬁxed point of A is 1. Because H is c-quasi-random,
every H-orbit that has more than 1 element has at least |H| elements. Thus, every (}\(a)—orbit
other than {1} has at least |H|° elements. Notice that by (G5), we deduce that every a(@)—orbit
other than {1} has at least |A|* elements. Therefore, conditions (H1) and (H2) of Theorem 11
hold for the group action G' ~ A (with parameter ¢/Cy, instead of c).

Notice that we also have

~

L(p(nn(2))) = L(7(2)) = co.

Hence the condition (H3) of Theorem 11 holds for the random-variable 7y (Z).
_Altggether, we deduce that we can (and will) apply Theorem 11 for the twisted group action
G ~ A and the random-variable 7y (Z). Therefore,

C _
(76) HQ(TFN(ZQ@[O)) . Ul) 2 2—C4 lOg ‘A’ - C

for every non-negative integer i, where U, is a random-variable with values in A and P(U; = 1) = 1.
Notice that since H acts non-trivially on A,

c
1 -+ C4

Thus, when |H| is large enough depending on ¢, oy and C4, by (76), we obtain that
2

> ¢
4G, (14 Cy)

Notice that by (75), Z is in the stabilizer subgroup of G associated to 1 if and only if a(z) = 1.
This means the stabilizer subgroup of G associated to 1 is H. Hence,

(78) P(nn(Zaigy) - Uy = 1) = P(wn(Zaig,) € H).
Because P(7n(Zaig,) - Uy = 1) < 27%H2(”N(ZWO))'U1), by (77) and (78), we obtain

2

(79) P(y(Zaigy) € H) < |G|~ 5een.
This finishes proof of the Claim 1.

log |A] > clog |H|, and so by (G5) log|A| > log |G|.

(77) HQ(?TN(ZQigO)) . Ul) 10g|G|
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Claim 2. Assuming that |H| is sufficiently large as a function of the parameters ¢, «, Cy, and
Cs, for every non-negative integer i, we have that either

80 N ' t) Hy(ZD) > (1— —")log|G
(80) (No room for improvement) Hy(Z'") > ( s C4)) og |G|,
or

(81) (Gaining entropy) Hy(ZW) > Hy(ZD) + ylog |G,

where v is a positive number that only depends on ¢, C4, and Cs.

Proof of Claim 2. Let ~y be the constant given by Lemma 16 for the parameters, € := 4(ch4)’ c,
C4, and Cs. Notice that the pair of groups H, A and the group action H ~ A satisfy (G1), (G4),
(G5), and (G6). Moreover, if the random-variable Z, for a given non-negative integer i, has
room for improvement (that means (80) does not hold), then by (72), Z(® satisfies the conditions
of Lemma 16. Hence, by Lemma 16, if | H| is large enough depending only on the parameters ¢, Cy,

and Cs, then for every positive number v < v we have either
(82) Hy(Z") > Hy(Z29) + ylog |G,

or there are a proper H-invariant subgroup N of A and a Levi subgroup H of G := G/N (that
means 7 : H — H is an isomorphism, where 7 : G — H is induced from 7 : G — H) such that

(83) P(R(Z) e H) > |G|™™,

where R is a fixed absolute constant. By Claim 1, if v < Wﬁcw (83) does not hold. Hence,
(82) should hold, which finishes proof of Claim 2.

Claim 3. Suppose 7 is the positive number given in Claim 2. Let iy be the smallest integer
which is more than 1/~v. Then

(34) Hy(2) > (1 -

&
i) el

Proof of Claim 3. Suppose to the contrary that (84) does not hold. Since Rényi entropy is non-
decreasing in a random-walk, we obtain that for every non-negative integer i < ig, we gain entropy;
that means (81) holds. Therefore,

Hy(Z™)) > igylog |G| > log |G,

which is a contradiction.

Claim 4. In the above setting, L(Z) > 2io+2(1+c4)cmax{L,2cgl} if |H| is large enough, depending

on the parameters c, ag, C4.

Proof of Claim 4. By Lemma 17, G is 7% -quasi-random. By Claim 3, we have that

(85) Hy(Zyiog,) 2 (1 - m> log |G

Hence, by Proposition 2 and (85), we deduce that

c
> .
— 20%2(1 + Cy) max{L,2/co}

This finishes the proof of Claim 4 and Theorem 15.

L(Z)
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6. RANDOM-WALK ON AN EXTENSION OF A QUASI-RANDOM GROUP BY A NILPOTENT GROUP

The main goal of this section is to extend Theorem 15 to a quasi-random-by-nilpotent group.
We start by recalling the Lie algebra associated to a nilpotent group U, and state the assumptions
on the involved groups.

For a group U and every positive integer i, let 7;(U) be the i-th lower central series of U. For a
nilpotent group U of nilpotency class my, let

LU):=L1® - @ L,

where L; := % for every integer i in [1..mg]. For T := xv,41(U) € L; and § := yv,41(U) € L;,
let [Z,7] := [, y]Virj41(U) € Liyj, where [z,y] := zyz'y~'. It is well-known that [,] is well-
defined, can be linearly extended to L(U), and L(U) is a Lie ring with respect to this bracket
(see [18, Chapter VIII, Theorem 9.3]). In this section, we are going to assume that H,U , and G
are three finite groups which satisfy the following statements.

(G7) U is a finite nilpotent group of nilpotency class my.

(G8) There is a unital commutative ring R such that L(U) is a Lie algebra over R and L; can
be generated by dy elements as an R-module; notice that L; is simply the Abelianization U?" of
U.

(G9) The following is a short exact sequence

1-U—=GS H-—1,

and G/72(U) is c-quasi-random.
Now we can state the main result of this section.

Proposition 19. Suppose H,U and G are three finite groups which satisfy (G7), (G8), and (G9).
Let my,wy : G — G/72(U) be the natural quotient map. Let X be a symmetric random-variable
with values in G. Suppose L(my,w)(X)) > co where co is a positive number. Then L(X) > co
where the implied constant depends only on the given parameters my,dy, and c.

6.1. Inducing quasi-randomness. Here we show the following lemma.

Lemma 20. Suppose H,U and G are finite groups that satisfy (G7), (G8), and (G9). Then the
group G is m-quasi—mndom, where C(myg, dy) is a positive integer which depends only on myg
and d.

The next lemma is essentially proved in [14, Lemma 32].

Lemma 21. Suppose U is a finite group which satisfies (G7) and (G8). Suppose S is a subset of
U and S[U,U] =U. Then
Hc(mo,do) S = U’

where C(myg, dy) is a positive integer which depends only on my and dy.

Proof. Suppose 1, ..., %4, generate L; as an R-module. Then for every positive integer k£, we have
(86) Ly= Y ad(w;,)---ad(a;,)(L)
1<i,..,ip <do

Since S[U,U] = U, there are s;’s in S such that s;7,(U) = x; for every integer ¢ in [1..dy]. Hence,
by (86), we obtain

(87) Ly © 7Tw+1(U)(1_[(1’5(3'2'6—2) S),

where 7, @) : U = U/v41(U) is the natural quotient map. By (87), by induction on j, one can
deduce that

U/v+1(U) = 7T7j+1(U)(Hzizld§(3~2k—2) 5).
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Therefore U = [[354,)mo+1 S This finishes the proof. O
The following is an immediate consequence of Lemma 21.

Corollary 22. Suppose U is a finite group that satisfies (G7) and (G8). Then the following
statements hold.

(1) If U is a subgroup of U and U[U, U] = U, then U = U.

(2) |U| < |U2P|€mo:do) “aphere C(myg,do) is the function given in Lemma 21.

Lemma 23. Suppose A is a finite Abelian group, H is a finite group, and the following is a short
exact sequence

1 A=G5S H 1.
Suppose G is c-quasi-random. Then the following statements hold.
(1) A < [H| =
(2) If N is a normal subgroup of G and m(N) = H, then N = G.

Proof. Since H is a quotient of G and G is c-quasi-random, every non-trivial representation of H
has dimension at least |G|¢. Therefore, |H| > |G|°. This implies the first part.
Since H = n(N), G = AN. Therefore,
G AN A
N N ~ANN
Thus G/N is an Abelian quotient of G. Since G is c-quasi-random, it does not have a non-trivial
Abelian quotient. Hence, G = N. OJ

Lemma 24. Suppose U is a finite nilpotent group, H is a finite group, and the following is a short
exact sequence

1>U—=>G5S H—1.

Suppose G := G /y2(U) is c-quasi-random. Suppose N is a normal subgroup of G. If n(N) = H,
then N = G.

Proof. Let my,w) : G — G be the natural quotient map. Then Ty @) (V) is a normal subgroup
of G and H = 7(m,@)(N)). By the second part of Lemma 23, we obtain that m,¢n(N) = G.
Therefore, U** = 7.,y (N NU). Hence, by the first part of Corollary 22, N NU = U. Because,
H =mn(N)and U C N, we deduce that N = G. O

Proof of Lemma 20. Suppose p is a non-trivial irreducible representation of G. Let G := G/ kerp,
U := (Uker p)/ ker p, and H := H/7(ker p),. Then

15 UG5 H—1
is a short exact sequence where T(z ker p) := m(z)m(ker
non-trivial faithful irreducible representation of G.

Since ker p is a proper normal subgroup of &, by Lemma 23, H is a non-trivial quotient of H.
Hence, H is a non-trivial quotient of G/73(U). Therefore,

p). Notice that p(xkerp) := p(x) is a

(88) [H| > |G/%(U)]"
Notice that, by the second part of Corollary 22, we obtain
(89) G /2(U)] = |H||U| 7o,

where C'(my, dy) is the function given in Lemma 21. Hence, by (88) and (89), we obtain
(90) [H| > |H|"|U| 7o
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If 42(U) = 1, then p can be lifted to a non-trivial irreducible representation of G/, (U). In this
case, because G /v5(U) is c-quasi-random, by (89), we deduce that

c

(91) deg p > |G/ (U)|° > |H|*|U| o

If fyz(U)_;é 1, then the nilpotency class my of U is at least 2 and at most mg. Consider the
action of G on 7, 1(U) by conjugation. Since
[’Vm{]fl(U)vfﬁ(U)] C ’7m6+1(U> =1,
the conjugation action of G On Yonf _1(U) factors through G /7,(U). The conjugation action induces

an action of G on the set fymé_l(U) of equivalent classes of unitary irreducible representations of
7m6_1(U)~ Because this action factors through an action of G/7,(U), such an action has a lift
to an action of G/v2(U), and G/72(U) is c-quasi-random, we deduce that for every irreducible
representation ¢ of ymé,l(U) either g -9 = ¢ for every g € G or

(92) G-I :== {597 € G} = |G/nU).
Notice that by Clifford’s theorem (see [19, Theorem 6.2]), if ) is an irreducible subrepresentation

of the restriction of p to 4,y _1(U), then

(93) degp > [G - 0.
By (92) and (93), we obtain that either
(94) degp > |G/%(U)I* or p(gzg ') =p(T)

for every g € G and T € 7,y —1(U). The latter implies that 5(7,—1(U)) is a central subgroup of

p(G). But this is not possible as p is faithful and [U, vy —1(U)] # 1. Hence, by (94) and (89), we
conclude that

(&

deg p > |H|°|U|T0od0) > |G|Tmod .

OJ
6.2. Spectral gap and a quasi-random-by-nilpotent group: proof of Proposition 19. Let
(o be the smallest integer larger than 2c; ' log |G|. For every non-negative integer i, let Y := Xoig,
be a 2'/y-step random-walk with respect to X. Then, similar to (42), we have
(95) [P(m0) (YD) = ) — |G| < |G| 72

for every & € m, 1) (G).
Claim 1. There is a positive number vy which only depends on the parameters my, dy, ¢, and
co such that for every positive number v < o either

(96) (No room for improvement) Hy(Y ) > (1 - m) log |G,
or
(97) (Gaining entropy) Hy(Y D) > Hy(Y D) + vlog |G,

or |G| Limg.dp.cco 1 (small cases).

Proof of Claim 1. Suppose to the contrary that for a large enough (to be specified later) group
G neither (96) nor (97) hold. Then, by Proposition 1, there is an |G|®-approximate subgroup
B C @ such that

(98) |log |B| — Hy(YW)| < Rylog |G| and P(Y®Y e B) > |G|™#,
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where R is a universal constant number. By (95) and (98), we obtain

. . o () (B

99) G S B € B) < Bl (V) € () < 2PN
[T (G))]

By Corollary 22, we have

(100) |G| = |U||H| < [UP|“T 0D H| < [y 0 (G)|Cm0),

Hence, by (99) and (100), if |G|/C(modo) > 2 we have

(101) [Taa) (B)] = [T (G

If v < ¢/(6R), then by Theorem 3 and (101), we obtain

(102) To@) ([ 15 B) = T 1) (G)-

By (102) and Lemma 21, we deduce that

(103) H3C(m0,d0) B = G

By (103) and the fact that B is |G|®-approximate subgroup, we obtain that

(104) |G|1_(3C(m07d0)_1)R’7 < |B|

On the other hand, since Y has room for improvement (that means (96) does not hold), by (98),
we deduce that

c
1 loglB| < 1— ———— 1 .
(105) 08181 < (1= 5ot 10 ) 080
Hence, by (105), if v < m, then
c
106 log|B|<|1————)log|G|.
(106) o811 < (1 1t slo
By (104) and (106), we obtain
c
1—(3C dy) —1)Ry<1— ———

which is a contradiction for v < 7 This finishes proof of Claim 1.

4RC(mo,do)(3C(mg,do)—1

Claim 2. Suppose |G| >mq.do.c.co 1 where the implied constant is the one given by Claim 1 to
avoid the small cases. Suppose vo := Yo(mo, do, ¢, ¢o) is the positive number given in Claim 1. Let
ig be the smallest integer more than 1/~y. Then

(107) Hy (Y 0)) > (1 log |G.

c
B ZC(mo, do) )
Proof of Claim 2. Suppose to the contrary that (107) does not hold. Since the Rényi entropy
is non-decreasing along a random-walk, we deduce that (96) does not hold for every non-negative
integer i < ig. Hence, by Claim 1, for every non-negative integer ¢ < 7y, we should gain entropy;
that means (97) should hold. Therefore,

Hy(Y) > log|G,

which is a contradiction. This finishes proof of Claim 2.
Finishing proof of Proposition 19. By Lemma 20, G is m—quasi—random. By Claim

2,
c
Ho(Xoigp ) > [1 — ————— ] 1 ;
2( 2 zo) = ( QC(mo,do)) og]G|
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and so by Proposition 2, we obtain

CCp
X) > — .
E( ) B 2’0+3C(m0,d0)

This finishes our proof of Proposition 19.

7. CHECKING (G1)-(G9) FOR CERTAIN GROUPS

In this section, we are going to prove that certain family of finite groups satisfy the properties
(G1)-(G9). The main intention of these results is to provide examples on how to apply Theorem 12,
Theorem 15, and Proposition 19. These results are not intended to be viewed as the best of their
type.

7.1. Product of finite almost simple groups of Lie type and (G1), (G2), and (G3). Here,
we recall results about finite simple groups of Lie type and study finite product of such groups.

Proposition 25. For every integer 1 < ¢ < m, suppose g; is a power of a prime p;. Suppose F,
is a finite field of order q;, and H; is an absolutely almost simple F,,-group. Let H; := H;(F,,)" be

the subgroup generated by the elements of order p;. Suppose there is a positive number C' such that

log | H;
(108) ot < lslHil
log ||
foreveryl1 <i,5 <m. Let H: = H,®---&® H,,. Then H 1is c-quasi-random where c is a positive
number which only depends on m,C, and max{dimH;| 1 <1i < m}.

Proof. By [22], for every i, there is a positive number ¢; which only depends on dim H; such that H;
is ¢;-quasi-random. Suppose p is a non-trivial irreducible representation of G. Then the restriction
of p to at least one of the H;’s is non-trivial. Hence, by the fact that H; is ¢;-quasi-random and
(108), we have

min{c;| 1<i<m}

degp > min{|H;|%| 1 <i <m} > |H| =D+

Therefore H is %—quaﬁ—random. ([l

Cq

Next we address the (G3) property.

Proposition 26. For every integer 1 < ¢ < m, suppose g; is a power of a prime p;. Suppose F,,
is a finite field of order q;, and H; is an absolutely almost simple F,,-group. Let H; := H;(F,,)"
be the subgroup generated by the elements of order p;. Suppose H := @, H;. Then, there is a
constant C'" which only depends on max; dimH; such that, for every x € H,

Z(H) 1o Cl(x) 2 N,
where N, is the smallest normal subgroup of H which contains x.

Proof. Notice that if x = (z1,...,2,,) € H, then Cl(x) = Cl(z1) X - -+ x Cl(z,,). Hence, for every
positive integer C', we have

(109) Z(H) [1o Cli(x) = T2 (Z(Hi) [T Clwi)-
By [23, Theorem 1.1] (see also [28, Theorem 7.1]), there is a fixed positive integer a such that
(110) H; = Z(H;) HaLlog|H¢|/log|Cl(x¢)|J Cl(x;)

if x; ¢ Z(H;). By [22], H; is c-quasi-random for some positive number ¢ which only depends on
dim H;. Hence,
log | H;| 1

111 k= el B
(1) log | Cl(z)] =
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if z; ¢ Z(H;). By (110) and (111), we conclude that

Z<H) HLa/cJ Cl(‘r) 2 Z(H) @xlgz(Hl) Hl 2 Nx
0

Finally, we point out that the order of the center of a semisimple group can be bounded by its
dimension from above.

Lemma 27. For every integer 1 < i < m, suppose g; is a power of a prime p;. Suppose [Fy. is a
finite field of order q;, and H; is an absolutely almost simple F,,-group. Let H; := H;(F, )t be the
subgroup generated by the elements of order p;. Suppose H := @." | H;. Then,

|1Z(H)| < log|H]
if |H| is sufficiently large depending only on m and max{dim H;}.

Proof. Suppose 7; is the absolute rank of H;. Then |Z(H;)| < r;+1. Hence |Z(H)| < [[2,(1+7r),
which finishes the proof. 0

7.2. Certain unipotent group schemes over rings with large characteristic. In this sec-
tion, we study unipotent closed subgroups of (GL,)4 where A is a unital commutative ring whose
characteristic is either 0 or large compared to n. In order to formulate the main result of this
section, we start by reviewing the definition of the exponential and the logarithmic maps.

The exponential and the logarithmic maps can be viewed as elements in the ring of power series
with coefficients in Q. We have

oo [e.9]

. i
exp(x) = Z; i log(l—z):=— z; - exp(logx) =z, and log(expz) = .
We view them as functions and evaluate them whenever that makes sense.

Let N_11;ZL and @I be the closed Z-affine schemes given by the following functors:

Nil; (A) := {2 € gl,(A)| x5 = 0if i < j},
and
Unif(A) :={u € GL,(A4)| uj; =0 if i < j and u; = 1 for every i}.

In this section, the 7, j entry of a matrix z is denoted by z;;. Notice that for every ring A and
T € M:{ (A), we have 2™ = 0. Hence, exp and log define isomorphisms between (N_ﬂ;r )z and
(Uni; )z /my-

Now, we state the main result of this section. This result will be used to study the fibers of a
smooth unipotent Z[1/q]-group scheme over points in a Zariski-open subset of Spec(Z[1/qo]).

Proposition 28. Suppose A is a unital commutative Z[1/n!]-algebra. Suppose u is a Lie A-
subalgebra of NilT(A). Let u; = u and w1 = [u,u] be the Abelian subgroup of w which is
generated by {[z,y]| x € w,y € w;}, for every positive integer i. Let U; :== expu; for every positive
integer. Then

7i(Uh) = U;
for every positive integer i.

The following is a consequence of Proposition 28 that will be used in this work. This result
has two key points. (1) In general, there is no satisfactory theory of lower central series for group
schemes. Here, for very special group schemes, with the help of the exponential and the logarithmic
maps, we define certain subschemes that can be viewed as lower central series. (2) We study the
set of rational points of the lower central series of fibers over closed points of the considered group
schemes, and describe the Abelianization of these fibers.
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Proposition 29. Suppose U is a subgroup scheme Ofm:fz[l/q—o] and Ug 1s an algebraic subgroup
of @f{@. Then there exists a positive multiple qo of lem(n!, Gg) for which the following statements
hold.
Suppose u = Lie(U)(Z[1/q]). Let uy := u and u;y = [u,u;]. Suppose F is a field whose
characteristic is either O or not dividing qo. Then,
(1) Uspi/qo) 18 @ smooth group scheme. In particular, the following statements hold:
(a) Up is a unipotent algebraic group over F.
(b) There is a natural A-module isomorphism

ta : Lie(Ugp jg0) (A) = 1 @zp1/gy) A

for every unital commutative Z[1/qo]-algebra A.
(2) For every positive integer i, there is a smooth subgroup scheme Vi(Uzp /401) Of Uz /qo) With
the following properties:
(a) For every unital commutative Z[1/q]-algebra A, we have

%(Qzu/qo])(A) = eXP(LZl(ui Qz[1/q0] A)).

(b) For every unital commutative Z[1/qo]-algebra A, we have

Yi(Uzpg0) (A) = % (Uzp /g0 (A)),

where 7i(Uzp 401 (A)) 18 the i-th lower central series of the group Uz jq1(A).
(¢) For every positive integer i, we have Vi(Ugzp jg0))r = Vi(Up) where vi(Up) is the i-th
lower central series of the algebraic group U .
(8) For every positive integer i and every unital commutative F-algebra B, we have

Yi(Up)(B) = %(Up(B)).

(4) Let U be the Abelianization of the F-algberaic group U.. Then there is a natural B-module
isomorphism fg : U (B) — (u/ug) @701 /4] B which is a composite of natural isomorphisms,

N N B
UP(B) Ur(B) U ®z[1/q0)
Y (Up)(B) Uz ®zj1/q) B

and the second isomorphism is induced by tp o log.

= (u/uz) ®zj1/q) B

Before we get to the proof of Proposition 28, we recall some basic properties of the exponential
and the logarithmic maps. Viewing exp(z) and exp(y) as elements of the non-commutative ring
Q{(x,y)) of power series with variables z and y, the Baker-Campbell-Hausdorff-Dynkin formula
states that z#y = log(exp(z) exp(y)) is equal to

= (-1 !

(112) ~— - k Zmn(7,Y),
; k mmizgn:ﬁnpo (> izi (mi +ni)) [Ty (malng!)

where m := (my,...,my), n:= (nq,...,nx), and

Zmn(z,y) =z, ..,2,y, .. Yy, T, 2y, y) = ad(2)™ ad(y)™ - -ad(y)"’“_l(y)
——— —— ——— ——

m1 ni mp Nk

is a long commutator. Notice that for every commutative ring A and z1,...,7, € Nil'(A4), we
have z; - -+, = 0. This implies that ad(x;)---ad(z,_1)(x,) = 0 for every zy,...,z, € NilT(A).
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Therefore, Zmn(z,y) = 0 for every x,y € Nil'(A) if ||ml|; + ||n|; > n. Hence, for every unital
commutative Z[1/n!]-algebra A and z,y € Nilt(A),

(113)  z#y = Z_: (_1]3 - Z % = Zmn(2,7).

k
k=1 mi,ni>0,m;+n;>0,||m||1+||n||; <n (Z¢:1(mi + 1)) Hi:1(mi!”i!)

We refer to (113) as the n-truncated BCHD formula. Notice that since the multiplication in
Uni'(A) is an associative operation, so is #; this means for every x, v,z € Nilt(A), we have

r#(y#z2) = (2#y)#z.

Lemma 30. Suppose A is a unital commutative ring, n is an integer, and n! € A*. Suppose u is
a Lie subalgebra over A of Nil' (A). Then exp(u) is a subgroup of Uni (A).

Proof. This is an immediate corollary of the n-truncated BCHD formula. U

For a Lie ring u, let u; := u and u; 41 := [u;, u] be the Abelian subgroup generated by [z, y|’s as
x and y range in u; and u, respectively. Notice that because

ad([z, y])(2) = ad(z) ad(y)(z) — ad(y) ad(z)(2),
for every x,y, 2z € u, we have
(114) [, 03] € ug,

where the left hand side is the Abelian subgroup generated by {[z,y]| x, € w;,y € u;}. For every
z € u\ {0}, let v,(x) be the largest positive integer i such that = € u;. Let 14,(0) := oo. Notice
that by (114), we have

(115) n(lz,9]) 2 w(@) + nly),

for every x,y € u. It is worth pointing out that v, satisfies the usual valuation properties; that
means v, (z £ y) > min{y,(z), v,(y)} and equality holds if v, (x) # 1, (y).
Based on (115), the following is an immediate consequence of the n-truncated BCHD formula.

Lemma 31. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie subalgebra over A
of Nil"(A). Then, for x,y € u,

6 () - o gleal)) 2 ) +al) + minfuo), )

(117) Vu (x#y#(—fc)#(—y) - [x,y]> > () + vu(y) + min{w(z), n(y)},

and fm’ some vy € eXp(uyu($)+yu(y)+min{Vu($)7Vu(y)})

(118) exp([z, y]) = v[expx, expy],

where [exp z,expy] = (expx)(expy)(expx)(expy)!.

Proof. We leave (116) to the reader to verify based on the n-truncated BCHD formula. Let
i :=vy(x) and j := v,(y). Using (116) for —z and —y, we obtain

1
(119) (=2)#(~y) € —v =y + Sz Y]+ visjrmingig)-
Another application of (116) together with (119) and (114) implies that,

(w0 =0) € (o)) + (=o= 0t 5100l ) st = 03] i
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Finally, we again use (116) together with (117) to obtain

[% y]#(y#x#(—y)#(—x)) € [37»?/] + [y, 5”] F Uit jpmin{ij} = Witjtmin{ioj}-
Hence,
exp([z, y])[exp z, expy] " € exP(Uitjimin{ijy)-
O

Lemma 32. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie subalgebra over A
of Nil*(A). For every positive integer i, let U; := exp(w;). Then, the following statements hold.

(1) Uy 2 --- DU, is a chain of normal subgroups of Uy, and U, = {1}.
(2) For every positive integers i and j, [U;,U;] C Uyy; in particular, v;(Uy) C U; for every
positive integer 1.

(3) If v,y € u;, then exp(xz +y) € (expx)(expy) Us;.
Proof. By Lemma 30, we know that U;’s are subgroups and clearly Uy D --- D U,. Since x1---x,
is 0 for every zy,...,z, € Nilt(A), u, = 0. Thus, U, = {1}.

For every x € u and y € u;, we have
Ad(exp(z))(y) = exp(ad(z))(y) € w;.

Hence, for every x € u and y € u;,

exp(z) exp(y) exp(z) ™! = exp(Ad(exp(z))(y)) € Us.

This implies that for every positive integer ¢, U; is a normal subgroup of Uj.
Suppose = € u; and y € u;. Then, by (118) (in Lemma 31), we obtain

[exp x,exp ?J] S Ui+j+min{i,j} exp([x,y]) C Uiy

Hence, [U;,U;] € Uy;. Now, by induction on ¢, we deduce that ~;(U;) C U; for every positive
integer 1.
By (116) (in Lemma 31), we have

(@ + y)#(—y)#(—2)) € uz

for every positive integer ¢ and z,y € u;. Therefore, in this case, we have

exp(z +y)(expy) *expx) ' € Uy.

0
In the next lemma, we estimate the logarithm of a long commutator. For gy, ..., gmi1 € Uni'(A),
we define the long commutator [g1, ..., gms1], recursively. Let ¢; := ¢y and ¢ 41 := [gir1,¢] for

every positive integer ¢ < m.
Lemma 33. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie subalgebra over A
of Nilt(A). Suppose m is a positive integer and xq, . .., T, € u. Then

vy(loglexp(zm), .- . exp(xo)] — [Tm, - - -, To]) > Z vy () + min{w, (2;)] 0 < @ < m}.

Proof. We proceed by induction on m. Notice that by (117)
w(loglexp z, expy] — [z,y]) = wi(x) + m(y) + min{vy(z), n(y)},

which implies the base of induction. Next, we prove the induction step. Suppose the claim is true
for m, and we want to prove it for m + 1. Let

z = loglexp(zn), - - ., exp(xg)]-
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Then by (117), we have

(120)  vu(0glexp(@m 1), exp(2)] = [Tmi1, 2]) = tel@min) + (=) + min{ra(@msn), (=)}
By the induction hypothesis, we obtain

(121) vz = [Tm, -, z0]) > zm: vy(z;) + min{w,(x;)] 0 <7 < m}.
=0
By (121) and (115), we deduce that
met1
(122) n([Tm1s 2] = [Tmet1s - - - To)) > i: vu(x;) + min{yy(2;)] 0 < i < m}.
i=0
By (115), vy([Tm, - -, o)) > D oiry vul(;). Hence, by (121), we obtain
(123) n(z) > Y v(z5).
=0
By (120), (123), and (122), we obtain that
m1
vu(loglexp(zmy1), - - -, exp(zo)] — [Tm1s - - -5 To]) > i: V() + min{w,(x;)] 0 <7 <m + 1}.
i=0
This finishes proof of the induction step. 0

Corollary 34. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie subalgebra over
A of Nilf (A). For every positive integer i, let U; := exp(u;). Then, for every positive integer m
and xq, ..., T, €U,
exp([Tm, - -+, o)) € [€XP Ty, - - ., €XP T0|Uppya.
In particular,
exp([Tm, - -+, o)) € Ym+1(U1) Upga.

Proof. By Lemma 33, we have

(124) vy(loglexp T, . . ., exp x| — [T, .., X)) > Z () + min{wy(2;)] 0 < i < m}.
i=0
In particular, we obtain
(125) vy (loglexp zp, . . ., exp xg]) > Z vu(24)
=0

as (115) implies that vy ([T, ..., 20]) > D oimg vul;).
By (116) and (124), we obtain

vu(loglexp T, - . ., exp Xo]#(—[Tm, - - -, o)) > Z V() + min{w, (2;)] 0 <@ <m} >m+ 2.
i=0
Therefore,
[eXp Ty, - . ., exp o] exp([Tp, - - -, T0]) ™ € Uppo.
This finishes proof of this corollary. ([l
Lemma 35. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie subalgebra over

A of Nilt(A). For every positive integer i, let U; := exp(w;). Then, v,_i(Uy) 2 U,_; for every
non-negative integer i < n — 1.
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Proof. We proceed by induction on i. By part 1 of Lemma 32, U, = {1}, and so the base of
induction follows. Suppose U,_i+1 € Yn_ir1(U1). We want to prove that U,_; C ~,_;(Uy). If
i =n — 1, there is nothing to prove as 7, (U;) = U;. So without loss of generality, we can and will
assume that n —i¢ > 1.

By Part (3) of Lemma 32, U,,_;/Us(,—;) is generated by cosets that are represented by elements
of the form

(126) exp([z1, ..., Tpi)).

Hence, U,_;/U,_;+1 is generated by cosets that are represented by elements of the form given in
(126). By Corollary 34,

eXp([Ily e ,ZEn—z‘])Un—iH € %—i(U1)Un—i+1-
Therefore, U,_; C v,—;(U1)Upn—_i+1. By the induction hypothesis, we obtain that U,_; C ~,_;(U1).

OJ
Proof of Proposition 28. By Part (2) of Lemma 32, for every positive integer i, we have
7i(U1) € Us,
and by Lemma 35, for every positive integer i, we have
7i(Ur) 2 Us.
Therefore, the claim follows. O

Proof of Proposition 29. By the spreading out results ([16, Theorem 9.7.7 and Theorem 12.2.4]; see

also [14, Theorem 40 and Section A.1] for an effective version), since Uy, is smooth and irreducible,

there is a positive integer go such that Uy, /4 18 smooth and the fiber Uy 5 is a connected algebraic

group defined over Z/pZ and it is of dimension dim Uy, for every prime p which does not divide go.
Since Uy /4, 18 & smooth group scheme, there is a natural A-module isomorphism

(127) va: Lie(Uzp /go) (A) = 4 ®zp1/q0) A
for every Z[1/qo]-algebra A, where u (see [7, Chapter II, Section 4, Proposition 4.8]). This implies
part (1).
By (127), t4 induces an isomorphism
(128) La Lie(QZ[l/qo])(A)i — U Qz1/¢) A

for every positive integer i, where

Lie(QZ[l/qo})(A>i = [Lie(QZ[l/qo])<A)7 e 7Lie(QZ[l/qo])<AZ]'

-

vV
2-times

By passing to a multiple of gy, we can and will assume that Nil* (Z[1/qo]) /u; is a free Z[1/qo]-module
for every positive integer 7. Hence, for every positive integer ¢, u; defines a smooth subscheme of
Nil". Because exp : Nil' Z)g0] @:{Z[l Jgo) 18 @ Z[1/qo]-scheme isomorphism and because of
Lemma 30, for every positive integer ¢, the following functor from the category of Z[1/qo]-algebras
to the category of groups is a subgroup scheme of Uy /401,

(129) A= exp(iy' (W ®zp1/g0] A))-

We denote this subgroup scheme of @ZZH Jgo] DY Yi(Uzf1/q)) (it should be said that this is only
a notation, and it does not mean the i-th lower central series of the group scheme Uy o1 as it
was mentioned earlier there is no satisfactory theory of lower central series for an arbitrary group
scheme). This implies part (2a).
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Notice that v1(Uzp /4]) = Uzpi/qo) @8 the logarithm of this group scheme gives us the Lie algebra
of Uz1/4 and log : mj{Z[l/qo] — N_ﬂzzu/qo} is an isomorphism of Z[1/qo]-schemes. Furthermore,
by definition, v;(Uzy /) 18 isomorphic to its Lie algebra, and for every unital commutative Z[1/qo]-
algebra A, 14 induces an isomorphism

(130) va s Lie(Vi(Uzp go)) ) (A) = Wi @21 /g0) A

By (130), we deduce that for every field F" which is a Z[1/qo|-algebra, vi(Uzp /4,)) F is a connected
algebraic group over F'.

On the other hand, since U is a connected F-algebraic group, for every positive integer i, we
can define its algebraic i-th lower central series v;(Uy), it is a connected F-algebraic subgroup of
Uy, and for every F-algebra B,

(131) Lie(7;(Ur))(B) = Lie(Ur)(B);

(see [7, Chapter II, Section 5, Propositions 4.8 and 4.9, and Chapter II, Section 6, Proposition
2.3]). By (128), (131), and (130), we conclude that

(132) Lie(7:(Ur))(B) = Lie(7i(Uzp q0))) (B),

for every positive integer ¢ and F-algebra B. By (132) and the fact that both F-algebraic groups
Yi(Up) and 7i(Uz /4, )F are connected, we deduce that

(133) Yi(Ur) = 7%iUzp g0 F-
This implies part (2c).
By (129) and Proposition 28, we obtain that

(134) YUz /001 (A)) = YUz o) (A)

for every unital commutative Z[1/qo]-algebra A; and so part (2b) follows.
By (133) and (134), we obtain that

(135) %(Up)(B) = %(Ur(B)) = exp(ty' (W @zp1/q) B))

for every unital commutative F-algebra B; this finishes proof of part (3).
Since Nilt(Z[1/qo])/uz is a free Z[1/qo]-module, so is u/u,. Hence, there is a natural A-module
isomorphism

TA: (u Xz[1/q0] A)/(ug Qz[1/q0] A) — (u/ug) Xz[1/q0] A
which sends © ® 1 4 (ug ®z[1/4 A) to (z + uz) ® 1. Let

Fa e Uspy g (A) = (/1) ®@z11/09 A, fa(z) = malealog ) + (42 @z /g A))-

By Lemma 32 and (129), it follows that ]7,4 is a natural group homomorphism, it is surjective, and
its kernel is 7o (Uzj /4,)(A). Hence, the following is a natural group isomorphism:

o Uapyg(A)
e (Qzu/qo])(A)

By (133) and (136), we obtain that for every field F' which is a Z[1/qo]-algebra B, fg induces a
natural group isomorphism:

(136) fa = (u/u2) @zpija) A Sa(@(12Uzpayg)) (A)) 1= Falw).

Ur(B)
72(Ur)(B)
Since Y2(Uy/q,)) and its Lie algebra are isomorphic as Z[1/go]-schemes, by (133) 72(Up) is a

connected F-split unipotent F-algebraic group. Hence, by [29, Theorem 14.2.6], U is isomorphic

= (u/uz) ®zp1/4) B.
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to (Up/72(Ugr)) X v2(Ugr) as an F-variety. Therefore, for every F-algebra B, there is a natural

isomorphism
B ~
Y2(Up)(B) %2(Ufp)
Altogether, we get a natural isomorphism (that we still denote by fg)
f5: UR(B) = (u/uz) @z /) B

where B is a unital commutative F-algebra and U2 is the Abelianization of the F-algebraic group
Up. O

7.3. Modules of product of finite almost simple groups of Lie type and (G6). The main
goal of this subsection is to prove (G6) for certain modules of product of finite almost simple
groups of Lie type.

Suppose F' is a finite field of characteristic p and order q := p" where n is a positive integer.
We start by studying representations of SLy(F') over F. For every positive integer m, SLy(F') acts
linearly on the space
(137) Vin(F) :== {Z ax'y™ " | o, ... Cm € F}

i=0

of homogeneous polynomials of degree m with variables x and y over F'. This action is given by

(CCL Z) . f(x,y) = f(ax + cy, bx + dy).

Let ¢ : I — F,¢(x) := 2P; let’s recall that ¢ generates the group of automorphisms of the field
F and it is of order n. Notice that ¢ induces an automorphism of SLy(F") that we still denote by
¢. Let F[SLy(F)] be the group ring of SLy(F) over the field F'. For an F[SLy(F')]-module M and
every integer i, We get a new module M@ where the Abelian group of M is the same as M and
for every = € M and h € SLy(F'), we have

h-z:=¢"(h)x

where ¢'(h)x is given by the action of H on M. For instance, the action of SLy(F') on VTS)(F) is
given by

(& 0) F@) = fl@ + &y ).

c
For every integer vector m := (mq, ..., m,_1) € [0,p — 1]", let
Vin(F) := VOI(F) @5 - @p VD (F),

and view it as F[SLy(F')]-module where
g (fo® @ far1) =g o) ® - ® (g fa-),

for every g € SLy(F') and (fo,..., fn1) € Vng%)(F) X e X szfl (F). Notice that Vi, (F') can be
identified with the set of polynomials in variables xg, yo, . . . , Tsn_1, Yn_1 Over F' that are homogeneous
of degree m; in variables x; and y;, and g acts on z; and y; as in VW(L (F); this means we can and

will view elements of Viu(F) as
Sall o

where the integer vector i := (ig,...,4,_1) ranges in the set H;:OI [0,m;] and ¢; € F'.
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The following is an important result of Brauer and Nesbitt (see [4, Section VI.30]) that has been
generalized by Steinberg (see [30]).

Proposition 36 (Brauer-Nesbitt). Suppose F is a finite field of characteristic p and order q :== p™.
For every integer vector m in [0,p — 1|, Vin(F) is a simple F[SLy(F)]-module and every simple
F[SLy(F)]-module is isomorphic to Vi (F') for some such integer vector m.

Let ut(t) := (é 115), u(t) = (1 (1)> for t € F', and

Ut ={utt)|teF} and U ={u (t)|te F}.

The following Lemma is essentially proved in the mentioned works of Brauer-Nesbitt and Steinberg.
But for the reader’s convenience, we include its proof.

Lemma 37. Suppose F s a finite field of characteristic p and of order q := p™. Suppose m is a
non-zero integer vector in [0,p — 1]". Then the set Vi (F)U" of fized points of Ut is equal to
Py,

and the set Voo (F)V"™ of fized points of U™ is equal to
Fyg® -y,

Proof. Suppose h(Zo, Yo, - - -, Tn—1, Yn—1) := D ; Gi H;:Ol :vj-jy;-nrij is in Viu(F)Y". View h as a poly-

nomial in variables x, ..., x,_1 over the ring of coefficients F[yo,...,yn_1]. We consider the lexi-
cographic ordering on the monomials in terms of xg,...,x,_1, and accordingly define the leading
term of a polynomial in (F[yo,- ., Yn-1])[T0,- -, Tn_1]-

Mnp—1

Suppose to the contrary that h is not a multiple of z(* ---x,"". Hence, without loss of gener-
ality, we can and will assume that the leading term of A is of the form

n—1 n—1
mj—ij ij
allv" 114

j=0 Jj=0

for some i # m. For every t € F, we have

n—1
h=ut(t)-h=> ]} W+ t"z)m "
i j=0

For every i, the leading term of ¢ H;:Ol x? (y; 4+ t7 ;)™= is equal to

42520 (m=ij)p? pmo | mae
it Ty T, 1 -

These add up to >, et 25=0 (Mi=i)P times zg - x;" ", Since the leading term of h is not a
multiple of 2y - - - a,"; !, we deduce that

n—1 »
Z CitZ}Zol (m;—=is)p’ _

for every ¢ € I. Because m;’s are at most p — 1, the single variable polynomial
Z cia o (ms=is)p?

is of degree at most ¢ — 1. Since this polynomial has at least ¢ distinct zeros, we obtain that this is
the zero polynomial in F'|z]. Notice that the function i — Z;:& (mj —1i;)p’ from the set of integer
vectors iin [0, p—1]” to the set of integers is injective. Hence, > . cingol (mi =)0’ — () implies that
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¢; = 0 for every i. This means A = 0 which is a contradiction. By a similar argument, one can
show that

Ve (F)YV = Fyg®...ymmt.
L]

Before we continue with understanding modules of SLy(F'), we prove a Waring’s problem type
of result for finite fields. Let’s recall that Hardy and Littlewood used Fourier analysis to show
that for every integer k£ there is a positive integer C} such that every non-negative integer can
be written as a sum of Cj elements in {z* | * € Z}. Based on the same principle and certain
exponential cancellations, this type of problem have been studied for various finite rings including
Z/mZ and finite fields. Refined versions of the mentioned Fourier analytic approach, in the finite
field case, leads to sharp bounds for Cj. This sharp bound, however, comes with a cost. One
needs to assume that ged(|F*|, k) is less than /[F]; this is not a precise inequality, but rather an
indication of the magnitude of the upper bound as |F| gets larger. In our work, we cannot impose
this condition on k. So we use a sum-product result to obtain a desired Waring’s problem type of
result for finite fields. The aforementioned sum-product result is implicitly proved by Bourgain,
Katz, and Tao [2, Theorem 4] and explicitly formulated (and proved) by the first author in [11,
Lemma 43].

Lemma 38. For every ¢ > 0, there is a positive integer C. such that the following statement hold.
Suppose E is a finite field. Suppose k is a positive integer which is at most |E|'=. Then

Do (B =3 (BX)F
is equal to the subfield generated by (E*)*.

Proof. Notice that = + z* is a group homomorphism from the cyclic group E* to itself and its
image is (E*)*. Hence,

- £ £~
1 xX\k = | >
(138) IE7) Hee E|ak=1} = k

if |[E| >. 1. In particular, for |E| >. 1, there is a € E* such that o # 1. Let 3 := o* — 1, and
B =7 (B*)" — (E)").

Then 0,1 are in B and |B| > |E|*/2. Therefore, by (138) and [11, Lemma 43], there is a positive
integer C" := C! depending only on ¢ such that

(139) Yoo B~ Yo Tl B

is a subfield K of E. Notice that since (E*)* is a subgroup of E*,

(140) [Tor B =87 (Cacr1(BX)F = Yper 1 (EX)F).

Thus, by (139) and (140), we obtain

(141) B (T prgers (B = Egora(B)) = K

is a subfield of E. Multiplying both sides of (141) by (E*)*, we deduce that
K = (E*)*K;

and so (E*)* C K. Therefore, the subfield generated by (E*)* is a subfield of K. On the other
hand, since (E*)* C K, 8 € K. Thus, by (141), we have

K= 20/20171<Ex>k - chgc'fl(EX)ka

> |E|e/2
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which implies that K is generated by (E*)* as a subfield of E. This means K is the subfield
generated by (E*)*. The claim follows for fields E whose order is large enough in terms of . For
small fields, the claim is clear. O

Next, we describe F,[SLy(F)]-submodules of Vi, (F) where F is a finite field of characteristic p.
Suppose the module structure of Vi, (F) is given by the representation py, : SLo(F) — GL(Vin(F)).
Let F be an algebraic closure of F. For a subfield E of F which is either a subfield of F or an
extension of F, let Ay C End#(Vin(F)) be the E-span of pp, (SLy(F)). Then A is an E-subalgebra
of Endz(Vim(F)). By Proposition 36, Vi, (F) is a simple F[SLy(F)]-module. Therefore, for every

field extension E of F, we have that A = Endg(Vim(E)). Let do(m) := [/, (m; + 1) and notice

that dy := do(m) is the dimension of Vi, (E) over E. For every integer vector i := (ig,...,in1) €
17 [0, mi), let e == H’j:& Y]’ € Vin(F,). Notice that e;’s form an E-basis of Vin(E). Using

this basis, we can and will identify Endg(Vin(E)) with My, (E).

Notice that the domain of py, is always SLy(F'), and so for a subfield E of F', Ag is a subalgebra
of My, (F'), and it is not necessarily a subalgebra of M (). In the next lemma, we describe the
algebraic structure of Ag.

Lemma 39. Suppose E is a subfield of F'. Then in the above setting, there exist g € GLy, (F') and
a subfield L of F such that Ag = g Mg, (L)g™".

Proof. Suppose J is the Jacobson radical of Ag. Since Ag is a finite-dimensional E-algebra, J is
a nilpotent ideal (see [27, Proposition 4.4]). Then the F-span of J is a nilpotent ideal of My, (F').
Therefore J = 0. Because Ag is a finite-dimensional E-algebra and its Jacobson radical is 0, Ag
is a semisimple E-algebra (see [27, Proposition a]).

Suppose [ is an ideal of Ag. Then there is a central idempotent e € A such that I = eAg
(see [27, Section 3.2, Exercise 3|). Because the F-span of Ag is My, (F) and e is a central element
of Ag, e is in the center of My, (F'). As the center of My, (F') is F, e is an idempotent element of
F'. Because the only idempotent elements of a field are 0 and 1, we deduce that e is either 0 or 1.
This implies that [ is either 0 or Ag. Hence, Ag is a simple algebra. By the Wedderburn-Artin
theorem (see [27, Section 3.5]) and Wedderburn’s little theorem (see [27, Section 13.6]), Ag is
isomorphic to M, (L) for some field extension L of E and positive integer r. Moreover, L is the
center of Ag, and so it is a subfield of the center of the F-span of Ag. Therefore, L is a subfield
of F. Since the F-span of Ag is equal to My, (F), by [27, Proposition a, Section 12.4], there is
a well-defined isomorphism Agp ®; F' — My, (F) which sends = ® ¢ to cx. Hence, r = dy, which
means Ap =~ Mgy, (L). We view Ap and My, (L) C Endp(F%) as two isomorphic L-central simple
subalgebras of Endy,(F%). Then, by the Skolem-Noether theorem (see [27, Section 12.6]), there is
an invertible g € Endy (F'%) such that A = g Mg, (L)g~* (all viewed as subalgebras of Endy (F%)).

Claim. We can choose g from Endp(F%).

Proof of Claim. Notice that Endg(F) is the centralizer of I in Endy,(F%), where F is embedded
in Endy,(F%) via the scalar multiplication

ly : F — Endp(F®), 14,(c)(v) == cv,
for every ¢ € F and v € F%. Notice that for every positive integer 7, the scalar multiplication
l,: FF— Endg(F"), [l.(c)(x):=cz,

is a ring embedding.
For every ¢ € F'\ {0}, we have

ldo (C)g Mdo (L)g_lldo (C)_l = ldo (C)AEldo (C)_l - AE =g Mdo (L)g_17
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which implies that
(142) 9 gy (c)g € Crind, (7o) (May (L)),

for every ¢ € F' (this is the centralizer of My, (L) in Endy,(F%).). Notice that F% can be identified
with L% ®; F as an L-vector space, and via this identification, ¢ € F acts via multiplication by
1 ®cand x € My, (L) acts via multiplication by # ® 1. From this point of view, it is clear that
L-linear maps of the form 1 ® y where y € End,(F') are in the centralizer of My, (L). Choosing
an L-basis {cy,...,cp.r)} for F, one can see that e; ® ¢;’s form a basis for L% @; F where e;’s
form the standard basis of L%. We use this basis and identify Endy,(F%) with Mg,p.(L). Now,
a direct computation shows that the centralizer of My, (L) ® idjp.;) in Endy (L% ®; F) is precisely
idy, ® Endy(F); in the matrix form this means

(143) CMdO[F:L](L)(MdO(L) (%9 ld[FL]) = {iddo KT | T e EHdL<F)},

where here ® denote the Kronecker product of matrices. By (142) and (143), we obtain a function
f: F — Endg(F) such that

(144) g(ida, ®li(c))g™" = ida, ® f(c),

where as above ® is the Kronecker tensor product of matrices and l;(c) : F' — F' is given by
the scalar multiplication. From (144), we deduce that f is a ring embedding. Since F' is a finite
field, there is ¢y € F' such that F' = L[cg]. Suppose my, r(z) is the minimal polynomial of ¢,
over L. Then f(cy) is an [F : L]-by-[F : L] matrix over L whose minimal polynomial is equal to
Me,,1,- Notice that degm,, , = [F': L], and so the rational canonical form of f(cy) is equal to the
companion matrix of my, . Therefore, f(co) and l;(cy) have the same rational canonical forms.
Hence, they are conjugate of each other in Mjp.1j(L). So, there is gy € Endy(F) such that

(145) 90 'l (€)g0 = f(c)
for every ¢ € F'. By (144) and (145), we deduce that
(146) g™ (idgy ®11(c))g™" = ida, ®gg L (c)go = (iddy ©90) " (iday @11 (c))(iday @90),
for every ¢ € F. Therefore
(147) g = g(idg, ®90) " € Cpna,(pm)(F) = Endp(F");
(under the mentioned identifications). Notice that
(Mo (L) @ idpur))g~" = 9(Ma (L) @ idjpur))g ™" = Ap.

The Claim follows. O
From the previous Claim, we obtain that there exists g € GLg,(F) such that Ag = g My, (L)g™".
0J

The following result is an immediate consequences of Lemma 39.

Corollary 40. In the above setting, suppose g € GLg4 (F) and a subfield L C F are as in
Lemma 39; that means Ap = gMg,(L)g~'. Suppose g~'f = (ci,...,cq,) € F®. Then there
is a subset Jr of {1,...,do} such that

(148) My =P ¢;(gL®),
jEJf

where My is the Agp-module generated by f. Moreover, if N is a submodule of My, then there is a
subset Jy ¢ of J¢ such that

JEJIN,f
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Proof. Notice that for every vy, ..., vq, € L%, there is x € Mgy, (L) such that ze; = v; where e;’s
form the standard basis of L%. Then,
do

> cilgu) = gulg ™' f) € My,

=1

which implies that Z?il ci(gL%) C M;. Because Z?il ci(gL%) is an Ag-module and

do do
F=> clge) €Y eilgl®),
=1 =1
we deduce that
do
(149) My =Y ci(gL®).

i=1
Choose a subset Jy of {1,...,dp} in a way that {¢; | j € J} is an L-basis of Zjozl Lc;. Then for

every i, ¢; = ) e J; 4;¢; for some a; € L. Therefore,

ci(gL®) €Y ei(gL®),

jeds
which implies that
do
(150) > algL®) = ei(gL®).
i=1 jedy
Suppose for some w; € L%, we have
> cilgw;) =0.

jEJf

Then all the components of > ._, c;w; are zero. Since the components of w,’s are in L and ¢;’s

jEJf
are L-linearly independent for j’s in Jy, we deduce that w; = 0 for every j € J;. Hence,

> eilgh®) = €D ci(gL™),
JEJ; JEJf

which completes the proof of (148) by (149) and (150).
Since AE = gMdo (L)gilv

(151) Ap(ci(gL™)) = gMay(L)g ™ (c;i(gL™)) = c;(gL%),

which means ¢;(gL%) is Ap-submodule for every i. Moreover, by (151) and the fact that L% is a
simple My, (L)-module, we obtain that ¢;(gL%) is a simple Ag-module for every i. Hence, by [27,
Section 2.4], the claim follows. O

In the next lemma, we describe the subfield L C F that is given by Lemma 39.

Lemma 41. In the above setting, suppose L C F is the subfield and g € GLg4,(F) are the ones
given in Lemma 39 for E = F,; that means the F, span of pm(SLa(F)) is gMg,(L)g~". Then
L is the unique subfield of F that has order p* where k is the smallest period of mo, ..., Mp_1.
This means k is the smallest positive integer such that m;y, = m; for every non-negative integer
1<n—k.
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Proof. Since Ar, = gMg,(L)g™", L is equal to Tr(Ag,). Therefore, L is the subfield of F that
is generated by Tr(pm(SLa(F"))). Since every non-central element of SLo(F) is conjugate to an

element of the form (1) _tl for some ¢ € F' and the central elements are +idy, L is the subfield

generated by the trace of py, ((1) "

i:= (ig,...,in_1) in [[12g[0,mi], & := [T ; ;]y] ~% and e;’s form an F-basis for Vi (F). We
have

(152 - ((f ) Hyj 47y,

Next, we expand the right hand side of (152) to find the coefficient of e;. It is easy to see that this
coefficient is

(153) (_1)23 (m] ‘_ 7’.7> tc(m—?i)
tj

where ¢ : H?:_Ol[—mj, m;l — Z, c(by, ... ,by—1) := E}:& b;p’. Notice that this coefficient is non-zero
exactly when m; > 2i; for every j. By (153), we obtain that

(154) Tr(pm ((1) _tl>) =S (1 (mj@j )tcm 2% _ HU ':t[:qsﬂ‘(ﬁ

i

> as t ranges in F'. Let’s recall that for every integer vector

where ¢ : F — F, ¢(x) := 2P and U,,(z) := ZZLZLO/QJ (—1)"("™")a™=% (notice that if p is not 2, then
U, (2) = Up(2/2) where U, is the Chebyshev polynomial of the second kind). If k is the period
of mg,...,m,_1, then for every t € F

3 (H &, (1)) = T/, 0

J=0

consequently, for every t € F', trace of py (? _tl) is in the fixed points of ¢*. Therefore, the

subfield generated by the traces of the image of py, is in the unique subfield of F' that has order

p".

Next, assume that the subfield generated by the traces of the image of pm has p¥ elements.
Then k" divides k& and

n—1 n—1
o (T[¢/@a,()) = [T & T 1)
j=0 =0
for every t € F. This implies that
n—1—k' — n—1
(155) I1 T, H P T T, ()
j=0 j=n— Jj=0

for every t € F. Since deg U,, = m, the degree of the polynomials in the both sides of the equation
given in (155) is less than p™. Consequently, (155) implies that

(156) [T, . )= ﬁUmj (")

Jj=0
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as two polynomials in [F,[z] where the index j — k' is taken modulo n. For every non-negative
integer m, let ﬁm(x) be U,, () if m is even and U,,(z)/x if m is odd. Then ﬁm(()) = +1 for every
non-negative even integer m and ﬁm(O) =+ for every non-negative odd integer m, and (156)
implies that

n—1 n—1
(157) U (@) =T U, (o).
-0 =0
Looking both sides of (157) modulo z” and noticing that (m; +1)/2 # 0 in F', we deduce that
ﬁmo = ﬁm%k,, which implies that mg = m,,_. After canceling this common polynomial from

both sides of (156) and repeating this argument, we conclude that my,...,m, 1 is k' periodic.
This means &’ is at least k, which finishes the proof. O

.

We refer to the subfield generated by the traces of elements in the image of py, as the trace field
of pm.

Lemma 42. Suppose F' is a finite field of characteristic p and order q := p"™. Let I, be the prime
subfield of . Let M be a simple F[SLy(F')]-module, and 1 < dimg M < /p. Then there exists a
positive integer C' which only depends on dimg M such that for every f € M,

(158) >cO0r=22c0p =My,
where My is the F,[SLy(F')|-submodule of M that is generated by f and Oy is the SLo(F)-orbit of
f. Moreover, there is a subfield L :== L(M) of F which only depends on M such that the following
statements hold.

(1) My is an L[SLy(F)]-submodule of M.

(2) [F: L] < dimp M.

Proof. 1f f = 0, there is nothing to prove. By Proposition 36, M ~ Vj,(F') for some integer vector
m € [0,p — 1]". So without loss of generality, we can and will assume that M = V;,(F) and f
is a non-zero element of Vi, (F). Therefore, by Lemma 37, either f ¢ Vin(F)U" or f & V(F)V.
Without loss of generality, we can and will assume that f ¢ Vi (F)U". Notice that u't(t) acts
on Viu(F) as a unipotent transformation. Hence, there is a positive integer d < degp Vin(F) =
1) (m; + 1) such that for some t, € F

i=0
hi=(ut(t)) =D f#0 and VteF, (u™(t)— D) f=0.

Hence, h is a non-zero element of Vi, (F)U". Thus, by Lemma 37, h = ca® - - -z
some ¢ € F*, and

Mmp—1

o1 =: Cépy for

cem = 2 i—o(=1) (Dt (jto) - f € Y0u OF = 304 Oy

Therefore for every a € F*,

<159) <[O)é O[(zl) ) <C€m) = ak(cem) = C&kem € 22‘1 Of - ZQd Of7

where k := mg +mp+--- +m,_1p" L. Let L be the subfield of F' which is generated by
(F)f = {a" | a € F*}.

Suppose |L| = p!. Since L is a subfield of F, n = Is for some integer s. Because F'* and L* are
cyclic groups, we obtain that

(160) k= (14p 4.4 peDp
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for some integer r. Viewing both sides of (160) modulo p’, we obtain that

(161) mo+pmy + - +ptm_ =7 (mod p).

Notice that k < p", and consequently r < p!. Therefore, by (161), we deduce that
(162) r=mg+pmi+ - +p T rmy.

By (160), (162), and the fact that m;’s are digits of k in base p, we obtain that m;’s are [-periodic;
that means

(Mo, -y my—1) = (Mg, -, Myt 1-1)
for every integer 7 in [0, s — 1]. Hence, by Lemma 41, the trace field of py, is a subfield of L. On
the other hand, if I’ is the smallest positive integer such that mg, ..., m,_; is I-periodic, it is clear

(F*)* is pointwise fixed by ¢! where ¢ : F' — F, ¢(x) := 2P. Hence, again by Lemma 41, (F*)*
is a subset of the trace field of py,. Therefore, the field L generated by (F*)* is simply the trace
field of pp,.

Also notice that since m;’s are [-periodic, we obtain

(163) mo+ -+ mu_q1=s(mg+--+m_q).
Because dimp M = H;:Ol(mi + 1), at least one of the m;’s is not zero, and
(164) mo+ -+ mu_1 < dimg M.

By (163) and (164), we obtain that

(165) [F: L] < dimp M.

We also notice that L* is the unique subgroup of F* that has order p' — 1, and so

n

(166) (FX)F = (F*)7 7 = (L*".

By (164), there are at most dimg M — 1 non-zero m;’s. Consider

l

and view R/Z as a circle with circumference 1. The points given in (167) (location of non-zero
digits) cut out at most dimg M —1 arcs, and so one of them has length at least m. Therefore,
there is an index 7o such that m;, # 0 and

(167) {hzymﬁéo} CR/Z,

1 — 1o 1
1 Z ; Z|1l— —mF 1} =2.
(168) { T+ |m,7é0}ﬂ{x—|— | dimFM—1<x< }
Notice the restriction of ¢ to every subfield of F' is an automorphism. This implies that
(169) (LX)T — ¢_i0((LX)T) — {xmio+pmi0+1+..._|_pl717i0ml_1_;'_plfiomo_;'_..._;'_plflmio_l | re LX}

Let 7/ := my, + pmigp1 + -+ p 7 0my_ g + pmomg + - - + p!~lmy, 1. Then by (168), we obtain
that

!
(170) < p T amp Tt

Now, we consider two cases to show that there is a positive integer C' which only depends on
dimp M such that

(171) Y e(F)f = o (F)F = L.

Case 1. | >qim, m 1.
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In this case, by (170), we can and will assume that " < |L|17dimlFM . Therefore, by Lemma 38,
(169) (which implies (L*)" = (L*)""), and (166), we deduce that there is a positive integer C' which
only depends on dimp M such that

Y o(F) = (P =3 o(L)" = (L) = L.

Case 2. | <gimpm 1 (the complement of Case 1).
Let F,, be the prime field of F’, and notice that for every z € F,

xr — xmo+"~+ml_1 c (LX)T.

Since dimp M < p'/2, we can use the Waring problem modulo primes (see [6]), and obtain that

every element of I, can be written as a sum of at most L%J + 1 elements of

Fobmyog . oy
(B )mot+mict .= {qmot+mit | o e FX Y.

By (164) and the previous argument, we deduce that for C' = [dimpg M /2] + 1

(172) Fp © 3 e (LX) = 2o (LX)

The assumption of Case 2 implies that there is a positive integer C” := C”(dimz M) which only
depends on dimp M such that { < C”. Then by (172), we conclude that

L= ZC”C’"(LXV - ZC'CN(LX)T = ZCIC"(FX)k - Zo/c/'(FX)k~
In either case, we showed that (171) holds. By (159) and (171), we deduce that

(173) CLem g ZQdC Of - ZQdC Of

On the other hand, by Corollary 40 and Lemma 41, the F,[SLy(F)]-submodule M, generated by
em 18 a vector space over L that is of dimension at most (dimz M)?2. Hence, by (173),

(174) cMe,, ZQdC(dimF M)? Of - ZQdC(dimF M)2 Of C My.

By Corollary 40, M; is a completely reducible F,[SLo(F")]-module. Hence there is an [F,[SLo(F')]-
submodule N of My such that My = N @ cM,,,. Hence, f can be written as a sum of fuew € N
and faichieved € ¢M,,,. Therefore,

Jnew € szC(dimF M)2+1 Oy — ZZdC(dimF M)2 Oy.

Repeating this previous process, we have

Cues Mews © Dgacaimp 12 Qoo = 200 (dimp 112 Qfuowe € My S N
Hence,
CMem @ CnewMEm g ch Of o ZCI Of

By Corollary 40, this process ends in at most dimg M iterations. This means that there is a
positive integer C' which only depends on dimpg M such that

My=23605 =200,
which finishes proof of (158).
As it is discussed earlier in the argument, by Corollary 40 and Lemma 41, M; is an L[SLo(F')]-

submodule of M where L is the trace subfield associated with the representation py,. By (165),
[F: L] < dimg M, and by Corollary 40, dimy, M; < (dimp M)?, which finishes the proof. O
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Lemma 43. Suppose I’ is a finite field of characteristic p, m is an integer less than \/p, and
p: (SLy)r — (GL,,)r is a group homomorphism. Let M := F™ and view it as an F[SLy(F)]-
module via p, where F[SLy(F)] is the group ring of SLy(F') over the ring F. Suppose no non-zero
element of M is invariant under SLo(F'). Then, M is a completely reducible F[SLy(F')]-module
and there exists a positive integer C which only depends on m such that for every x € M,

(175) Y00 —> 00, =M,
where O, is the SLy(F)-orbit of x and M, is the F,[SLy(F)]-submodule generated by x.

Proof. By [17, Theorem A], M is a completely reducible F[SLy(F')]-module. Hence, it is also a
completely reducible F,[SLy(F')]-module. This implies that M, is also completely reducible. To
prove (175), we proceed by induction on the dimension of M over F. Without loss of generality,
we can and will assume that M is generated by z as an F[SLo(F')]-module. If M is a simple
F[SLy(F')]-module, (175) follows from Lemma 42. Otherwise, there are proper submodules N and
N’ of M such that M = N @ N’ and N is a simple F[SLy(F)]-module. Hence, x can be written
as xn + xnv for some zxy € N and xn € N'. Then, by Lemma 42, there is a positive integer C’
which only depends on dimg N < m — 1 such that

(176) Mey =300 Ony — >0 Ouy
Let pry : M — N be the projection to the N-component. By (176), we have that
(177) My =pry(Xc On — 220 Ox) C pry(My).

Since pry is not an isomorphism , by (177), there is a non-zero element y € ker pr, which is in

230/ Ow o 230' Or'

Notice that ker py = N’, and so by the induction hypothesis, there is an integer C” which only
depends on dimp N’ < m — 2 such that

(173) My =500 0y = Y Oy € Yainn Oo = Y O

Because M, is a completely reducible IF,[SLy(F')]-module, there is a submodule N” such that
M,=NoM,eN"

Notice that by (176) and (178), we have

M, & M, = prN@My(ZSC’C”+C” O = 2scrcnscr Oa)-

By repeating this process at most (dimg M)/2 times, we get to the entire M, and the claim
follows. 0

Proposition 44. Suppose F is a finite field of characteristic p, m is an integer less than /p, H is
a semisimple group defined over F, and p : H — (GL,,)r is a group homomorphism. Let H(F)*
be the subgroup generated by the p-elements of H(F). Let M := F™, and view it as an F[H(F)"]-
module via p, where F[H(F)T] is the group ring of H(F)*. Suppose no non-zero element of M is
invariant under H(F)*. Then, M is a completely reducible F[H(F)"]|-module and there exists a
positive integer C' which only depends on m such that for every x € M,

(179) Y00 —> 00, =M,
where O, is the H(F)"-orbit of v and M, is the F,[H(F)"]-submodule generated by x.
Proof. Let H be the simply-connected cover of H, and ¢ : H — H be the corresponding central

isogeny. Then ((H(F')) = H(F)™, and so without loss of generality, we can and will assume that
H is simply-connected and H(F)* = H(F).



RANDOM WALK ON GROUP EXTENSIONS. 49

Since H is a simply-connected semisimple group defined over F' and F' is a finite field, there are
simply-connected, F-almost simple, quasi-split groups H; defined over F' such that H is a direct
product of H;’s. Because Hj; is quasi-split and simply-connected over a finite field F, H; x g F
splits for some cyclic extension F /F of degree at most 3. Looking at the action of the Galois
group Gal(ﬁ /F) on the Dynkin diagram of Hj; X F , we deduce that either there is an embedding
of (SLs)r into H; or there is an embedding of the unitary group of the hermitian form given by

0 01
010
1 00

into H;. In the latter case, again there is an embedding of (SLs)r into H;. Since H; is F-almost
simple, it is generated by the conjugates of a non-central subgroup. Hence, H has finitely many
copies L;’s of (SLy) r which generate H; and because H is simply-connected, L;(F')’s generate H(F').
By [17, Theorem A], M is a completely reducible F[H(F)"]-module (and similarly F[L;(F)]-
module for every j). Therefore, there is an F[L;(F')]-submodule M; which does not have any
non-zero L;(F)-invariant vector and

(180) M =M% g M,

where MY is the set of L;(F)-fixed points of M. By Lemma 42, for every j, there is a subfield
L; such that every F,[L;(F')]-submodule of M is a vector space over L; and [F : L;] < dimp M.
Let

L:=(|{E CF|E subfield of F,[F : E] < dimp M}.

Hence, L C L; for every j, [F': L] < (dimp M)!, and for every j, an F,[L;(F)]-submodule of M is
a vector space over L.

Since H(F') has no non-zero fixed points in M and L;(F')’s generate H(F), for every non-zero
x € M, there is j such that z & M%) Therefore, pryy, (z) # 0. Thus, by Lemma 43, for some
positive integer C'; which only depends on dimp M such that

(181) Fp[L; (F)] 'Per(x) c ch L;(F) - Pr () — ch L;(F) - Py, ().
Therefore, by (181), we deduce that
(182) LPTMJ- (z) C Zol Lj(F)-x— ch Lj(F)-x C ch O, — Z(Jl O..

Because the dimension of M as an L-vector space is bounded by a function of dimg M, by (182)
we obtain that there is a positive integer C5 which only depends on dimg M such that

(183) Myey, ) € Xy On = £, Os

Let a1 := pry, (x). Since M is a completely reducible F,[H(F")]-module, there is a submodule N
of M, such that

M, = M,, ® N.

If N =0, we are done. If not, pry(z) # 0. So repeating the above argument this time for pry(x),
we can find z9 € N such that

(184) M., C ZCQ Opry () — ZCQ Opry (@) = prN(ZCQ O, — 202 O,).
By (183) and (184), we obtain that
Mml D sz C 2202 OI - 2202 Ox
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Because the dimension of M as an L-vector space is bounded by a function of dimp M, the above
process terminates in at most Ogim, p(1). This means that there is a positive integer C' which
only depends on dimp M such that

My=>,0,—>-0,.

Here is an important consequence of Proposition 44.

Proposition 45. Suppose H C (GL,,)q s a connected semisimple simply-connected Q-group and
p:H — (GL,,)g is a group homomorphism such that Q™ does not have a non-zero H(Q)-fized
point. Let H be the Zariski-closure of H in (GL,)z, and M be the group scheme given by Z™.
Then there are positive integers qo and C' depending on H and p such that the following statements
hold.

1) H = H x7 Z|1/qo| is smooth over Spec(Z|1/qy|), and for every prime p which does
Z[1/qo]

not dwide qo, Hy is a connected semisimple simply-connected algebraic group defined over
F,.

(2) The group homomorphism p has an extension to a group homomorphism from Hyp g0 0
(GL,,)z11/q0) (that we still denote by p).

(8) For every prime p not dividing qy and every finite field F' of characteristic p, M(F) is a
completely reducible Z[H(F')]-module where H(F') acts on M(F) via p.

(4) For an integer i in [1,k|, suppose p; is a prime which does not divide qo and F; is a finite
field of characteristic p;. Then for every x € M(Hle £,

M:Jc = ZCOCE - Zcozv

where M, is the Z[H(["_, F;)]-module generated by = and O, is the H([[\, Fi)-orbit of
T.

Proof. For Parts (1)-(3) see [17, Theorem A] and [14, Lemma 64, Lemma 65]. In [14, Lemma 65],
Part (3) is proved only for F' = F,. The complete reducibility of M (F') follows from [17, Theorem
A] and the fact that H(F)T = H(F) as Hyp is simply-connected. By the argument given in the
last paragraph of the proof of [14, Lemma 65], H(F,) does not have a non-zero fixed point in
M(F).

Suppose z := (x1,...,7) € M([[L, F;). By Proposition 44 and the fact that H(F;)* = H(F}),
there is a positive integer C' which only depends on dim H and m such that

for every i where M,, is the F,,[H(F;)]-submodule generated by z; and O,, is the H(F;)-orbit of
x;. Notice that, we enlarge ¢o to make sure that all the primes less than or equal to y/m divide qq,
and so p; 1 qo implies that p; > /m.

Part (4) follows from (185) and

k k
M, =][ M, and O,=]]O..
=1

i=1
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8. PERFECT GROUPS, THEIR ALMOST SIMPLE FACTORS, AND SPECTRAL GAP

Suppose G C (GL,,)g is a connected, simply-connected perfect group. It is well-known that
the unipotent radical of G xg Q descends to a unipotent subgroup U of G. Since G is perfect,
connected, and simply connected, G/U is a perfect, connected, simply-connected reductive group.
Because the derived subgroup of a reductive group is semisimple, we obtain that G /U is a connected
simply-connected semisimple Q-group. By a result of Mostow, the short exact sequence

1-U->G—->G/U—=1

splits. Hence, there is a connected, simply-connected, semisimple subgroup H of G, and a normal
unipotent subgroup U of G such that G is isomorphic to H x U where H acts on U by conjugation.
Since U is a connected unipotent subgroup of (GL,,)q, there is g € GL,(Q) such that gUg™! is a
subgroup of (Uni')q. Hence, after conjugating G, we can and will assume that U is a subgroup of
(Unit)g. This discussion justifies the following assumptions:

(Al) H C (GL,)q is a connected, simply-connected, semisimple group.

(A2) U is a closed subgroup of (Uni)g which is normalized by H (and HNU = {1}).

(A3) G := H x U is a perfect group.

Notice that if G is perfect, then so is G/[U, U] ~ H x U?». By an argument similar to the proof
of Lemma 21, we see that the converse holds as well (see [14, Lemma 65]). By Proposition 29, U2
is isomorphic to the Q-vector group (V) given by

V = Lie(U)(Q)™ := Lie(U)(Q)/[Lie(U)(Q), Lie(U)(Q)};
moreover, since the given isomorphism in Proposition 29 is based on the logarithmic map, it is an
H-equivariant map where H acts on (V)q via the adjoint action of H on LieU. Since H x U? is
perfect (and H(Q) is Zariski-dense in H), no non-zero element of V' is invariant under H(Q).

Let G, H, and U be the Zariski-closure of G, H, and U, respectively, in (GL,,)z. By the spreading
out results ([16, Theorem 9.7.7 and Theorem 12.2.4]; see also Proposition 29 and [14, Theorem
40]), there is a positive integer gy such that Gz g0, Hypijges and Ugp g, are smooth and the
fibers Gz, Hzpz, and Uy, are connected algebraic groups defined over Z/pZ and they are
of dimension dim G, dim H, and dim U, respectively, for every prime p which does not divide .
Furthermore, we have a splitting short exact sequence

L= Uzpyg) = Gzinjag) = Hapiyge) = 1-

Moreover, we can and will assume that gy satisfies properties given by Proposition 29. Let u be
Lie((U)z(1/401)(Z[1/ o)) and
u™ = u/u, ul.
Let p: H — GL(u®) be the group homomorphism that is given by the natural action of H(B) on
U™ ®zp1/40) B for every Z[1/qo]-algebra B.
Suppose py, . . ., px are primes that do not divide ¢y and F}, ..., F}, are finite fields of characteristic

P1, - - -, Pk, respectively. Let

k k k
(186) G =G ([ F) H = Hap ([ [ F)s and U = Ugpy (1T F)-

i=1 i=1 i=1
Since H is simply-connected, there are connected, simply-connected, QQ-almost simple groups
H,, ..., Hy such that

H=H, ®---&H,.

Let H; be the closure of H; in (GL,,)z. As before, choosing gg with large enough prime factors we
can and will assume that (H;)z[1 /4, is smooth and

(H)z11/q0) = (H1)z1/00) © -+ © (H)z01/40)-



52 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

Let Hj; = (H;)z1/4)(F;) for every j. Changing qo, if needed, we can and will assume that

p; > v dimU and we get a splitting short exact sequence

s k
(187) 1-U-G->@PPH:—1
j=1 i=1

N————
H

Theorem 46. Suppose G, H, H;;’s, and U are as in the setting laid out in the previous couple of
paragraphs (in particular, see (186) and (187)). Suppose Z := (X11,...,Xsk, Y) is a symmetric
random-variable with values in G where X;; is a random-variable with values in H;; and Y is a
random-variable with values in U. Assume the range of Z generates G. Suppose ¢y and o are
positive numbers such that for every integer j in [1,s] and i in [1, k]|,

L(X;;)>co and P(Z=2)>

for every z in the range of Z. Then L(Z) > min{cy, 1}, where the implied constant depends on
dim G, k (number of fields), and «ay.

In addition to Theorem 46, we can study random-walks in G(Z/q°Z) where G is as above, vy is
a fixed positive integer, and ¢s is a square-free positive integer such that ged(gs, go) = 1. Suppose
pi’s are distinct prime factors of ¢s. Let ¢ := ¢%°, U, := U(Z/qZ), G, := G(Z/qZ), H, := H(Z/qZ),
Hj; := H;(Z/p}"Z), and H;; := H;(Z/p;Z) (notice that we are using the same notation H;; as in
the previous Theorem, but considering the context is different this should not cause any confusion).
Then we get the following short exact sequences

s k
(188) 1 U, =G~ PP H: — 1,
=1 i=1
j H,

and for every ¢ and j
(189) 1— Hj,z[pz] — Hjﬂ‘ ﬁ) Hj,i —1
where m,, is the residue modulo p; map and H;;[p;| is its kernel.

Theorem 47. Suppose G,, H,, H;,;’s, and U, are as in the setting in the previous paragraph (in
particular (188) and (189)). Suppose Z := (X11,..., X5k, Y) is a symmetric random-variable with
values in G, where Xj; is a random-variable with values in H;; and Y is a random-variable with
values in U,. Assume the range of Z generates G. Suppose cy and o are positive numbers such
that for every integer j in [1,s] and i in [1, k],

L(my, (X)) >¢co and P(Z=2z2)> ap

for every z in the range of Z. Then L(Z) > min{cy, 1} where the implied constant depends on
dim G, k (number of prime factors), ag, and vy (the power of prime factors).

8.1. Semisimple groups and dealing with non-log-balanced factors. To prove Theorem 46,
we start with obtaining a spectral gap for (Xi, ..., X;); this means passing from (almost) simple
groups of bounded rank to their products (see Proposition 50). To do this, we need the following
variant of Proposition 2.

Lemma 48. Suppose X is a symmetric random-variable with values in a finite group G. Assume
the range of X generates G. Let u be the probability law of X. Suppose my : G — GL(V,,) is



RANDOM WALK ON GROUP EXTENSIONS. 53

a unitary irreducible representation of G, fy is in the space Hr, of matriz coefficients of w; that
means

Haro = {z = (m0(@) f1, f2) | J1, 2 € Vi },
| folla =1, and px fo = Aw) fo. Suppose c is a positive number and degmy > |G|°. [

Hy(X ™)) > (1 — —) log |G|

for some integer £y < C'log |G|, then

C
>
L(X) 1

Proof. Let us recall that for every function g € L?(G) and 7 € @, the Fourier inverse g of ¢ is

defined as
9 7T = g
o et

Then, for every g1, 9> € L*(G) and 7 € G, we have
(190) g1 * g2(m) = |Glga(m) g ().
Hence, by the Parseval theorem, for every positive integer ¢, we have

A)* =ln® = foll3 = 1G1 Y degml|u® = fo(m)|s

WE@

(191) =G>y deg || folm) O () Is-

WE@

where ||2|us := (Tr(z*2))"/? is the Hilbert-Schmidt norm of z. Since fy € Hny, fo(r) = 0 for every
7 # mo. Therefore, by (191) and (194), we obtain that

() =IGJ* deg mo || Fo(mo) O (mo) s

G —~ —
2L (6] deg ol o) s 16 e mll i ) )
(19 <L 113 < G111

Applying the function (—log) to the both sides of the inequality given in (192), we deduce that
L) > Ha(X) — (1 - ) log |G

Since ¢y < C'log |G| and Hy(X)) > (1 — £)log |G|, we conclude that
c
LX)>—.
(X) = 4C
OJ
In several steps in the proof of Theorem 46, we are working with a product of groups that are
not necessarily log-balanced; that means we do not have a control on the ratio of the logarithm of
their orders. The next lemma helps us reduce to the case with a log-balanced condition.

Lemma 49. Suppose c is a positive number, Gy, ..., Gy are c-quasi-random groups, and |G;| > 24/¢
for every i. Let G := Hle G;. For every subset I of {1,...,k}, let Gr:= [[,c; Gi and

by := min log |Gl K
e log |G|
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Suppose X = (Xy,...,Xg) is a symmetric random-variable with values in G. Suppose there is
a function f: (RT)3 — (0,1) which is increasing with respect to the first and the third factors,
decreasing with respect to the second factor, and for every nmon-empty subset I of {1,... k} we
have

*C(XI) > f(C, |I|7b1)a
where X; := (X;)ier. Then
£y > ledcl40)

Proof. Suppose 1 is the probability law of X; that means for every x € G, u(x) :=P(X = x). Let’s
recall that T}, : L*(G) — L*(G) is T,(f) == f * p, Mp) :== || Tulr2@)pe lop, and L(X) = —log A(p).
For every unitary irreducible representation = : G — GL(V}) of G, let ‘H, be the space of matriz
coefficients of m; that means

HW = {{lﬁ' = <7T(fl§')f1,f2> | f17f2 S VW}

Let G be the set of unitary irreducible representations of G up to equivalency. By the Peter-Weyl
theorem, L*(G) = D,ca Hr and if m # w5, then H,, is orthogonal to H,. Moreover, H,’s are
irreducible G x G-subspaces of L*(G), where

(21, 22) - f)(x) = f(a7 wan),
for every x1, x5,z € G. Hence, there is a non-trivial my € G and fo € Hn, such that

(193) T.(fo) = A(w)fo and |[/foll2 =1.
Let

I'={ie[l,k]|G; L kermy}.
Then by (193), £(X) = L(X;). Since passing to a subset of G;’s does not change the set of

assumptions, without loss of generality, we can and will assume that I = {1,...,k}. This implies
that

T=mM®: - Qm
for some non-trivial unitary irreducible representation m; of GG;. Because G;’s are c-quasi-random

k k
(194) degm = [[degm > [[IGil° = |GI".

i=1 =1
Thus, by Lemma 48, if for some positive integer C' which depends only on the given parameters
and some positive integer ¢ < C'log |G,

(195) (Target entropy) Hy(X9) > <1 - g) log |G|,
then
c
> —.
(196) LX) > =

Next, we look for a large quotient of GG, which consists of roughly log-balanced factors. Let z; be

11‘2 gg ‘lGGi‘l. After rearranging the factors, if needed, we can and will assume that x;’s are decreasing.
Suppose kg is the smallest positive integer such that

(197) x1+--«+xk0>1—§.

Notice that since x;’s add up to 1, there is such a positive integer ky. This implies that

(198) Tl a1 <1

4
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By (198) and the fact that (k — ko + 1)zg, > xx, + - - - + %, we obtain that

&
1—Z+(k—ko+1)$koZ($1+"'+$ko—1)+($ko+"'+l’/~c)=1~
Hence
C C
199 > ¢ S
(199) TR = Yk —ko+ 1) = 4k

Let 1o :={1,...,ko}. Notice that, by (199), b, > 7. Therefore,

(200) L(X1) > fle e/ (4R)).
Let ¢y be the smallest positive integer such that
(201) loL(X1,) = 2log |G-
By (200) and (201), we have that

3
202 by < —————log |Gy, |.
20 = Flekepary) 810
By (201) and a similar argument as how we derived (42), we deduce that

1 1

203 P(X{) =) - <
2 PO =~ | <

for every x € Gp,. Therefore

H(X) 2 () 2 —og (3 (1Gal ™ + 16| 27?)

xEGIO
(204) =1log |G| — 21og(1 + |G| ") > log |G| — 2.
By (204) and (197), we obtain that

(205) Hy(X ")) > (1 - 2) log |G| — 2.

Since |G| > 2%/¢, by (205) it follows that

(206) Hy(X ) > (1 - g) log |G-

Now that we reached to the target entropy in logarithmic steps, by (202) and (196), we conclude

that,
) » Lkl

O

Proposition 50. Suppose Fi,..., F,, are finite fields and H; is a connected, simply-connected,
absolutely almost simple F;-group for every i. Suppose dimH; < dy for every i. Let H; := H;(F})
and

H=H®- - -®H,.
Assume that |F;| >4, 1. Suppose X = (X1,...,X,,) is a symmetric random-variable with values
in H whose range generates H. Suppose ¢y and aqg are positive numbers such that L(X;) > co for
every i and P(X = x) > «aq for every x in the range of X. Then

L(X) > min{co, 1},

where the implied constant depends only on «q, dy, and m.
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Proof. By [22], there is a positive number ¢ which depends only on dy such that H; is c-quasi-
random for every i. For every subset I of {1,...,m}, let H; := @,.; H;, X1 := (X)er, and

[ log |Hi| | .
by = cels.
! m‘“{log\m\ i }

By induction on the number of factors, Theorem 12, Proposition 25, and Proposition 26, we deduce
that for every dy and «p there is a function fy, o, : (RT)?® — (0, 1) which is increasing with respect
to the first and the third components, decreasing with respect to the second component, and

‘C(XIO) > fd07010 (Ca m, b[) min{CO7 1}

Then by Lemma 49,
ﬁ(X) > fdo,ao (C, Té C/<4m))

min{cy, 1}.
0J

8.2. Proof of Theorem 46. Perfect to simple factors: finite fields. By (187), we have the
following short exact sequence

By Proposition 28, Proposition 29, and the preparatory discussion at the beginning of the section,
there is an H-equivariant isomorphism from U to u* ®z1 /4] (Hf: F;), and the action of H = (H)qg

on (1) does not have a non-zero fixed point. Hence, by Proposition 45, there is a positive integer
C’ such that for every z € U?P,

(207) M:p = ZC Oz - Zc O(E?
where M, is the Z[H]|-module generated by x and O, is the H-orbit of x. This means the pair of

groups H and U?" satisfy (G6).
Notice that for every i, the following is a short exact sequence

1= u(F) = G(F) /72 Uz g (F)) — H(F) — 1.
By Proposition 25, there is a positive number ¢ depending only on dy := dim G such that H, =
H(F;) is c-quasi-random, and by (207), the pair of groups H; and A; := u**(F;) satisfy (G6). The
pair of groups H; and A; also satisfy (G5) with a constant which only depends on dim G. Hence,
by Lemma 17, there exists a positive number ¢ which depends only on dy such that

G = Q(Fi)/%(gzu/qo](ﬂ))

is c-quasi-random for every i. Let G := H,’f:l G;, and notice that G is naturally isomorphic to
G/7(U). Let Z := m,1r(Z) where m, 1) : G — G is the natural quotient map.
For every subset I of {1,...,k}, let G; := Hieléi, Z1 = pr;(Z) where pr; : G — Gy is the

natural projection, and
- log |G;
br ::min{ 0g|_\ |i€]}.
log |G|
By Theorem 15 and Proposition 25, for every dy and ayp, there is a function fy, o, : (RT)* — (0,1)

which is decreasing with respect to the first and the third components, decreasing with respect to
the second component, and

(208) £(71) Z fdo,Oéo (E, |]|,B[> miH{CQ, 1}
Hence, by Lemma 49, we deduce that

¢, k,c/(4k))
12

(209) L(Z) > Ji.an min{co, 1}.
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Notice that choosing gy with enough prime factors, we can and will assume that |G;| > 24/¢ for
every 1.
By Proposition 28, for every positive integer 7, we have

(210) Y(U) = H’Yi(QFj)(FJ)

By (210), U is a finite nilpotent group whose nilpotency class is bounded by dy. Moreover,

(211) EB% s (U H(EB% U ) /%H(UF)(F))

By (211), L(U) is an H?:l Fj-algebra. Furthermore, by Uy, (F3) = Uppi/qo) (Fi) and Proposition 29

k
U™ 2w @00 (]| F);
j=1
and so U?" is generated by at most dy elements as an H§:1 F;-module. Hence, U satisfies (GT7)
and (G8) with parameters that depend only on dp.
For every i, let G; := G(F;). As we discussed earlier, G; = G;/72(Up, ) (F;) is e-quasi-random for
some positive number ¢ which depends only on dy. For a subset I of {1,...,k}, let G :=[],.; G;

and
. [log|Gy| .
by := 1.
1 {1og|Gf|“E }

Then Gy is cbj-quasi-random. For every non-empty subset I of {1,... k}, let Z; := pr;(Z)
where 77 : G — G is the natural projection. By Proposition 19 and (209) for every dy there is a
function fz, : (RT)?® — (0, 1) which is increasing with respect to the first and the third components,
decreasing with respect to the second component, and

fdo,on(E? k,E/(4k>)
12
for every non-empty subset I of {1,...,k}. Therefore, by Lemma 49, we deduce that
E( ) > fdo(a kvé/(4k)) fdo,a()(a k76/(4k>>
12 12
which finishes the proof.

(212) L(Z;) > fu (@ |1],01) min{co, 1}

min{cy, 1},

8.3. Proof of Theorem 47. Perfect to simple factors: bounded number of prime factors.
For every positive integer r, let U, := U(Z/rZ), G, := G(Z/rZ), and H, := H(Z/rZ). For every
divisor d of r, let w4 be the residue map modulo d from G, to G4, and let G,[d] := ker my. Then
the following is a short exact sequence,

(213) 1 = Gylgs) = Gy — Gy — 1;
moreover, by the Chinese remainder theorem,
Gy=EP G, and Gl @G o [pi).
It is well-known (and easy to check) that for every integer v < vy and every index i,

(G e 7], Gy [pil] © Go[pi*].

(2
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Hence, G,[gs] is a nilpotent group with nilpotency class at most vy — 1. In fact, by [26, Lemma
1.8], for every positive integer j < vy, we have that

(214) i(Gyrolpi]) = Gy [pl] and Gy [p]]/Gyolp!™] = 8 @zp1/40) (Z/Pi),

where g := Lie(Gyjp 4))(Z[1/q0]). Notice that this claim is true only for large enough primes p;,
and by assuming that ¢y has enough prime divisors we can and will insure this property. We should
also point out that the mentioned result in [26] is written only for the semisimple case, but the
same argument implies the perfect case (see [10, Lemma 39] and [9, Section 2.9]). Therefore,

(215) @’Yy alas]) /7541(Gylas]) > 8 @zp1 /g0 HZ/ G Z)[T)/ (1)

By (215), we obtain that the nilpotent group G,[g¢s] satisfies (G7) and (G8) with parameters that
depend only on vy and dim G.
By (214), we also deduce that there is a short exact sequence of the form

(216) 1 = 9 ®z[1/4] L]GsZ — Gg/72(Glgs]) = Goo — 1,

and Gy/12(Golar)) =~ Gap.
We identify G, with [[, G pvo, and for every subset I of {1,...,k}, let

r;: Gy — HGp«yo
icl
be the natural projection.
For every subset I of {1,...,k}, let b; be the log-balanced factor of G ’s; that means

) . log|G
= min ————
1= e log |G 2o
By [10, Proposition 19], [].c; G, is ¢;-quasi-random where ¢y is a positive number which depends

only on dim G, vy and b;. Moreover, by the same result, we have that there is a positive number ¢
which depends only on dim G and vg such that G, 0 is c-quasi-random for every i. Let q; := [[,.; pi°

and g := [[,c; pi- By (216), we have that the followmg is a short exact sequence
(217) 1 = 9 ®zj1/q0) L/ @1sZ = Gq/72(Gosla1s]) = Gg . — 1.

By Proposition 19, we obtain that there is a function g : RT™ — (0, 1) which is increasing and for
every non-empty subset I of {1,..., k}, we have

L(Z1) = glenL(mg (Z1) = g(en)L(mg(2)),

where Z; := pr;(Z). Hence, by Lemma 49, we conclude that there is a function g of dim G, vy,
and k such that

(218) L(Z) > g(dim G, vy, k)L(7g2(Z)).

Next, notice that by [10, Equation (8) in Lemma 13] the following is a splitting short exact
sequence when all the prime factors p;’s are large enough:
(219) 1 —=Upg — Gp — Hp — 1.

Moreover, by Proposition 28, U is a nilpotent group with nilpotency class at most dimU — 1,
and L(Ug) satisfies (G8) with a parameter which only depends on dimU. Hence, by a similar
argument as above, using Proposition 19 and Lemma 49, we obtain that

(220) L(Z) > Limyw,)(2)).
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where Ta(U,2) Gg2 — Gg2/72(Ugz2) is the natural quotient map, the implied constant is a positive

number which depends only on dim G, vy, and k, and Z := m2(Z). Notice that by Proposition 29
and (219),

Gq§/72(Uq§) = U;s?b X [_Iqs2 = (uab ®z[1/q0] Z/qSZ) X Hqsz.
By [26, Lemma 1.8] (see [10, Lemma 39] and [9, Section 2.9]), we have that the following is a short
exact sequence

(221) 1= (W B h) Qz1/g0] Z/a5Z — Goz/12(Uge) = (4™ @01 /g0 Z/sZ) ¥ Hy, — 1,

where b := Lle(ﬂzu/qo})( [1/q0])-

We can finish the proof similar to the previous step: starting with the log-balanced case, using
Theorem 15, and then applying Lemma 49.

For every subset I of {1,2...,k}, let by be the log-balanced factor of Gz /72(U,2); that means

: 10g|G 2/72(U)|
i€l log |Gz /12(Upe)|

7 =1
It is worth mentioning that

Gz /(U HG 2/72
For every subset I of {1,... k}, let
Zl = H(uab D b) Qz[1/40] Z/piZ, FI = H(uab Qz[1/40] Z/piZ) X Hy,,

iel el
and
Gr =[] Gp/(U,).
el

.....

We also let Z; := prl(ﬂW(UQQ)(Z)) where 77 : G(1,._ 3y — G is the natural projection.

By [10, Proposition 19], G} is ¢;-quasi-random for a positive number ¢; which depends only on
dim G and b;. In particular, there is a positive number ¢ which depends on dim G such that @{i}
is c-quasi-random for every i € {1,..., k}.

Notice that the action of H(Q) on (u™ & h) @214, Q does not have a non-zero fixed point as G
is perfect and H is semisimple. Therefore, by Proposition 44, we have that the pair of groups H;
and A; satisfy (G6) with a parameter that depends only on dim G. They also satisfy (G5) with a
parameter depending only on dim G. Hence, by Theorem 15, there is a function g : (R*)* — (0,1)
such that for every subset I of {1,...,k},

L(Z;) > g(dim G, c;)L(n(Zy)) > g(dimG,c])E(W(7{1 ,,,,, k)
Thus by Lemma 49, we deduce that there is a function g of dim G and k such that

(222) E(mm(Uqg)(?)) > g(dim G,l{:)ﬁ(w(?{l _____ k)
On the other hand, by Theorem 46,
(223) £(7T(Z{1 ..... k})) > min{l, CQ}

where the implied constant depends on dim G, k, and «ay. By (218), (222), and (223), we conclude
that

L(Z) > min{co, 1}

where the implied constant depends on dim G, k, vy, and ay.
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