COARSE MODULI SCHEME OF SUFFICIENTLY DENSE
REPRESENTATIONS AND MODIFIED RELATIVE CHARACTER
VARIETIES: FUNCTORIAL ASPECTS
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ABSTRACT. This manuscript has three goals: (1) gathering some less well-
known functorial properties of the absolutely irreducible part of the SLa-
character variety, (2) introducing sufficiently Zariski-dense SLa-representations
over a ring, constructing a coarse moduli scheme over Z[1/30] of such repre-
sentations, and investigating its functorial properties, and (3) constructing
modified relative character subvarieties of the absolutely irreducible part of
the SLa-character variety, proving that they are irreducible, and investigating
their points over a compact DVR.
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1. INTRODUCTION

Let X4, be a surface of genus g with n holes, and let 1I,,, be the fundamental
group of X, ,. We take the following presentation for Il ,

(1) (@1,b1,...,ag,bg,¢1,...,Cp | [al,bfl]---[ag,bg Yepooven = 1),

where [z,y] := zyx~ly~!. The SLy-representation variety Rep,, ,, of Iy, is the

affine scheme determined by the following functor from the category of unital com-
mutative rings to the category of sets:
R — Hom(II, ,,, SLa(R)).

Notice that the group scheme PGL2 acts on Rep, ,, via conjugation. In [21], Saito
defined the SLo-character variety Ch , of the fundamental group of ¥, ,,, gave a
morphism 7, , : Rep,,, — Chy,, and proved that there exist open subschemes
Rep, ,, € Rep, ,, and Ch,,, C Chy, such that m,,, : Rep,,, — Ch;, is a universal
categorical quotient of Rep;n by PGLs. In the aforementioned work, Saito also
shows that Rep;n captures absolutely irreducible representations, and Ch;n does
the same at the level of characters. In [I8], Nakamoto extended the above results
to SLg-representation and character varieties. He also proved that 7, : Repgx,n —
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Ch,;,, is a universal geometric quotient of Rep,; ,, by PGLy — see [6] for the definition
of (universal) categorical and geometric quotients.

In this manuscript, some results of Saito and Nakamoto are recalled and refined
(see . More importantly, we introduce open subschemes of sufficiently Zariski-
dense representations Rep;}n - Rep;n and sufficiently Zariski-dense characters

Ch?  C Ch),. Motivated by the study of the action of the pure Mapping Class

g,n — g,n’

Group (MCG) I'y,, on Ch,, we define the essential boundary of an R-rational

g,n>
point of Chgxm and the modified relative character varieties. For a compact dis-
crete valuation ring (DVR) D, the D-rational points of defined schemes will be
investigated. These results play a crucial role in our subsequent works, where we
investigate the closure of pure MCG orbits in the R-rational points of Ch;,n un-
der various topologies. The reader is referred to [9] for a detailed account of how
the findings of this work contribute to the study of the pure MCG’s action on the
SLa-character variety.
To formulate our main results, we begin by defining the relevant schemes on
which they rely. For the reader’s convenience, we recall these definitions from [9],
alongside key properties that will be used later.

1.1. Explicating the relevant schemes and their key properties. In this
subsection, we describe the construction of the mentioned schemes, and mention
some of their key properties.

As previously noted, the representation variety Rep, ,, is a closed subscheme of
the affine scheme (SL2)?97™. Its coordinate ring is denoted by A, ,,. For every unital
commutative ring R, there is a natural bijection between Rep, ,,(1?) and the set of
ring homomorphisms Hom(A, ,,, R). The element py € Rep,, ,,(Ay.) corresponding
to the identity map on Ay, is called the universal representation of Il, ,,. Given a
ring homomorphism ¢: A,, — R, the associated representation py of Il , is the
composite of pg : II; , — SLa(Ag ) and SLa(¢) : SLa(Ay ) — SLa(R). From this
point forward, we will refer to the group homomorphism SLy(¢) induced by the
functoriality of SLy simply as the given ring homomorphism ¢.

Based on the Fricke identities, Saito [2I] defined the SLo-character variety Chyg y,
of Ily ,, as the Z-scheme Spec Ry ,, where

Ry =Lty | v € g pnl/(te — 2,85ty — byyr = ty1y | 7,7 € g n),

and e denotes the identity element of II,,. The defining relations are known as
the Fricke identities. The morphism 74, : Rep, ,, — Chy ,, is defined via the ring
homomorphism

Tr;,n : Rg»” - Ag,n? ’/T;,n(t’Y) - tr(po(’y)),
for every v € Il ,,.

In this work, we frequently regard schemes as functors from the category of unital
commutative rings to the category of sets, with morphisms interpreted as natural
transformations. Elements of the coordinate ring A of the affine scheme Spec(A)
are viewed as regular functions on this scheme. For every ¢ € (Spec A)(R) and
a € A, we let a(¢) := ¢(a) € R. Having this perspective in mind, for every unital
commutative ring R, group homomorphism p : II, , — SLz(R), and v € I, ,,, we
have

(2) ty(mgn(p)) = tr(p(7))-
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In what follows, we may write [p] instead of 7, ,,(p) to denote the associated point
in Chy,(R). By (@), it is clear that for every g € PGLy(R) and p € Rep,, ,(R),

(3) lg- ] = [p]-
Note that by a result of Horowitz (see [1I, Theorem 3.1]), the ring R, is
generated by
{tsl...sm | ;i €8, 81< - < Sm},
where S := {a1,b1,..., 04, B¢, 715, Tn} and
o <P < <ag <Py <y < < Yy

In particular, R, ;, is a finitely generated Noetherian ring.

A representation p : IT, ,, — SLo(R) is called absolutely irreducible if the R-span
of p(Il, ;) equals Ma(R). To extend this notion to schemes, Nakamoto introduces
an alternative definition that has the advantage of being local (see [18] Definition
1.1]). We verify that our definition agrees with Nakamoto’s in this context (see
Lemma, @ Here, we follow Saito’s approach in defining the open subscheme of
absolutely irreducible characters.

For v,+' € I, ,,, the discriminant A(v,7') € Ry, is given by

A(y,y) = Uy — 2
where [v,7'] := yy'v~19/~L. Using the Fricke identities, one can obtain that
Ay, ) =2+ 12 + 12 — tytytyy — 4.
The discriminant subscheme D, of Chy , is given by the ideal

(A,Y) 177 €lgn) I Ry

Let Ch;,, := Chy, \Dy,, and Repy,, := Rep, , \7, . (Dgn). These are viewed as
open subschemes of Chy ,, and Rep, ,,, respectively. By [2T, Theorem A, B] and [I8|
Theorem 6.18], 7y, : Rep,,, — Ch,',, is the universal geometric quotient of Rep,; ,
by PGLs. In Proposition [} we show that, for every unital commutative ring R,
the set Repgx,n(R) consists precisely of the absolutely irreducible representations.

Next, we define the open subschemes Rep;m and Ch;)n of sufficiently Zariski-
dense representations and characters, respectively. The scheme Rep;,n is defined
in a way that, for every characteristic zero field F, Rep;’n(F ) captures all the
representations p : Il , — SLo(F') that have Zariski-dense image. To that end, we
utilize Dickson’s classification of finite subgroups of SLy(C) (see [23, Theorem 6.17])
and show that it suffices to avoid the dihedral representations and those conjugate
to a finite list of explicitly specified finite groups in order for a representation to be
sufficiently Zariski-dense (see Lemma . Each case is treated independently.

We show that dihedral representations lie in a closed subscheme of Rep;n7 which
can be explicitly described via the following relations (see Lemmas [16| and .

Definition 1. Let z; = a;, Tg4i = bi, and xog4; = ¢; for 1 < i < g and
1 <j<n. For a subset I of [1..(2g 4+ n)|, let Ry be the set of relations given by
the following words:

(1) Foralli,jeI andl &1, [z;zj,z;)) =1 where [a,b] := aba=1b~1.

(2) For allly,ls &1, [xy,,x1,] = 1.

(3) ForallieI andl ¢ I, zayx; ' =a;t.

(4) For alli,j,r €I, z,(zxj)z;t = (x;25) 7
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Notice that for every set R of words in a;, b;, ¢;’s, there is a closed subscheme
Repgx’n;R of Rep;n such that for every unitary commutative ring R,
p € Rep, .z (R) if and only if p € Rep,(R) and Yw € R, p(w) = 1.

We show that for absolutely irreducible representations group relations can be de-
tected at the level of characters, and this takes us to the following definition: let
Ch,,. be the closed subscheme of Chy,, such that x € Chy, . (R) if and only if

z € Chy,(R) and
VU} S R,\V/Sl, 52,83 € S7 t515253 (l‘) = twslszsg(l‘)a

n

where S :={1,a1,...,aq4,b1,...,bg,C1,...,Cn}.
Next, we aim to identify conjugates of certain finite groups. Let G be a group
isomorphic to one of the following: SLs(FF3), a double cover of Sy, or SLa(F5). Let

Fymic = {z € Chy,(C) | Ip € Repy ,(C), & =myn(p), p(gn) ~ G}.

We show that there exists a closed subscheme F, . o of Chy,, such that for every
algebraically closed field F' of characteristic either zero or more than 5,

Tan(Egnic(F)) = {p € Repy . (F) | Im(p) ~ G}
(see Corollary [21).

Definition 2 (Sufficiently Zariski-dense representation and character varieties).
Let

(4) Rep;m = Rep;,n \ (U Rep;n;’RI U U 7-‘-g_ﬁlz(Eg,n;G))
I G
and
(5) Ch;,n = Ch;,n \ (U Ch;n;'RI U UEg,n;G)'
I G

as I ranges over all the subsets of [1..2g + n| and G ranges over SLa(Fs3), a double
cover of Sy, and SLa(F5).

Notice that (4) and (5) are scheme-theoretic difference. Hence, Repj ,, and Chy ,

are open sub-schemes of Repgx’n and Ch;n7 respectively.

To understand the functorial properties of these schemes, we introduce the con-
cept of a sufficiently Zariski-dense representation. Suppose R is a unital commu-
tative ring. For every maximal ideal m of R, let k(m) be an algebraic closure of the
residue field k(m) := R/m. Let m, : R — k(m) be the natural quotient map. We
say p € Rep, ,,(R) is sufficiently Zariski-dense if either

(1) Im(mm(p)) is Zariski-dense in (SLQ)W, or
(2) Im(mm(p)) contains a subgroup isomorphic to SLy(F,), where k(m) is of
characteristic p.
It is also worth mentioning two remarks:

(1) In |2} Proposition 9.1, 9.2], Breuillard proved that there exists a closed
subscheme Vj, of (GLg)* such that (gi,...,9x) € Vi(C) precisely when
(g91,--.,9k) is virtually solvable. The scheme V is defined based on the
action of GL4 on the scheme F of full flags; it is showed that there exists
a finite subset of F(C) which is permuted by g;’s if and only if (g1,...,9%)
satisfies finitely many integer polynomial equations. It would be interesting
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to understand the R-points of Vi for an arbitrary unital commutative ring
R.

(2) In [15], Larsen and Pink introduce the concept of sufficiently Zariski-dense
subgroup of F-points of a Chevalley group scheme where F' is a field. One
should be able to use their work and extend our result to the case of SLg4-
representations and other Chevalley group schemes.

We end this subsection by giving a rough description of modified relative char-
acter varieties. The precise definitions and proof of the existence of such closed
subschemes of Ch,',, are given in

For every unital commutative ring R and « in Chgx,n (R), we define the z-boundary
0. %, the sign vector €(x), and the x-boundary trace vector k(x) such that for every
lift p of = (that means p € Rep,, ,,(S) for some ring extension S/R and [p] = ) the
following properties hold:

(1) Forevery i € [1..n], p(¢;) = £1 if and only if ¢ € 9, 3. We let n(z) := |0, X|.

(2) The sign vector €(x) := (&:)ie[1..n]\0, 5, Where g; := p(c;); in particular, it
has n — n(x) many components and

(3) The z-boundary trace vector is k() := (t,(x))ica,5-

Note that for every unital commutative ring R, the functions on Ch, , (R) defined

above are invariant under the action of the pure MCG I'y ,. That is, for every
element 0 € I'y ,,, we have

09X = 0%, €(0-x) = €(x), and k(0 - ) = k(x).
It follows that the orbit Iy ,,-x lies entirely within the R-points of a closed subscheme
of Chgxm determined by fixing these invariants. This motivates the definition of the

modified relative character varieties. For a given sign vector € and boundary trace
vector k, we denote the corresponding modified relative character varieties by

X
Ch? CChy ke
When the sign vector is fixed but no restriction is imposed on the trace values of

the remaining boundary curves, we obtain modified representation and character
varieties. These are denoted by

g,n;k,e =

Rep;}n;e - Rep;n;e

and
Chy .. CChg, ..
The modified character variety Chgyl;_1 is sometimes referred to as the twisted

character variety.

1.2. Statement of main results. We describe the R-points of Ch,, for an ar-
bitrary ring R. This is a refinement of the known results. The following theorem
captures the main functorial properties of the morphism g, Rep R ChX
that are proved in this manuscript; see Proposition [f] Lemma @ and Corollary .
for more detailed results.

Theorem A. For every unital commutative ring R, the following statements hold.
(1) (Absolutely irreducible representations) p € Rep, ,(R) if and only if the
R-span of p(Ily ) is Mz (R).
(2) (Absolutely irreducible characters) For x € Chy ,,(R), there exists a faith-
fully flat extension S of R and p € Rep,,,(S) such that [p] = x.
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(3) (Fibers) For p1,pa € Rep, ,,(R), [p1] = [p2] if and only if there exist an
integral extension S of R and g € GL2(S) such that:
(a) For some c € S* and g’ € GLa(R), g°> = cg'.
(b) The product of every entry of g by every entry of g~
(c) Forally € My, p2(7) = gpr(v)g "
Moreover, if either R is a UFD or every finitely generated projective R-
module is free, then g can be taken from GLa(R).

L s in R.

We have an even better description of the D-points of these schemes if D is a
compact DVR (see Proposition .

Theorem B. Suppose D is a compact DVR and the characteristic of its residue
field is not 2. Suppose a is a proper non-zero ideal of D. Let my denote all the maps
that are induced by the quotient map 74 : D — D/a. Then all the arrows in the
following diagram are surjective

Rep;n(D) L Ch;,n(D)

Rep,,,(D/a) —~" Ch*, (D/a)
and for all x € Ch (D), the fiber  }(x) is a single GLy(D)-orbit.
The following describes the R-points of Rep; , and Chy . and the functions

g,n?

induced by 7, ,; see Propositions [22| and [23] for more detailed results.

Theorem C (Sufficiently Zariski-dense representations and characters). Suppose
R is a unital commutative Z[1/30]-algebra, prime p > 5, D is a compact DVR where
the characteristic of its residue field is p, a is a proper non-zero ideal of D, F is
an algebraically closed field of characteristic zero, and k € Z+. Then the following
statements hold.

(1) (Ch} ,,,Tg.n) is the universal geometric quotient of Rep; ,, by the action of

PGLs.

(2) For p € Rep, ,,(R), p € Repy ,,(R) if and only if p is sufficiently Zariski-
dense.

(3) mgm : Repy ,(F) — Chy ,(F) is surjective.

(4) All the arrows in the following diagram are surjective

Rep;,,(D) —2"— Ch (D)

Rep!,,(D/a) —~" Ch? . (D/a).
(5) For p € Rep, ,,(Zy), p € Repy ,,(Zy) if and only if the image of p is dense
in SLa(Zy) in the p-adic topology.
(6) For p € Rep,,,(Z/p*Z), p € Rep; ,,(Z/p*Z) if and only if p is surjective.

As it was explained earlier, for a collection € of signs assigned to a subset I of
the boundary curves, we define the closed subscheme Repgx’m€ such that

Rep;a’Vl;e(R) = {p € Rep;,u | Vi € va(’Yz) = 61}7
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The following proposition summarizes the main functorial properties of Ch;n; o

Lemma

see

Proposition D. Suppose € := (&;)ie; € {£1} for some I C [1..n], R is a unital
commutative Ting, and D is a compact DVR with residue field of characteristic # 2.

(1) For z € Ch;,(R), x € Ch), .(R) if and only if for every ring extension

g,n;€

S/R and every p € Rep,,,,(S) such that [p] = =, we have
p € Repy . ().

(2) All the arrows in the following diagram are surjective:

Rep;,n;e(D) % Ch, (D)

g,n;€

Rep]e(D/a) 2% CbJ . (D/a).

Based on Proposition we define the z-boundary 0,% as the subset of the
boundary curves which are not mapped to £1 under all lifts of z. The number of
elements of the z-boundary is denoted by n(z). We are using the variable n to
denote both the number of boundary curves of the given surface and the function
from Ch;,, (R) to Z=° which captures the number of essential boundary curves for

a given x € Chy,(R). There should not be a confusion based on the context.
Since x — n(xz) is a semicontinuous map, we can define an open subscheme Cy ¢
of Chgx,n;e, where n(x) stays constant. After assigning trace values k to the rest
of boundary curves, we get an open subscheme Cg ek of the modified relative

character variety Ch;me’k. Similarly, we can define an open subscheme Ry ;¢ k
of Rep;n;e,k. The following statement captures the main functorial properties of

these schemes.

Proposition E. Suppose F is an algebraically closed field whose characteristic is
not 2. Suppose D is a compact DVR whose residue field k is not of characteristic
2 and a is a proper ideal of D. Suppose € := (g;)ics 8 a sign vector.
(1) For k € F-"I\I | the horizontal arrows in the following diagram are sur-
jective:

Rep) . (F) ety ChX W (F)

J ]

Ryniex(F) e, Cyg,niex(F).

Moreover, p € Ry n.e x(F) precisely when p € Rep, .1 (F) and p(v;) # £1
for everyi & I.

(2) Suppose k € DN Then all the arrow in the following diagram are
surjective:

Ry miex(D) —="— Cyniex(D)

I |

Ry niex(D/a) e, Cyniex(D/a).
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Moreover, for T € Ch, .\ (D/a), we have that T € Cy p.e x(D/a) precisely
when n(my(z)) = n — |I| where w is a uniformizing element D and 7y :
D — k is the natural quotient map.

It is worth pointing out that we also show that
Tq : Ch (D) = Chy . (D/a)

g,n;€,k
is mot necessarily surjective.

Suppose F' is an algebraically closed field and its characteristic is not 2. For
every sign vector € and trace vector k € F™ let C be the reduced subscheme of
Chyg e,k Xz F' where the topological space of C and Chy .k Xz F' are the same.
Similarly, let R be the reduced subscheme of Rep ,,.. x xz F'. Notice that

E(F) = Repg,n;e,k(F) and Q(F) = Repg,n;e,k(F)'

Theorem F. In the above setting, if 3g+m — 3 is positive and R(F) is not empty,
then R and C are irreducible and

dimR=6g9g+2m—3 and dimC = 6g+ 2m — 6.

Rapinchuk,et al, in [19], proved the case where n = 0 and the characteristic
is 0. Their result is about SLj-representation variety for an arbitrary k. In [I6],
Liebeck and Shalev used character theory of finite groups and investigated the
representation variety of non-virtually abelian Fuchsian groups over an algebraically
closed field of arbitrary characteristic. In [24], Whang proved that C is irreducible
ifn>1,m=mn,and 3g+n—3 > 0. So the main contribution of this result is for the
case of the twisted character variety ¥, o. Here, we follow Liebeck-Shalev’s method.
This is a very strong method and had been successfully employed by many, see for
instance [I] and more recent work of Guralnick, Larsen, and Tiep [10].

In a forthcoming work by the first author and Hugo Jenkins, the results of this
manuscript are generalized to the setting of SLg-representation and character vari-
eties. In particular, leveraging Green’s classification of representations of GL4(F,),
the SL4 analog of Theorem [F]is established.

For a brief explanation of the proof strategy, we refer the reader to [9].

1.3. Acknowledgment. The first author would like to thank Peter Sarnak for his
support and encouragement throughout this project.

2. ABSOLUTELY IRREDUCIBLE REPRESENTATIONS AND CHARACTERS.

2.1. Basic result on R-points of a quasi-affine scheme. In this subsection,
we recall the concrete description of the R-points of a quasi-affine scheme.

Lemma 3. Suppose B is a Noetherian unital commutative ring and b is an ideal
of B. Let V(b) be the closed subscheme of Spec(B) that is associated to b, and
W := Spec(B) \ V(b) be the scheme-theoretic set difference. Then for every unital
commutative ring R, there is a natural bijection between W (R) and

(6) {f € Hom(B, R) | (f(b)) = R},
where Hom(B, R) is the set of ring homomorphisms from B to R and (f(b)) is the
ideal generated by f(b).
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Proof. Suppose f is an element in the set given in @ Since B is Noetherian,
there exist by,...,b,, € b such that b = (by,...,b,,). Since the ideal generated by
f(b) is R, for every p € Spec(R), there exists i such that f(b;) € p. Therefore,
{Spec(Rs@,)) | 1 < i < m} is an open affine covering of Spec(R). Notice that f
induces ring homomorphisms f; from By, to Ry;,) for every i. These ring homomor-
phisms induce compatible morphisms f;* : Spec(Ry,)) — Spec(By,). Notice that
{Spec(By,) | 1 <i < m} is an open affine covering of W := Spec(B) \ V(b). Hence,
after gluing f;*’s, we get a morphism f* : Spec(R) — W; this means f! € W(R).
Suppose g € W(R); this means ¢ : Spec(R) — W is a morphism. The composition
of g and the embedding of W into Spec(B) is a morphism from Spec(R) to Spec(B).
Hence, g is induced by a ring homomorphism ¢* : B — R. Next, we show that
(g*(b)) = R. Suppose to the contrary that (g*(b)) is a proper ideal. Then there
exists a maximal ideal m of R which contains ¢*(b) as a subset. Therefore,

g(m) = (g") " (m) 2 b,
and so g(m) € V(b), which is a contradiction. This implies that (g*(b)) = R.
Hence, g* is in the set given in @ |

Corollary 4. Suppose a is an ideal in the polynomial ring Zlx:,...,xx], and b
denote the ideal generated by the family of polynomials { f;}icr. Let V(a) and V (b)
be the closed subschemes of Spec(Z[zx1,...,xk]) that are associated to the ideals a
and b, respectively. Let W := V(a) \ V(b) be the scheme-theoretic set difference.
Then for every unital commutative ring R, there is a natural bijection between
W(R) and

(7) {re R¥|Vfeca f(r)=0, and (f;(r)|i e I) = R}.

Proof. Notice that V (a) is isomorphic to Spec(Z[z1, . . ., 2x]/a), and so by Lemmal[3]
there is a natural bijection between W (R) and

(8) {¢ € Hom(Z[z1,...,xk]/a, R) | (¢(fi) | i € I)}.
Suppose ¢ is a ring homomorphism in the set given in . Let

ry = (¢p(x1 +a),...,é(z1 +a)) € RF.

Then for every f € a, f(ry) =0 and f;(ry) = ¢(f;) for every i € I. Hence, ry is in
the set given in @ Conversely, if r is in the set given in , then the evaluation
¢r at r is an element of . It is clear defines a functor from the category of
unital commutative rings to the category of sets and that ¢ — ry and r — ¢, are
natural transformations. This finishes the proof. O

2.2. Description of the R-points of Rep;n and Chgx,n. Our first step is to use

a result of Saito and Nakamoto to describe the R-points of Rep;n.

Proposition 5. For every ring R, p € Rep;n(R) if and only if the R-span of
p(IL,..) is Ma(R).

To state the next lemma, we need to recall the concept of the residue field k(p)
of a prime ideal p of a ring. For a ring R and p € Spec(R), the residue field k(p) of
p is the field of fractions of the integral domain R/p.

Lemma 6. Suppose R is a ring and p : T' — GLg4(R) is a group homomorphism.

For every p € Spec(R), let k(p) be an algebraic closure of the residue field k(p), and
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pp : I' = GLqg(k(p)) be the reduction of p modulo p. Then p is absolutely irreducible
if and only if p, is absolutely irreducible for every p € Spec(R).

Proof. If p is absolutely irreducible (over R), then the R-span of the image of p
is Mq(R). Hence, the R/p-span of the image of p, is Mgq(R/p). This implies that
the k(p)-span of the image of p, is Mg(k(p)), which means that p, is absolutely
irreducible.

To show the converse, let B be the R-span of p(T"), and view it as an R-submodule
of the free, finite rank R-module M4(R). Since p, is absolutely irreducible, the k(p)-

span of B/pMg4(R) is isomorphic to Mg(k(p)). Therefore,
ding(p) (S5 (B/p My(R))) = d?,

where Sy := (R/p) \ {0}. Thus, the k(p)-span of B/pMg(R) is isomorphic to
Mg (k(p)). Hence,

By +pMa(Ry) = Ma(Ry),
where By = 55137 R, = SglR, and S, := R\ p. By Nakayama’s lemma, we
obtain that

(9) By = Ma(Ry),
for every p € Spec(R). Hence, B = M4(R). O

Lemma 7. Let pg : I1;,, — SLo(Ag ) be the universal representation of Iy ,,. For
p € Spec(Ayn), let pop : g, — SLa(k(p)) be the reduction of py modulo p, where
k(p) is the residue field of p. Then p € Rep;n if and only if pop is absolutely
irreducible.

Proof. By [21, Assertion 4.2], p € Rep,,, if and only if pop(Il,,) is not abelian
and pg,p is irreducible.

For p € Rep, ,,, let B be the k(p)-span of pg,(Ily,) in Ma(k(p)). Since pop is
irreducible, B is a simple algebra. Because pgp(Il, ) is not abelian, B is not a
field. Hence, the dimension of B over its center is a perfect square and bigger than
1. As B is a k(p)-subalgebra of Ma(k(p)), we obtain that B = Ma(k(p)). Thus,
po,p is absolutely irreducible.

Conversely, if pg, is absolutely irreducible, then the k(p)-span of po ,(I1,,,) is
My (k(p)). Hence, pop(I14,) is not abelian and po, is irreducible. Thus, p is in
Rep, - O

Proof of Proposition[5 Suppose p € Repgx,n (R). Then by Corollary |4} there exists
a ring homomorphism p* : A4, — R with the following properties:
(1) The representation p is given as the composite of the universal representa-
tion po : Iy, — SLa(Ag,) and the group homomorphism induced by p*
from SLy(Ay ) to SLa(R); the latter is still denoted by p*.
(2) (p"(mg (A |77 €gn) = R.
By the second aforementioned property, for 8 € Spec(R), there exist v and +/
in I, ,, such that p*(7y ,(A(7,7'))) ¢ B. Hence, 7, (A(v,7')) € p where p :=
p* 1) € Spec(A,,,). Thus, p € Rep, ,,. Therefore, by Lemma pop is abso-
lutely irreducible. Notice that p* induces an embedding tg of k(p) into k(), and
pp is the composite of

Po,p - Hg’n — SLQ(]C(]J)) and b SLQ(k(p)) — SLQ(]C(‘B))
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Hence, pg is absolutely irreducible for every ¥ € Spec(R). Therefore, by Lemma@,
p is absolutely irreducible.

Conversely, suppose p : II; , — SLa(R) is absolutely irreducible. Notice that
there is a ring homomorphism p* : A, , — R such that p is the composite of the
universal representation pq : Il ,, — SL2(Ay ) and the group homomorphism from
SLa(Ay,n) to SLa(R) which is induced by p*.

By Corollary {4 in order to show that p € Repy ,,(R), it is enough to prove that

(10) (p" (75 (A1, 7)) [ 7,7 € Ty n) = R.

Suppose to the contrary that the ideal given on the left hand side of is a proper
ideal of R. Then there is B € Spec(R) such that

(p" (75 (A, ) [ 7,7 €Ty ) C B
Hence

(11) (g (A1) 17,7 € Hgn) S,

where p := p* "' (P) € Spec(A,,,). By (1), we obtain that p € ﬁ;}l(DQ}n). Hence,
by [21, Assertion 4.2|, either po,(Il, ) is abelian or pg, is reducible. In either
case, the dimension of the k(p)-span of pg ,(Ily ) as a k(p)-subspace of Ma(k(p))
is at most 3. Because py is a composite of pg, and the embedding of SLa(k(p))
into SL2(k(B)), we deduce that the k(B)-span of py (Il ) is a proper subalgebra
of My(k(%)). Hence, by Lemma [6] p is not absolutely irreducible, which is a
contradiction. (]

Corollary 8. Suppose R is a ring. If [p1] = [p2] for p1, p2 € Rep,, ,,(R), then there
exists an R-algebra automorphism 0 of My(R) such that
(v

p2(7) = 0(p1(7))

for every v € Iy .

Proof. We start by proving the following claim.
Claim 1. For every r; € R and ~; € Il ,,

Zripl(%) =0 if and only if Zﬁ'm(%‘) =0.
i=1 =1

Proof of Claim 1. By symmetry, it is enough to show only one direction. By
the assumption, for every v € IIg,, we have tr(pi(y)) = tr(p2(v)). Hence, if
Yo rip1(ys) = 0, then for every v € Il ,,,

0tr<(i§;7’zp1(%) ) ;7’ (P (7))

(12) intr (p2(7i7)) = tr((ana %)) ool ))

1=

1
Let zo := Y./ 7ip2(7:). Then by (12), for every y in the R-span of po(Ily,,), we
obtain

(13) tr(zay) = 0.
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By Proposition 5] the R-span of py(Ily ) is My (R). Hence, by (13)), we deduce that
tr(zqe;;) = 0 where e;; is a 2-by-2 matrix with 1 in the ¢, j-entry and 0 in every
other entry. This implies that 2o = 0. (]
Next, we show that the function pi(vy) — pa2(y) is well-defined and can be ex-
tended to an R-algebra automorphism of My (R).
Claim 2. For everyr; € R and v; € R, let

4 (g rip1 (%‘)) = grip2(7i)~

Then 0 is a well-defined R-algebra automorphism of Mo (R).
Proof of Claim 2. Suppose

Y orip(r) =Y rip ()
i=1 i=1

for some 75,7, € R and v;,7; € Il ,. Then

/
m

3

rip1(vi) = Y rmip(vi) =0,

1 1

.
Il

%

and so by Claim 1,

Mi

rip2(7;) = 0.

m
Z Tip2 '-Yz
i=1

This shows that 6 is a well- deﬁned function. Since the R-span of p; (Il ) is Ma(R),
the domain and the image of 6§ are My(R). Clearly, 6 is an R-module homomor-
phism. If >, 7;p1(v;) is in the kernel of 6, then by Claim 1, > 1", r;p1(v;) = 0.
Hence, 6 is an R-module automorphism of My(R).

Notice that for every r;,7; € R and 7;,~, € Iy p,

a((zi;mmm)) (Zr'vpm;))) e(gj(nr;)pl(%%))
*Z“ Ja(1i7])
=(Z o) (S rioetap))
za(zi:m(%))oﬁzjjr;»m(v;>>7

and so 6 is also a ring homomorphism. Therefore, 6 is an R-algebra automorphism

By Claim 2, we obtain that pa(y) = 6(pi(v)) for every v € II,,, and 6 is an
R-algebra automorphism of My(R). O

Next, we give a refinement of a result of Isaacs on the group of R-algebra auto-
morphism of My(R) for an arbitrary unital commutative ring R.
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Theorem 9 (Isaacs and Rosenberg-Zelinsky). Suppose R is a unital commutative
ring, and 0 : My(R) — My(R) is an R-algebra isomorphism. Then the following
statements hold.

(1) If R is either a unique factorization domain or a local ring, then 0 is an
inner automorphism.

(2) The automorphism 6% is inner.

(3) Suppose M? ~ R? as R-modules implies that M ~ R as R-modules. Then
0 is an inner automorphism.

(4) There exist an integral extension S of R and g € GL4(S) with the following
properties.
(a) The ring S can be embedded into My(R).
(b) The product of every entry of g by every entry of g~ belongs to R.
(c) For every x € My(R), 0(z) = gzg~'.

In [12], Isaacs takes a concrete approach to study the group of outer automor-
phisms of My(R). He considers the quotient of the group of R-algebra automor-
phisms of My(R) by the group of inner automorphisms of My(R). He calls this
group the Skolem-Noether group and denotes it by

SNa(R) := Autp(Mq(R))/Inn(Mg(R)).

The classical result of Skolem and Noether says that SN4(F) = 1 for every field
F'. Tsaacs proves the same result for unique factorization domains. He proves that
SNg(R) is always a d-torsion abelian group, and for a Dedekind domain D, SN4(D)
is isomorphic to the subgroup of d-torsion elements of the class group of D. In [20],
Rosenberg and Zelinsky used projective modules and proved many of these results.
Here, we use Isaacs’s approach and refine it a bit to prove part 4 of Theorem [9}

Proof of Theorem[9 For Part 1 the case when R is a UFD, see [12, Corollary 15];
the case when R is a local ring it follows from the Skolem-Noether theorem (see
[18, Theorem 6.2]). Part 2 is proved in [I12, Theorem 11]. Part 3 is a consequence
of [I2] Theorem 16]. Let

My = {y € M4g(R) | Vz € M4(R),yx = 0(x)y},
and similarly define My-1. Clearly My and My-1 are R-submodules of M4(R). Let
S be the R-subalgebra of M;(R) which is generated by the union of My and My-1.

By [12, Theorem 2, Lemma 8, and Corollary 9], S is a unital commutative ring. By
[12, Theorem 2], there are u; € My and v; € My-1 such that

(14 S w1,
=1

and for every u € My and v € My-1, uv € RI. For every integers 1 < i,j < d and
every d-by-d matrix x, let e;;(x) be the i, j-entry of x. Then by [12, Lemma 10],
for every integers 1 < 4,7 < d, there exist u;; € My and v;; € My-1 such that for
all u € My and v € My-1,

(15) u;v = e;;(v)I and v u = e;;(u)l.

As it is proved in [I2, Proof of Theorem 11], the product of the d-by-d matrices
[uij] € Mg(S) and [v;;] € Mg(S) is the identity matrix. For the sake of convenience,
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we include the proof here:

d
E Uik VEkj =
k=1

m

d
Uik <Z ulvl>vk Ze,k(vl)ekj(ul)l
=1 k=1

m
eij(vu)l = eij(z wu)I = e (I)1.
1=1

MS I M&

N
Il
-

This implies that [u;;][vi;] = I in Mg4(S).

Next, we view u;’s as elements of M4(.S) and consider their linear combinations
with coefficients v; € S. For the sake of clearance, we formulate this in terms of a
base change of My. Let

f:My®prS — My(S)
be such that f(z® s) = sx. Notice that for every y in the image of f, we have that
yr = O(x)y for all z € My(R). Next, we show that f(} ;" u; ® v;) = [v;;]. For
every integers 1 <14,j < d, we have

eij(f(z w®u)) = szeij(uz) = Zvlulvij = v;;.
=1 =1 =1
This shows that f(}_,%, w ® v;) = [v;;] € GL4(S). Hence, for all x € My(R),

0(z) = [vijlzfvi;] ™" = [vig]2[uwiy).
This proves Parts 4(a) and 4(c). Since u;; € My, vys € My-1, and the product of
every element of My by every element of My-1 is in RI, Part 4(b) follows.
Since S is a subalgebra of My(R), by the Cayley-Hamilton theorem, every ele-
ment of S satisfies a monic polynomial of degree d with coefficients in R; in partic-
ular, S is integral over R. O

Corollary 10. Suppose R is a unital commutative ring and p1, p2 are in Rep;n(R),
Then [p1] = [p2] if and only if there exist an integral extension S of R and g €
GLy(S) with the following properties.
(1) The ring S can be embedded into Ma(R).
(2) For some c € S* and g’ € GL2(R), g% = cg'.
(3) The product of every entry of g by every entry of g~
(4) For ally € Ilyn, pa(7) = gpr(v)g™"
Moreover, if either R is a unique factorization domain or every finitely generated
projective R-module is free, then g can be taken from GLa(R).

L 4s in R.

Proof. If [p1] = [p2], then by Corollary 8] there is an R-algebra automorphism of
Ma(R) such that for all v € Iy, p2(7) = 8(p1(7)). By Theorem [9] there exist an
integral extension S of R and g € GL3(.S) which satisfy Parts (1), (3), and (4). By
Theorem@ there exists ¢’ € GLa(R) such that 6%(z) = g’zg’~! for all x € Ma(R).
This implies that g2zg~2 = g'zg’~! for all z € My(R), and so Part (2) holds.

If R is a UFD, then by Theorem @ g can be taken from GLo(R).

To show the final claim, assume that S is an R-module such that

S®&S~R&R.

Then S is a direct summand of a free R-module, and so it is a projective R-
module. Moreover, after projecting to one of the S-factors, we obtain that S can
be generated by at most 2 elements. Hence, S is a finitely generated projective
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module. Therefore, S ~ RF for some non-negative integer k. This implies that
R?* ~ R? and so k = 1, which means that S ~ R. Thus by Theorem @ g can be
taken from GLa(R).

Conversely, if pa(y) = gp1(v)g~! for all v € I ,,, then

(16) tr(p1(y)) = tr(p2(7)).
Notice that p;’s are given by ring homomorphisms p} : A, , — R, [p;]’s are given
by the ring homomorphisms [p;]* = p} o7y, : Ry, — R, and for all v € Il »,

(17) (P70 mg.n)(ty) = pj tr(po(7)) = tr(pi(7)),

where pg € Rep,,,(Ag ) is the universal representation of Il,,. Since R, is

generated by t,’s, by and , we obtain that [p1] = [p2]. O
Next, we want to get a better description of the set of R-points of Ch;n; this

can be interpreted as a moduli point of view of Ch;,, (R).

Lemma 11. Suppose R is a unital commutative ring and x € Ch;n(R), Then
(1) There exist a faithfully flat extension S of R and p € Rep;n(S) such that

z = [p].
(2) If R is a local unital ring, then S can be chosen to be a finite integral
extension of R which is isomorphic to R[T]/{T? —rT + 1) for some r € R.
(3) If R is a compact DVR and the characteristic of its residue field is not 2,
then S can be chosen to be R.

Proof. Since = € Chgx’n(R), by Corollary 4l we obtain
(A(y. ) @) | 7.7 € Hgn) = R.

Hence, there are finitely many pairs ;,v.’s such that

(18) (A(yi,7)(z) |1 <i<m) =R,

This implies that the diagonal map from R to the product of the localization
RA(y;~)(@) of R by A(vi,7;)(z) is an injection; that means

m r r
t:R— HRA(%'W;)(E)? L(T) = (1,...,1>

i=1

is a ring embedding. Moreover, this embedding makes

1T Raciane
=1

a faithfully flat R-algebra. Let 2; € Chy ,,(RA(v,,4/)(x)) be the image of 2 under the

ring homomorphism 7 — 1. In R; := Ra(y; 4/)(x)>

Ayt (ar) = 2020E)

is invertible. Hence, by [2I, Theorem B], in order to realize x; as the trace of a
representation, it is enough to find a ring extension S; of R; and two matrices a;
and a} in SLa(S;) such that

(@) = tr(ag), ty(xs) =tr(a;), and t,.(z;) = tr(a;a;).
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Let S; := Ri[T]/(T* — t,,/(2:;)T + 1). Then S; is a finite integral extension of R;;
moreover, S; is a free R;-module. Let w :=T + (T? — tyiy ()T + 1) € S5 then

(19) wtw = ().
(0 1 N TR,
Let a; := (1 t, (x2)> and a; := (—w‘l L Notice that

tr(a;) = ty, (v:), tr(aj) =ty (v;), and tr(aa}) =w+ wt = byt (7).

Therefore, by [21, Theorem B], there exists p; : II;,, — SL2(.S;) such that for all
v € 11, ,, we have

by (s) = t(pi(7)).
This implies that for all v € II, ,,
vty () = (ty(21), - sty (2m)) = (t2(p1 (7)), - -5 tr(pm (7)) = tr(p(7)),

where p : II; ,, — SLo(IT/%, S;) is given by (p1(7), - .., pm(7)). We also notice that
the

(AL A 1) (D)) = T S5
i=1
and so p is in Rep; . ([Ti~; Si). Notice that S :=[[2, S; is a free [[;", R;-module
as S; is a free R;-module for every i. Hence, S is faithfully flat over HZL R;.
Because []/", R; is faithfully flat over R, we obtain that S is faithfully flat over R.
If R is a local ring, then the fact that

(A(y,y)(@) [7,7 €gn) =R
implies that there exists a pair of elements v, € I, , such that A(y,~')(z) is a
unit in R. Then by a similar argument as in the previous case, there exist a finite
integral extension S of R and a representation p : Il , — SL2(.S) such that
ty(z) = tr(p(7))
for all v € Il ,. This means that x = [p]. Because A(v,7')([p]) is a unit in S,
p € Rep,, ().

Finally if R is a compact DVR, then R has a unique maximal ideal m and
R/m is a finite field. By the above argument, there exist v,~" € Il,, such that
Ay, )(z) € R*. As above, by Theorem [2I, Theorem B], in order to realize x
as the trace of a representation p € Rep, ,(R), it is enough to find two matrices
a,b € SLa(R) such that
(20) tr(a) =ty(x), tr(b) =ty (z), and tr(ab) =t y(x).

Let ¢ = ty(2), ¢a := ty(x), and c¢3 = tyy(x). Then as in the proof of [I7,

Theorem 1],
a::(o 1) and b:= (u v>
-1 ¢ zZ W

satisfy if and only if Q¢, cy,¢5(—1, 2, w) = 0 where

Qc(&,¢) =€+ 10 + % + canC + c2€C + e3€n.

By [I7, Theorem 1], there exist Z,w in the finite field R/m such that Q.(—1,Z,w) =
0. Let my : R — R/m be the natural quotient map. By a Hensel-type argument
and compactness of R, there exist z,w € R such that my(z) = Z, mm(w) = w, and
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Qc(—1,z,w) = 0 if the gradient of Q¢(—1, z,w) is not zero modulo m. Suppose to
the contrary that

(21) 2W+¢1Z—¢ =0 and 2Z+4c¢w—7¢3 =0,
where ¢; = my(c;) for all 4. By , we obtain that
(22) (¢ —4)Z =¢icy — 263 and (¢ — 4)W = ¢,¢3 — 2Ca.

Since Qz(—1,%,w) = 0, by (22)), we deduce that
(23) 0= (& —4)’Qc(~1,7,W) = Qa(— (¢} — 4),¢182 — 2€3,C1C3 — 2C2).
Simplifying , we obtain
(24) (@ — Hmu(A(y,7)(2)) = 0.
Because A(v,7')(x) € R*, by , we have ¢; = 2¢ where ¢ = +1. Therefore by
, it follows that é; = e¢3; but this implies that

Gl + 05+ C5 —C1CaC3 — 4 = (26)? + 5 + (e€2)* — (2¢)(Ca)(eCa) — 4 = 0,
which means 7, (A(v,7")(z)) = 0. This is a contradiction. Hence cannot hold,
which completes the proof. O

2.3. Description of the D-points for a compact DVR D. We notice that the
proof of the last part of Lemma|l1|gives us a similar result for quotients of a compact
DVR. In the following proposition, we summarize and show further properties of the

D/a-points of the representation and the character varieties where D is a compact
DVR and a is an ideal of D.

Proposition 12. Suppose D is a compact DVR and the characteristic of its residue
field is not 2. Suppose a is a proper non-zero ideal of D. Let w, denote all the maps
that are induced by the quotient map w4 : D — D/a. Then the following statements
hold.

(1) The map mg, : Rep, (D) = Chy (D) is surjective.
(2) For all x € Ch (D), the fiber ;) (x) is a single GLy(D)-orbit.
(3) The map 4 : Rep, (D) — Rep, ,,(D/a) is surjective.
(4) The map 7o : Chy, (D) — Chy (D /a) is surjective.
We have already established several parts of Proposition To prove the re-

maining two, we employ a Hensel-type argument, for which the following lemmas
are needed.

Lemma 13. Let w : (SLg)?9t" — SLo,

W(mlvyh cee 7xgaygvzlv .. .,Zn) = [581791] T [xgayg]zl ctt Zn.

Suppose R is a unital commutative ring and R[e] is the ring of dual numbers over

R; that means R[e] = R & Re and €* = 0. Then for all
al,bl,...,ag,bg,cl,...,cn € SL2(R)

and
X, Y,... ,Xg7Yg,Z1, ey dn € EIQ(R),
we have

wlai(l+eXq),...,bg(1 +eYy),ci(1+€Z1),...,cn(l+eZy)) =
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w(a, ..., bg,c1,. .. cn)(1+¢( ZAd ) (Tay 0, (X3, Y3)) +ZAd ei)(Z:)))s
=1
where 7,5(X,Y) = (Ad(b™1)(X) — X) (Y — Ad(a=H)(Y)), for all i
di := ([@i+1,big1] - [ag, bgler -+ c) " bsas,
and

e; = (Ci-i-l . "Cn)_l.

Proof. This is a direct computation and the case of n = 0 is done in [I9, Page
53]. O

Lemma 14. Suppose F is a field and its characteristic is not 2. Suppose g is an
integer which is at least 2, a1,b1,...,aq,by € SLa(F') and the F-span of the group
(@1,b1,...,a4,bg) is Mo(F'). Then Ty : sla (F)29 — sly(F),

Tap(X1,Y1,.. ., ZAd (Tar: (X, Y7))

is surjective, where
Tap(X,Y) = (Ad(b™1)(X) — X) + (Y — Ad(a™)(Y))
and d; := ([@i41,bit1] - [ag, bg]) ™ for all i.

Proof. Passing to an algebraic closure of F', without loss of generality, we can and
will assume that F' is algebraically closed. Hence, every element x in SLo(F') has a

conjugate that is of the form either (g a01) (the semisimple case) or + (é D

(the unipotent case). Direct computation shows that

(25) Im(Ad (3‘ a01> —1> _F (8 é) ®F (? 8) ,

and

1 1 0 1 1 0
o w0 =r(C erlt %)
By and (26)), for all # # +1 in SLy(F), the image of Ad(x) — I is of dimension

2. Therefore, if T, p, is not surjective, then there exists a 2-dimensional subspace V
of sly(F') such that for all ¢, either a; = £1 or

(27) Ad(dy)(Im(Ad(a; ") = 1)) = V.
and similarly either b; = +1 or

(28) Ad(dy)(Im(Ad(bY) = 1)) = V.
Hence, if a; # £1 and b; # +1, then

(29) Im(Ad(a; ') — I) = Im(Ad(b;) ™' — I).
Notice that if z € SLy(F') commutes with xz, then

(30) Ad(z)(Im(Ad(x) — I)) = Im(Ad(z) — I).

By and , we obtain that the spaces of
Im(Ad(a; ') —I) and Tm(Ad(b;)~' — 1)
are invariant under the action of the group (Ad(a;), Ad(b;)).
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Claim 1. For all i, either a; = £1 or V. =Im(Ad(a;) — I), and similarly either
by = %1 or V.=1Im(Ad(b;) — I). In particular, V is invariant under the action by
the group
(Ad(a1),Ad(b1),...,Ad(ay), Ad(by)).
Proof of Claim 1. Notice that d, = bgyay, and so
V =Im(Ad(ag) —I) and V =Im(Ad(by) —1I)
if a; # 1 and b, # %1, respectively. Therefore, in all the cases, V is invariant

under (Ad(agy),Ad(by)). Therefore V is invariant under dgy1. Hence by and
(28]), we obtain that

V =Im(Ad(ag—1) —I) and V =Im(Ad(bg_1)—1I)

if ag—1 # %1 and by—1 # £1, respectively. The first part of the claim follows by an
induction argument.

For the second part, we notice that if x = +1, then Ad(z) = I, and for all
x € SLy(F), Im(Ad(z) — I) is invariant under the action of Ad(x)**. O

Claim 2. Suppose x € SLy(F) and F (8 é) e F ((1) 8) is Ad(z)-invariant.

Then there exists 8 € F* such that either x = <€ ﬁgl) orx = <_§_1 g)

Proof of Claim 2. Notice that
u v\ (0 1 t  —v —uw  u? 0 1 0 0
(w t> (0 O> (—w u) o (—w2 uw> €r (O 0) OF <1 0)
precisely when uw = 0. By a similar argument, we obtain that
u v\ (0 0 0 1 0 0
Ad<w t) (1 0) €F<O 0>@F(1 o)
exactly when vt = 0. The claim follows. [

Claim 3. Suppose x € SLy(F) and F' (8 é) er (é _01) is Ad(x)-invariant.

Then x is an upper-triangular matriz.
Proof of Claim 3. A similar computation as in Claim 2 implies Claim 3. a

Suppose at least one of the a;’s or b;’s is semisimple and not +1; then after con-
jugation, we can and will assume that it is a diagonal matrix. Hence, by Claim 1,

Claim 2, and ,

(a1,b1, ... ag,by) {(g 501> |ﬁeFx}u{(§1 g) /3epx}.

Since the F-span of the group generated by all the a;’s and b;’s is My(F), at least
one of the a;’s or b;’s is of the form

0 B
,ﬂfl 0
for some B € F*. Notice that

(5 o) S0 )6 A) =6 4)
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0

which is not in the F-span of nd ( O) . This is a contradiction. There-

0 0)* 1 o
fore, we can and will deduce that all a;’s and b;’s are plus or minus unipotents.

. . .. 1 1
After a conjugation, we can assume that one of them is if the form + (O )

Then by Claim 1 and Claim 3 and , all a;’s and b;’s are upper-triangular. This
contradictions the assumption that the F-span of the group generated by a;’s and
b/S is MQ(F) O

Proof of Proposition[I3 Part (1) follows from Part (3) of Lemma Part (2)
follows from Corollary 8. By a similar argument as in the proof of the third part of
Lemma 11| we obtain that my, : Rep), (D/a) — Ch}, (D/a) is surjective. Notice
that the following is a commutative diagram.

Rep;,, (D) — Rep;,,(D/a)

[ [

Chy (D) —— Ch,,,(D/a)

Since the vertical arrows are surjective, Part (4) follows from Part (3).

Notice that if n is positive, then Il , is a free group of rank 2g+n—1. This implies
that Rep,,, ~ SL39*"~!, and so Rep, (D) is naturally equal to SLy(D)29+"~1
and Rep, ,,(D/a) is naturally equal to SLy(D/a)?9t"~1. Since D is a PID, 74 :
SLa(D) — SLa(D/a) is surjective. Hence,

mq : Rep, ,(D) — Rep, ,,(D/a)

is surjective. If p is in Rep, ,,(D) and 74(p) is in Rep,,,(D/a), then the D/a-span
of the image of m4(p) is Ma(D/a). This implies that

ma(D[p(Ilg,n)]) = Ma(D/a)
where D[p(Il, )] is the D-span of the image of p. Since D is a local ring, by
Nakayama’s lemma we obtain that D[p(Il, ,)] = Ma(D). This means p € Rep, ,, (D).
Thus, Part (4) follows if n is positive.

Since D is a compact DVR, there exist @w € D and a positive integer k such
that a = (w®) and (w) is the maximal ideal of D. Suppose p € Rep,’,,(D/(w")).
By induction, we show that for every integer [ > k, there exists a representation
pLE Repgx)n(D/<wl>) such that m(p;) = p. Suppose p; is given by

(61, . ,Bg) € SLQ(D/<wl>)2g

Since i : SLa(D) — SLa(D/{w!)) is surjective, there exist a;’s and b;’s in SLy(D)
such that 7_:(a;) = @; and 7_:(b;) = b; for all .. Then

la1,b1] - [ag, bg] =1+ @'z
and 7 (2) € sly(D/(w)). By Lemma [I3 and Lemma [14] there exist X;’s and Y;’s
in sly(D) such that

[a1(1+ @' X1), b1 (1 + @'Y3)] - -- [ag(1+ leg)7 by(1 + wlYg)]

is 1 modulo w'*!. Notice that 71 (a;(1 + @' X;)) and 71 (b; (1 + @'Y;)) are in
SLy(D/{w'*1)) for every i. Hence

(ﬂ'wl+1 (a1(1 + le1)>, cy Tl (bg<1 + wlYg)))
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gives us a lift of p; in Rep,,,(D/(w')). By the compactness of D, we obtain that
there exists po € Rep,, (D) which is a lift of p. Since p € Rep, ,(D/a), by
a similar argument as before, using Nakayama’s lemma we obtain that p,, is in

Rep, (D). O
Theorem [B] follows from Proposition

3. SUFFICIENTLY ZARISKI-DENSE REPRESENTATIONS

The main goal of this section is to prove Theorem[C|] We start with an application
of the classification of finite subgroups of SLy(C) due to Dickson (we use Suzuki’s
treatment [23, Theorem 6.17]).

Lemma 15. Suppose p € Rep;n((C). Let G be the Zariski closure of Im(p) in
(SLa)c. Then one of the following statements hold.

(1) G = (SLa)c.

(2) G is a conjugate of

{diag(a,a™ ') | d € C*} Uw{diag(a,a™ ") | d € C*},

0 1
where w = (_1 O)'

(3) G is a conjugate to a finite group isomorphic to either a binary dihedral
group, SLa(F3), the double cover of Sy, or SLa(Fs).

Proof. If diim G = 3, then G = (SLa)¢. If dim G = 2, then the connected component
of G is a Borel subgroup of (SL3)c. Because the normalizer of a Borel subgroup is
itself, we deduce that G is a Borel subgroup. This implies that p is not absolutely
irreducible, which contradicts the assumption that p € Rep;,n((C). If dimG = 1,
then the connected component of G is either a torus or the unipotent radical of
a Borel subgroup. In the latter case, G is in the normalizer of the unipotent
radical of a Borel subgroup, and so G is a subgroup of a Borel subgroup. This
contradicts the assumption that p € Rep,,(C). Hence, if dimG = 1, then the
connected component of G is a conjugate of the group of diagonal matrices. Because
p is absolutely irreducible, G is the full normalizer group of the group of diagonal
matrices; this means the group given in (2). If dimG = 0, then G is a finite
subgroup of SLs(C). Then by [23] Theorem 6.17] and [5, Proposition 3.1}, G is a
group given in (3). O

The following lemma introduces group-theoretic relations that facilitate the iden-
tification of representations arising in the second case of Lemma

Lemma 16. Suppose G is a group which is generated by x1,...,x,. Suppose I is
a subset of [1..k] with the following properties.

(1) Foralli,jel andl &1, [z;xj, ;] =1 where [a,b] := aba='b~".

(2) Forallly,ly €1, [x1,,21,] = 1.

(3) ForallieI andl ¢ I, vaw; ' =a; "

(4) For alli,j,r €I, z (x;xj)z, "t = (vizy) "t
Then G has a normal abelian subgroup A such that [G : A] < 2.

Proof. Let A be the subgroup generated by {z;z; | i,j € I} U{x; |l ¢ I}. Then
A is an abelian subgroup of G. Because of the relations given in (3) and (4), for
all i € I, x; normalizes A. Hence, A is a normal subgroup of G. For all 7,5 € I,
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T, A = xj_lA. Because G is generated by z;’s and {x; | j € I} is a subset of A, we
obtain that G/A is cyclic and it is generated by x;, A where ig € I. Since x?ﬂ €A,
we deduce that G/A has at most 2 elements.

The following lemma clarifies the connection between the group-theoretic rela-
tions given in Lemma [I6] and the second case of Lemma [T5]

Lemma 17. Suppose R is a unital commutative ring and p : I, , — SLa(R) is a
group homomorphism such that the image of p is a subgroup of a conjugate of

(31) {diag(a,a™ ") | a € R*} Uw{diag(a,a™") | a € R*}
where w = (_01 (1)) Let z; »=a; and x44; :=b; fori € [1..g], and xo44; = ¢; for

j € [1.n]. Then there exists a subset I of [1..(2g + n)] such that {x;}:91" satisfies
the relations given in Lemma [16 with respect to the subset I.

Proof. Without loss of generality, we can and will assume that the image of p is
a subgroup of (BI)). Let I := {i € [1..(2g + n)] | p(z;) is not diagonal}. Then for
every l1,ls € I, 2y, and x;, are diagonal, and so [z;,,2;,] = 1. For every i,j € I,
x;x; is a diagonal matrix, and so [x;x;, ;] =1 for all [ ¢ I. Notice that

w diag(a,a™ ') diag(b, b~ ') diag(a™*, a)w™* = diag(b, b~ ")~ .

Therefore, for all i € I and | ¢ I, z;22; ' = 27 ', and similarly, for all 4, 5,7 € I,

ap(gwy)e, = (zag) ™

O

The following lemma originates in a classical result of Burnside. It enables the
translation of group-theoretic equations in the absolutely irreducible component of
the representation variety into corresponding equations in the character variety.

Lemma 18. Suppose F is a field, G is a group generated by x1, ..., xx in SLo(F),
and the F-span of G is Ma(F). Then
(1) The F-span of
S:={1}U {xi}i'c:l U {xilxiQ}Z,ig:l U {@i, 24, 4 }i'cl,ig,igzl
(2) The F-linear map
T :My(F) = FS, T(zx)(s) := tr(xs).
is injective, where FS denotes the space of F-valued functions on the set S.

Proof. Let V be the F-span of 1 and x1,...,x,. Then
FCVCV.VCV.V.V

and all of them are F-subspaces of My (F'). Since dimp Mo (F') = 4, either V-V.V =
My (F'), or there exists ¢ € {1,2} such that the i-fold product of V' coincides with its
(i+1)-fold product. In the latter case, the space [[, V' is stable under multiplication
by the elements z;, and thus invariant under multiplication by the group G. 1 € V,
we obtain that G is a subset of [[, V. Therefore, the F-span of G is a subset of
[, V. Thus, [[, V = Ma(F). Part (1) follows.
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It is clear that T is an F-linear function. Hence, to show T is injective, it is
enough to discuss why its kernel is trivial. Suppose T'(z) = 0; that is,
T(x)(s) = tr(zs) =0 for all s € S.
By Part (1) and the F-linearity of the trace, we obtain that tr(zy) = 0 for all
y € My(F). This implies that = = 0. d

To a subset R of a free group in 2g + n generators where the generators are
labelled by
a17b17"'7agubgacl7"'7Cn7
we associate a closed subscheme RepgxymR of Reng’n such that for every unitary
commutative ring R, p € Rep,,,.» (R) if and only if p € Rep, ,,(R) and
YweR, plw)=1

Similarly, we define a closed subscheme Ch/y . of Chy', such that z is in Ch;', . (R)
if and only if # € Ch,,,(R) and
V'LU S R,\V/SI, 59,83 S S7 t515283 (x) = tws15233(x)7

where S := {1,a1,...,a4,b1,...,bg,c1,...,¢,}. Clearly, 7y, induces a morphism
from Rep, ,,.r to Chy, ».
Lemma 19. Let R be a subset of the free group freely generated by 2g+n elements.
Suppose F is an algebraically closed field of characteristic # 2, and let D be a
compact DVR whose residue field also has characteristic # 2. Let a be a proper
nonzero ideal of D.

Then the morphism g, induces surjective maps between the F-, D-, and D/a-
points of Rep, . and Chy’, ». Moreover, we have:

Rep;,n(F) N W;}L(Ch;n,R(F)) = Rep;,n;R(F)a

R‘ep;,n(D) n W;;(Ch;,n,R(D» = Rep;,n;R(D)7
and
Rep;,n(D/a> n W;:L(Ch;,n,R(D/a)) = R‘ep;n;R(D/a)'

Proof. Suppose z € Chgxm;R(F). Then, by Lemma Part (2), there exists p
in Rep, ,,(F) such that = 7, ,(p). Moreover, by Proposition he F-span of
p(Ily.p) is Ma(F). Since 7y n(p) = 2 is in Chy .o (F), by Lemma (18, Part (2), we
obtain that p(w) = 1 for every w € R. Therefore, p € Rep, .. (F). This argument
also implies

Repy.,, (F) Ny (Chy iz (F)) = Repy .= (F)

Suppose x € Ch;n;R(D). Then by Proposition Part (1), there exists p in
Rep,, ,(D) such that 74 ,(p) = . Then, by Proposition the D-span of p(Il, ,,) is
M (D). Let w be a uniformizing element of D; that means (w) is the maximal ideal
of D. Let f := D/(w) be the residue field of D. Then the f-span of 75 (p(Ily y)) is
M, (). Hence, by Lemma[L8] Part (1), the f-span of

{Ww(P(SISQSS)) | S € {1a agy .- .- 7ag7b17 BRI bg7 Cly--- 7C’I’L}}
is Ma(f). Since (w) is the Jacobson radical of D, by Nakayama’s lemma, we obtain
that the D-span of

{p(s1s2s3) | s; € {1,a1,...,a4,b1,...,bg,C1,...,cn}}
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is My(D). Thus, by the virtue of the proof of Lemma [I8] Part (2), the fact that
Tgn(p) € Chy .o (D) implies p(w) = 1 for every w € R. Hence p € Rep, ..z (D).
The same argument gives us

Rep; (D) N7y (Chy, = (D)) = Rep,,,.z (D).
A similar argument implies the last claim. (I

Using Lemma and we define closed subschemes of Rep,,,, and Chy,
whose R-points include all representations (and their traces, respectively) whose
image lies in a subgroup as described in the second part of Lemma[I5]—in particular,
including finite binary dihedral groups.

Our next focus is on representations with finite image. Part of the next lemma is
related to the action of the pure Mapping Class Group I'y ,, on the character variety.
Although we do not elaborate on the pure MCG in this manuscript, its action on the
character variety serves as a guiding motivation for several constructions presented
here. We refer the interested reader to [4] [9] for further context. Here, we only
recall that by the Dehn-Nielsen-Baer theorem I'y ,, is isomorphic to the group of
outer automorphisms that preserve the conjugacy classes of boundary elements
corresponding to the punctures. Let PAut(Il,,) be the subgroup of Aut(Il, )
such that T'y,, ~ PAut(Il; ,)/Inn(Il, ,) via the isomorphism given by the Dehn-
Nielsen-Baer theorem.

To describe the action of I'y,, on Ch, ., it suffices to explain how the group
Out(Il, ,,) of outer automorphisms of II, , acts on Chy,. Note that for every
8 € Aut(Il, ,,), the following is a natural bijection

Repg,n(R) — Repgﬂ(R)7 p— pob L.

Hence, Aut(Il, ;) acts naturally on Rep, ,,.

For every 0 € Aut(Il, ), t, — tg-1(,) permutes these generators of R, ,,. It is
clear that this permutation induces a surjective endomorphism of R . Since Ry y
is Noetherian, every surjective endomorphism is an automorphism. Therefore, we
get an action of Aut(Ily,) on Chy,. By (3), we deduce that this action factors
through the group of outer automorphisms. Hence,

Rep,, ,, o, Chy., and 7wy, (0 p) =0-7yn(p),

Aut(Ily ) Out(Ily,,)
for every 6 € Aut(Il,,,) and p € Rep, ,,(R), where 6 := 6 Inn(Tl, ).
Notice that the image of p and 6 - p are equal, and so the open immersion
map Reng’n — Rep,,, 1s Aut(II, , )-equivariant. Thus, the open immersion map

Ch,,, < Chy, is Out(II,,, )-equivariant.

Lemma 20. Let G be a group isomorphic to either SLy(F3), a double cover of Sy,
or SLa(Fs). Let
Fync = {x € Chy, (C)|3pecRep, ,(C), v =myn(p), p(Illgn) ~G}.

Then Fyn.c is a finite subset of Chy,,(Z[1/2,Cao]) which is invariant under the
actions of the automorphism group of Q[Cs] and the pure mapping class group
Ty, where (g9 = €2™/40,
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Proof. Explicit representations of these groups in SLy(C) date back to the work
of Klein; see [B, Proposition 2.1] for concrete realizations. One can see that these
groups have faithful representations in
SLy(Z[1/2,V2,V/5,V~1]) C SLa(Z[1/2, Ca0))-

We identify G with a subgroup of SLa(Z[1/2, (40]) via this faithful representation.
By inspecting the explicit embedding of SLy(F3) into SL2(Z[1/2, (40]) given in [5]
Proposition 2.1], we observe that its Z[1/2, (4]-span is equal to Mz(Z[1/2, C40])-
Since both the double cover of Sy and SLy(F5) contain subgroups isomorphic to
SLo(F3), it follows that their Z[1/2, (40]-spans are likewise equal to My (Z[1/2, (40))-

By [5, Proposition 3.1], if p € Rep,,(C) and Im(p) ~ G, then there exists
z € SLy(C) such that Im(p) = x~'Gz. Hence, ¢, o p € Rep,,,(Z[1/2, Cs0]), where
¢, denotes the inner automorphism given by conjugation by x. This implies that

Fyma € Chy o (Z[1/2, Cao))-

By a similar argument, for every p € 7 (Fgn.c), there exists 2 € SLy(C) such
that ¢, o p lies in

Epi(Ily », G) := {p € Hom(Il, ,,, G) | p is surjective} .

Therefore, Fy ,.c = mgn(Epi(lly ,, G)); in particular, Fy ,.c is a finite set in-
variant under the action of the pure mapping class group. Note that Epi(Il, ., G)
is preserved under the action of PAut(Il, ,,).

For all z € F, ,,.c, there exists p € Epi(Ily ,,, G) such that z = 7y ,(p). Then for
every automorphism o of Q[(y0], o(x) = mgn(c 0 p) is in F, .. O

Using Lemma 20} we deduce the following corollary.

Corollary 21. Let G be a group isomorphic to either SLy(F3), a double cover of
Sy, or SLa(Fs). Then there exists a reduced closed subscheme F, . of Ch o, Such
that for every algebraically closed field F' of characteristic either zero or more than
5,

Tgn(Egma(F)) = {p € Repy, (F) | Im(p) ~ G}.

Proof. Let Fyn.c be the finite set given in Lemma 20} For every = € Fy ., we
get a ring homomorphism «* : Ry, — Z[1/2, {40] and the kernel ker z* of z* is a
prime ideal of Ry ,, which is in Ch, . Let F; o be the closed subscheme of Ch/
which is given by the closed bubbet

U V(ker z*) ( ﬂ kerx)

2E€EF  nia 2€EF, nia

Since ker z* is prime for every z € Fy n;g, Iy . is reduced.

For every algebraically closed field F' of characteristic either 0 or at least 7, by
[5l, Proposition 2.1], there exists a ring homomorphism tr : Z[1/2, (4] — F such
that the restriction of the group homomorphism ¢x : SLa(Z[1/2, {40]) — SLa(F') to
G is an embedding.

Claim 1. For everyy € I, (F), there exists ' € F, . such thaty = tp(z').

Proof of Claim 1. For y € F
and

E, .c(F), we get a ring homomorphism y* : Ry, — F

kery* D ﬂ ker z*.

r€Fy n;a
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Since kery* is a prime ideal, there exists x € Fj . such that kery* 2O kerz*.
Therefore, y* is the composite of the horizontal arrows given in the following dia-
gram.

Ry, — Ryn/kera* — R,/ kery* Cy—> F
(32) j
Z[1/2, Gao)

Let ¥ : Ry, /kerz* — F be the composite of the second and the third horizontal
arrows in . Similarly, «* is the composite of the arrows given in the following
diagram.

(33) Rgn — Rgn/kera* <= 7Z[1/2,Cyo] —= F

Since F' is not of characteristic 2, we can extend the ring homomorphisms ?* and
T* to the ring x* (R, ,)[1/2]. The extensions will be still denoted by Y and T*.
Notice that Z[1/2, (0] is an integral extension of z*(Ry ,)[1/2]. Therefore by the

going-up theorem and the assumption that F' is algebraically closed, ?* and tpoT*
can be extended to ring homomorphisms

Ty Z[1/2,¢i0) = F,

respectively. Since the characteristic of F' is not a divisor of 40, F'* has an element
of order 40. Hence,

{Ce F|®4(¢) =0} ={C € F|o(¢) = 40},
where ®40(t) is the 40-th cyclotomic polynomial. Therefore, the Galois group
Gal(Q[C40]/Q) acts transitively on the set of ring homomorphisms from Z[1/2, {40]
to F. Hence, there exists o € Gal(Q[40]/Q) such that

o~

(34) Y = T oo
Notice that 2’ := ¢ -z is in Fj; ,,¢ and 2™ = 2* o 0. Thus, y = vp(a’). O
Claim 2. If p € Rep, ,,(F') and Im(p) ~ G, then 7y .(p) € F, . (F).
Proof of Claim 2. By [5l, Proposition 3.1], there exists g € SLa(F') such that
Im(p) = ger(G)g ™"

Since ¢ induces an isomorphism from G to ¢tp(G), there exists p" in Epi(Ily ,,, G)
such that g~ 'pg = tp(p’). Therefore

Tgn(p) = 7Tg,n(gilpg) = LF(Wg,n(PI))a
and

Tgn(p') € FyniG-
This means that 7y, (p) is in F, ,,.o(F). O
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Now that we have defined all the terms in (4) and (5)), we may introduce the def-
inition of sufficiently Zariski-dense representation and character varieties, denoted
Repg, n® and Ch g,n®, respectively, in Definition

We refer the reader to the paragraph following Definition [2| for the precise defi-
nition of a sufficiently Zariski-dense representation.

Proposition 22 (Sufficiently Zariski-dense representations). Suppose F is an
algebraically closed field of characteristic either zero or at least 7, R is a unital
commutative Z[1/30]-algebra and p is a prime more than 5. Then the following
statements hold.
(1) If F is of characteristic zero, then p € Repj ,,(F) precisely when p(Ily ) is
Zariski-dense in (SLa) .
(2) If F is of characteristic p, then p € Repy ,(F') precisely when either p(Ily ,,)
is Zariski-dense in (SL2)p or [p(Ilg ), p(I1g.)] contains a copy of SLa(Fp).
(3) Rep; ,(R) consists of all the elements of Rep, ,,(R) which are sufficiently
Zariski-dense.
(4) p € Repy ,,(Zy) if and only if p(Ily ) is dense in SLa(Zy) with respect to
the p-adic topology.
(5) For every positive integer k,

Rep}),,(Z/p"Z) = Epi(Ily,n, SL2(Z/p"Z)).

Proof. (1) Suppose p € Rep; ,,(F) and F is of characteristic zero. Let E be the
subfield of F' which is generated by the entries of p(a;)’s, p(b;)’s and p(¢;)’s. Because
FE is a finitely generated field of characteristic zero, it can be embedded into C. Let
G be the Zariski-closure of Im(p) in (SLs)g. By Lemma G = G Xgpec ESpecC
cannot be the group given in case (2) and the binary dihedral group in case (3)
of Lemma By Corollary G cannot be isomorphic to either SLy(F3), a
double cover of Sy, or SLy(FF5). Therefore by Lemma G = (SLy)¢. Therefore
dim G = 3, and so because F is algebraically close G Xgpec £ Spec F = (SLa) 5.

Conversely if the image of p is Zariski-dense in (SLg) g, then p is absolutely irre-
ducible, by Lemma p is not in Repgx,n’RI (F) for every subset I of the generating
set. Because the image of p is not finite, p is not in Wg_}l(ﬂ )(F) for every finite
group G.

(2) Suppose p € Rep; ,,(F) and F is of characteristic p > 5. Let G be the Zariski-
closure of Im(p) in (SLg)p. If dimG = 3, then G = (SLy)p. If dimG = 2, then
G is a Borel subgroup of (SLg)p. This implies that p is not absolutely irreducible
which is a contradiction. If dimG = 1, then the connected component of G is
either the unipotent radical of a Borel subgroup or a torus. The former is not
possible as G is in the normalizer of its connected component, the normalizer of
the unipotent radical of a Borel subgroup is a Borel subgroup, and image of an
irreducible representation cannot be a subgroup of a Borel subgroup. Hence, the
image of p is a subgroup of a conjugate of

{diag(a,a™ ") | @ € F*} Uw{diag(a,a™") | a € F*},

where w = (_01 é) Then by Lemma p € Rep, .z, (F) for some subset I
of the set of generators, which is a contradiction. Thus the image of p is a finite
group G. If the order of G and p are relatively prime, then by [23], Theorem 6.17]

G is isomorphic to either a subgroup of a binary dihedral group, SLy(F3), a double

g.,n,G
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cover of Sy, or SLa(F5). If G is isomorphic to a subgroup of a dihedral group, then
p is again in Rep, .z, (F') for some I which is a contradiction. In other cases,
by [B, Proposition 2.1] and [5, Theorem 3.1], there exists a ring homomorphism
vp  Z[1/2,Ca0] = F and pin 7,5 (F,, ,.(Z[1/2,(40])) such that

p = tr(p)-

This means p € 7, . (F,, ,.(F)), which is a contradiction. Hence the only possible
remaining case is when p divides the order of G. In this case, by [23], Theorem 6.17],
either [G, G] contains a subgroup isomorphic to SLz(F,) or G ~ (Z/mZ) x (Z/pZ)?
where ged(p,m) = 1. Let @ be the normal subgroup of G which is isomorphic
to (Z/pZ)?. Then there exists a unique one-dimensional subspace V of F? such
that for all z € Q and v € V, xzv = v. Since @ is a normal subgroup of G, V'
is G-invariant. This is in contradiction with the irreducibility of p. Conversely, if
the image of p is Zariski-dense in (SLg)p, then by a similar argument as in the
case of characteristic zero we have p € Rep; , (F). If the image of p contains
a copy of SLy(F,), then p is absolutely irreducible. By Lemma and the fact
that SLy(F,) does not have an abelian subgroup of index 2, we obtain that p is
not in Rep, ,, g, (F) for every subset I of the generating set. Clearly, p is not in

A (Ey ) (F). Hence, p € Rep,,,(F).

(3) Notice that Repj ,, is a quasi affine Z-scheme, and so it can be realized as
V(a) \ V(b) for some ideals of a ring of polynomials over Z. By Corollary |4} for
every unital commutative ring R, the R-points of V'(a) \ V(b) consists of

{x e V(a)(R)[(9(x) | g € b) = R}.
Notice that if (g(x) | g € b) is a proper ideal, then for some maximal ideal m we
have

™

{9(mm(x)) | g € b) = 0.
This means for x € V(a)(R), x € (V(a) \ V(b))(R) if and only if mn(x) is in
(V(a) \ V(b))(k(m)) for every maximal ideal m of R. Therefore p € Repy ,,(R) if
and only if p € Rep, ,(R) and mw(p) € Repy ,,(k(m)) for every maximal ideal m of
R. When R is a Z[1/30]-algebra, the characteristic of every residue field k(m) is
not 2, 3, or 5. By parts (2) and (3), we deduce that p € Rep,, ,,(R) is in Repy ,,(R)
if and only if p is sufficiently Zariski-dense.

(4) Suppose p € Rep,,(Z,). By part (3), p € Rep;,(Z,) if and only if
mp(Im(p)) contains a copy of SLa(FF,). Hence p € Repy ,,(Z,) precisely when ,(p) €
Epi(Il, »,SL2(Fp)). Notice that if G is a closed subgroup of SL2(Z,), then G =
SL2(Z,) precisely when m,(G) = SLa(Fy,). Therefore m,(p) € Epi(Ily,,,, SLa(Fp)) if
and only if the image of p is dense in SLy(Z,).

(5) Suppose p € Repg’n(Z/ka). By part (3), p € Rep;vn(Z/ka) if and only if
mp(Im(p)) contains a copy of SLy(F,). Hence p € Repj ,,(Z/p*Z) precisely when
m(p) € Epi(Ily,,, SLa(F,)). Notice that if G is a subgroup of SLa(Z/p*Z), then
G = SLy(Z/p*Z) precisely when 7,(G) = SLa(F,). Therefore

Tp(p) € Epi(Ily ., SLa(F,)) if and only if p € Epi(Tl,,,,, SL2(Z/p"Z)).
0

Proposition 23 (Sufficiently Zariski-dense characters). Suppose F is an alge-
braically closed field of characteristic either zero orp > 5, R is a unital commutative
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Z[1/30]-algebra, D is a compact DVR and the characteristic of the residue field of
D is more than 5, and a is a proper non-trivial ideal of D.

(1) _I(Ch° n) = Rep;’n.

(2) Repy,(R) N7y, (Chg ,(R)) = Repg ,(R).
(3) mg.n : Repy ,(F) — Chy  (F') is surjective.

(4) mg.n : Repy (D) — Chg , (D) is surjective.

(5) mg.n : Repy ,(D/a) — Chg , (D/a) is surjective.

Proof. (1) Since 7, },(Chy .o, ) = Rep;, .z, for every I, we have that

Rep;,, = 7, (Chy ).

g,n

(2) By part (1), we have that Rep; ,, is a fiber product Rep, Xcnx, Chg ,
Rep,,,, and Ch} , over Chy',,.

Repy ,, — Repgx’n

J{ﬂ'g,n lﬂ'gm/

Chy,, — Ch),

Hence, we have that
Rep,,,(R) N, ,(Chy ,(R)) 2 Rep; , (R).

Suppose p € Rep, ,,(R) \ Rep ,,(R). Then by Proposition Parts (3), (1), and
(2), there exists a maximal ideal m of R such that mn(p) ¢ Repy ,(k(m)) where
k(m) is an algebraic closure of the residue field k(m) := R/m. By Corollary and

Lemma we deduce that 7y, (mm(p)) & Chy , (k(m)). Hence, 7y ,(p) is not in
Chy ,(R).

By Part (2), we have that whenever 7, : Rep,’,,(R) = Ch;, (R) is surjective,
so is

Tgm Rep;yn(R) — Ch;’n(R).
Therefore Lemma Part (2), implies Part (3), and Proposition 12| implies parts
(4) and (5). O
Theorem [C] follows from Proposition 22} Proposition 23] and Theorem [B]

4. MODIFIED RELATIVE CHARACTER VARIETIES.

4.1. Center of an absolutely irreducible character. Let us recall that Il ,
is given by the presentation and the pure automorphism group PAut(Il, ) is
the subgroup of Aut(Il,,) which preserves the conjugacy classes of ¢; for all 7 in
[1..n]. Hence, for all § € PAut(Il, ), i € [1..n], and p € Rep, ,,(R), we have that

p(0(ci)) = £1if p(e;) = 1 and  tr(p(c;)) = tr(p(6(ci)))-
Here, we show that for absolutely irreducible representations, assigning +1 to a
curve can be detected at the level of character variety.
We say that (p, S) is a generalized lift of (z, R) if p € Rep, ,,(S), = € Chy ,(R),
S is an R-algebra and its R-algebra structure is given by the ring homomorphism
t:R— S, and

Uz) = mgn(p)-
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If . in the above setting is injective, we say (p,.S) is a lift of (x, R). When the ring
R is clear from the context, we simply say that (p,S) is a lift of .
For p € Rep,, ,(R), we define

Z(p) = Ay € Ugn | ply) = 1},
and refer to it as the center of p.

Lemma 24. Let R be a unital commutative ring, and let x € Chgx’n(R), Suppose

(po, EO) is a generalized lift of x, where Ry is a faithfully flat extension of R. Then
the following statements hold.

(1) For every generalized lift (p, R') of (z, R), we have Z(po) C Z(p). Moreover,
if po(y) = elg, for some e = £1, then p(y) =elp.
(2) For every lift (p,R’) of (z, R), we have Z(po) = Z(p).

Proof. Suppose ¢y : R — Rg and ¢ : R — R’ are the R-algebra structures of ITBO and
R/, respectively. Let S := Ry ®g R/,
V:Ry— S, /(y):=y®1 and ih:R—S, ih(y) :=1®y.

Notice that the following is a commuting diagram.

R —"— Ry

(35) L | l

Since (po, Ro) and (p, R') are generalized lifts of (x, R), we have

(36) 7"-g,n(/)O) = LO(J:) and 7T-g,’n(p) = L(I)
Since z € Ch,,,(R), by and (36)), we deduce that

(37) mgn (¢ (p0)) = V(g (po)) =t/ (to(w)) = 15(e(x)) = 16(7gn(p)) = Tgn(1(p))-
By and Corollary [8] there exists an automorphism 6 of Ms(S) such that for
all v € Iy,

(38) 0('(po(7))) = to(p(7))-
If v € Z(po), then po(y) = £1. Hence, by (38)), we have 1{(p(7)) = +1. Since ¢o
is faithfully flat, the map ¢ is faithfully flat and therefore injective. It follows that
p(v) = £1, which implies v € Z(p). Moreover, we see that if po(y) = el for some
e = =£1, then p(y) = elp.

Suppose (p, R') is a lift of (z, R). This means that the map ¢ in the above setting
is injective. If v € Z(p), then by (38), we have //(po(7)) = +1. Because Ry is a
flat R-module and ¢ is injective, so is ¢/. Therefore, po(y) = +1. It follows that
Z(p) C Z(po) if (p, R') is a lift of (x, R). This completes the proof. O

By Lemma |11} for every z € Ch,, (R), there exists a lift (po, Ro) of (z, R) such
that Ro is a faithfully flat extension of R. We define

Z(x) := Z(po),
and refer to it as the center of z. For v € Z(z), we define ¢,(x) € {£1} such that
po(7) = e4(z)15 , and refer to is as the sign of z at . Note that by Lemma

Z(x)=Z(p) and Yye€ Z(z), p(v) = ey(2)1r,
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for every lift (p, R’) of x.
Next, we aim to show that for v € II, ,, the condition v € Z(z) defines a
Zariski-closed subset of Chy, (R).

We begin by taking a finite open affine cover of Ch

X
g,n?

Ch;n(B) for every unital commutative ring B. Since R, is a Noetherian ring,
there are finitely many pairs (s, Aj) € IIZ . for i € [1..m] such that

(39) (A7) 17,7 €gn) = (AN, X)) | i € [1.m]).
Let égm = H;il(Rgm)A()\i,)\ﬁ;)' Let

which allows us to describe

ta; N
Ai = (RA()\-L,/\;))[T]/<T2 - TIT_F 1>7

and gg,n = ]_[111 A;. Notice that /ngﬁn is a faithfully flat extension of ﬁg,n' Suppose

zo € Chy n(Ry.r) is given by the ring homomorphism
5 By = By i(r)i= (oo T):

As in the proof of Lemma by [2I, Theorem B], there exists py € Rep;,n(gg,n)
such that xg = 74, (po); this means there exists a ring homomorphism pg such that
the following is a commutative diagram.

F“;’*O ~
A.‘L" Ag,n

w0 ]

Ry ELLEN ﬁgyn
For a given v := {y1,...,vm} C I, and a sign assignment € : v — {£1}, let
J(7,€) be the ideal of A, , that is generated by the entries of py(vy;) — €(v;)1 for
all i. Let Ch” be the closed subscheme of Chy,, that is given by the ideal

g,n;7y,€
(P oms ) (I (7, €).

Lemma 25. In the above setting, for every v € g,

%(W;,n(tvvi - 6(%’)%)) € J(v,e).

Proof. Let p: 11, — SLa(Ag.n/J(7,€)) be the representation of the composite of
po and the natural quotient map Ay, — Agn/J(7,€). Then, p(y;) = ¢;1 for all 4,
where ¢; := €(7;). Hence, for all v € II, ,,, p(yy:) = €:p(7y), and so

(40) tr(p(y7i)) = e tr(p(y))-

By 7 we deduce that

(41) Po(Tgn(tyy)) — €ipo (g n(ts)) € J (v, €)

By 7 the claim follows. O

Lemma 26. For every v = {v1,...,Ym} C Iy n, € : v — {£1}", unital commu-
tatwe ring B, and x € Chy, (B), we have that x lies in Chy . (B) if and only
if for every generalized lift (p,C) of (x, B), the condition p(~;) = €(~;)1¢ holds for

all i € [1.m].
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Proof. Let z* : Ry, — B be the ring homomorphism associated with z. Since
z € Chy, (B), the ideal generated by 2*(A(Xi, \))’s is B where (Ai, Aj)’s are as in

;and S0
~ b b
B—-B:=||B N\ b — e, o
- H (AN, N]))> H(17 ,1>

i=1
is an embedding. Let ]?Eg,n and ng be the rings described in the paragraph pro-
ceeding this lemma. The ring homomorphism z* induces a ring homomorphism
Z: Ry, — B. This means the following is a commutative diagram.

Ry —2 Ryn
ok
B— B
Because ﬁgyn is faithfully flat over ﬁg’n, we have that
B — Kgm OR, B, b= 1®b
is an embedding, and faithfully flat. Altogether, we get the following commutative
diagram.

/p\)
Agn — ggn gg,n @f B

Rg’n

z*

Bpw — = 4 B
B

Using the first row of (42), we obtain a lift (o', A, ®%, . B) of (z, B).
Notice that z is in Chg y.v,e(B) precisely when \

(43) kerxz* D (pg o w;m)’l((](’y, €)).

By and Lemma we deduce that if holds, then for all v € Il ,,, we have
(44) 2" (tyy, — €ity) =0,

where €; := €(7;). By and the fact that p’ is a lift of =, we have that

(45) tr(p’ (v)(p'(vi) —€il)) =0

for all v € I, ,,. Since p’ is absolutely irreducible, p’(v;) = ¢;1 for all 7. Therefore,
by Lemma [24] we have that p(v;) = &;1 for all i.
Conversely, if p'(;) = €;1 for all ¢, then p’ factors through

p: Hg,n - SL2(Ag,n/J('Yv 6))
Suppose r € (pg o7y )~ (J(7,€)). Then,

(46) Po(mg,n(r)) € J (v, €).
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Since p’ factors through p, by (46), we deduce that p™*(7} () = 0. Hence, by
([@2), we have r € kerz*. Thus, holds which implies that € Ch, ., (B).
This completes the proof. (I

4.2. Modified character variety. Here, we introduce modified absolutely irre-
ducible character varieties. By a partial sign assignment to {c1,...,c,}, we mean
a function € : I — {£1} for some subset I C {c1,...,¢,}. The domain of a partial
sign assignment may be empty. For a partial sign assignment €, we let

ChY,.c == Ch

g,n;€ n;le”
Lemma 27. For a partial sign assignment €, unital commutative ring B, and
S Ch;n (B), we have that x lies in Ch),._(B) if and only if for every generalized

M€
lift (p,C) of (x, B), we have p(c;) = e(cjjl for all ¢; in the domain of €.
Proof. This is an immediate consequence of Lemma O
We say that a partial sign assignment €5 is an extension of a partial sign assign-
ment € if €1 : Iy — {1}, €2 : [s — {£1}, I} C I1, and €2|;, = €1. In this case,
we write €, < €. Note that Chy, ., is a closed subscheme of Ch,,, . whenever
€1 = €. For every z € Ch ,,(B), we associate a partial sign assignment €(z) whose
domain is Z(z) N {cy,...,c,} and whose values are determined by a lift of z. By
Lemma the assignment €(z) is well-defined and independent of the choice of lift.
Moreover, for every v € T'y,, and x € Ch;,, (B), we have €(x) = €(v - ). Finally,
if f: B — C is a ring homomorphism and x € Ch,,(B), then every lift (p, R) of
(f(x),C) is a generalized lift of (z, B). Hence, by Lemma [26]

(47) €(z) 2 e(f(x)).
If f is injective, then any lift (p, R) of (f(z),C) is also a lift of (x, B). Therefore,
€(z) = e(f(x)).
For a partial sign assignment €, we define
(48) Cynie i= Ch;me\< U Ch;n;€,>,
€' ~€,e’ £e

where this is a scheme theoretic difference. By definition, for every unital commu-
tative ring B and & € Cg ¢, (B), we have

(49) €(z) = €p.

Here is a classification of elements of Cy e, (B).

Lemma 28. In the above setting, for any x € Chy, (B), we have
z € Cynieo(B) if and only if €(mn(z)) = €

for all m € Max(B).

Proof. Since Cy ¢, is a quasi-affine scheme, the claim follows by applying the same
argument used in Part (3) of Proposition O

For every z € Ch, ,(B), we define 8,% := {c1,...,¢,} \ Z(z) and refer to this
as the essential boundary of x. We let n(z) := |9,%|. By (47), we have that for
every ring homomorphism f: B — C

02X 2 0pyX  and 0,3 = Oy if f is injective.
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In some contexts, we use the index set [1..n] instead of {ci,...,¢,} for defining
partial signs and essential boundary of absolutely irreducible characters.

For a partial sign assignment € with domain I, we let Repgx’n;E be the closed
subscheme of Repgx’n such that for every unital commutative ring R, Rep;n;E(R)
can be naturally identified with

{p € Rep}', (R) | Vi € I, plc:) = e(c:)1}.

Notice that if the domain I of a partial sign assignment € is a proper subset of
{c1,...,¢n}, then

(50) Repg e = Repg .
When the domain of € is all of {ci,...,¢,}, the structure of Ch;,, . depends on

n

sign(e) := H e(c).

i=1
If € : {c1,...,¢n} — {£1} and sign(e) = 1, then still holds. If € :
{c1,...,¢cn} — {£1} and sign(e) = —1, then by Proposition |5 for every unital

commutative ring R, the set Rep;n;e(R) can be naturally identified with the set of
tuples (x1,y1,...,%4,Yy) € SLa(R)?9 satisfying the following conditions:

(61)  [z1,y1]-- - [zg,yg] = =1, and R-span of (x1,y1,...,24,Yy) = Ma(R).
Using and , we prove the following proposition.

Proposition 29. Suppose D is a compact DVR and the characteristic of its residue
field is not 2. Suppose a is a proper non-zero ideal of D. Let w, denote all the
maps that are induced by the quotient map 7 : D — D/a. Then the following is a
commutative diagram consisting of surjective maps.

Rep;,n;e(D) % ChX (D)

g,n;€

[ [
Rep} pie(D/a) 2% O, (D).
Proof. Suppose x € Ch;’n;e(D). Then, by the first part of Proposition there
exists p € Rep, (D) such that 2 = 7y ,(p). By Lemma p is in Rep, ,,..(D)
~ the first row is surjective. By a similar argument, applying Theorem [B] and
Lemma 27 we deduce that the second row is also surjective. Surjectivity of the
first column follows from , , and a straightforward modification of the proof
of the third part of Proposition Surjectivity of the second column follows from
the surjectivity of the first column and the second row, together with the fact that
the diagram is commutative. [

Note that if €1 < €2, then Repg ,,.c, is a closed subscheme of Rep,, ,,..,. We let

Rg,n;e = Rep;,n;e \ ( U Rep;;n§5'> :

€’/ ~€,€’Fe

Clearly 7y : Rgn:e = Cg nie is well-defined.

Corollary 30. In the setting of Proposition|[29, the following statements hold:
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(1) For any p € Rep, ,,..(B), we have
P ERgne(B) if and only if mw(p(cy)) # £1

for all ¢; outside the domain of € and all m € Max(B).
(2) The following is a commutative diagram consisting of surjective maps:

Rynie(D) —"— Cynie(D)

| |

Ry ne(D/a) e Cynie(D/a)

Proof. Part (1) follows by an identical argument to that in the proof of Lemma
Part (2) is an immediate consequence of Proposition O

4.3. Modified relative character varieties. In this subsection, we introduce
modified relative character varieties. For a partial sign assignment € with domain 1
and k : {c1,...,¢,} \I — R where R is a unital commutative, let Ry be the subring
of R which is generated by the image of k and Ch;me,k be the closed subscheme
of Ch;n;E X specz Spec R which is given by the equations
te,(x) =k(¢;), Ve &1

We refer to Chgx’me’k as a modified relative character variety of the given surface.
Sometimes we write I as a subset of the index set [1..n], and express € and k as
sequences (g;)icr and (k;);cq1..)\1, Tespectively.

It is worth pointing out that for every x € Chgx,n;e)k(B), the orbit I'g ,, - « of the
pure mapping class group I' ,, is a subset of Ch;me,k(B).

In the above setting, let Rep;me’k be the closed subscheme of Rep;n given by
the equations

plci) =€(c;)1 foralle; eI and tr(p(c)) =k(¢;) foralle & 1.

X

. . . . X
Notice that 7y, induces a morphism from Rep,,, ., to Ch/ ..

Lemma 31. Suppose R is a unital commutative ring and
Tgm : Rep, ,(R) = Chy, (R)

g,n

is surjective. Suppose € and k are as above. Then
Tg,n * Rep;,n;e,k(R) - Ch;n;e,k(R)

is surjective. In particular, if R is either an algebraically closed field whose char-
acteristic is not 2 or a quotient of a compact DVR whose residue field is not of
characteristic 2, then the above map s surjective.

Proof. This is an immediate consequence of Lemma [27] Lemma and Proposi-
tion O

We finish this section by proving Proposition [E] We start by proving a negative
result and show that

Rep;n;ﬁk(D) - Rep;n;e,k(D/a)

is not necessarily surjective.
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For a unital commutative ring R and k € R, let V; be the closed subscheme of
(SLy) g given by the equation tr & = k. Notice that this can be viewed as a relative
representation variety of X o.

Lemma 32. Suppose D is a compact DVR, a is proper ideal of D, and p is a
uniformizing element of D.
(1) The map my2e : Vao(D) — Vaa(D/(p?")) is not surjective if £ is a positive
integer.
(2) Suppose k € D, ¢ € Vi(D/a), and my(¢) # £1. Then there exists ¢ € Vi (D)
such that ¢ = mq(c).

Proof. Let ¢y := +1 + p‘my2e(Xo) where X = diag(1,—1). Since Xy € sly(D),
Co € SLa(D/(p%)). Hence ¢y € Vio(D/(p*)). Suppose to the contrary that there
exists co € Via(D) such that my2e(co) = €. Therefore, £¢g is unipotent. Thus,
there exists v € D? \ pD? such that cyv = £v. Looking both sides of this equality
modulo p?¢, we obtain that
7sz (X()V) =0.

As m,e(Xp) is invertible, we deduce that m,.(v) = 0, which is a contradiction — part
(1) follows.

Suppose a = (p’). By induction on £ > fy, we show that there exists ¢, in
Vie(D/(p*)) such that cp—y = mye-1(ce) and cg, :=C.

Since e : SLa(D) — SLo(D/(p*)) is surjective, there exists ¢ € SLy(D) such
that e (¢) = ¢g. Then tr(¢) = k + p‘e for some e € D. Let

@ =21 +p'X) € GLy(D),
for some X € sly(D). Then
Co41 1= Tpe+1 (64) S SLQ(D/()JE—H)),

and

(52) tr(cer1) — mpers (k) = pimpers (e — tr(€X)).
By (52)), we have that ;1 € Vi (D/(p**!)) precisely when
(53) tr(my (€)mp (X)) = 7y (€).

Since 7, (¢) € SLo(D/(p)) \ {1}, the linear function
sla(D/(p)) = D/{p), X — tr(my(c) X)

is surjective. Hence, there exists X € sly(D) such that holds. This shows the
existence of the sequence {Ce}?o:eo with the claimed properties. Let ¢; € SLa(D)
be a lift of ¢y. Then {Eg}g’igo is a Cauchy sequence, and its limit is a lift of ¢ in
Vi(D). O

Proposition 33. Suppose D is a compact DVR and the characteristic of its residue
field is not 2. Suppose a is a proper non-zero ideal of D. Let mq denote all the maps
that are induced by the quotient map mq : D — D/a. Suppose € = (g;)ie; C {£1}]
and k € D" M1 Suppose

Iy, = (a1,b1,...,a4,bg,¢1,...,¢n | [a1,b1] -+ [ag, bglct, ... cn).

Then the following statements hold.
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(1) Suppose p € Rep, ... (D/a) such that my(p(ci)) # 1 for alli & I. Then
there exists p € Rep,y ... (D) such that

ma(p) = P-
(2) Suppose T € Ch;,n;e,k(D/a) such that n(T) = n(my(T)). Then there evists
v 6 Ch;7n§€,k(D) SUC}L tha,t ﬂ'a(m) — E

Proof of Proposition [33] is based on the following extension of Lemma

Lemma 34. Suppose F is a field and its characteristic is not 2. Let
II:= (a1,b1,...,ag,bg,c1,...,cn) C SLa(F).
Suppose the F-span of the group 11 is My(F), and ¢; # +1 for all i € [1..n]. For
€ [1..n], let
T 8l(F) = F, 7(X):=tr(¢;X) and K;:=kerr.
Then

Tape:sl(F)* x [[ Ki = sb(F), Tan(X,Y)+ > Ad(e;)(Z:)

i=1 i=1
1s surjective, where Th 1, s as in Lemma and e; := (Ciqp1 - cn)_1 for all .
Proof. As in the proof of Lemma if T b,c is not surjective, then there exists a
2-dimensional subspace V of sly(F') such that for all 4, either a; = £1 or

Ad(d;)(Im(Ad(a; ) = 1)) =V,
either b; = £1 or

Ad(d;)(Im(Ad(b; ) = 1)) =V,
and

Ad(e;)(K;) =V,
where d; := ([ait1,bit1] - [ag.bg]) "*ba; for all i. By Claim 1 in the proof of
Lemma, we obtain that V is invariant under
(Ad(a1),Ad(b1),...,Ad(ay), Ad(by)).

We also notice that
(54) Ad(ez)(Kz) = Ad(eH_l)(KH_l) which 1mphes, Kz = Ad(CZ)(KH_l)

Because tr(cX) = tr(c Ad(h)(X)) for every h € Cg(c), Ad(c;) ! (K;) = K;. Hence,
by (54), we deduce that K; = K;i, for all i. Therefore, for all i, K; = V, and
Ad(e; (V)= V.

Altogether, we obtain that V is invariant under Ad(II).

Case 1. There exists i such that either a; # +1 or b; # +1.

Proof of Case 1. In this case, by a similar argument as in the proof of Lemma
we get a contradiction. O

Case 2. For all i, a; = £1 and b; = *1, and there exists j such that c; is
semisimple.
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Proof of Case 2. Without loss of generality, we can and will assume that F' is al-
gebraically closed. After a conjugation, if needed, we can and will assume that c;
is diagonal. As ¢; # +1 and V = K, we deduce that V = Fei2 ® Fea; where

(01 d (00
612—00 al 621—10.

Therefore, K; = V implies that ¢; is diagonal for all i. This contradicts the as-
sumption that the F-span of Ad(II) is My (F). O

Case 3. For all i, a; = £1 and b; = £1, and for all i, ¢; is plus or minus a
unipotent.

Proof. After a conjugation, if needed, we can and will assume that c¢; is a lower-
triangular matrix. Therefore V = K; = Fejy @ Fdiag(l,—1). Because V is
Ad(II)-invariant, by Claim 3 in the proof of Lemma we obtain that II consists
of upper-triangular matrices. This is a contradiction. ([

O

Proof of Proposition[33. Suppose a = (p®). We let py, := p, and inductively define
a sequence {p¢}72, such that (1) p, € Repgxm;e,k(D/(pe ), and (2) mye(pes1) = pe,
for all £ > ¢.

Suppose we have already constructed the representations py,...,p,. By part
(2) of Proposition [29} there exists py € Rep, ,,..(D) such that

pe = mye(pe).
Without loss of generality, we can and will assume that I = [m + 1..n]. Let a; :=
pelaq), Bi == pe(bi), vi = pe(ci), and € := [],c;€;. Then these elements satisfy the
following properties:
(1) The k(p)-span of the group

7Tp(<a17ﬂ17 ey aga 597’717 e 77m>)
is My (k(p)) where k(p) := D/(p) — this is obtained using Proposition [5|and
the fact that m,(ps) = m(p) € Rep,,, (k(p))-
(2) For all ¢ € [1.m], my(v;) # £1 — this follows from the assumption that
mp(p(ci)) # £1 for i ¢ I and the induction assumption that p = m (p0r)-
(3) We have [, 81] - - - [, Bglv1 -+ - vm = € and for all ¢ € [1..m], there exists
r; € D such that tr(y;) = k; + pr;.
We show that there exists X;,Y;, and Z;’s in sly(D) such that
o) = ai(14p°X,), B = Bi(1+p"Y5), and ] := %(1+p"Z))
satisfy the following properties:

(1) mpesr([od, Bi] -+ g, Bylyi -+ - ) = €, and
(2) mpers(tr(v])) = mpesr (k) for all i € [1..m)].
By Lemma the first property holds precisely when

(55) T.,rp (@),mp (ﬁ)ﬁﬂ.p () (Wp (X), Tp (Y), WP(Z)) =0,
where Twp(ﬁ),ﬂp(?)mp(7) is as in Lemma and the second property holds

if and only if
(56) tr(my (7iZi))) = —mp (i)



COARSE MODULI OF DENSE REPRESENTATIONS & CHARACTER VARIETIES 39

for all i € [1..m].
Given that mp(7;) # %1 for each ¢ € [1..m], there exists Zi(o) € sly(D) such that

0
tr(my (1 Z,")) = m(ro).
Now, for every Z! € sla(D) satisfying
mp(Z]) € K; := ker 7,
where _ _
7i 1 8la(k(p)) = k(p), 7i(2) = tr(mp(7:)2),
the condition holds for
Zi=—29 L 7.
Since Twp(ﬁ),wp(ﬁ),m(V) is a multi-linear function, holds exactly when
(57)
"Ny — (0)
T @)y By () T2 R0 (), 10 (20) = T ) o )y (3 (05 0 Mo (Z70)):
By Lemma there exist X,Y € sly(D)? and Z’ € []}", K; such that holds.
Hence, af, 8., and v, satisfy the mentioned properties. Therefore the map

ai = Tper1 (), b = o1 (B7), ¢+ et (7;) for i € [1.m], and ¢; — &;

for i € [m+1, n| extends to a representation pg41 in Rep;n;€7k(D/<p”1>); moreover,
Tpe (Pe+1) = pe-

By Proposition for all £, there exists p¢ € Rep, ,,..(D) such that m,.(pg) = pe.
Thus {p¢}¢ is a Cauchy sequence and its limit p is a lift of p which is in Rep;,n;ak(D).
The first part follows.

Next, we prove the second part. By Lemma there exists p € Rep;n;gk(D/a)
such that T = [p]. Since n(Z) = n(m, (7)), by the first part, there exists p in
Rep; ... 1.(D) such that = mq(p). Hence, T = mq([p]) and [p] € Ch; (D). The

g.n;e.k
second part follows. O

—— X
Let Cg,n;e,k T Cg,n;e n Chg,n;e,k'

Lemma 35. In the above setting, for any x € Ch;me’k(B), we have that

z € Cyniex(B) if and only if n(z) = n(mn(z))
for all m € Max(B).

Proof. It x € Cgyp.ex(B), then €(z) = € and mn(x) € Cype(B/m) for all m €
Max(B). Hence, by (49), we have €(mw(z)) = €, and therefore

n(z) =n(my(z)) for all m € Max(B).
We now prove the converse. By (47), we have €(x) < €(mm(x)). Given that n(z) =
n(mw(2)), it follows that €(z) = €(mm(z)) for all m € Max(B). Thus, by Lemma 28]
we conclude that x € Cy ,.e(B). Since z also lies in Ch’ (B), we obtain that

g,n;€e,k
z € Cg niex(B). This completes the proof. O
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Proposition 36. Suppose D is a compact DVR and the characteristic of its residue
field is not 2. Suppose a is a proper non-zero ideal of D. Then the following a
commutative diagram consisting of surjective maps.

Rg,n;e,k(D) & Cg7n;€7k(D)

| |

Rymiex(D/a) =2 Cypiex(D/a)

Proof. The rows are surjective by Lemmal[31] The columns are surjective by Propo-
sition B3] and Lemma 35 O

All parts of Proposition [E] have now been proved.

4.4. Almost equidistribution of the commutator map and product of
trace sets. Suppose F is an algebraically closed field of characteristic either zero
or p > 2, € is a collection of signs, and k is a collection of elements of F. Let R be
the reduced F'-scheme such that

E(F) = Rep;n;e,k(F)a
and similarly let C' be the reduced F-scheme such that
Q(F) = Ch;,n;e,k(F)'

In this section, we prove certain properties of SLy(F,), which is used in the next
section to show R and C are irreducible varieties. We will use Lemma and show
that 7,4, induces a dominant morphism 7, , : & — C. Hence, proving that R is
irreducible implies that C is irreducible.

Theorem 37. In the above setting, let m be the number of components of k. Then
if 3g + m — 3 is positive (this means either g > 2 org=1andm > 1, org =0
and m > 4) and R is not empty, then R and C are irreducible and

dimR=69g+2m—3 and dimC = 6g+ 2m — 6.

The case of n = 0 and g > 2 is proved by Rapinchuk, et al, in [19], for char-
acteristic zero fields. In [I6], Liebeck and Shalev used character theory of finite
groups and investigated the representation variety of non-virtually abelian Fuch-
sian groups over an algebraically closed field of arbitrary characteristic. In [24],
Whang proved that C' is irreducible if n > 1, m = n, and 3g +n — 3 > 0. Here, we
follow Liebeck-Shalev’s method.

Before we go to the strategy of our proof, let’s remark that most likely the
condition on R being non-empty is not necessary; but for the applications that we
have in mind this result is enough.

Here is our strategy. Let R(k) be the subring of F' which is generated by the
coordinates of k. Suppose m is a maximal ideal of R(k) and F, is a field extension
of R(k)/m. We use character theory of SLy(F,) and show that

IRepy e 1 (Fg)| = g8 £ O(gHomM—T)

where d(g,n,k) := 69+ 2m — 3 and m is the number of components of k. Next, we
argue that the dimension of every irreducible component of every fiber of

Repg,n;e,k - SpeC(R(k))
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is at least d(g,n,k). Then we use algebraic geometry and the Lang-Weil estimate
on the number of F,-points of a geometrically irreducible IF -variety to finish the
proof.

In this section, we focus on the needed results from finite group theory. To
that end, we start by recalling the character table of SLy(F,). Every irreducible
representation p of a finite group G is uniquely determined up to conjugation by
its trace. Trace x, of an irreducible representation p : G — GL,(C) is called an
irreducible character of G. The set of all the irreducible characters of G is denoted
by Irr(G). By the Peter-Weyl theorem (for finite groups), one can see that the
set of characters form an orthonormal basis for the space of class functions of G
(with respect to the inner product given by the probability counting measure on
G). We will be using character theory, to use ideas from Fourier analysis and obtain
flatness of certain class functions. This idea had been used before by many authors,
for example see [16 [8] [T4] [T]. Let

w:GxGE =G, wy) =[xy,
and N : G — C, N(z) := |w=!(z)]. Then N is a class function. Hence
N= Y (Nx
x€Irr(G)
Notice that
1 — 1 —_
(58) X, N) = @ Z N(z)x(z) = @ Z x([z, y])-
zeG z,yeG
For every unitary irreducible representation p of G and y in G, we have that
> playaz™)
reG

commutes with p(G), and so it is a scalar matrix. This means for every y € G,
there exists ¢,(y) € C such that

Z playz™t) = cp(Y) L.

zeCG
Taking the trace of both sides, we obtain that
GIx(y)
co(y) = ;
ol x(1)

where X := X, is the character of the representation p. Hence

;mWwﬂ%?mw,

and so for every y € G, we obtain

_ GlIx)?

Therefore
< Glixw)P 6P
(59) > ey = 30 =

z,yeG yeG X(l)
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By and (59), we deduce that for every z € G

x)
(60) M)
(1
XEIrr (@)
This formula goes back to Frobenius, and have been used in the previous works on
the almost equidistribution of (product of) the commutator map, e.g. see [8] [T}, [14].
We also need the almost equidistribution of
Hey ¥ e x ey
where jic, is the probability counting measure on a normal subset C; and
Frgla)=> fly
yeG

for every x € G. Let’s recall that for every f € L?(G) and unitary irreducible
representation p, the Fourier inverse of f is

fp) = |G|Zf

zelG
It is easy to check that - R
fx9(p) = 1Glg(p)f(p)-
Notice that if f is a class function, ]?(p) commutes with p(G), and so it is a scalar
matrix, say R
Fp) = co(N)Ip-

In particular, when f;’s are class functions, we have

k
(61) cplfr % fi) = |GJF 1 Hcp(fi)a
and B
(62) (. f) =t (f(p) = eo(F)x (1),

where Yy is the character associated with p. By and , we obtain that

k-1 k
(63) e i) = (55) TToem

x(1) Pl
for class functions f;. Notice that for a normal set C', we have
(64) (X, no) x(x
IGHC | Z

By and , we obtain

X
65 X, Hey * *:u’Ck
(65) < |G| H |c|

where x(C) := > o x(z). By and the fact that the convolution of probability
measures is a probability measure, we obtain that

feos e (@) — L = Y (X))
(66) Hey :U’C'k( ) ‘Gl _Xehrg\{lc} |G| E(X(1)|Cz|>X( )7
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where 1¢ is the trivial character of G.

Our almost equidistribution results rely on , , and the character table
of SLy(F,). We recall the character table of SLy(Fy) from [3, Chapter 38.1]; this
character table was known to Schur. Suppose ¢ = p™ where p is an odd prime and

F, is a finite field of order ¢q. Let v be a generator of F'*. Let u, := (i (1)) for

zr € F,. Let d := diag(v,v™!). Notice that the left multiplication of F; on Fg
gives us an embedding of quz into GLy(FF,). Moreover, this embedded IFqX2 intersects
SLy(F,) in a cyclic group of order g + 1. Suppose s is a generator of this cyclic
subgroup. Then by [3, Chapter 38.1], we have the following theorem.

Theorem 38 (Character table of SLa(F,)). In the above setting, SLo(F,) has
exactly q + 4 conjugacy classes

Cl(%1), Cl(£uy), Cl(%u, ), Cl(d*), Cl(s™)
for1 <4< (g—3)/2 and 1 < m < (¢ —1)/2. The cardinality of the conjugacy
classes are given by the following table:

g |#1|Fu, | d° | 5™

ICl(g) | 1 | 52 | alg+1) | ala—1)
where © is either 1 or v and 1 < £ < (¢ —3)/2, 1 < m < (¢ —1)/2. Let
€= (—1)(‘1_1)/2, Cg—1 = e2mi/(a=1) " qnd Cgt1 = e2mi/(@+) - Then the irreducible
characters of SLa(Fy) are given by the following table:

1 -1 Uy Uy dt s
la 1 1 1 1 1 1
P q q 0 0 1 -1
Xi |a+1|(=1)(g+1) 1 1 2Re(¢yLy) 0
0 la—1](-1)ig-1| -1 | -1 0| —2Re(¢I)
1 1+ 1—
o % Eiq%tli 1—%? 1+%/\/i (-1 0
6| 4| amn | oE e | oy |
- elq— —1fvEq | —1-\/%q m+1
m qu - (qz N L 2\/5 13@ 0 (—=1)m*
— e(q— —1— — ,
ne | 5 —=% 2 2 0 (=1)m+t
for1 <il<(qg—3)/2 and 1 < j,m < (q—1)/2. Moreover,
x(=1)
X\(—Uz) = T
(~un) = X

for x = 1,v and every irreducible character x € Irr(SLao(Fy)).
Next, we prove an almost equidistribution of the commutator map.
Lemma 39. Suppose q is a power of an odd prime p. Let
w : SLa(Fy) x SLa(F,) — SLa(F,), w(x,y) := [z, y].
For every x € SLa(F,), let N(z) := |[w~Y(x)|. Then for every x # 1, we have
N(z) = |SLa(Fy)|(1 £ O(q™ 1)),
where the implied constant is a fived positive number. We also have that
N(1) = [SLa(Fg)|(g + 4).
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Proof. By (60), we need to find an upper bound for the absolute value of

x(z)
XEIrr(SL2 (Fg))\{1sr,7g) }
We use the character table of SLo(FF,) to compute for every conjugacy class,
and obtain the following list
T ‘ -1 ‘ u1 dz ‘ s™

2 | __2 _1 4 1=3(=D)"
‘ ‘ ‘ ‘ q+1 ‘ qjL q—1

The first claim follows from the above table.
For the second part, let G := SLy(FF,); we have

N(1) ={(a,b) € G| ab=ba}| = Y |Cc(a)

acG
G
_ z‘ L s@)al,
CECI(G)aeC

where Cl(G) is the set of conjugacy classes of G and k(G) := |Cl(G)|. Now the
claim follows from the fact that x(SL2(F,)) = ¢ + 4. O

Next, for a given vector k := (k1, ..., k,) € Fy, we consider the sets
C; = {x € SLy(F,) | tr(z) = k;},
and prove an almost equidistribution of

Koy * -0 * By,

where ¢, is the probability counting measure on C;. Notice that if k; # £2, then
C; is a single conjugacy class consisting of regular semisimple elements; that means
either C1(d*) for some 1 < £ < (¢ — 3)/2 or Cl(s™) for some 1 < m < (¢ —1)/2.
If k; = £2, then C; is the union of three conjugacy classes Cl(£1), Cl(£uy), and
Cl(+u.) (we are using the notation of Theorem [38). By (66], to obtain such
an almost equidistribution, it is enough to control x(C;)/(x(1)|C;]). Using the
character table of SLo(F,) given in Theorem we obtain the following result.

Lemma 40. In the setting of Theorem suppose that C is either C1(d®) for some
1 <4< (g—3)/2, or Cl(s™) for some 1 <m < (q—1)/2, or

tr=1(2) := {1} UCl(u1) UCl(uz) or tr ' (—2):={-1}UCl(—u;) U Cl(—u,).
Then for every x € Irr(SLa(Fy)) \ {1SL2(]FQ)};

x(C) 2
x(lel ~ g-1
Proof. Notice that, for C' = Cl(z), x(C) = |C|x(z). We also observe that

e 12)  x() + T3 () + x(uy))

[ tr71(2)] ¢ ’

and
X 1(=2)  xX(=D) + T2 (x(—w) + x(—un))  x(=1) x(tr~1(2))

[t (=2)] ¢ X (a2
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Since |x(—1)| = |x(1)|, we obtain that

x(tr1(2))' _ [ x(T(=2) ‘
[ tr71(2)] [t (=2)] |

Based on these equations and Theorem we obtain the following table for | X)(<1()C ()J

) | Cls™) | ()
” T T T
2Re(Ci% )| ’ "
¢ 1
Xi q+q1 : 0 q

[2Re(¢ )|
o| v |
1,2 S| (2) q
M2 0 a1 a
The claim follows. (]

Lemma 41. Suppose k := (k1,...,k,) € Fy, where q is a power of an odd prime.
Let

C; = {x € SLy(Fy) | tr(z) = ki }
for all i. Suppose pc, is the probability counting measure on C;. Then forn > 3,
for all x € SLy(Fy) \ {1},

1 _
pey * -0k foy, (.73) = | SLQ(F )| (1 + O(q 1/2))a
q
and for n > 4, for all x € SLo(F,),
1 _

Proof. Let G := SLy(F,). By (66), we have that

Mcl*...* " |'

11 (@)
x€lrr(G \{1 } ‘G| 1—1(X |C|>

Using the character table, we see that x(1) < ¢+ 1, |x(z)| < g+ 1/2 for all
x # +1. Hence, by Lemma [40] we obtain that

ilf[l(xfl(ﬁg”)x(l)x(x)‘ < (;)nq\/(; =B/

for some fixed implied constant. Similarly, we obtain that
n n
x(Cy) ) ' ( 1 ) 2 —n+2
xOx(£EH)| < (- ) ¢ =¢q
E<x<1>|ci| WxED| < | g

Notice that |Irr(SLy(F,))| is the number of conjugacy classes of SLy(F,), which is
q + 4. Hence, altogether we deduce that

1 . 1
Hcl*...*’ucn( ) |G| << | | +(5/2) < |G‘q 1/2
ifn>3and x # 1, and
1
- —n+3<7 -1
Koy * */’[’Cn( |G|’<< |G| = |G‘q
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if n > 4 and for all z. (]
Next we prove the following counting result using Lemmas [39] and

Lemma 42. Suppose k := (ki,...,k,) € Fy, e = £1 where q is a power of a prime
number, and g > 0. Then the number of elements Nq(g,n,k, ) of
{(a,b,c) € SLao(F)?9t™ | [a1,b1] - [ag, bgler -+ - en = €, tr(e;) = ki }
where a = (a1,...,aq), b= (b1,...,b,), and c = (c1,...,cp) is equal to
714 0gY)

if 3g + n — 3 > 0 (this means either ¢ > 2, org =1 andn > 1, or g = 0 and

n>4).

Proof. We start with the case of g =0 and n > 4. By Lemma we have
Ny(0,n,k,€) 1 4
A = He ke ke, (€) = ter ey (1 EOeT),

[T ICi] ' | SLa(Fq)|

where C; := {z € SLy(F,) | tr(xz) = k;}. We also notice that by Theorem

|Ci| = ¢% or ¢ £ ¢; and so |C;| = ¢*(1 = O(q™1)). Because

|SL2(Fy)| = q(¢® — 1) = ¢°(1 = O(¢™?)),
we deduce that

(68) Nq(07 ’I’L,k, 5) = q2n—3(1 + O(q_l))
Next, we obtain a recursive formula for ¢ > 1. For x = (21,...,24), let X :=
(x2,...,24). We also let G := SLy(F,). Then we have

Ng(g:n. k,e) = Z |w_1(5([a27b2]"'[ag7bg}cl"'cn)_1)|

a,beG9—1cel[l, C;
where w : G x G = G,w(z,y) := [z,y]. By Lemma[39] we obtain that

N, (g.m,k,¢) =(|G|2<9‘” T11C:— NyGo — 1.k, e)) Gl 0(g )
=1

+Ng(9 — 1,1k, €)|G|(q + 4)
(69) =¢*T2 (1 £ 0(¢7Y) + ' Ny(g — Link,e) (1 £ 0(g71)).
We proceed by induction on g. If

(9:n) €{(2,0),(1,1),(1,2),(1,3)},

then by the induction hypothesis and ,

Ny(g—1,n,k,e) = q6(9_1)+2"_3(1 +0(¢h));
and so by , we obtain that

Ny(g,n.k.€) = g2 (1 £ 0(¢71)).
By Lemma [39] we also have
Ny(1,0,2.¢) = O(q");
and so by , we obtain
Ny(2,0,9,¢) =¢°(1£0(¢™)).
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Notice that because the first n — 1 components uniquely determine the last one and
Ci| = ¢*(1 £ O0(g™")), we have
N,(0,n,k, &) < ¢*" 2.

Hence, by , we obtain

Ny(1,nk,e) = "1 £0(¢7 1)) + 0" ?) = " (1 £ 0(¢ 7).
This completes the proof. (I
4.5. Geometric irreducibility of the generic fiber of modified relative
character varieties. The main goal of this section is to prove Theorem Let’s
recall the setting of Theorem [37} Suppose F is an algebraically closed field of char-
acteristic either zero or odd. Suppose n and g are non-negative integers. Suppose
is a subset of [1..n] with m elements. For every i € [1..n]\ I, ¢; is either 1 € SLo(F))
or —1 € SLy(F), and for every ¢ € I, k; € F. Let € := (&)igr and k := (k;)ier.
Suppose 3g +m — 3 is positive. Let R(k) be the subring of F' which is generated
by ki’s. Let Rep, ,,. x be the affine R(k)-scheme given by the functor

Repg,n;e,k(A) = {(aa b, C) € Repg,n(A) | Vi g Ici=¢;,Vie I,tI‘(Ci) = kv}

for every R(k)-algebra A. Notice that since ¢;’s are central, we can reorder ¢;’s and
assume that I = [1..m]. Then (a,b,c) € Rep,, ,,.. (A) precisely when

[a1,b1] - [ag, bgler - cm = €

where € :=[] €;. Therefore, by Lemma we obtain the following result.

i=mt1
Lemma 43. In the above setting, suppose m is a mazimal ideal of R(k) and F, is
an extension of the residue field R(k)/m. Then

[RePg e k(Fg)l = ¢* 22 (1 £ 0(g 7).
Proof. By the above discussion, this is a reformulation of Lemma (]

Next, using Krull’s Height Theorem, we give a lower bound on the dimension of
every irreducible component of a fiber of

Rep, n.ex — Spec(R(k)).
To this end, we recall the following result from commutative algebra.

Lemma 44. Suppose K is a field, A = K[z1,...,x2p]/{(r1,...,7), and q is a
minimal prime diwvisor of {ri,...,r;). Let q=q/{(r1,...,r%). Then

dim(A/q) > D — k.
Proof. Notice that
dim(A4/q) = dim(K|z1,...,zp]/q) = D — ht(q).

Since ¢ is a minimal prime divisor of (r1, ..., ), by Krull’s Height Theorem ht(q) <
k. Hence dim(A/q) > D — k. O

Lemma 45. In the above setting, for every p € Spec(R(k)) and every field exten-
sion K of the residue field k(p), every irreducible component of

Repy nie k Xspec(R(k)) Spec(K)

is of dimension at least 6g + 2m — 3.
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Proof. Notice that Rep, ,,.c x Xspec(r(k)) SPec(K) is an affine scheme described by
a finitely presented K-algebra given by 8¢ + 4n variables that are viewed as entries
of 2g + n matrices

ai,...,0g,b1,...,bg,¢1,...,¢p
which are 2-by-2, and the following relations: 2g + m relations for determinants

deta; =--- =detag =dethb; =--- =detb; =detc; =--- =dete,, =1,
4(n — m) relations for € relations
Cm+1 = 5m+1, ooy Cpy = Ep,

m relations for the traces given by k

tr(er) = k1, ... tr(em) = km,
and 3 relations given by the (1,1), (1,2), and (2, 1) entries of the following equation

arbiadj(aq)adj(br) - - - agbgadj(ag)adj(bg)cr - - - ¢ =€,
hereadj (* Y)=( * V) ande:=[I,,,, e notice that if a 2-by-2 matri

whereadj (© ) =(_, )an € := [ [;—,n41 €i; notice that if a 2-by-2 matrix
has determinant 1 and shares the same (1, 1), (1,2), and (2,1) entries with &, then
it is €. Altogether, we have

(29+m)+4(n—m)+m+3=29g+4n—2m+3
relations. Hence, by Lemma[d4] we obtain that every irreducible component of this
scheme is of dimension at least
(8g + 4n) — (29 + 4n — 2m + 3) = 6g + 2m — 3.
O

Theorem 46. In the above setting suppose 3g+m — 3 s positive. Then the generic
fiber of

Repg,n;s,k - SpeC(R(k))
is geometrically irreducible and it is of dimension 6g 4+ 2m — 3.

Proof. Let K be the subfield of F' which is generated by k;’s. Then K is a field of
fractions of R(k). By [22], Lemma 33.8.15], there exists a finite separable extension L
of K (which we assume to be a subfield of F') such that every irreducible component
of

Repg ik Xspee(r(k)) Spec(L)
is geometrically irreducible. Since L/K is a finite separable extension, there exists
¢ € L such that L = K|[c]. Then L is a field of fractions of R(k)[c]. Let

X :=Repy n.c k XSpec(R(k)) Spec(R(k)[c]),
and 7 be the generic point of Spec(R(k)[c]). Then all the irreducible components
of the generic fiber X, are geometrically irreducible. For every p € Spec(R(k)[c]),

let k(p) be the residue field of p and k(p) a separable closure of k(p). Let i(p) be
the number of irreducible components of

X Xgpec(R(K)[]) Spec(k(p)).
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By [22, Lemma 37.27.6], there exists f € R(k)[c] such that for every p in Spec(R(k)[c][1/f]),
i(p) is the same as i(0). In fact, by the virtue of the proof of [22, Lemma 37.27.6],

there exists f and closed subschemes {X; }Z(O) of

X Xgpec(r(x)[e)) Spec(R(k)[c][1/f])
such that for every p € Spec(R(k)[c|[1/f]) and every j,

X = Xj Xspee(ro)cl[1/1)) F(P)
is geometrically irreducible and X ,’s are distinct irreducible components of

Xp 1= X Xspec(rao i/ f1) kP)-
Notice that since R(k)[c][1/f] is a finitely generated ring, for every maximal ideal
m of R(k)[c][1/f], the residue field k(m) = R(k)[c][1/f]/m is a finite field. Notice
that R(k)[c][1/f] is a subring of F and the characteristic of F' is either zero or odd.
In either case, we can find a maximal ideal m such that the residue field k(m) is a
finite field of odd characteristic. For every finite field extension F, of the residue
field k(m) and every j, we have

(70) [ Xon (Fg)| = | Xj,m (Fg)-
Because X is geometrically irreducible, by the Lang-Weil theorem [13]
() X ()| = g Xim . O(g Xim ),

Notice that Xn(F,) = Rep, . x(F;), and so by Lemmaﬂ 43] ([70), and (71)), we
obtain

X (F dim X, m dim X, m—3
lim \6 FEl S iy +0(q 2).
g—o0 q g+2m—3 q—00 ng+2m—3
This implies that dim X , < 6g+2m —3. By Lemma[i4} we have that dim X , >
6g + 2m — 3; and so
(72) dim X n = 69 +2m — 3
for a maximal ideal m of R(k)[c][1/f] if the residue field k(m) is of odd characteristic.
Hence, for ji # j2, dim(Xj, m N X}, m) < 69+ 2m — 4. Hence, by [7, Lemma 3.1]
(73) | X j1m (Fg) N Xy m (Fg)| = O(g%*?m=1)

where the implied constant depends on g,n, €, and k. By , , and (73), we
obtain that

1=

| X (Fg)| = i(0)g% 23 4 O(q69+2m;);

and so by Lemma we obtain that i(0) = 1.
This means that X, is geometrically irreducible, which implies that the generic
fiber of
Repg,n;e,k - SpeC(R(k))
is geometrically irreducible. By and [22 Lemma 37.30.1], we deduce that the
generic fiber above also has dimension 6g + 2m — 3. (]

Before we go to the proof of Theorem we show that 7, , induces a dominant
morphism from R to C'. This argument is based on the properties of the coordinate
rings of these schemes. We recall some needed notation from commutative algebra.
Suppose A and B are two unital commutative rings, and f : B — A is a ring
homomorphism. Then for an ideal I of B, the extension of I under f is denoted
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by I¢ and it is the ideal of A which is generated by f(I). For an ideal I of A, the
contraction of I under f is f~1(I) and it is denoted by I°. For an ideal I of A,

V(I):= {p € Spec(4) | I C p}
is the set of prime divisors of I.

Lemma 47. There is a dominant morphism 7y, : R — C such that for every
p € R(F),

Tgn(p) = Tg.n(p)-
Moreover R and C are irreducible.

Proof. Let B := Ry, ®z F and A:= Ay, @z F. Then 7 , gives us an F-algebra
homomorphisms
f:B— A.
Let Ia be the ideal of B which is generated by the discriminant A(~,~) for v, €
Iy . Then
Rep;n X Spec(Z) SpeC(F) = SpeC(A) \ V(IZ)
and
Ch,,, Xspec(z) SPec(F) = Spec(A) \ V(Ia).
By the definition of the modified relative character variety given in §4.3] there exists
an ideal J of A, which depends on € and k such that
Chy e XSpec(R() Spec(F) = Spec(B/J)\ V(Ia + J¢/J°),
Rep, 1.k XSpec(r(k)) Spec(F) = Spec(A/J)\ V(I§ + J/J), and
Rep, e k XSpec(R(k)) Spec(F) = Spec(A/J).
Let A:= A/J and B := B/J¢. Notice that f induces an F-algebra homomorphism
from B to A which is still denoted by f.
By Theorem we obtain that A has a unique minimal prime ideal; this means
there exists qo € Spec(A) such that for every q € Spec(A), qo C q.
We want to show that every prime ideal of B is either a prime divisor of In :=
IA + J/J or contains qf.
Notice that by Hilbert’s Nullstellensatz, there exists a natural bijection between
the points of Chy ...\ (F) and maximal ideals of B which are not in V(Ia +.J¢/J°)
and similarly there exists a bijection between the points of Rep;,n; e7k(F ) and max-

imal ideal of A that are not in V (I§ + J/J). By Lemma
Tgn : Repy .o (F) = Chy oy (F)

g,n;€,k
is surjective. In the language of maximal ideals, this means every maximal ideal of
B is either a divisor of I or a contraction of a maximal ideal of A.
Now we are ready to show that every prime ideal of B is a divisor of q° N Ia.
Suppose to the contrary that there exist a prime ideal p of B and b € N 1A \ p.
Since B is a finitely generated F-algebra,

p= N m.
meMax(B)NV (p)

Hence there exists a maximal divisor m of p which does not contain b. As b € I,
we deduce that m is not a divisor of Ia; and so m = n® for some maximal ideal
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n of A. Because qg is the unique minimal prime ideal of A, qo C mg. Therefore
q6 € n® = m. This implies that b € m which is a contradiction.

For p € Spec(B)\V (Ia), we have that p|q5Ia and p { Ia; and so p|qS. Therefore,
we can naturally identify Spec(B) \ V(Ia) with

C = Spec(B/q5) \ V(Ia +95/45)-
Because qg is the unique minimal prime ideal of A, we can naturally identify
Spec(A) \ V(ITx) with

R := Spec(A/q0) \ V(Ta + d0/90)-
The F-algebra homomorphism f induces the F-algebra homomorphism

f:B/ag — A/qo.
Altogether, we have that R and C are irreducible F-varieties, and f gives us a
morphism
m:R— C.

Because every maximal ideal in C is a contraction of a maximal ideal in R and
maximal ideals are dense in C, we obtain thait 7 is a dominant morphism. Since
7 is given by the F-algebra homomorphism f, we deduce that, after the needed
identifications, m(p) = 7y, (p) for every p € R(F'). O

Proof of Theorem[37 By Lemma [47} it is only remained to find the dimension of
R and C. By Theorem [46] the generic fiber of
Repg,n;e,k - SpeC(R(k))
is geometrically irreducible. Since Rep;’mE k is a non-empty Zariski-open subset of
Repy e x> We deduce that
dim Repg ek XSpec(R K)) Spec(F) = dim Rep, ,,.c k. Xspec(r(k)) Spec(F).
Hence, by Theorem [46]
dim R = 6g + 2m — 3.

Suppose m is a maximal ideal of R(k); since the residue field k(m) := R(k)/m is a
finitely generated ring and it is a field, it is a finite field. We can choose m in a way
that the characteristic of this finite field is not 2. Suppose F, is a field extension of
k(m). Then, by Lemma

Tg,n * Repgnek( ) %Chxn e7k(Fq)
is surjective. By Lemma [27]

71(Chqnek( )) Repgnek(F )
where here 7, ,, is viewed as
Tgn * Rep;n(F ) - Ch;n(Fq)

By Proposition for every x € Ch q), Tyn(x) is a single PGLy(FF,)-orbit.
Since every element of Rep, ,,(Fy) is an absolutely irreducible representation, its
stabilizer under the action of PGLy(F,) is trivial. Altogether we obtain that

|Rep_z>]<,n;e,k(Fq)‘
|PGLo(F,)|

gn(

(74) |Chgnek( )| =
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By Lemma [{7] the generic fibers of
Rep .o — Spec(R(k)) and ChX, . — Spec(R(k))

g.ne,

are geometrically irreducible. Hence, by [22, Lemma 37.27.5], we can choose m
in a way that the fiber over m of both of the above morphisms are geometrically
irreducible. Moreover, by [22] Lemma 37.30.1] we can and will assume that the
dimension of these fibers are the same as the dimension of their respective generic
fibers. Hence, by the Lang-Weil estimate (see [I3]), we obtain

(75) IRep, ek Fo)l = ¢™E(1+ O(g7'/?))
and
(76) Ch) e Fo)l = ¢T™E(1+ O(g/?)).

By 7 , and 7 we obtain that
dimC =dim R — 3.
Therefore, by Theorem [46] claim follows. O

We finish by pointing out that the geometric points of Rg n:e k and Cy e x are
non-singular.

Corollary 48. In the setting of Theorem suppose 3g +m — 3 > 0. Then all
points of

Ryniex(F) and Cgpiex(F)
are non-singular.

Proof. Note that Ry n.ex € Rep, . (F'), and the latter is an affine scheme given
by the equations

[z1,y1] - - - [Tg, Yglz1 - - - 2m = sign(e), and tr(z) = k;.
By Lemmas [13| and the assertion on the dimension of geometric fibers given in
Theorem [37} and the Jacobian criterion, it follows that all points of Ry n:e x(F) are
non-singular.
Since 7y 4, : Rep;n;&k — Chgx,n;e,k is smooth and 7y ,,: Ry nie k() = Cgonie k(F)
is surjective, we conclude that all points of Cy e k(F') are non-singular. a
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