EXCEPTIONAL ORBITS OF THE PURE MAPPING CLASS
GROUP IN THE CHARACTER VARIETY

ALIREZA S GOLSEFIDY AND NATTALIE TAMAM

ABSTRACT. Our primary objective is to construct closed subschemes of
the character variety of the two-holed torus and the twisted character
variety of a genus-2 surface that satisfy the following properties:

(1) They are invariant under the action of the corresponding pure
Mapping Class Groups.

(2) They contain characters arising from dense representations into
SU2(C) and SL2(Z,) for primes p > 5.

(3) For any characteristic zero field F', and every absolutely irreducible
character x in the F-points of these subschemes, the Zariski closure
of the pure Mapping Class Group orbit of x in the modified relative
character variety has strictly smaller dimension.

Our construction shows that [8, Theorem 1.4] is incorrect. In [5], we
prove that these subschemes precisely characterize the locus of excep-
tional infinite orbits under the action of pure Mapping Class Groups.
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1. INTRODUCTION

Let X, , be a surface of genus g with n holes. It is well-known that a
fundamental group of X, is isomorphic to the group II,, given by the
following presentation:

(1) (a1,b1,...,ag,bg,c1,...,Cpn | [al,bfl] e [ag,bg_l]cl ceeep = 1),

where [z, y] := zyz~'y~!. The SLy-representation variety Repg,, of Uy is
the affine scheme determined by the functor

R — Hom(Il,,,, SLa(R))

A.S.G. acknowledges support by the NSF grants 1602137, 1902090, 2302519.
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from the category of unital commutative rings to the category of sets.

The group scheme GLg acts on Repy,, via conjugation. In [9], Saito
studied this action and introduced the notions of absolutely irreducible rep-
resentations and characters, along with the quasi-affine schemes Repgxm and
Chgxm, and a morphism 7y, : Repgxm — Ch;n. For precise definitions and
functorial properties of these schemes, we refer the reader to [4]. Here, we
simply note that Saito, op. cit., and Nakamoto [7, Theorem 6.18] proved
that (Chg,,, 7y,5) is a universal geometric quotient of GLa2 ~ Rep,,, — see [2]
for the definition of universal geometric quotients. In [4], we introduced the
notions of sufficiently Zariski-dense representation and characters, and open
subschemes Repj ,, and Chj, of Rep,, and Chg,, respectively. Among
other results, we prove that (Chg ,,, 7y5) is the universal geometric quotient
of Repg ,, by PGL2. We also define modified relative character varieties with
strict essential boundaries Cgp.c k. Let us briefly describe the F-points of
Cyniex for an algebraically closed field F. Here, € is a partial sign assign-
ment on {ci,...,c,}; that is, € is a function from a subset I C {c1,...,¢cp}
to {£1}. In this notation, k is a function from {¢y,...,¢c,} \ I to F. Then,
Cgniex(F) consists of points 7y ,(p) where p : IIg,, — SLo(F') is an abso-
lutely irreducible representation satisfying:,

(1) For every ¢; € I, p(c;) = €(ci)1,

(2) For every ¢; & I, p(cj) # £1,

(3) For every ¢; € I, tr(p(cj)) = k(cj).
It is clear that Cg .k is invariant under the action of the pure Mapping
Class Group I'g,,. Recall that the Mapping Class Group (MCG) of X, is
the group of isotopy classes of orientation-preserving homeomorphisms of
Ygn- An element of the MCG permutes the free homotopy classes of simple
curves around the punctures — referred to as boundary curves. The subgroup
I'y, € MCG(X,,,), consisting of elements that leave each boundary curve
invariant, is called the pure MCG.

In [5], we prove that, aside from certain exceptional cases, the Iy ,-orbit
of any point x € Cy e k(F') N Chy ,,(F') is Zariski-dense in Cy e k, provided
that the orbit is infinite and F is a field of characteristic zero. Moreover,
we show that no exceptional locus exists unless either g = 1 and n > 2, or
g =2 and n > 1. In these cases, the exceptional points lie in copies of the
character variety for (g,n) = (1,2) or in the twisted character variety for
(g,m) = (2,0). We refer the reader to [3] for a summary of our results and
an overview of the techniques involved.

In this manuscript, we give a concrete description of the locus of excep-
tional points for (g,n) = (1,2) or (2,1). Based on this description, we show
that there exist dense SU3(C)-representations p of II; » and Il such that
the I'y ,-orbit of 7y ,(p) is not Zariski-dense in the corresponding relative
character varieties. This shows that [8, Theorem 1.4], due to Previte and
Xia, fails in these cases.
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1.1. Statement of main results. For (¢g,n) = (1,2), we set ¢ = 1 and
consider the character variety Chy,. For (g,n) = (2,1), we set ¢ = —1

and consider the modified character variety Chy,._;. It is worth noting

that Ch; 1.1 1s also referred to as the twisted character variety of surface
of genius 2 with no punctures.

For (g,n,e) as above and a subset v C Il ,,, the scheme C) is defined
by the following functor from the category of unital commutative rings to
the category of sets: for every unital commutative ring A,

C\(,E)(A) . {{:U € Chi'y(A) |Vy € v, t,(x) = 0} ife=1,
{z € Chyy (A) |Vyev, ty(z) =0} ife=-—1.
For (g,n) = (1,2), we write I1; 2 = {a,b,¢,c | [a,b71]ec = 1), and define
vy :={ac, be, abe}, vy :={ab, b, ac},
v3 :={a, b, abc}, vy :={a, ab, bc}.
For (g,n) = (2,1), we write
Il := (a1, b1, a2,bs, c | [al,bfl][ag,bgl]c =1),
and define
wi = {a1, aiby, biby, biaz, bragbs},
wo := {a1, b1, a1bibe, aibiaz, aibiagbs},
w3 := {b1, aibi, aibs, aiaz, ajasbs},
wy := {b2, agby, biag, aiaz, aibias},
w5 := {ag, by, ajasbs, biaghy, aibiagbs},
we := {ag, asbe, aiby, biba, a1biba}.
Theorem A. In the above setting, let 'y, be the pure Mapping Class Group
of ¥gn. Then U?:l C‘(,? is invariant under the action of I'1 o, and U?:1 C"(;Z.I)
is invariant under the action of I'y 1.

We also show that there are dense representations with exceptional traces
given in Theorem [A]

Proposition B. (1) For every i = 1.4, there exist representations py :
IIi 2 — SU2(C) and p1 : 1112 — SLa(Z) such that the following
statements hold.

(a) The image of py is dense in SUo(C). The image of p1 is dense
in SLQ(H}#?’ Lp).
(b) [po] € O3 (R) and [p1] € C3)(2).
(2) For every i = 1..6 and prime p > 3, there exist representations
po : Iz — SU(C) and py, : g1 — SLa(Z,,) such that the following
statements hold.
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(a) The image of po is dense in SUp(C). The image of pp is dense
in SLa(Z,).

(b) [po] € CGV(R) and [p] € O, (Zy).

By Proposition exceptional points in Chy ,, can arise for any (g,n)
such that ¢ = 1,2 and n > 1. In fact, by [4, §4.2], we have Chin;e ~ Chj o
whenever the domain of € has n — 2 elements and the product of its values is
1. Moreover, the restriction of the action of I'1,, to Chfn; ¢ factors through
the action of I'1 2 via the above isomorphism. Hence, an exceptional I'y o-
orbit gives rise to an exceptional I'y ,,-orbit for every n > 2.

Similarly, Chy,, . =~ Chy, _; if the domain of € has n — 1 elements and
the product of its values is —1. Under this isomorphism, the action of I's
factors through the action of I's 1. Therefore, an exceptional I's 1-orbit gives
rise to an exceptional I'y ,,-orbit.

In [5], we prove that the union of the aforementioned exceptional sets
constitutes the entire locus of exceptional points. For a brief overview of the

proof strategy, we refer the reader to [3].

1.2. Acknowledgment. The first author would like to thank Peter Sarnak
for his support and encouragement throughout this project.

2. NOTATION AND PRELIMINARIES

2.1. Modified sufficiently Zariski-dense character varieties. We refer
the reader to [4] and the references therein for a comprehensive discussion
of representation and character varieties. In what follows, we briefly recall
some of their properties.

Both the representation variety Rep,, and the character variety Chg
are affine schemes. There is a natural morphism

Tgn : Repy, — Chg .

Let Ay and Ry, denote the coordinate rings of Rep, ,, and Chg,, respec-
tively. For each v € Il ,, we associate an element ¢, € R, ,, which corre-
sponds to the trace function. These elements generate R, as a ring. Let
po € Repgm(Agm) be the universal representation, defined by the identity
map on Ay ,. Then the morphism 7, ,, is induced by the ring homomorphism

Tyn * Bgn = Agn, 7y (1) := tr(po(7))-
Viewing the ¢, as functions on Chg,,(A), equation (2.1)) is equivalent to the
identity

ty(mgn(p)) = tr(p(y)) for all p € Rep, ,(A), v € Iy .

Open subschemes of absolutely irreducible representation and character are
denoted by Rep,,, and Chy,, respectively. In [9] and [7], it is proved that

g7n7
Tgn : Repy, — Chy, is the universal geometric quotient of Repg, by the

g?”
action of PGLs.
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In [4], we introduce the following schemes and morphisms:

) ] [} i X
Repg n.e » Repg > Repy

lﬁgm J”g,n l’rg,n

Ch} .. —>— Ch?, —— ChX,
for every partial sign assignment € on {ci,...,c,}. The morphisms i are
open immersions, and the morphisms j are closed immersions. Each of the
squares is Cartesian, and thus all the vertical arrows are universal geometric
quotients by the action of PGLs.

Here are some functorial properties of these schemes:

(1) p € Rep,,,(A) if and only if the A-span of p(Il, ;) is Ma(A).

(2) p € Repy,,(A) if and only if p is sufficiently Zariski-dense. We refer
the reader to [4, §1.1] for the definition of this notion. Here, we
simply note that when A = F is a field of characteristic zero, suffi-
ciently Zariski-dense is equivalent to Zariski-dense. For a compact
DVR D whose residue field has characteristic greater than 5, suffi-
ciently Zariski-dense is equivalent to being dense with respect to the
induced topology of D.

(3) p € Repy,.e(A) if and only if p is sufficiently Zariski-dense and
satisfies p(c;) = €(¢;)1 for every ¢; in the domain of e.

2.2. Pure Mapping Class Group. Here, we briefly recall some properties
of the Mapping Class Group. For a thorough treatment of the subject, we
refer the reader to the excellent book [I] by Farb and Margalit. The Mapping
Class Group (MCG) of ¥, is the group of isotopy classes of orientation-
preserving homeomorphisms of ¥, ,. The free homotopy classes of simple
curves around punctures are permuted by the elements of MCG(X2, ). The
subgroup I'g,, € MCG(X,,,) consisting of elements that induce the trivial
permutation on these homotopy classes is called the pure Mapping Class
Group.

As a consequence of the works of Lickorish, Humphries, and Birman
(see [1, Theorems 4.9, 4.13, and 4.14]), it is known that Iy, is generated by
Dehn twists. Moreover, for g > 2, the Dehn twists about the simple closed
curves depicted in Figure |1 generate I'y ,; these are commonly referred to
as the Humphries generators. The Dehn twist about a simple closed curve
a is denoted by 7.

By the Dehn-Nielsen-Baer theorem (see [I, Theorem 8.8]), the group I'y ,,
is isomorphic to PAut(Il, ;) /Inn(Il, ), where

PAut(Ily ,,) == {6 € Aut(Il;,,) | 6(c;) € Cl(¢y)},
and Cl(¢;) denotes the conjugacy class of ¢;. The group of automorphisms
Aut(Il,,) acts naturally on Rep, ,,, with the action defined by

(- p)(v) = p(6~" (7))
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FI1GURE 1. The Humphries generators.

for all € Aut(Ily ), p € Rep, ,(A), and v € Il ;.

This action induces a natural action of the group of outer automorphisms
of II; , on Chy ,,(A). In particular, we obtain an action of the pure Mapping
Class Group I'y ,, on Chg,. Observe that

7"’g,n(e ’ P) =0- 71'g,n(p)
for all 0 € PAut(Ily,) and p € Rep,,,(A), where § := §Inn(Il,,) denotes
the image of 6 in Out(Il, ;).

The schemes Rep; nies Rep; n, and Rep;n are invariant under the action
b b b b

of PAut(Il, ), and the schemes Ch; ,,.., Ch?

o.m:e> Chy , and Chy,, are invariant under
the action of I ;,.

3. DEFINING CERTAIN CLOSED SUBSETS OF REPRESENTATION VARIETY

For non-negative integers g and n, and € = %1, let
Re A ife=1
Ry o) = { 1 Pornd |
{p € Repypy1(4) | plentr) = -1} ife=—1.
Let n(e) := (1 —¢€)/2. For a subset w of Il ,, (<), We let

RE(A) = {p € Ryne(A) | Voo € w, p(w)? = —1}.

For two subsets w and w’ of Iy nin(e), we say

w~w if R (4)=RE)(4),
for all unital commutative rings A. Clearly, ~ defines an equivalence relation
on the power set of Il  ;,1,,). The equivalence class of a subset w is denoted
by [w]. Because the set R‘(,g)(A) only depends on [w], we can and will
sometimes denote it by RE‘?] (A).

It is worth pointing out that a representation p : Il ;o) — SLo(A) sat-
isfies p(w)? = —1 precisely when #,([p]) = 0. So, one can define a closed

subscheme O of Ch; ntn(e) Siven by {tw }wew and the boundary condition,
and then every p € RE?(A) satisfies [p] € C’&}:)(A).
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Let us now point out some properties of the sets R‘(ﬁ), w C Il n(e)-
Notice that if w is a subset of Il () and

w' = {guwg,' | w e w},
where w > gy, is a function from w to Il (o), then [w'] = [ ]. It is also
clear that if [wy] = [w]] and [ws] = [w}], then [w) U ws| = [w] Uw}] as
RE) (4) = RE(4)n RE)(4),

wUw

for every subsets w,w’ of II,,, +n(e)- For every pure automorphism 0 of
g ntn(e), every unital commutative ring A, and w C Il , 4 (o), we have
(2) pe R (A)ifand only if §-p € Réf(lv) (A).

To see this, it is enough to notice that for all w € w,

(6 0)(B(w))? = p(w)? = —1.

Therefore, for all § € PAut (Il , 4y (c)), We have that
[w] = [w'] ifandonlyif [B(w)] = [6(w)].

Since for every inner automorphism ¢g4, [c,(W)] = [w], we obtain that the
pure mapping class group L'y, (c) acts on the set of equivalence classes

{[W] | wC Hg,n-l—n(e)}-

Next, let us define a partial ordering on the equivalent classes of subsets

of Hg,n+n(€)

WS W] i RY(A) S R(A),
for every unital commutative ring A. Clearly, < is a partial ordering, and
by , this partial ordering is preserved under the action of I'g ;1 (c)-

The the pure Mapping Class Group I'y, . () acts on these equivalent
classes of subsets of I ;). The main results of the next sections pro-
vide finite Iy ;4 (c)-orbits of such [w] for (g,n,¢) = (1,2,1) and (g,n,¢) =
(2,0, —1). Having such finite orbits help us describe the locus of the excep-
tional orbits of the pure mapping class group for (¢g,n) = (1,2) or (2,1).

The following results are useful in understanding the equivalent classes.

Lemma 1. For any non-empty subset w C 11,1y, there exists a largest
subset rvw C Iy, such that [w] = [rw].

Proof. Let
rw = {w € Hg,n—i—n(e) | Rss) (A4) S Rﬁz}(A)}

Then w C 7y, and so Rq(ni?(A) c R (A), which implies that [ry] < [w]. We
also have

RE(A) = () R, (4) 2 RY(4),

{w}

WETw

which implies that [w] < [rw]. Hence, [w] = [rw].
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Now suppose [w] = [w']. Then for every w’ € w', we have
R(A) = R)(A) € R, (A),
so w' € ryw. It follows that w’ C ry. This completes the proof. O

We refer to ry as the saturation of w under the relation ~. The next
lemma gives us the basic properties of the saturation sets.

Lemma 2. Suppose w and w' are two non-empty subsets of g nin(e)- Then
the following statements hold.
(1) rw is a normal subset of Iy in(e)s @n particular, ww' € ry implies
that w'w € 7.
(2) [w] 2 [W'] if and only if W' C ry.
(3) [w] = [W'] if and only if W C ry and w C ry if and only if
T'w = 7"w
4) w, w'w? w € rw implies that w'w” € ry.
5) w, ww'™ L e ry implies that ww' € ry,.
6) w, ww w € Ty implies that w' € ry.
7) ww, W w € ry for some k € Z if and only if w, w'w € Ty if
and only if w'*w € ry, for all k € Z.

(
(
(
(

Proof. Part (1). For every w € ry, we have

R(4) € By (4) = Ry

)- Hence, ywy~! € ryw, which shows that 7 is a normal
/—1

(4)

for all v € Il (e
subset of II; , 4 n (). Notice that w'w = w'(ww')w
Part (2). Assuming [w] < [w'], then for every w’' € w', we have
R (4) € B)(4) € R, (A),
and so w’ € ry. It follows that w' C ry,.
Conversely, if w' C ry,, then [ry] < [w’], which implies [w] < [w].
Part (3). The third part follows directly from the second.

Part (4). Now suppose w, w'w?w” € ry. Then for every p € R (A), we

have p(w)? = —1. Hence,

/i /N

pluw/w)? = (—p(u'w"))? = p(w/uPw')? = ~1,

which implies that w'w” € ry.

Part (5). Since ww'~! = w?w tw'™1, by Part (4) wlw' ™! € ry. It is
clear from the definition of RS that w'w = (w™tw'=1)~1 € ry. Hence, by
Part (1) ww' € ry.

Part (6). Since ww'w™! = (ww'w)w=? and w € 7y, by Part (4), ww'w™! €
rw. Hence, by Part (1), w' € ry.

-1

Part (7). For every unital commutative ring A, p is in Ri )’kw w’k+1w}(A)
precisely when

(3) pluw)? = pluw™ ) = 1.
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Let w := p(w) and ' := p(w’). If (3]) holds, then

(4) wFwww = WFlww 1w which implies w = w'ww’.
By , we deduce that

(5) -1 = w*ww™w = W' TRW? = W2

By and , we obtain that

(6) (Ww)? =w?=-1.

By and (6)), it follows that w, w'w € ry.
Next, we assume that p is in Rg w,w}(A) and let w := p(w) and ' :=

p(w'). Then w? = (W'w)? = —1, and so ww'w™! = w'~!. Therefore, for all
integer k,
(w/kw)z — w/kww,kw — w/kw/—kw2 - 1.
This means w w € ry for all k € Z.
The final step clearly holds. O

4. THE CASE OF A TWO-HOLED TORUS.

4.1. Notation and generating pure automorphisms. Notice that II; 2
admits the following presentation:

(7) (a,b,c,c | [a,bed = 1).

This implies that II; o is freely generated by a, b, and c. Based on this, we
identify Rep, 5(A) with SLy(A)? for every unital commutative ring A.

We choose the simple closed curves labeled a, b, ¢, and ¢ in Figure [2| as
generators of the fundamental group of ;2. The Dehn twists about the
simple curves a, b, d, and d’, depicted in Figure (3, generate I'; 2. To see
why, recall the Birman exact sequence (see [I, Theorem 4.6]), which gives
the short exact sequence:

1 _>H1,1 —>F1’2 —>F1,1 — 1,

where the first map is the push homomorphism and the second is induced

by forgetting the first puncture (see [I, §4.2.1] for the definitions of both

maps). By [I} Fact 4.7], the element a € II; ; is sent to 747, 1, and b € II; 4

is sent to Tb7'd71. Hence, the Dehn twists 7,, 7, 74, and 74 generate I'y o.
Note that d is freely homotopic to ca, and d’ is freely homotopic to be.
It is easy to see that

(8) T1(a,b,c) := (a,ab,c), m(a,b,c):= (abil,b, c),

are lifts of the Dehn twists 7, and 7, to automorphisms of the free group
{a,b,c).
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FIGURE 2. Generators of IIj . FIGURE 3. Generators of I'y 5.

Lemma 3. A lift of T4 is given by the following automorphism of the free
group (a, b, c)

73(a, b, c) := (a,b(ca), c),
and a lift of ¢ is given by the following automorphism

74(a, b, c) = ((bc)ta,b,c).
Proof. Note that the simple closed curves d and d’ are freely homotopic to
the curves shown in Figure[d From Figure[d] we observe that there exists a

FIGURE 4. Towards lifting generators of the pure MCG.

neighborhood of d which is disjoint from a and ¢, and intersects b only along
a single segment. Similarly, there is a neighborhood of d’ which is disjoint
from b and ¢, and intersects a only along a single segment.

Suppose 75 and 7y are homeomorphisms of ¥; o representing the Dehn
twists about d and d’, respectively, with supports contained in these small
neighborhoods. Then 7y(a) = a, T4(c) = ¢, and 74(b) represents the element
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bea in 11 o (see Figure |3 to see why d ~ ca). Similarly, 7 (b) = b, To(c) =
¢, and Ty (a) represents the element (bc)'a in IIj5. This completes the
proof. O

Since I'y o is generated by 74, 7, 74, and 7y, it follows from the Dehn-
Nielsen-Baer theorem, Equation , and Lemma [3| that

PAut(HLQ) = fLQ . IHD(HLQ), where fLQ = <7'1, T2, T3, T4>.

4.2. Defining exceptional families of representations. The exceptional

families of representations of II; o are given by Rs,li), where

9) v :={ac, be, abe}, vy :={ab, b, ac},
vy :={a, b, abc}, vy :={a, ab, bc}.
Proposition 4. In the above setting, O := {[v1],...,[v4]} is an I'| 2-orbit,

and 7;’s permute [v;]’s according to the following graph:

+1 +1
T2 T2
o O
m on

1" j

T4
73%1117;1 TlilTl,[_lil
LE1

Proof. Because the group I'yo is generated by the outer automorphisms
given by the 7;’s, it is necessary and sufficient to show that the [v;]’s are
permuted according to the given diagram. This will be done on a case-by-
case consideration. In each case, instead of showing Tjﬂ([vi]) = [vy] for the
claimed k := k(i,7) , we only show that

(10) T;tl[Vi] = [vil.

This is sufficient as every edge in the diagram has the same label in both di-
rections, and < is a I'j g-invariant partial ordering. By Part (2) of Lemma
in order to show , it is equivalent to prove

vk g rTjil(Vi)’
which is what we will do.

Case ([vi],7}). Since abe, a*tlbe € 7£(vy) for € = +1, by Part (7)
of Lemma be, abc € T7e(vy)- Hence, vi C T'7s(v1)> which implies that
1 - [va] 2 [val.

Case ([vi],75°!). Since ab®c, ab*t'c € 7,°(v1), by Part (1) and (7) of
Lemma ca, bca € T (vi) Thus, by Part (1) of Lemma [2, vi C T

Hence, 7, € - [v1] = [v1].

Vl)'
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Case ([vi],73"). Since ac, b(ca)®c, ab(ca)®c € 75(v1), By Part (1) of
Lemma 2} (ca), (ca)®(cb), (ca)®(cab) € rre(y,). Therefore, by Part (5) of
Lemma 2, cacb, cacab € ris(y,). By Part (4) of Lemma [2| it follows that
a”lb, b € Tre(vy)- Hence, by Part (5) of Lemma [2, ab is also in rc(y,).
Altogether, we have that vo C ri<(y,). Hence, 75 - [v1] < [va].

Case ([v1],7i"). Since be, (be)~%(ac), (be)~¢(abc) € T5(v1), by Part (5)
of Lemma [2, beac, beabe € 1. (y,). Because be, beac, (be)a(be) € rre(y,) and
beac = (bc)ab~t(be), by Part (6) of Lemma [2 it follows that ab™!, a €
Tr¢(vy)- Hence, by Part (5) of Lemma ab € r.¢(y,). Altogether, we have
v C 7re(y,). Hence, 75 - [vi] < [va].

Case ([vo],7if!). Since a®b, a*t'b € 75 (vy), by Part (7) of Lemma
b, ab € 172 (y,). Hence, vo C rre(y,). It follows that 77 - [va] = [va].

Case ([vo],75"). Since ab==*1, ab~%c, b € 75(va), by Parts (1), (4), and
(5), it follows that V3 C Tre(vy). Hence, 75 - [vo] C [v3].

Case ([vo], 7). Since ac, b(ca)®, ab(ca)® € 75(v2), by Parts ( ) and (5)
of Lemma 2] it follows that abca, bca € 775 (y,). Since abca = (¢~ D) (bea)?
and bea € 1r(y,), by Part (4) of Lemma |2} be € r.¢(y,). Hence vi C 75(v2),
which implies that 75 - [vo] < [vl]

Case ([va], 74). Smce c v~ tac € 74(va), by Part (1) of Lemma b~ la
lies in 7., (y,). As b, b 'a € 71, (y,), by Part (5) of Lemma 2l ab € r,,(v,)-
Knowing that ¢ 'b~lab, b € Tri(ve)s Dy Part (4) of Lemma c thab €
Try(vg)- Since c b1 (ab)? = ¢ tbab and ¢ 'bab, ab € Try(vo)s Dy Part (4)
of Lemma it follows that ac € rr,(y,). Altogether, we have vo C o, (y,).
Hence, 74 - [vo] < [va].

Case ([vo],7; ). Since beab, b € 7, (vs), using Parts (6) and (1) of
Lemma 2 ac € 71, As beac = ba!(ac)? and beac, ac € Tr1(vg)s DY
Part (4) of Lemma ba=l € T (va)- Given b, ba™! € T'r=1(v,), Dy Part (5)
of Lemma it follows that ab € T (va)" Altogether, we have vo C 7, ! (v2),

and so 7, - [va] <X [va].

Case ([v3], 7). Since a, a®b, a*t'bc € 75(v3), by Parts (5)
Lemma ab, be € 172 (y,). Hence, vq C 77 (v3), and so 77 - [v3] < [v4].

Case ([vs], 5"). Since b,ab™%,ab*"1c € 75(v3), by Parts (5) and (4) of
Lemma 2 vy C 7'2 5(v3). Hence, 75 - [v3] < [va].

Case ([v3],7i'). Since b(ca)?, ab(ca)®c € 75(v3), by Parts (1) and (7) of
Lemma b, cab € 1.z (y,). Therefore, by Part (1) of Lemma V3 C Tre(vg)-
Hence, 75 - [v3] = [v3].

Case ([v3], 7). Since (bc)~%a, (be)Sabe € 75(v3), by Parts (1) and
(7) of Lemma 2 a, bca € r¢(y,). By Part (1) of Lemma [2| it follows that
V3 C 7re(vy). Hence 77 - [v3] < [vs].

Case ([v4],7!). Since a, a®*'b,a®be € 75(v4), by Parts (4) and (5) of
Lemmal 2} b, abc € Tre(v,)- Hence, 7 - [V4] = vs.

and (4) of
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Case ([v4],75!). Since ab=%, ab=*! € 75(vy4), by Parts (1) and (7) of
Lemma 2| a, ab € rr¢(y,). Hence, v4 C ric(y,), and so 75 - [va] = [v4].

Case ([v4],73). Since a, abca € 713(v4), by Part (6) of Lemma [2| bc €
Try(vy)- Since be, beac € rr,(y,) and beac = (be)(ab™')(be), by Part (6) of
Lemma ab~! € Try(va)- Since a, ab~! € Try(va)s Dy Part (5) of Lemma
ab € 1r,(v,)- Altogether, v4 C 7, (y,), and so 73 - [v4] < [v4].

Case ([v4],73 '). Since ba™!, a € 75 '(vy4), by Part (5) of Lemma ab €
T ) Since a, aba~'c™' € 15 (v4), by Part (4) of Lemma abac™! €
75 H(v4). Since abac™! = (ab)?b~'c™! and ab € Tt (va): by Parts (4) and
(1) of Lemma be € Tt (va)- Altogether, vy C Tt (va) which implies that
75 [va] X [va].

Case ([v4], 7). Since be, (be)¢a, (be)~Sab € 75(v4), by Part (5) of
Lemma [2| bea, beab € rrs(y,). Given beab = (bea)?a=tc™! and bea, beab €
Tre(vy), Dy Parts (4) and (1) of Lemma ac € rr(y,). Another application
of Part (1) of Lemma [2]implies that vy C 75(v4), and so 75 - [v4] < [v1]. O

4.3. Dense exceptional representations. Here, we provide topological
generating sets {«, 3,&} for SLa(A), for various rings A, or for SUs(C),
satisfying

2= =€=-1

Such a generating set yields a representation in RY

[va] (A), where [v3] is as
defined in the previous section. By Proposition [4] this representation deter-
mines a point in Chy 5(A) whose I'y 2-orbit is not dense in the corresponding
relative character variety.

Proposition 5. There exist po : II1 2 — SLa(Z) and p; : II; 2 — SU3(C)
such that the following holds.

(1) The representations p;’s are in R[(‘lli]((C).

(2) For every prime £ # 3, the representation po is in Rep} (Z¢), and
the group po(Il12) is dense in SLo([ ], .5 Zp)-

(3) The representation p1 is in Repyo(C), and the group pi(Il1z) is

dense in SUg(C).
We start with the following lemma.

Lemma 6. There exists a unique subgroup of SLa(Z) which is normal and of
index 3. Moreover, this normal subgroup N satisfies the following properties.

(1) The subgroup N contains the principal congruence subgroup SLa(Z)[3]
where SLo(Z)[3] is the kernel of the residue map modulo 3 from
SLQ(Z) to SLQ(Z/3Z)

(2) There exist o, 5, € N such that N is generated by o, B8, and &, and
a?=p2=¢€=-1.
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.. (0 1 d (0 -1
7=1{_1 o and y:=1|, ;]

Then j? = —1 and y® = 1. It is well-known that j and y generate SLo(Z)
and PSLy(Z) is isomorphic to the free product of (j) and (y); in particular,
PSLy(Z) ~ (a,b | a®,b®). Let

1 2

a:=j, B:=yjy!, and &:=y*jy
Clearly a? = 2 = €2 = —1. Let N be the subgroup generated by «, 3, and
&. Notice that

Proof. Let

yUsyiy Ly iy = Uowiy vy )

as y> = 1. Hence, j and y are in the normalizer of N. This implies that N
is a normal subgroup of SLy(Z). So N is the normal subgroup generated by

7. This means
SLo(Z) _ SLo(Z)/{+£1} 2 13

~ ~ (a,b b ~ 7./37.
On the other hand, if M is a normal subgroup and SLy(Z)/M has order 3,
then every element of order 4 is in M in particular, j € M, which implies
that N € M, and so M = N. This shows there exists a unique normal
subgroup of index 3 in SLa(Z).
The residue map modulo 3 is an epimorphism to SL2(Z/3Z). Therefore,
SLo(Z)

SLa(Z)[3]
It is well-known that SLo(Z/3Z) is isomorphic to A4 and A4 has a normal
subgroup of index 3. Hence, SLo(Z) has a normal subgroup of index 3

which contains SLy(Z)[3]. We have proved that N is the unique such normal
subgroup. Hence, N contains SLy(Z)[3]. This finishes the proof. O

~ SLo(Z/37).

By the strong approximation property of SLa(Z), we have that SLy(Z)
is dense in SLQ(Z) where 7Z := Hp Z,, as p-ranges over all the primes. By
Lemma [6] the given normal subgroup N is a congruence subgroup of index
3; hence, the closure of N in SLo (2) is an open normal subgroup of index 3.
By Lemma 6, we also see that IV is dense in SLo(]], ;5 Zp). Therefore, we
conclude the following corollary.

Corollary 7. There exist o, 3, € SLa(Z) such that («, 3,&) is dense in
AT and b = 32— 5 1

Next, we prove a similar result for the compact Lie group SU3(C). We
start by recalling some well-known basic facts about SUs(C). Let

X := {z € SU,(C) | 2* = —1}.
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It is clear that € SU3(C) if and only if the minimal polynomial of z is
T2 + 1, and the latter holds precisely when tr(z) = 0. It is easy to see that
x € SU5(C) has trace zero if and only if it is of the form

< ia  b+ci

. .. . 2
bt —ia > where (a, b, ¢) is a point in the unit sphere S.

So we get a homeomorphism ¢g : X — S2.

Notice that SU(C) acts on X by conjugation. It is well-known that there
exists a surjective (algebraic) group homomorphism ¢ : SU3(C) — SO3(R)
such that

(1) The homeomorphism ¢ is t-equivariant; that means we have

go(uzu™") = 1(u)(¢o(x)),
for every u € SU3(C) and =z € X.

(2) The surjective group homomorphism ¢ is a central isogeny and its
kernel is {£1}; and so SUs(C) is a double cover of SO3(R).

A direct computation shows that ¢(j) is a m-rotation about the z-axis, where

()

Because SUs(C) acts transitively on X, we obtain that, for every z € X,
t(z) is a m-rotation about some axis. This also implies that, conversely, if
t(u) is a m-rotation about an axis, then v € X. If ¢(z;) is a m-rotation about
¢; for i = 1,2, then v(x1) o t(x2) is a 260- rotation about the axis ¢ where ¢
the unique line passing through the origin which is orthogonal to ¢; and /¢
and 6 is the angle between ¢ and /5.

Lemma 8. There exist o, 3,6 € SUa(C) such that (o, 3,§) is dense in
SU2(C) and o? = B2 = €2 = —1.

Proof. Take three lines {1, {5, {3 passing through the origin. Let ; be the
angle between ¢; and ¢; for i = 2,3. We choose /¢;’s in a way that (1) they
are not coplanar, and (2) the quotient 6;/7 is irrational for i = 2,3. Let
r; be the m-rotation about ¢;. Then the closure of the group generated by
r1, 72,73 contains all the rotations about ¢19 and f13, where £; is the unique
line passing through the origin and orthogonal to both ¢; and ¢;. Because {19
and {13 are distinct, we get two distinct connected 1-dimensional subgroups
of SO3(R). This implies that the closure of the group generated by these
two groups is the entire SO3(R). Therefore, the group generated by r;’s is
dense in SO3(R). By the discussion prior to this lemma, there exist x;’s in
SU»(C) such that 22 = —1 and t(x;) = ;. As ¢ : SU(C) — SO3(R) is a
connected, double cover and (ri,r9,r3) is dense in SO3(R), we deduce that
(x1,x9,x3) is dense in SUs(C). O

Proof of Proposition[5. By Corollary [7] there exist a, 3, € SLa(Z) such
that

(11) o =g =¢ =1,
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and the group generated by «, 8, and £ is dense in SLQ(HP 23 Zy). Recall
that

5 = {(a,b,c1,co | [a, b erea).
Therefore, the following assignments define a representation of I o:

po(a) := a, po(b) == B, polc1) = (af) ',
and
pole2) = ([po(a), po(b)~']poler)) .
By (1)), we have that pp is in RE‘I,;]((C). By [, Theorem C, Part (5)], we
obtain that pg satisfies all the mentioned properties in part (2).

By Lemma 8] there exist «, 3,& € SU3(C) such that
(12) ?=p2=¢ =1

and the group generated by «, 3, and ¢ is dense in SU3(C). Similar to the
previous case, we can define p; : II1 2 — SU3(C) which satisfies all the
mentioned properties (this time, we are using [4, Theorem C, Part (2)]). O

4.4. Dimension of the geometric fibers of the scheme of exceptional
representations. The main goal of this subsection is to prove the following.

Proposition 9. In the above setting the dimension of every geometric fiber
of (UL, RY) Xspeez Spec Z[1/2] — Spec Z[1/2] is 6.

Recall that each geometric fiber of the relative representation variety
Repr(k1 k) has dimension 7 (see [4, Theorem F]). Therefore, the geometric
fibers corresponding to exceptional representations are strictly smaller in
dimension than those of the relative character variety.

Lemma 10. For every finite field Fy of odd characteristic and for each
i=1,...,4, we have

3
BY(E,)] = ¢*(1+ (~D D27

Proof. By Proposition |4} the schemes Rs,li) are all isomorphic. In particular,
they have the same number of [ -points.

Observe that p € R\ (F,) if and only if

p(a)* = p(b)* = p(abe)® = —1.

Hence, there is a bijection between R‘(,lg,) (F,) and the set

{(@,8,7) € SLa(F,)* | o = 52 = 4% = —1}.
An element o € SLy(F,) satisfies a® = —1 if and only if

“= <:§ yx) for some T,Y, %2 € IE‘q such that a}2 + Yz = —1.
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For a fixed x € F, such that 7241 # 0, there are exactly (¢ — 1) pairs (y, 2)
satisfying yz = —(22+1). If 22 +1 = 0, then there are precisely 2¢ — 1 pairs
(y,2) such that yz = — (22 + 1).

If =1 (mod 4), then the polynomial ¢* 4 1 has two distinct zeros in F,.
In this case, the equation 22 + yz = —1 admits

(¢=2)(¢—1)+2(2¢—-1)=qlg+1)

solutions over [F,.

If ¢ = —1 (mod 4), then ¢? + 1 has no zeros in F,, and the equation
2 + yz = —1 has

q(q—1)

solutions over [F,.

Altogether, we conclude that

3
REE)] = ¢ (1+ (~)l D271,
which completes the proof. O

Proof of Proposition[9. Suppose p is an odd prime. By [10, Lemma 33.8.15],
there exists a positive integer k£ such that every irreducible component of

Rs,lz.) X specz SpecF i is geometrically irreducible. Hence, by [6],

RV (F )]
(13) A

exists and it is a positive integer, where
d, := dim (Rs,li) X SpecZ Specfp),

where F), is an algebraic closure of F,. By and Lemma we deduce
that d, = 6. Therefore, by [10, Lemma 37.30.1], we also have

dim (Rs,li) X SpecZ Spec@) =6,
where Q is an algebraic closure of Q. [l

5. THE CASE OF A ONE-HOLED SURFACE OF GENUS TWO.

In this section, we construct a closed I'y 1-invariant subset ¥ C Chy; con-
sisting of points whose I'y 1-orbits are not Zariski-dense in their correspond-
ing modified relative character varieties. In [5], we prove that E precisely
characterizes the locus of exceptional points in Chj ;.

The representations that lift characters in E assign —1 to the boundary
curve. Moreover, there exist representations into SLy(C,) and SU3(C) that
are Zariski-dense and topologically dense, respectively, and lift points in F.



18 ALIREZA S GOLSEFIDY AND NATTALIE TAMAM

5.1. Notation and generating pure automorphisms. Notice that Il
is given by the following presentation:

(al, bl, as, b2, C ’ [al, bfl][ag, b;l]c = 1>
This relation implies that II5 1 is freely generated by a1, b1, az, and by. We

will focus on representations of Ilo; that send the boundary element ¢ to
—1; such representations correspond to elements of the variety

R(A) = {(Oél,ﬁl,aQ,,BQ) € SLQ(A)4 | [al,ﬂl_l][o@,ﬁ;l] = _1}.

Given p € R(A) and w € Il 1, we denote by p(w) € SLa(A) the evaluation
of w under p. Figure [5]illustrates ten simple closed curves on 32 1. Among
them, the curves labeled a1, b1, as, b2, and ¢ generate the fundamental group
II5 1. According to [1, Theorem 4.14], the Dehn twists about the remaining
curves in Figure 5| generate the pure mapping class group I's 1.

FIGURE 5. Generators of Il ; and I's ;.

Lemma 11. In Figure [3, the curves responsible for the generating Dehn
twists are freely homotopic to a1, by, az, ba, and bflaflblag.

Proof. The only non-trivial claim is about the last curve, and for that we
give a pictorial proof: see Figure [f]

FIGURE 6. Finding out the middle curve as an element of 15 ; .
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O

By considering small neighborhoods around the given curves, we ob-
tain homeomorphisms that realize the generating Dehn twists. Applying
Lemma we deduce that the following automorphisms of Il ; are lifts of
these Dehn twists or their inverses:

T1(a1,b1,a2,b2) :=(a1,a1b1,a2,b2), (a1, b, az,b2) := (a1by, b1, az, ba),
T3(a1, b1, az,b2) :=(a1, b1, az, asbs), t4(ai, b1, az,b2) := (a1, b1, azbse, ba),
75(a1, b1, az, be) :=(a1, biz ™1, zasx ™", zby),
where x := bl_lal_lblag. It is worth pointing out that
7i[a, by '[az, by 1)) = [a1, by (a2, by ']

and 7; € PAut(Il ;) for all 7.
We also notice that for every integer k,

(a1, b1, a2, ba) :=(a1,afby, az,ba), 75 (a1,b1,az,ba) == (ar1by, by, ag, ba),
4 (a1, b1, a2,b2) :=(a1, b1, ag, ahba), 74 (a1,b1,az2,b2) == (a1,b1, azbh, ba),

k -k _k
agx ™", 2"bg),

(a1, by, ag, by) ==(a1, b1z ™%
where z = bflaflblag. The last equation follows from
T5(x) = x.
Let fgl := (71, T2, T3, T4, 75). Then
PAut(Ily,;) = Ty Inn(Ily,).

5.2. Defining exceptional families of representations. The exceptional
(-1)

il ? where

representations of Il ; are given by R
W1 ::{al, albl, blbg, blag, blagbg},
W9 ::{al, bl, alblbg, alblag, a1b1a2b2},
W3 Z:{bl, albl, albg, ai1ag, alagbg},
Wy Z:{bg, a2b2, blag, ai1ag, alblag},
W5 Z:{ag, b2, alagbg, blagbg, a1b1a2b2},
Wg Z:{ag, CLQbQ, a1b2, blbg, alblbg}.

Proposition 12. In the above setting, O = {[w1],...,[wg]|} is a I'g 1-orbit,
and T;’s permute [w;]’s according to the following graph:
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Proof. Because the group I's ;1 is generated by the outer automorphisms 7;,
it is necessary and sufficient to show that the classes [w;| are permuted
according to the given diagram. This will be verified through a case-by-case
analysis. In each case, rather than proving that Tjil([wi]) = |[wy] (for the
claimed index k := k(i, j)), we will instead show that

75 ([wil) = [wil.

This weaker condition is sufficient, since every edge in is labeled by the
same automorphism in both directions.

Let us also point out that Il 1 is freely generated by a1, b1, az, b2, and so
the function a; — a3_; and b; — bs_; for ¢ = 1,2 extends to an automor-
phism o of Il 1; moreover

a(c™h) = o([ar, by [az, by 1)) = [az, by [ar, by')
is a conjugate of ¢~!. Hence, o is a pure automorphism of II5 ;. Notice that
olwj] = [wr_;]
for all 7 = 1..6. This follows from observing that for every w € w;, the word
o(w) is a cyclic permutation of a word in w7_;. Direct computation shows
that
goTi00 =13, 0oTg00 =14, and o2 = id.
Therefore if we prove the claim for ¢ = 1..4 and j = 1..3, then for ¢ = 1..4
and ¢ = 4..6, we obtain
Ti([we]) = o (Tiza([wr—])) = o([wi]) = w7
for the claimed k. Using this observation, we will be checking the claimed
7i([w;]) = wy, for (4,)’s in
{(,7) 11<i<4,1 <5 <3YU{(5,5) |1 <j <6}
We go through all the pairs in the above set. In each case, we identify
p < R(A) with (al,ﬂl,ag,ﬁg) S SLQ(A)4. For ¢ = +1,
Tf([wl]) = [{al, alaﬁbl, aiblbg,afblag,aiblagbg}].

Soif p € rZY (A), then o = —1. Hence, o = a;. Therefore,

i ([wi)
1 ([wi]) = [{a1, b1, a1biba, arbias, arbiasbe}] = [wal.
Next, we consider (i,7) = (1,2). For e = +1, we have

75 ([w1]) = [{a1b], a1bib1, bibz, bias, biazbs}].
Soif p € rY (A), then 52 = —1, which implies 3§ = 3. Hence,

m2([w1])
75 ([w1]) = [{a1b1, a1, biba, braz, bragba}] = [wi].
Now, we consider the case (i,7) = (1,3). For e = £1, we have

75 ([w1]) = [{a1, a1b1, biasba, brag, biazasba}].
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By Part (7) of Lemma [2] we have that
75([w1]) = [{a1, a1b1, biagba, biaz, biba}] = [wy].
For the case (i,7) = (1,4), we have
75 ([w1]) = [{a1, a1b1, biba, biagb5, biazb3ba}].
By Part (7) of Lemma [2 we obtain that
Ti([w1]) = [{a1, a1b1, biba, brasbe, bias}] = [wy].

Next, we consider the case (i,j) = (1,5). For € = 1, we have that 7 ([w1])
is equal to

{a1, a1(b1z™°), (biz™%)(x%b2), (b1x™%)(xasx™ ), (b1z~°)(x"agx™%)(x"be)}]
=[{a1, a1byz™%, biba, biasx™, biagbs}],

where z = bl_lal_lblag. By Part (7) of Lemma [2l and byasz ™% = a1byz'~¢,

we deduce that

[{a1, a1bix™%, biba, biasx ™, brasba}] = [{a1, aibi, biba, biasx, biasbe}].

Hence 75 ([w1]) = [w1]. This completes the study of the vertex [wy].
Next, we consider the case of (i,j) = (2,2). For ¢ = +1, we have

75 ([wa]) =[{a1bi, b1, a1bibibz, ar1bibiaz, a1bibiazbs}]
=[{a1b1, b1, a1ba, ajaz, ajasby}] = [ws].

For (i,7) = (2,3) and € = £1, we have
75 ([we]) = [{a1, b1, a1bia5ba, a1bias, aibiazasba}].

By Part (7) of Lemma [2 we obtain that
75 ([wa]) = [{a1, b1, a1biagba, a1biag, a1biba}] = [wal.

For (i,7) = (2,4) and € = £1, we have
Tfl([WQ]) = [{a1, b1, a1b1ba, a1biazbs, aibjasb5ba}.

By Part (7) of Lemma [2], we deduce that

7 ([wa)) = [{a1, bi, aibibe, arbiasba, arjbras}] = [wa).

For (i,j) = (2,5) and € = 1, we have
75(w2) = {a1, blaglbflalbl, a1bibo, a%bl, aibiagba}.
Since a1, a3b; € 75(w2), by Part (4) of Lemma
b1 € Try(wy)-

Given aq, by, blaglbflalbl € Try(wy)s Dy Parts (4) and (1) of Lemma it
follows that

aibias € Trs(wa)-
Thus wo C 7

75 (wa)» Which implies that 75 - [wa] X [wa].
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For (i,7) = (2,5) and € = —1, we have
Tgl(WQ) ={ay, aflblag, a1b1ba, alblagbflaflblag, aibyasba}.
Since ay,a;'biag € 75 (W), by Part (4) of Lemma [2| it follows that
arbras € T (wa)* Having a1, a1b1as9, alblagbl_lal_lblag € Tr (wa)? by Parts
(5) and (6) of Lemma it follows that by € 75 *(w2). Hence, wy C Y
which implies that

W2)7

75 (wa) < [wa].
Next, we consider the case (i,j) = (3,1). For ¢ = £1, we have
71 ([ws]) = [{aib1, araiby, arbs, arag, arazbs}].
By Part (7) of Lemma [2], we obtain that
71 ([Wa]) = [wi].
For the case (i,7) = (3,3) and ¢ = £1, we have
75 ([wa]) = [{b1, a1b1, a1a5ba, aras, ajagasba}].
By Part (7) of Lemma [2 we obtain that
75 ([wa]) = [{b1, a1b1, a1a2bs, araz, aiba}] = [ws].
For the case (i,7) = (3,4) and € = £1, we have
7i([ws]) = [{b1, a1b1, a1be, arasbs, ajasb5ba}].
By Part (7) of Lemma [2, we obtain that
i ([ws]) = [{b1, a1br, arbe, arasbs, aras}] = [wil.

For the case (i,7) = (3,5), we use a slightly different argument. For ¢ := +1,
let
a; :=715(a;) and b =75 (b;).

Note that 7£(z) = = where x = b] *a; 'biaz. Suppose p € RrCY )(A), and

T§(W3
let
a; = p(ai), Bi = p(bi), o5 = plag), Bi = p(b;), and x := p().
Since b, ayb € 75 (w), A2 = (o4 B)2 = ~1. Hence, 8 '} = of, and
SO
(15) X =B i Blah = afab.

By and dajah € 7E(ws), it follows that x? = —1. Therefore, x* = £x.
Since ajahby € £ (ws), by (15), it follows that
—1 = (a1a3f3)” = (xx°B2)* = 53.
By and % = —1, we have a;x°aax ¢ = x, which implies that
(16) X = asog.

Hence,
(0510[2)2 = —1.
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By B2 = —1 and ({16), it follows that
—1=(61x)* = (Brazanr)’.

By (a}ja85)? = —1 and (16), we deduce that

—1 = (a1x°022)* = (a1 (a2on) aafa)? = B3.
By (a}B5)* = —1 and (16]), we obtain that

—1 = (a1x7B2)* = (ar(aza1) ' B2)* = (ag ' B2)*.
Since 82 = (a5 '2)* = —1, we have

(a2f9)? = —1.
Since (o 8])? = —1 and x° = *Y, it follows that
—1 = (pix)’ = (fi(B; 'oy ' frag))® = (Braz)*.

Altogether, we have wy = {ba, ajag, biaa, asbe, ajbras} C Tre(
implies that

which

w3)»

75 - [wa] < [wal.
Only the following three cases are remained: (i,5) = (4,5), (5,5), and (6, 5).
The analysis of the case (i,7) = (4,5) closely parallels that of (i,7) = (3,5).

Let a} := 7£(a;), b, := 7£(bi), and W), := 7£(wy) for ¢ = £1. Suppose

pE REN_;)(A), and define
ai == plai), Bi = p(bi), O‘; = p(ag)’ ﬁ; = p(b;)v and  x = p(x),

where x = b* ay Lhias.
Since b1a2,a1b1a2 € w), (Blah)? (alﬁlaQ) = —1. Hence,

(Brab)aq(Blas) ™ = an'~ 1.
Therefore, using the fact that 7£(x) = z, it follows
(17) X =B ol 1( 1@ 2) T H(Blan)al = ahal.
Since ajah € wy, it follows from ((17)) that
(18) X2 =-1 and hence x° = +x.
Combining and , we deduce:
X = ahal = x*aox Sa1 = xasx oy, which implies
(19)
X = @i, in particular, (a1a2)2 = —1.
Since b, € w), it follows from and that
—1=(x"f2)* = (1a2f2)*.
Given that a}b)a), € w), we similarly obtain
-1= (04161042(0[1042)71)2 = (a1B1071)?,
which implies
(20) B =—1.
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Since bja), € W), we have

1= (raz(0102) )" = (Bray ).
Hence, by , we deduce
(1fr)® = 1.
Since ahbl, € w, it follows from that
—1 = (x"a2f)” = (a103fa)*.

Given that (faa1a2)? = —1 and (Bra103)? = —1, the argument in Part (7)
of Lemma, [2] implies

(ﬂgal)Q = —1, and hence (04162)2 = —1.
Altogether, we have
w3 = {a1az, ajagby, b1, a1by, ajbe} C Tr€(wa)s
and so
75 - [Wa] X [ws].
For the case (i,7) = (5,5) and € = £1, we have
(21) Te (Ws) = {z%a2x ™%, 2°b2, a1x®asba, biasba, a1biasba},
where = = by 'a]'bias. Suppose p € R%(IV)VE))(A). Let o; == p(a;), Bi ==
p(bi), and x := p(x). Since
(Biaafa)? = (a1 fronfa)® = —1,
we have
(22) (Biaafa)ar(Braafe) ™t = ai .
For e = 1, by zfby € 15(w5) and , we have
—1=(xB2)* =(B; "oy (Braaf))?
=(B; (BrazafB2)on)® = (@2fB201)*.
Since ajzfagby € 15(Ws), by , we have
—1 =(eu 87 o7 (Braafs) By taafs)?
(24) =(an B (BraaBa)ar By 'aafa)?
=((azfa)o1 By oy (a1aafa)).

By and , it follows that ((ayaefBaaq)Ba(aiazfear) )% = —1, and
SO

(23)

Altogether, we have that
a3 = (Brazfa)’ = (1 fra2B2)” = (a10282)* = B3 = —1,

and so
T5 * [W5] j [W5]
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For ¢ = —1, since a1z Laghy € Tgl(W5), by , we have
—1 =(ay ' Byl (Branfa))® = (aray ' By (Branfa)ar')?
=(a1f207 ") = a1fiay .
Hence 83 = —1. Since 27 'by € 75 '(w2), by (22), we have
—1=((B7 "y ' Broaz) T B2)? = (Ba(By Mg BT f1Ba)
=(Ba0y (By Ly B 1) B15)? = (Balo By Moy ) B2)”.
By and 32 = —1, we deduce that
(azB201)” = —1.

(25)

Altogether, we have
a3 = (Braza)? = (a1B1a22)? = B3 = (a1asfa)? = —1,

and so
75 [ws] < [ws].

The last case is (i,7) = (6,5). For e = +1, we have

—€

75 (We) = {z°a2x™%, 2%agba, a1xba, biba, ai1biba},

where z := bflaflblag. Suppose p € R_(rgl)(A), and define
a; == p(a;), PBi:=p(bi), and x:=p(z).
Since bibg, a1b1by € £ (Wg), we obtain
(26) (B1B2)1(B1B2)”
For € = 1, using wasxz ™!, zasbs € 75(wg) and ., it follows that
—1 = (B "oy BragasBe)? = (B tar N (BiB2))?
= (B (B1B2)an)? = (Bacr)?.
By and a1zby € T5(Wg), we deduce
(28) (Baon)x(Brar) ™t = x 7"
Therefore, using aizbs € 75(wg) and (28)), we find
—1 = (xfoen)? = (Bra1ay ' By Fa1B1)?,

and hence, by ,

—1=(a10y B o (B182)* = (nog ' By (Bif2)ag )P = an(ag ' B2) g

Since a3 = —1, it follows that

1_
O[l.

(27)

(a2B2)® = —1.
Altogether, we have
(B152)% = (1f12)” = o = (1 f2)? = (a22)” = —1,
which implies
75 - [WG] j [W(;]
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For e = —1, using ajz~'by € Tgl(wt;) and (26]), we obtain
—1 = (105 B 1 (8182))? = (aray ' By (Bifa)er )’
= oq(a;lﬂg)%zfl.

Since x lasz € 75 (W) and o = —1, it follows from that

(29)

(a2f2)? = —1.
Moreover, since (x taz82)? = (a232)? = —1, we obtain
(30) (aafa)x(aBa) ™ = x.

Hence,
—1 = (x""azB2)? = (a2B2x)*.
Using a3 = —1, we deduce
—1 = (2B oy Bran)? = az (BB tai  Br) ey
Therefore, by ,
—1= (87 a1 (B1B2))” = (B (BrfB2)an)? = (Baon1)®.
Altogether, we have

(B1B2)* = (a1f1B2)” = 03 = (a232)” = (a1 )’ = —1,
which implies
5 [we] < [we).

This finishes the proof. ([

5.3. Dense exceptional representations of Il ;. The goal of this section
is to prove the following result.

Proposition 13. (1) For every i = 1..6, there exists p : IIa ;1 — SU3(C)
such that p € Rf;ﬁ)(C) and the image of p is dense in SU3(C) with
respect to the Hausdorff topology.

(2) For every i =1..6 and prime p > 3, there exists

p€ R, (Z,) N Rep3, (Z,).

[wi]

We start with the following lemma, which roughly says that the conditions
on the words w € wj imply the boundary condition.

Lemma 14. Suppose j = 1..6 and p : a1 — SLa(A) is a representation
such that for all w € wj;, p(w)®> = —1. Then p(c) = —1; that means

pe RV (A.

[w;]
Proof. Suppose j = 1. Let o; := p(a;) and B; := p(b;) for ¢ = 1,2. Then
a? = (a1 81)? implies that

(31) arfrayt = B,
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and similarly, (f1a2)? = (Biaef2)? implies that

(32) asfy oyt = By o

By , we have

(33) [, B = BT

By and (152)? = —1, we deduce that

(34) o, By ] = By 828182 = By 2(B1B2)? = —B7 2

By (33]) and ., we deduce that p(c) = —1. This completes the proof for
j= 1
For an arbitrary j, by Proposition [12] there exists a pure automorphism

0 such that (6 p)(w)? = —1 for every w € wy. Hence, (6-p)(c) = —1. Since
f is a pure automorphism, (8 - p)(c) and p(c) are conjugate of each other,
and so p(c) = —1. This completes the proof. O

Lemma 15. A subgroup G of SLa(A) has a generating set a1, aa, b1, Pa such
that
w(ar, B, s, fo)? = —1
for allw € wy if and only if G has a generating set {Ti}?zl such that Ti2 =-1
for alli=1..5 and
T1ToT3T4Ts = 1.

Proof. (=) Let 11 1= Biag, 7o := Pragfa, T3 := (,6’162)_1, 4 := a1, and
75 := a181. Then, we have 7'-2 = —1 and

T1TaT3TaTs =(B10)(BranB2)(B182) T (a1 B1)
=(Bra2)? BBy ' B iy = 1.
One can see that (a1, 81, a2, 82) = (13 | 1 < i < 5).

(<) Let ay :== 1y, p1 := 7'4_17'5, Qg 1= 75_17'47'1, and By := 7-1_17-2. Then,
we have

of =7} = -1,
(a1fr)? (T4T4 br5)? =18 =1,
(B1B2)? =(1; ' m57 ' 12)? = (umsmime)?® = 75 % = —1,
(Braa)? =(15 'ms575 mam)? = 71 = —1,
(ﬁ1a262)2 (7'4 T5Ty 7'47'17'1_17'2)2 = 7'22 =—1.
One can see that (a1, f1,a9,82) = (1, | 1 < i < 5). This completes the
proof. O

Lemma 16. For every element o of SU(C), there are 7,7 € SU3(C) such
that 72 = 7% = -1 and a = 77'.
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Proof. Let ¢« : SU2(C) — SO3(R) be the central isogeny described in the
discussion after Corollary |7, Let @ := ¢(a). Then @ is a f-rotation about
an axis £ which passes through the origin. Suppose £1 and ¢ are two lines
which pass through the origin, are orthogonal to ¢, and the angle from ¢; to
Uy is 6/2. Let T and 7/ be the m-rotations about ¢; and /o, respectively. Then
@ = 7'7. The isogeny ¢ is surjective, and so there are 7 and 7/ in SU5(C)
such that «(7) = 7 and «(7') = 7. By the discussion after Corollary (7, we
have 72 = (£7/)2 = —1, and a = (&7')7. This completes the proof. O

Lemma 17. There is {r;}?_; C SU2(C) such that 72 = —1 for all 1,
T1ToT3T4Ts = 1, and the subgroup generated by 7;’s is dense in SUy(C).
Proof. By Lemma [8) there are 71, 72,73 € SU2(C) such that 72 = —1 for
i = 1,2,3 and (1, 72,73) is dense in SUy(C). By Lemma there are
74,75 € SU3(C) such that 7§ = 72 = —1 and 1475 = (117273) 1. Hence 7;’s
satisfy the desired properties. [l
To demonstrate that SLy(Z,) admits a dense subgroup analogous to the

one constructed for SU3(C) in Lemma [17, we begin with two auxiliary lem-
mas. The first is well-known and included for the reader’s convenience.

Lemma 18. Suppose D is a compact DVR, its residue field is of character-
istic p > 2, and w € D generates the mazimal ideal of D. Suppose a,b € D
and a® — 4b & (w). Then for every c € D>, there exist x,y € D such that

(35) 2 + azy + by® =c.

Proof. Notice that 2 € D* as the characteristic of the residue field k£ :=
D/{(w) is not 2, and

(36) 2 + axy + by? = 2% — dy?,

where z = z — (a/2)y and d := (a® — 4b)/2. In the residue field k :=

D/(w), there are exactly (|k|+1)/2 perfect squares, and so by the pigeonhole
principle and , there are zp,yg € D such that
22 —dy=c (mod w).

By induction on ¢, we show that there exist zs, y, € D such that

20 = z—1 (mod wg),
(37) ye=ye1 (mod @),

22 —dy? =c¢ (mod w'th).
Suppose we have already found {z; f:(l) and {y; f:(l) which satisfy (37)). Let
20 = 21 + w't, and Yo = Yo_1 + wety. Then, for £ > 1,
(38) 22 —dy? —c =20 | —dy} | —c+2w'z 1t —2dw'y, 1t, (mod w't).

By the induction hypothesis, zg_l — dyg_1 — ¢ = w'ry_q for some rp_; € D.
Hence, by , has a solution if for some t.,t, € D, we have

(39) re—1 + 221t — 2dy;1t, =0 (mod w).
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By and the assumption ¢ € D*, we deduce that either z,_1 € D* or
ye—1 € D*. As 2 € D*, we obtain that has a solution in D. This
completes the proof of the induction step.

By , the limits y := limy_,o y¢ and z := limy_, o, z¢ exist, and we have
2?2 — dy? = c. Hence, x := z + (a/2)y and y give us a solution of . O

Lemma 19. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and w € D generates the maximal ideal of D. Let

o = (au a12> € SLo(D). Then there are T,7" € SLa(D) such that
a a2

2 =772 =

—1 and a= 77" if

aizag, (tra)? —4 ¢ (w).
Proof. Notice that for every 7 € SLa(D), we have 72 = —1 if and only if
tr(7) = 0. So there exist 7,7’ € SLa(D) such that « = 77/ and 72 = 7% = —1
if and only if there exist z,y, 2z € D such that

2 _ r oy _
(40) r*+yz=—1 and tr(a(z m))O

Since a12,a91 & (w), ai2,a21 € D*. Hence, (40) has a solution precisely
when, for some z,y € D,

(41) %+ af;(agg —ay)ry — a;21a21y2 = —1.
By Lemma has a solution in D if
(42) (ale(am — a11))2 + 4af21a21 #0 (mod w).

After multiplying the left side by a?, and using the fact that
1 =deta = ajja2 — arsasn,
we obtain that holds if and only if
(tra)? —4 ¢ (w).
This completes the proof. O

Lemma 20. For every prime p > 3, there exists {r;}?_; C SLa(Z,) such
that 72 = —1 for all i, TyTem34Ts = 1, and the group generated by 7;’s is
dense in SLa(Zy).

Proof. Suppose a € Z/pZ generates (Z/pZ)*. Tt is well-known that
L= {l+pr|lzecZy}—2Z; = ZL/pL—1

is a splitting short exact sequence. Let a € Z; be a lift of a. Let

(0 1 (0 —a
T = -1 0/ T2 1= a—l 0 )
1 2 2 3
T3 = <_1 _1) ,and T4 = <_1 _1> .
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Then for all i, we have tr(r;) = 0, and so 77 =

= = —1. Moreover,

(43) tr(mmm)=a ! —a and tr(rme7g) = 207! — a.

If (tr(r17273))? — 4 = (tr(r1m274))? — 4 =0 (mod p), then a2 = 2/3, which
implies that p = 23. Thus, even for p = 23 only two values for a can be bad.
Hence, for all p > 3, we can choose a in a way that either

pt(tr(rimems))? —4 and pf(tr(mmers))? — 4.
Therefore, by Lemma there exist 74,75 € SL2(Z,) such that 7§ = 72 =
—1 and either 779737475 = 1 or TTeT4TATs = 1.

Notice that the group generated by 71 and 7 modulo p is a binary dihedral
group of order 2(p — 1), and 73 and 74 modulo p are not in this subgroup
of SLo(Z/pZ). By Dickson’s theorem, the given binary dihedral group is a
maximal subgroup of SLy(Z/pZ). Hence, both subgroups (r; | 1 < i < 3)
and (71,72, 74) modulo p are equal to SLa(Z/pZ). Therefore, either 7;’s or
T1,T2, T4, T4, and 75 satisfy the desired properties. O

Proof of Proposition[I2. Suppose that G is either SU(C) or SLa(Z,). By
Lemmas (17 and [20} there is {7;}7_; C G such that

2
7 = —1, T3ty = 1,

and the group generated by 7;’s is dense in G.
Then by Lemma there are a1, 31, o, 32 € G such that
(a1, Br,02,82) = (1 | 1 < i < B),

and for every w € wy,

(44) w(a17ﬂ17052752)2 =—1.
Let p : IIo; — G be given by p(a;) := a; and p(b;) := B; for i = 1,2. Then
by and Lemma p(c) = —1. Hence, p € Rfv;ll)(A) where A is either

C or Zy, and the image of p is dense in G. This completes the proof. O

5.4. Dimension of the geometric fibers of the scheme of exceptional
representations. The main goal of this subsection is to prove the following
result.

Proposition 21. In the above setting the dimension of every geometric fiber
of (Y, Rg;l)) X Specz Spec Z[1/2] — SpecZ[1/2] is 8.

Recall that each geometric fiber of the modified representation variety
Repy . ; has dimension 9 (see [4, Theorem FJ). Therefore, the geometric
fibers corresponding to exceptional representations are strictly smaller in
dimension than those of the relative character variety.

Lemma 22. For every finite field F, of odd characteristic and for each
i1=1,...,6, we have

IRGY(F) = ¢*(1+0(g)),

where the implied constant is universal fized number.
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Proof. By Proposition the schemes R&,_il) are all isomorphic. In partic-
ular, they have the same number of F4-points.

By Lemmas [14] and |15 there is a bijection between R‘(,;ll)(Fq) and

(45) {(7‘1,7‘2,7‘3,7’4,7‘5) S SLQ(FQ)5 | Vi, tI‘(Ti) = O} .

According to [4, Lemma 42], the cardinality of the set in is
¢*(1+0(q7 ).

This completes the proof. O

Proof of Proposition |21 The proof proceeds identically to that of Proposi-
tion [9] and we omit the details. O

(1]
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