Midterm MAT 214: Theorems and Problem Sets.
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March 17, 2010

1-(15 points) Let a and b be two non-zero integers. Show that there are integers
r and s such that g.c.d.(a,b) = ar + bs.

2-(15 points) State a version of Wolstenholme’s theorem and prove it.

3-(20 points) Define primitive root and show that there is a primitive root mod-
ulo a prime number.

4-Let f(n) = > ,,<p, (mon)=1 M- Show that
a) (5 points) f(n) = no(n)/2.
b) (10 points) If f(n) = f(m), then n = m.

5-(5 points) Find all positive integers n such that, for any k&, the binomial coef-
ficient (}) is odd.

6-(5 points) Show that g.c.d.(22" +1,22" +1) = 1.

7-a) (10 points) Let p be a prime number and k a positive integer. Show that

pz_‘iik: 0 (modp) ifp—11k,
| =1 (modp) ifp— 1]k

i=0

b) (15 points) Let f € (Z/pZ)[z1,...,zy] be a polynomial in n variables with

coefficients in Z/pZ. Show that if degree of f is less than n, then p divides
#V;(Z/pZ), where

Vi(2/pZ) = {a € (Z/pZ)"| f(a) =0 (mod p)}.



