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Abstract. Our primary objective is to construct closed subschemes of
the character variety of the two-holed torus and the twisted character
variety of a genus-2 surface that satisfy the following properties:
(1) They are invariant under the action of the corresponding pure

Mapping Class Groups.
(2) They contain characters arising from dense representations into

SU2(C) and SL2(Zp) for primes p > 5.
(3) For any characteristic zero field F , and every absolutely irreducible

character x in the F -points of these subschemes, the Zariski closure
of the pure Mapping Class Group orbit of x in the modified relative
character variety has strictly smaller dimension.

Our construction shows that [8, Theorem 1.4] is incorrect. In [5], we
prove that these subschemes precisely characterize the locus of excep-
tional infinite orbits under the action of pure Mapping Class Groups.
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1. Introduction

Let Σg,n be a surface of genus g with n holes. It is well-known that a
fundamental group of Σg,n is isomorphic to the group Πg,n given by the
following presentation:

(1) ⟨a1, b1, . . . , ag, bg, c1, . . . , cn | [a1, b−1
1 ] · · · [ag, b−1

g ]c1 · · · cn = 1⟩,

where [x, y] := xyx−1y−1. The SL2-representation variety Repg,n of Πg,n is
the affine scheme determined by the functor

R 7→ Hom(Πg,n, SL2(R))

A.S.G. acknowledges support by the NSF grants 1602137, 1902090, 2302519.
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from the category of unital commutative rings to the category of sets.
The group scheme GL2 acts on Repg,n via conjugation. In [9], Saito

studied this action and introduced the notions of absolutely irreducible rep-
resentations and characters, along with the quasi-affine schemes Rep×g,n and

Ch×g,n, and a morphism πg,n : Rep×g,n → Ch×g,n. For precise definitions and
functorial properties of these schemes, we refer the reader to [4]. Here, we
simply note that Saito, op. cit., and Nakamoto [7, Theorem 6.18] proved
that (Ch×g,n, πg,n) is a universal geometric quotient of GL2 ↷ Rep×g,n – see [2]
for the definition of universal geometric quotients. In [4], we introduced the
notions of sufficiently Zariski-dense representation and characters, and open
subschemes Rep•g,n and Ch•g,n of Rep×g,n and Ch×g,n, respectively. Among
other results, we prove that (Ch•g,n, πg,n) is the universal geometric quotient
of Rep•g,n by PGL2. We also define modified relative character varieties with
strict essential boundaries Cg,n;ϵ,k. Let us briefly describe the F -points of
Cg,n;ϵ,k for an algebraically closed field F . Here, ϵ is a partial sign assign-
ment on {c1, . . . , cn}; that is, ϵ is a function from a subset I ⊆ {c1, . . . , cn}
to {±1}. In this notation, k is a function from {c1, . . . , cn} \ I to F . Then,
Cg,n;ϵ,k(F ) consists of points πg,n(ρ) where ρ : Πg,n → SL2(F ) is an abso-
lutely irreducible representation satisfying:,

(1) For every ci ∈ I, ρ(ci) = ϵ(ci)1,
(2) For every cj ̸∈ I, ρ(cj) ̸= ±1,
(3) For every cj ̸∈ I, tr(ρ(cj)) = k(cj).

It is clear that Cg,n;ϵ,k is invariant under the action of the pure Mapping
Class Group Γg,n. Recall that the Mapping Class Group (MCG) of Σg,n is
the group of isotopy classes of orientation-preserving homeomorphisms of
Σg,n. An element of the MCG permutes the free homotopy classes of simple
curves around the punctures – referred to as boundary curves. The subgroup
Γg,n ⊂ MCG(Σg,n), consisting of elements that leave each boundary curve
invariant, is called the pure MCG.

In [5], we prove that, aside from certain exceptional cases, the Γg,n-orbit
of any point x ∈ Cg,n;ϵ,k(F )∩Ch•g,n(F ) is Zariski-dense in Cg,n;ϵ,k, provided
that the orbit is infinite and F is a field of characteristic zero. Moreover,
we show that no exceptional locus exists unless either g = 1 and n ≥ 2, or
g = 2 and n ≥ 1. In these cases, the exceptional points lie in copies of the
character variety for (g, n) = (1, 2) or in the twisted character variety for
(g, n) = (2, 0). We refer the reader to [3] for a summary of our results and
an overview of the techniques involved.

In this manuscript, we give a concrete description of the locus of excep-
tional points for (g, n) = (1, 2) or (2, 1). Based on this description, we show
that there exist dense SU2(C)-representations ρ of Π1,2 and Π2,1 such that
the Γg,n-orbit of πg,n(ρ) is not Zariski-dense in the corresponding relative
character varieties. This shows that [8, Theorem 1.4], due to Previte and
Xia, fails in these cases.
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1.1. Statement of main results. For (g, n) = (1, 2), we set ε = 1 and
consider the character variety Ch×1,2. For (g, n) = (2, 1), we set ε = −1

and consider the modified character variety Ch×2,1;−1. It is worth noting

that Ch×2,1;−1 is also referred to as the twisted character variety of surface
of genius 2 with no punctures.

For (g, n, ε) as above and a subset v ⊆ Πg,n, the scheme C
(ε)
v is defined

by the following functor from the category of unital commutative rings to
the category of sets: for every unital commutative ring A,

C
(ε)
v (A) :=

{
{x ∈ Ch×1,2(A) | ∀γ ∈ v, tγ(x) = 0} if ε = 1,

{x ∈ Ch×2,1;−1(A) | ∀γ ∈ v, tγ(x) = 0} if ε = −1.

For (g, n) = (1, 2), we write Π1,2 = ⟨a, b, c, c′ | [a, b−1]cc′ = 1⟩, and define

v1 := {ac, bc, abc}, v2 := {ab, b, ac},
v3 := {a, b, abc}, v4 := {a, ab, bc}.

For (g, n) = (2, 1), we write

Π2,1 := ⟨a1, b1, a2, b2, c | [a1, b−1
1 ][a2, b

−1
2 ]c = 1⟩,

and define

w1 := {a1, a1b1, b1b2, b1a2, b1a2b2},
w2 := {a1, b1, a1b1b2, a1b1a2, a1b1a2b2},
w3 := {b1, a1b1, a1b2, a1a2, a1a2b2},
w4 := {b2, a2b2, b1a2, a1a2, a1b1a2},
w5 := {a2, b2, a1a2b2, b1a2b2, a1b1a2b2},
w6 := {a2, a2b2, a1b2, b1b2, a1b1b2}.

Theorem A. In the above setting, let Γg,n be the pure Mapping Class Group

of Σg,n. Then
⋃4

i=1C
(1)
vi is invariant under the action of Γ1,2, and

⋃6
i=1C

(−1)
wi

is invariant under the action of Γ2,1.

We also show that there are dense representations with exceptional traces
given in Theorem A.

Proposition B. (1) For every i = 1..4, there exist representations ρ0 :
Π1,2 → SU2(C) and ρ1 : Π1,2 → SL2(Z) such that the following
statements hold.
(a) The image of ρ0 is dense in SU2(C). The image of ρ1 is dense

in SL2(
∏

p ̸=3 Zp).

(b) [ρ0] ∈ C
(1)
vi (R) and [ρ1] ∈ C

(1)
vi (Z).

(2) For every i = 1..6 and prime p > 3, there exist representations
ρ0 : Π2,1 → SU2(C) and ρp : Π2,1 → SL2(Zp) such that the following
statements hold.
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(a) The image of ρ0 is dense in SU2(C). The image of ρp is dense
in SL2(Zp).

(b) [ρ0] ∈ C
(−1)
wi (R) and [ρp] ∈ C

(−1)
wi (Zp).

By Proposition B, exceptional points in Ch•g,n can arise for any (g, n)

such that g = 1, 2 and n ≥ 1. In fact, by [4, §4.2], we have Ch×1,n;ϵ ≃ Ch1,2
whenever the domain of ϵ has n−2 elements and the product of its values is
1. Moreover, the restriction of the action of Γ1,n to Ch×1,n;ϵ factors through
the action of Γ1,2 via the above isomorphism. Hence, an exceptional Γ1,2-
orbit gives rise to an exceptional Γ1,n-orbit for every n ≥ 2.

Similarly, Ch×2,n;ϵ ≃ Ch×2,1;−1 if the domain of ϵ has n − 1 elements and
the product of its values is −1. Under this isomorphism, the action of Γ2,n

factors through the action of Γ2,1. Therefore, an exceptional Γ2,1-orbit gives
rise to an exceptional Γ2,n-orbit.

In [5], we prove that the union of the aforementioned exceptional sets
constitutes the entire locus of exceptional points. For a brief overview of the
proof strategy, we refer the reader to [3].

1.2. Acknowledgment. The first author would like to thank Peter Sarnak
for his support and encouragement throughout this project.

2. Notation and preliminaries

2.1. Modified sufficiently Zariski-dense character varieties. We refer
the reader to [4] and the references therein for a comprehensive discussion
of representation and character varieties. In what follows, we briefly recall
some of their properties.

Both the representation variety Repg,n and the character variety Chg,n
are affine schemes. There is a natural morphism

πg,n : Repg,n → Chg,n .

Let Ag,n and Rg,n denote the coordinate rings of Repg,n and Chg,n, respec-
tively. For each γ ∈ Πg,n, we associate an element tγ ∈ Rg,n, which corre-
sponds to the trace function. These elements generate Rg,n as a ring. Let
ρ0 ∈ Repg,n(Ag,n) be the universal representation, defined by the identity
map on Ag,n. Then the morphism πg,n is induced by the ring homomorphism

π∗
g,n : Rg,n → Ag,n, π∗

g,n(tγ) := tr(ρ0(γ)).

Viewing the tγ as functions on Chg,n(A), equation (2.1) is equivalent to the
identity

tγ(πg,n(ρ)) = tr(ρ(γ)) for all ρ ∈ Repg,n(A), γ ∈ Πg,n.

Open subschemes of absolutely irreducible representation and character are
denoted by Rep×g,n and Ch×g,n, respectively. In [9] and [7], it is proved that

πg,n : Rep×g,n → Ch×g,n is the universal geometric quotient of Rep×g,n by the
action of PGL2.
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In [4], we introduce the following schemes and morphisms:

Rep•g,n;ϵ Rep•g,n Rep×g,n

Ch•g,n;ϵ Ch•g,n Ch×g,n

πg,n

j

πg,n

i

πg,n

j i

for every partial sign assignment ϵ on {c1, . . . , cn}. The morphisms i are
open immersions, and the morphisms j are closed immersions. Each of the
squares is Cartesian, and thus all the vertical arrows are universal geometric
quotients by the action of PGL2.

Here are some functorial properties of these schemes:

(1) ρ ∈ Rep×g,n(A) if and only if the A-span of ρ(Πg,n) is M2(A).
(2) ρ ∈ Rep•g,n(A) if and only if ρ is sufficiently Zariski-dense. We refer

the reader to [4, §1.1] for the definition of this notion. Here, we
simply note that when A = F is a field of characteristic zero, suffi-
ciently Zariski-dense is equivalent to Zariski-dense. For a compact
DVR D whose residue field has characteristic greater than 5, suffi-
ciently Zariski-dense is equivalent to being dense with respect to the
induced topology of D.

(3) ρ ∈ Rep•g,n;ϵ(A) if and only if ρ is sufficiently Zariski-dense and
satisfies ρ(ci) = ϵ(ci)1 for every ci in the domain of ϵ.

2.2. Pure Mapping Class Group. Here, we briefly recall some properties
of the Mapping Class Group. For a thorough treatment of the subject, we
refer the reader to the excellent book [1] by Farb and Margalit. The Mapping
Class Group (MCG) of Σg,n is the group of isotopy classes of orientation-
preserving homeomorphisms of Σg,n. The free homotopy classes of simple
curves around punctures are permuted by the elements of MCG(Σg,n). The
subgroup Γg,n ⊆ MCG(Σg,n) consisting of elements that induce the trivial
permutation on these homotopy classes is called the pure Mapping Class
Group.

As a consequence of the works of Lickorish, Humphries, and Birman
(see [1, Theorems 4.9, 4.13, and 4.14]), it is known that Γg,n is generated by
Dehn twists. Moreover, for g ≥ 2, the Dehn twists about the simple closed
curves depicted in Figure 1 generate Γg,n; these are commonly referred to
as the Humphries generators. The Dehn twist about a simple closed curve
a is denoted by τa.

By the Dehn-Nielsen-Baer theorem (see [1, Theorem 8.8]), the group Γg,n

is isomorphic to PAut(Πg,n)/Inn(Πg,n), where

PAut(Πg,n) := {θ ∈ Aut(Πg,n) | θ(ci) ∈ Cl(ci)} ,
and Cl(ci) denotes the conjugacy class of ci. The group of automorphisms
Aut(Πg,n) acts naturally on Repg,n, with the action defined by

(θ · ρ)(γ) := ρ(θ−1(γ))
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Figure 1. The Humphries generators.

for all θ ∈ Aut(Πg,n), ρ ∈ Repg,n(A), and γ ∈ Πg,n.
This action induces a natural action of the group of outer automorphisms

of Πg,n on Chg,n(A). In particular, we obtain an action of the pure Mapping
Class Group Γg,n on Chg,n. Observe that

πg,n(θ · ρ) = θ · πg,n(ρ)
for all θ ∈ PAut(Πg,n) and ρ ∈ Repg,n(A), where θ := θ Inn(Πg,n) denotes
the image of θ in Out(Πg,n).

The schemes Rep•g,n;ϵ, Rep
•
g,n, and Rep×g,n are invariant under the action

of PAut(Πg,n), and the schemes Ch•g,n;ϵ, Ch
•
g,n, and Ch×g,n are invariant under

the action of Γg,n.

3. Defining certain closed subsets of representation variety

For non-negative integers g and n, and ε = ±1, let

Rg,n,ε(A) :=

{
Repg,n(A) if ε = 1

{ρ ∈ Repg,n+1(A) | ρ(cn+1) = −1} if ε = −1.

Let n(ε) := (1− ε)/2. For a subset w of Πg,n+n(ε), we let

R
(ε)
w (A) := {ρ ∈ Rg,n,ε(A) | ∀w ∈ w, ρ(w)2 = −1}.

For two subsets w and w′ of Πg,n+n(ε), we say

w ∼ w′ if R
(ε)
w (A) = R

(ε)
w′ (A),

for all unital commutative rings A. Clearly, ∼ defines an equivalence relation
on the power set of Πg,n+n(ε). The equivalence class of a subset w is denoted

by [w]. Because the set R
(ε)
w (A) only depends on [w], we can and will

sometimes denote it by R
(ε)
[w](A).

It is worth pointing out that a representation ρ : Πg,n(ε) → SL2(A) sat-

isfies ρ(w)2 = −1 precisely when tw([ρ]) = 0. So, one can define a closed

subscheme C
(ε)
w of Ch×g,n+n(ε) given by {tw}w∈w and the boundary condition,

and then every ρ ∈ R
(ε)
w (A) satisfies [ρ] ∈ C

(ε)
w (A).
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Let us now point out some properties of the sets R
(ε)
w , w ⊆ Πg,n+n(ε).

Notice that if w is a subset of Πg,n+n(ε) and

w′ = {gwwg−1
w | w ∈ w},

where w 7→ gw is a function from w to Πg,n+n(ε), then [w′] = [w]. It is also
clear that if [w1] = [w′

1] and [w2] = [w′
2], then [w1 ∪w2] = [w′

1 ∪w′
2] as

R
(ε)
w∪w′(A) = R

(ε)
w (A) ∩R

(ε)
w′ (A),

for every subsets w,w′ of Πg,n+n(ε). For every pure automorphism θ̃ of
Πg,n+n(ε), every unital commutative ring A, and w ⊆ Πg,n+n(ε), we have

(2) ρ ∈ R
(ε)
w (A) if and only if θ̃ · ρ ∈ R

(ε)

θ̃(w)
(A).

To see this, it is enough to notice that for all w ∈ w,

(θ̃ · ρ)(θ̃(w))2 = ρ(w)2 = −1.

Therefore, for all θ̃ ∈ PAut(Πg,n+n(ε)), we have that

[w] = [w′] if and only if [θ̃(w)] = [θ̃(w′)].

Since for every inner automorphism cg, [cg(w)] = [w], we obtain that the
pure mapping class group Γg,n+n(ε) acts on the set of equivalence classes

{[w] | w ⊆ Πg,n+n(ε)}.
Next, let us define a partial ordering on the equivalent classes of subsets

of Πg,n+n(ε)

[w] ⪯ [w′] if R
(ε)
w (A) ⊆ R

(ε)
w′ (A),

for every unital commutative ring A. Clearly, ⪯ is a partial ordering, and
by (2), this partial ordering is preserved under the action of Γg,n+n(ε).

The the pure Mapping Class Group Γg,n+n(ε) acts on these equivalent
classes of subsets of Πg,n+n(ε). The main results of the next sections pro-
vide finite Γg,n+n(ε)-orbits of such [w] for (g, n, ε) = (1, 2, 1) and (g, n, ε) =
(2, 0,−1). Having such finite orbits help us describe the locus of the excep-
tional orbits of the pure mapping class group for (g, n) = (1, 2) or (2, 1).

The following results are useful in understanding the equivalent classes.

Lemma 1. For any non-empty subset w ⊆ Πg,n+n(ε), there exists a largest
subset rw ⊆ Πg,n such that [w] = [rw].

Proof. Let

rw := {w ∈ Πg,n+n(ε) | R
(ε)
w (A) ⊆ R

(ε)
{w}(A)}.

Then w ⊆ rw, and so R
(ε)
rw (A) ⊆ R

(ε)
w (A), which implies that [rw] ⪯ [w]. We

also have
R(ε)

rw (A) =
⋂

w∈rw
R

(ε)
{w}(A) ⊇ R

(ε)
w (A),

which implies that [w] ⪯ [rw]. Hence, [w] = [rw].
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Now suppose [w] = [w′]. Then for every w′ ∈ w′, we have

R
(ε)
w (A) = R

(ε)
w′ (A) ⊆ R

(ε)
{w′}(A),

so w′ ∈ rw. It follows that w
′ ⊆ rw. This completes the proof. □

We refer to rw as the saturation of w under the relation ∼. The next
lemma gives us the basic properties of the saturation sets.

Lemma 2. Suppose w and w′ are two non-empty subsets of Πg,n+n(ε). Then
the following statements hold.

(1) rw is a normal subset of Πg,n+n(ε); in particular, ww′ ∈ rw implies
that w′w ∈ rw.

(2) [w] ⪯ [w′] if and only if w′ ⊆ rw.
(3) [w] = [w′] if and only if w′ ⊆ rw and w ⊆ rw′ if and only if

rw = rw′.
(4) w, w′w2w′′ ∈ rw implies that w′w′′ ∈ rw.
(5) w, ww′−1 ∈ rw implies that ww′ ∈ rw.
(6) w, ww′w ∈ rw implies that w′ ∈ rw.
(7) w′kw, w′k+1w ∈ rw for some k ∈ Z if and only if w, w′w ∈ rw if

and only if w′kw ∈ rw for all k ∈ Z.

Proof. Part (1). For every w ∈ rw, we have

R
(ε)
w (A) ⊆ R

(ε)
{w}(A) = R

(ε)
{γwγ−1}(A)

for all γ ∈ Πg,n+n(ε). Hence, γwγ
−1 ∈ rw, which shows that rw is a normal

subset of Πg,n+n(ε). Notice that w′w = w′(ww′)w′−1.
Part (2). Assuming [w] ⪯ [w′], then for every w′ ∈ w′, we have

R
(ε)
w (A) ⊆ R

(ε)
w′ (A) ⊆ R

(ε)
{w′}(A),

and so w′ ∈ rw. It follows that w
′ ⊆ rw.

Conversely, if w′ ⊆ rw, then [rw] ⪯ [w′], which implies [w] ⪯ [w′].
Part (3). The third part follows directly from the second.

Part (4). Now suppose w,w′w2w′′ ∈ rw. Then for every ρ ∈ R
(ε)
w (A), we

have ρ(w)2 = −1. Hence,

ρ(w′w′′)2 = (−ρ(w′w′′))2 = ρ(w′w2w′′)2 = −1,

which implies that w′w′′ ∈ rw.
Part (5). Since ww′−1 = w2w−1w′−1, by Part (4) w−1w′−1 ∈ rw. It is

clear from the definition of R
(ε)
w that w′w = (w−1w′−1)−1 ∈ rw. Hence, by

Part (1) ww′ ∈ rw.
Part (6). Since ww′w−1 = (ww′w)w−2 and w ∈ rw, by Part (4), ww

′w−1 ∈
rw. Hence, by Part (1), w′ ∈ rw.

Part (7). For every unital commutative ring A, ρ is in R
(ε)

{w′kw,w′k+1w}(A)

precisely when

(3) ρ(w′kw)2 = ρ(w′k+1w)2 = −1.
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Let ω := ρ(w) and ω′ := ρ(w′). If (3) holds, then

ω′kωω′kω = ω′k+1ωω′k+1ω which implies ω = ω′ωω′.(4)

By (4), we deduce that

(5) −1 = ω′kωω′kω = ω′kω′−kω2 = ω2.

By (4) and (5), we obtain that

(6) (ω′ω)2 = ω2 = −1.

By (5) and (6), it follows that w,w′w ∈ rw.

Next, we assume that ρ is in R
(ε)
{w,w′w}(A) and let ω := ρ(w) and ω′ :=

ρ(w′). Then ω2 = (ω′ω)2 = −1, and so ωω′ω−1 = ω′−1. Therefore, for all
integer k,

(ω′kω)2 = ω′kωω′kω = ω′kω′−kω2 = −1.

This means w′kw ∈ rw for all k ∈ Z.
The final step clearly holds. □

4. The case of a two-holed torus.

4.1. Notation and generating pure automorphisms. Notice that Π1,2

admits the following presentation:

(7) ⟨a, b, c, c′ | [a, b−1]cc′ = 1⟩.
This implies that Π1,2 is freely generated by a, b, and c. Based on this, we
identify Rep1,2(A) with SL2(A)3 for every unital commutative ring A.

We choose the simple closed curves labeled a, b, c, and c′ in Figure 2 as
generators of the fundamental group of Σ1,2. The Dehn twists about the
simple curves a, b, d, and d′, depicted in Figure 3, generate Γ1,2. To see
why, recall the Birman exact sequence (see [1, Theorem 4.6]), which gives
the short exact sequence:

1 → Π1,1 → Γ1,2 → Γ1,1 → 1,

where the first map is the push homomorphism and the second is induced
by forgetting the first puncture (see [1, §4.2.1] for the definitions of both
maps). By [1, Fact 4.7], the element a ∈ Π1,1 is sent to τdτ

−1
a , and b ∈ Π1,1

is sent to τbτ
−1
d′ . Hence, the Dehn twists τa, τb, τd, and τd′ generate Γ1,2.

Note that d is freely homotopic to ca, and d′ is freely homotopic to bc.
It is easy to see that

(8) τ1(a, b, c) := (a, ab, c), τ2(a, b, c) := (ab−1, b, c),

are lifts of the Dehn twists τa and τb to automorphisms of the free group
⟨a, b, c⟩.
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Figure 2. Generators of Π1,2. Figure 3. Generators of Γ1,2.

Lemma 3. A lift of τd is given by the following automorphism of the free
group ⟨a, b, c⟩

τ3(a, b, c) := (a, b(ca), c),

and a lift of τd′ is given by the following automorphism

τ4(a, b, c) := ((bc)−1a, b, c).

Proof. Note that the simple closed curves d and d′ are freely homotopic to
the curves shown in Figure 4. From Figure 4, we observe that there exists a

Figure 4. Towards lifting generators of the pure MCG.

neighborhood of d which is disjoint from a and c, and intersects b only along
a single segment. Similarly, there is a neighborhood of d′ which is disjoint
from b and c, and intersects a only along a single segment.

Suppose τ̂d and τ̂d′ are homeomorphisms of Σ1,2 representing the Dehn
twists about d and d′, respectively, with supports contained in these small
neighborhoods. Then τ̂d(a) = a, τ̂d(c) = c, and τ̂d(b) represents the element
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bca in Π1,2 (see Figure 3 to see why d ∼ ca). Similarly, τ̂d′(b) = b, τ̂d′(c) =
c, and τ̂d′(a) represents the element (bc)−1a in Π1,2. This completes the
proof. □

Since Γ1,2 is generated by τa, τb, τd, and τd′ , it follows from the Dehn-
Nielsen-Baer theorem, Equation (8), and Lemma 3 that

PAut(Π1,2) = Γ̃1,2 · Inn(Π1,2), where Γ̃1,2 := ⟨τ1, τ2, τ3, τ4⟩.

4.2. Defining exceptional families of representations. The exceptional

families of representations of Π1,2 are given by R
(1)
vi , where

v1 :={ac, bc, abc}, v2 :={ab, b, ac},(9)

v3 :={a, b, abc}, v4 :={a, ab, bc}.

Proposition 4. In the above setting, O := {[v1], . . . , [v4]} is an Γ1,2-orbit,
and τj’s permute [vi]’s according to the following graph:

[v1] [v4]

[v2] [v3]

τ±1
3

τ±1
1

τ±1
2

τ±1
4

τ±1
1

τ±1
2

τ±1
3

τ±1
4

τ±1
2

τ±1
3

τ±1
1

τ±1
4

τ±1
1

τ±1
2

τ±1
3

τ±1
4

Proof. Because the group Γ1,2 is generated by the outer automorphisms
given by the τj ’s, it is necessary and sufficient to show that the [vi]’s are
permuted according to the given diagram. This will be done on a case-by-
case consideration. In each case, instead of showing τ±1

j ([vi]) = [vk] for the

claimed k := k(i, j) , we only show that

(10) τ±1
j [vi] ⪯ [vk].

This is sufficient as every edge in the diagram has the same label in both di-
rections, and ⪯ is a Γ1,2-invariant partial ordering. By Part (2) of Lemma 2,
in order to show (10), it is equivalent to prove

vk ⊆ rτ±1
j (vi)

,

which is what we will do.
Case ([v1], τ

±1
1 ). Since aεbc, aε+1bc ∈ τ ε1 (v1) for ε = ±1, by Part (7)

of Lemma 2, bc, abc ∈ rτε1 (v1). Hence, v1 ⊆ rτε1 (v1), which implies that

τ ε1 · [v1] ⪯ [v1].

Case ([v1], τ
±1
2 ). Since abεc, abε+1c ∈ τ−ε

2 (v1), by Part (1) and (7) of
Lemma 2, ca, bca ∈ rτ−ε

2 (v1)
. Thus, by Part (1) of Lemma 2, v1 ⊆ rτ−ε

2 (v1)
.

Hence, τ−ε
2 · [v1] ⪯ [v1].
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Case ([v1], τ
±1
3 ). Since ac, b(ca)εc, ab(ca)εc ∈ τ ε3 (v1), By Part (1) of

Lemma 2, (ca), (ca)ε(cb), (ca)ε(cab) ∈ rτε3 (v1). Therefore, by Part (5) of

Lemma 2, cacb, cacab ∈ rτε3 (v1). By Part (4) of Lemma 2, it follows that

a−1b, b ∈ rτε3 (v1). Hence, by Part (5) of Lemma 2, ab is also in rτε3 (v1).

Altogether, we have that v2 ⊆ rτε3 (v1). Hence, τ
ε
3 · [v1] ⪯ [v2].

Case ([v1], τ
±1
4 ). Since bc, (bc)−ε(ac), (bc)−ε(abc) ∈ τ ε4 (v1), by Part (5)

of Lemma 2, bcac, bcabc ∈ rτε4 (v1). Because bc, bcac, (bc)a(bc) ∈ rτε4 (v1) and

bcac = (bc)ab−1(bc), by Part (6) of Lemma 2, it follows that ab−1, a ∈
rτε4 (v1). Hence, by Part (5) of Lemma 2, ab ∈ rτε4 (v1). Altogether, we have

v4 ⊆ rτε4 (v1). Hence, τ
ε
4 · [v1] ⪯ [v4].

Case ([v2], τ
±1
1 ). Since aεb, aε+1b ∈ τ ε1 (v2), by Part (7) of Lemma 2,

b, ab ∈ rτε1 (v2). Hence, v2 ⊆ rτε1 (v2). It follows that τ
ε
1 · [v2] ⪯ [v2].

Case ([v2], τ
±1
2 ). Since ab−ε+1, ab−εc, b ∈ τ ε2 (v2), by Parts (1), (4), and

(5), it follows that v3 ⊆ rτε2 (v2). Hence, τ
ε
2 · [v2] ⊆ [v3].

Case ([v2], τ
±1
3 ). Since ac, b(ca)ε, ab(ca)ε ∈ τ ε3 (v2), by Parts (1) and (5)

of Lemma 2, it follows that abca, bca ∈ rτε3 (v2). Since abca = (c−1b−1)(bca)2

and bca ∈ rτε2 (v2), by Part (4) of Lemma 2, bc ∈ rτε2 (v2). Hence v1 ⊆ τ ε3 (v2),

which implies that τ ε3 · [v2] ⪯ [v1].
Case ([v2], τ4). Since c−1b−1ac ∈ τ4(v2), by Part (1) of Lemma 2, b−1a

lies in rτ4(v2). As b, b−1a ∈ rτ4(v2), by Part (5) of Lemma 2, ab ∈ rτ4(v2).

Knowing that c−1b−1ab, b ∈ rτ4(v2), by Part (4) of Lemma 2, c−1bab ∈
rτ4(v2). Since c−1b−1(ab)2 = c−1bab and c−1bab, ab ∈ rτ4(v2), by Part (4)
of Lemma 2, it follows that ac ∈ rτ4(v2). Altogether, we have v2 ⊆ rτ4(v2).
Hence, τ4 · [v2] ⪯ [v2].

Case ([v2], τ
−1
4 ). Since bcab, b ∈ τ−1

4 (v2), using Parts (6) and (1) of
Lemma 2, ac ∈ rτ−1

4 (v2)
. As bcac = ba−1(ac)2 and bcac, ac ∈ rτ−1

4 (v2)
, by

Part (4) of Lemma 2, ba−1 ∈ rτ−1
4 (v2)

. Given b, ba−1 ∈ rτ−1
4 (v2)

, by Part (5)

of Lemma 2, it follows that ab ∈ rτ−1
4 (v2)

. Altogether, we have v2 ⊆ τ−1
4 (v2),

and so τ−1
4 · [v2] ⪯ [v2].

Case ([v3], τ
±1
1 ). Since a, aεb, aε+1bc ∈ τ ε1 (v3), by Parts (5) and (4) of

Lemma 2, ab, bc ∈ rτε1 (v3). Hence, v4 ⊆ τ ε1 (v3), and so τ ε1 · [v3] ⪯ [v4].

Case ([v3], τ
±1
2 ). Since b, ab−ε, ab−ε+1c ∈ τ ε2 (v3), by Parts (5) and (4) of

Lemma 2, v2 ⊆ τ ε2 (v3). Hence, τ
ε
2 · [v3] ⪯ [v2].

Case ([v3], τ
±1
3 ). Since b(ca)ε, ab(ca)εc ∈ τ ε3 (v3), by Parts (1) and (7) of

Lemma 2, b, cab ∈ rτε3 (v3). Therefore, by Part (1) of Lemma 2, v3 ⊆ rτε3 (v3).

Hence, τ ε3 · [v3] ⪯ [v3].

Case ([v3], τ
±1
4 ). Since (bc)−εa, (bc)−εabc ∈ τ ε4 (v3), by Parts (1) and

(7) of Lemma 2, a, bca ∈ rτε4 (v3). By Part (1) of Lemma 2, it follows that

v3 ⊆ rτε4 (v3). Hence τ ε4 · [v3] ⪯ [v3].

Case ([v4], τ
±1
1 ). Since a, aε+1b, aεbc ∈ τ ε1 (v4), by Parts (4) and (5) of

Lemma 2, b, abc ∈ rτε1 (v4). Hence, τ
ε
1 · [v4] ⪯ v3.
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Case ([v4], τ
±1
2 ). Since ab−ε, ab−ε+1 ∈ τ ε2 (v4), by Parts (1) and (7) of

Lemma 2, a, ab ∈ rτε2 (v4). Hence, v4 ⊆ rτε2 (v4), and so τ ε2 · [v4] ⪯ [v4].

Case ([v4], τ3). Since a, abca ∈ τ3(v4), by Part (6) of Lemma 2, bc ∈
rτ3(v4). Since bc, bcac ∈ rτ3(v4) and bcac = (bc)(ab−1)(bc), by Part (6) of

Lemma 2, ab−1 ∈ rτ3(v4). Since a, ab−1 ∈ rτ3(v4), by Part (5) of Lemma 2,
ab ∈ rτ3(v4). Altogether, v4 ⊆ rτ3(v4), and so τ3 · [v4] ⪯ [v4].

Case ([v4], τ
−1
3 ). Since ba−1, a ∈ τ−1

3 (v4), by Part (5) of Lemma 2, ab ∈
rτ−1

3 (v4)
. Since a, aba−1c−1 ∈ τ−1

3 (v4), by Part (4) of Lemma 2, abac−1 ∈
τ−1
3 (v4). Since abac−1 = (ab)2b−1c−1 and ab ∈ rτ−1

3 (v4)
, by Parts (4) and

(1) of Lemma 2, bc ∈ rτ−1
3 (v4)

. Altogether, v4 ⊆ rτ−1
3 (v4)

, which implies that

τ−1
3 · [v4] ⪯ [v4].

Case ([v4], τ
±1
4 ). Since bc, (bc)−εa, (bc)−εab ∈ τ ε4 (v4), by Part (5) of

Lemma 2, bca, bcab ∈ rτε4 (v4). Given bcab = (bca)2a−1c−1 and bca, bcab ∈
rτε4 (v4), by Parts (4) and (1) of Lemma 2, ac ∈ rτε4 (v4). Another application

of Part (1) of Lemma 2 implies that v1 ⊆ τ ε4 (v4), and so τ ε4 · [v4] ⪯ [v1]. □

4.3. Dense exceptional representations. Here, we provide topological
generating sets {α, β, ξ} for SL2(A), for various rings A, or for SU2(C),
satisfying

α2 = β2 = ξ2 = −1.

Such a generating set yields a representation in R
(1)
[v3]

(A), where [v3] is as

defined in the previous section. By Proposition 4, this representation deter-
mines a point in Ch•1,2(A) whose Γ1,2-orbit is not dense in the corresponding
relative character variety.

Proposition 5. There exist ρ0 : Π1,2 → SL2(Z) and ρ1 : Π1,2 → SU2(C)
such that the following holds.

(1) The representations ρi’s are in R
(1)
[v3]

(C).
(2) For every prime ℓ ̸= 3, the representation ρ0 is in Rep•1,2(Zℓ), and

the group ρ0(Π1,2) is dense in SL2(
∏

p ̸=3 Zp).

(3) The representation ρ1 is in Rep•1,2(C), and the group ρ1(Π1,2) is
dense in SU2(C).

We start with the following lemma.

Lemma 6. There exists a unique subgroup of SL2(Z) which is normal and of
index 3. Moreover, this normal subgroup N satisfies the following properties.

(1) The subgroup N contains the principal congruence subgroup SL2(Z)[3]
where SL2(Z)[3] is the kernel of the residue map modulo 3 from
SL2(Z) to SL2(Z/3Z).

(2) There exist α, β, ξ ∈ N such that N is generated by α, β, and ξ, and
α2 = β2 = ξ2 = −1.
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Proof. Let

j :=

(
0 1
−1 0

)
and y :=

(
0 −1
1 −1

)
.

Then j2 = −1 and y3 = 1. It is well-known that j and y generate SL2(Z)
and PSL2(Z) is isomorphic to the free product of ⟨j⟩ and ⟨y⟩; in particular,
PSL2(Z) ≃ ⟨a, b | a2, b3⟩. Let

α := j, β := yjy−1, and ξ := y2jy−2.

Clearly α2 = β2 = ξ2 = −1. Let N be the subgroup generated by α, β, and
ξ. Notice that

y{j, yjy−1, y2jy−2}y−1 = {j, yjy−1, y2jy−2}
as y3 = 1. Hence, j and y are in the normalizer of N . This implies that N
is a normal subgroup of SL2(Z). So N is the normal subgroup generated by
j. This means

SL2(Z)
N

≃ SL2(Z)/{±1}
N/{±1}

≃ ⟨a, b | a2, b3, a⟩ ≃ Z/3Z.

On the other hand, if M is a normal subgroup and SL2(Z)/M has order 3,
then every element of order 4 is in M ; in particular, j ∈ M , which implies
that N ⊆ M , and so M = N . This shows there exists a unique normal
subgroup of index 3 in SL2(Z).

The residue map modulo 3 is an epimorphism to SL2(Z/3Z). Therefore,
SL2(Z)

SL2(Z)[3]
≃ SL2(Z/3Z).

It is well-known that SL2(Z/3Z) is isomorphic to A4 and A4 has a normal
subgroup of index 3. Hence, SL2(Z) has a normal subgroup of index 3
which contains SL2(Z)[3]. We have proved that N is the unique such normal
subgroup. Hence, N contains SL2(Z)[3]. This finishes the proof. □

By the strong approximation property of SL2(Z), we have that SL2(Z)
is dense in SL2(Ẑ) where Ẑ :=

∏
p Zp as p-ranges over all the primes. By

Lemma 6, the given normal subgroup N is a congruence subgroup of index

3; hence, the closure of N in SL2(Ẑ) is an open normal subgroup of index 3.
By Lemma 6, we also see that N is dense in SL2(

∏
p ̸=3 Zp). Therefore, we

conclude the following corollary.

Corollary 7. There exist α, β, ξ ∈ SL2(Z) such that ⟨α, β, ξ⟩ is dense in
SL2(

∏
p ̸=3 Zp) and α2 = β2 = ξ2 = −1.

Next, we prove a similar result for the compact Lie group SU2(C). We
start by recalling some well-known basic facts about SU2(C). Let

X := {x ∈ SU2(C) | x2 = −1}.
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It is clear that x ∈ SU2(C) if and only if the minimal polynomial of x is
T 2 + 1, and the latter holds precisely when tr(x) = 0. It is easy to see that
x ∈ SU2(C) has trace zero if and only if it is of the form(

ia b+ ci
−b+ ci −ia

)
where (a, b, c) is a point in the unit sphere S2.

So we get a homeomorphism ϕ0 : X → S2.
Notice that SU2(C) acts on X by conjugation. It is well-known that there

exists a surjective (algebraic) group homomorphism ι : SU2(C) → SO3(R)
such that

(1) The homeomorphism ϕ0 is ι-equivariant; that means we have

ϕ0(uxu
−1) = ι(u)(ϕ0(x)),

for every u ∈ SU2(C) and x ∈ X.
(2) The surjective group homomorphism ι is a central isogeny and its

kernel is {±1}; and so SU2(C) is a double cover of SO3(R).
A direct computation shows that ι(j) is a π-rotation about the z-axis, where

j :=

(
0 1
−1 0

)
.

Because SU2(C) acts transitively on X, we obtain that, for every x ∈ X,
ι(x) is a π-rotation about some axis. This also implies that, conversely, if
ι(u) is a π-rotation about an axis, then u ∈ X. If ι(xi) is a π-rotation about
ℓi for i = 1, 2, then ι(x1) ◦ ι(x2) is a 2θ- rotation about the axis ℓ where ℓ
the unique line passing through the origin which is orthogonal to ℓ1 and ℓ2
and θ is the angle between ℓ1 and ℓ2.

Lemma 8. There exist α, β, ξ ∈ SU2(C) such that ⟨α, β, ξ⟩ is dense in
SU2(C) and α2 = β2 = ξ2 = −1.

Proof. Take three lines ℓ1, ℓ2, ℓ3 passing through the origin. Let θi be the
angle between ℓ1 and ℓi for i = 2, 3. We choose ℓi’s in a way that (1) they
are not coplanar, and (2) the quotient θi/π is irrational for i = 2, 3. Let
ri be the π-rotation about ℓi. Then the closure of the group generated by
r1, r2, r3 contains all the rotations about ℓ12 and ℓ13, where ℓ1i is the unique
line passing through the origin and orthogonal to both ℓ1 and ℓi. Because ℓ12
and ℓ13 are distinct, we get two distinct connected 1-dimensional subgroups
of SO3(R). This implies that the closure of the group generated by these
two groups is the entire SO3(R). Therefore, the group generated by ri’s is
dense in SO3(R). By the discussion prior to this lemma, there exist xi’s in
SU2(C) such that x2i = −1 and ι(xi) = ri. As ι : SU2(C) → SO3(R) is a
connected, double cover and ⟨r1, r2, r3⟩ is dense in SO3(R), we deduce that
⟨x1, x2, x3⟩ is dense in SU2(C). □

Proof of Proposition 5. By Corollary 7, there exist α, β, ξ ∈ SL2(Z) such
that

(11) α2 = β2 = ξ2 = −1,
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and the group generated by α, β, and ξ is dense in SL2(
∏

p ̸=3 Zp). Recall
that

Π1,2 ≃ ⟨a, b, c1, c2 | [a, b−1]c1c2⟩.
Therefore, the following assignments define a representation of Π1,2:

ρ0(a) := α, ρ0(b) := β, ρ0(c1) := (αβ)−1ξ,

and
ρ0(c2) := ([ρ0(a), ρ0(b)

−1]ρ0(c1))
−1.

By (11), we have that ρ0 is in R
(1)
[v3]

(C). By [4, Theorem C, Part (5)], we

obtain that ρ0 satisfies all the mentioned properties in part (2).
By Lemma 8, there exist α, β, ξ ∈ SU2(C) such that

(12) α2 = β2 = ξ2 = −1

and the group generated by α, β, and ξ is dense in SU2(C). Similar to the
previous case, we can define ρ1 : Π1,2 → SU2(C) which satisfies all the
mentioned properties (this time, we are using [4, Theorem C, Part (2)]). □

4.4. Dimension of the geometric fibers of the scheme of exceptional
representations. The main goal of this subsection is to prove the following.

Proposition 9. In the above setting the dimension of every geometric fiber

of (
⋃4

i=1R
(1)
vi )×SpecZ SpecZ[1/2] → SpecZ[1/2] is 6.

Recall that each geometric fiber of the relative representation variety
Rep×1,2;(k1,k2) has dimension 7 (see [4, Theorem F]). Therefore, the geometric

fibers corresponding to exceptional representations are strictly smaller in
dimension than those of the relative character variety.

Lemma 10. For every finite field Fq of odd characteristic and for each
i = 1, . . . , 4, we have

|R(1)
vi (Fq)| = q6

(
1 + (−1)(q−1)/2q−1

)3
.

Proof. By Proposition 4, the schemes R
(1)
vi are all isomorphic. In particular,

they have the same number of Fq-points.

Observe that ρ ∈ R
(1)
v3 (Fq) if and only if

ρ(a)2 = ρ(b)2 = ρ(abc)2 = −1.

Hence, there is a bijection between R
(1)
v3 (Fq) and the set

{(α, β, γ) ∈ SL2(Fq)
3 | α2 = β2 = γ2 = −1}.

An element α ∈ SL2(Fq) satisfies α
2 = −1 if and only if

α =

(
x y
z −x

)
for some x, y, z ∈ Fq such that x2 + yz = −1.
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For a fixed x ∈ Fq such that x2+1 ̸= 0, there are exactly (q− 1) pairs (y, z)
satisfying yz = −(x2+1). If x2+1 = 0, then there are precisely 2q−1 pairs
(y, z) such that yz = −(x2 + 1).

If q ≡ 1 (mod 4), then the polynomial t2+1 has two distinct zeros in Fq.
In this case, the equation x2 + yz = −1 admits

(q − 2)(q − 1) + 2(2q − 1) = q(q + 1)

solutions over Fq.
If q ≡ −1 (mod 4), then t2 + 1 has no zeros in Fq, and the equation

x2 + yz = −1 has
q(q − 1)

solutions over Fq.
Altogether, we conclude that

|R(1)
v3 (Fq)| = q6

(
1 + (−1)(q−1)/2q−1

)3
,

which completes the proof. □

Proof of Proposition 9. Suppose p is an odd prime. By [10, Lemma 33.8.15],
there exists a positive integer k such that every irreducible component of

R
(1)
vi ×SpecZ SpecFpk is geometrically irreducible. Hence, by [6],

(13) lim
ℓ→∞

|R(1)
vi (Fpkℓ)|
pkℓdp

exists and it is a positive integer, where

dp := dim
(
R

(1)
vi ×SpecZ SpecFp

)
,

where Fp is an algebraic closure of Fp. By (13) and Lemma 10, we deduce
that dp = 6. Therefore, by [10, Lemma 37.30.1], we also have

dim
(
R

(1)
vi ×SpecZ SpecQ

)
= 6,

where Q is an algebraic closure of Q. □

5. The case of a one-holed surface of genus two.

In this section, we construct a closed Γ2,1-invariant subset E ⊆ Ch×2,1 con-
sisting of points whose Γ2,1-orbits are not Zariski-dense in their correspond-
ing modified relative character varieties. In [5], we prove that E precisely
characterizes the locus of exceptional points in Ch•2,1.

The representations that lift characters in E assign −1 to the boundary
curve. Moreover, there exist representations into SL2(Cp) and SU2(C) that
are Zariski-dense and topologically dense, respectively, and lift points in E.
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5.1. Notation and generating pure automorphisms. Notice that Π2,1

is given by the following presentation:

⟨a1, b1, a2, b2, c | [a1, b−1
1 ][a2, b

−1
2 ]c = 1⟩.

This relation implies that Π2,1 is freely generated by a1, b1, a2, and b2. We
will focus on representations of Π2,1 that send the boundary element c to
−1; such representations correspond to elements of the variety

R(A) :=
{
(α1, β1, α2, β2) ∈ SL2(A)

4 | [α1, β
−1
1 ][α2, β

−1
2 ] = −1

}
.

Given ρ ∈ R(A) and w ∈ Π2,1, we denote by ρ(w) ∈ SL2(A) the evaluation
of w under ρ. Figure 5 illustrates ten simple closed curves on Σ2,1. Among
them, the curves labeled a1, b1, a2, b2, and c generate the fundamental group
Π2,1. According to [1, Theorem 4.14], the Dehn twists about the remaining
curves in Figure 5 generate the pure mapping class group Γ2,1.

Figure 5. Generators of Π2,1 and Γ2,1.

Lemma 11. In Figure 5, the curves responsible for the generating Dehn
twists are freely homotopic to a1, b1, a2, b2, and b−1

1 a−1
1 b1a2.

Proof. The only non-trivial claim is about the last curve, and for that we
give a pictorial proof: see Figure 6.

Figure 6. Finding out the middle curve as an element of Π2,1 .
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□

By considering small neighborhoods around the given curves, we ob-
tain homeomorphisms that realize the generating Dehn twists. Applying
Lemma 11, we deduce that the following automorphisms of Π2,1 are lifts of
these Dehn twists or their inverses:

τ1(a1, b1, a2, b2) :=(a1, a1b1, a2, b2), τ2(a1, b1, a2, b2) := (a1b1, b1, a2, b2),

τ3(a1, b1, a2, b2) :=(a1, b1, a2, a2b2), τ4(a1, b1, a2, b2) := (a1, b1, a2b2, b2),

τ5(a1, b1, a2, b2) :=(a1, b1x
−1, xa2x

−1, xb2),

where x := b−1
1 a−1

1 b1a2. It is worth pointing out that

τi([a1, b
−1
1 ][a2, b

−1
2 ]) = [a1, b

−1
1 ][a2, b

−1
2 ]

and τi ∈ PAut(Π2,1) for all i.
We also notice that for every integer k,

τk1 (a1, b1, a2, b2) :=(a1, a
k
1b1, a2, b2), τ

k
2 (a1, b1, a2, b2) := (a1b

k
1, b1, a2, b2),

τk3 (a1, b1, a2, b2) :=(a1, b1, a2, a
k
2b2), τ

k
4 (a1, b1, a2, b2) := (a1, b1, a2b

k
2, b2),

τk5 (a1, b1, a2, b2) :=(a1, b1x
−k, xka2x

−k, xkb2),

where x = b−1
1 a−1

1 b1a2. The last equation follows from

τ5(x) = x.

Let Γ̃2,1 := ⟨τ1, τ2, τ3, τ4, τ5⟩. Then

PAut(Π2,1) = Γ̃2,1Inn(Π2,1).

5.2. Defining exceptional families of representations. The exceptional

representations of Π2,1 are given by R
(−1)
[wi]

, where

w1 :={a1, a1b1, b1b2, b1a2, b1a2b2},
w2 :={a1, b1, a1b1b2, a1b1a2, a1b1a2b2},
w3 :={b1, a1b1, a1b2, a1a2, a1a2b2},
w4 :={b2, a2b2, b1a2, a1a2, a1b1a2},
w5 :={a2, b2, a1a2b2, b1a2b2, a1b1a2b2},
w6 :={a2, a2b2, a1b2, b1b2, a1b1b2}.

Proposition 12. In the above setting, O := {[w1], . . . , [w6]} is a Γ2,1-orbit,
and τj’s permute [wi]’s according to the following graph:

(14) [w1] [w2] [w3] [w4] [w5] [w6]
τ±1
1

τ±1
i ,i ̸=1

τ±1
2

τ±1
1

τ±1
i ,i ̸=1,2

τ±1
5

τ±1
2

τ±1
i ,i ̸=2,5

τ±1
4

τ±1
5

τ±1
i ,i ̸=4,5

τ±1
3

τ±1
4

τ±1
i ,i ̸=3,4

τ±1
3

τ±1
i ,i ̸=3

.
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Proof. Because the group Γ2,1 is generated by the outer automorphisms τj ,
it is necessary and sufficient to show that the classes [wi] are permuted
according to the given diagram. This will be verified through a case-by-case
analysis. In each case, rather than proving that τ±1

j ([wi]) = [wk] (for the

claimed index k := k(i, j)), we will instead show that

τ±1
j ([wi]) ⪯ [wk].

This weaker condition is sufficient, since every edge in (14) is labeled by the
same automorphism in both directions.

Let us also point out that Π2,1 is freely generated by a1, b1, a2, b2, and so
the function ai 7→ a3−i and bi 7→ b3−i for i = 1, 2 extends to an automor-
phism σ of Π2,1; moreover

σ(c−1) = σ([a1, b
−1
1 ][a2, b

−1
2 ]) = [a2, b

−1
2 ][a1, b

−1
1 ]

is a conjugate of c−1. Hence, σ is a pure automorphism of Π2,1. Notice that

σ[wj ] = [w7−j ]

for all j = 1..6. This follows from observing that for every w ∈ wj , the word
σ(w) is a cyclic permutation of a word in w7−j . Direct computation shows
that

σ ◦ τ1 ◦ σ = τ3, σ ◦ τ2 ◦ σ = τ4, and σ2 = id.

Therefore if we prove the claim for i = 1..4 and j = 1..3, then for i = 1..4
and ℓ = 4..6, we obtain

τi([wℓ]) = σ(τi±2([w7−ℓ])) = σ([wk]) = w7−k

for the claimed k. Using this observation, we will be checking the claimed
τi([wj ]) = wk for (i, j)’s in

{(i, j) | 1 ≤ i ≤ 4, 1 ≤ j ≤ 3} ∪ {(5, j) | 1 ≤ j ≤ 6}.
We go through all the pairs in the above set. In each case, we identify
ρ ∈ R(A) with (α1, β1, α2, β2) ∈ SL2(A)4. For ε = ±1,

τ ε1 ([w1]) = [{a1, a1aε1b1, aε1b1b2, aε1b1a2, aε1b1a2b2}].

So if ρ ∈ R
(−1)
τε1 ([w1])

(A), then α2
1 = −1. Hence, αε

1 = α1. Therefore,

τ ε1 ([w1]) = [{a1, b1, a1b1b2, a1b1a2, a1b1a2b2}] = [w2].

Next, we consider (i, j) = (1, 2). For ε = ±1, we have

τ ε2 ([w1]) = [{a1bε1, a1bε1b1, b1b2, b1a2, b1a2b2}].

So if ρ ∈ R
(−1)
τ2([w1])

(A), then β2
1 = −1, which implies βε

1 = β1. Hence,

τ ε2 ([w1]) = [{a1b1, a1, b1b2, b1a2, b1a2b2}] = [w1].

Now, we consider the case (i, j) = (1, 3). For ε = ±1, we have

τ ε3 ([w1]) = [{a1, a1b1, b1aε2b2, b1a2, b1a2aε2b2}].
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By Part (7) of Lemma 2, we have that

τ ε3 ([w1]) = [{a1, a1b1, b1a2b2, b1a2, b1b2}] = [w1].

For the case (i, j) = (1, 4), we have

τ ε4 ([w1]) = [{a1, a1b1, b1b2, b1a2bε2, b1a2bε2b2}].
By Part (7) of Lemma 2, we obtain that

τ ε4 ([w1]) = [{a1, a1b1, b1b2, b1a2b2, b1a2}] = [w1].

Next, we consider the case (i, j) = (1, 5). For ε = ±1, we have that τ ε5 ([w1])
is equal to

[{a1, a1(b1x−ε), (b1x
−ε)(xεb2), (b1x

−ε)(xεa2x
−ε), (b1x

−ε)(xεa2x
−ε)(xεb2)}]

=[{a1, a1b1x−ε, b1b2, b1a2x
−ε, b1a2b2}],

where x = b−1
1 a−1

1 b1a2. By Part (7) of Lemma 2 and b1a2x
−ε = a1b1x

1−ε,
we deduce that

[{a1, a1b1x−ε, b1b2, b1a2x
−ε, b1a2b2}] = [{a1, a1b1, b1b2, b1a2x, b1a2b2}].

Hence τ ε5 ([w1]) = [w1]. This completes the study of the vertex [w1].
Next, we consider the case of (i, j) = (2, 2). For ε = ±1, we have

τ ε2 ([w2]) =[{a1bε1, b1, a1bε1b1b2, a1bε1b1a2, a1bε1b1a2b2}]
=[{a1b1, b1, a1b2, a1a2, a1a2b2}] = [w3].

For (i, j) = (2, 3) and ε = ±1, we have

τ ε3 ([w2]) = [{a1, b1, a1b1aε2b2, a1b1a2, a1b1a2aε2b2}].
By Part (7) of Lemma 2, we obtain that

τ ε3 ([w2]) = [{a1, b1, a1b1a2b2, a1b1a2, a1b1b2}] = [w2].

For (i, j) = (2, 4) and ε = ±1, we have

τ±1
4 ([w2]) = [{a1, b1, a1b1b2, a1b1a2bε2, a1b1a2bε2b2}].

By Part (7) of Lemma 2,, we deduce that

τ±1
4 ([w2]) = [{a1, b1, a1b1b2, a1b1a2b2, a1b1a2}] = [w2].

For (i, j) = (2, 5) and ε = 1, we have

τ5(w2) = {a1, b1a−1
2 b−1

1 a1b1, a1b1b2, a
2
1b1, a1b1a2b2}.

Since a1, a
2
1b1 ∈ τ5(w2), by Part (4) of Lemma 2,

b1 ∈ rτ5(w2).

Given a1, b1, b1a
−1
2 b−1

1 a1b1 ∈ rτ5(w2), by Parts (4) and (1) of Lemma 2, it
follows that

a1b1a2 ∈ rτ5(w2).

Thus w2 ⊆ rτ5(w2), which implies that τ5 · [w2] ⪯ [w2].
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For (i, j) = (2, 5) and ε = −1, we have

τ−1
5 (w2) = {a1, a−1

1 b1a2, a1b1b2, a1b1a2b
−1
1 a−1

1 b1a2, a1b1a2b2}.
Since a1, a

−1
1 b1a2 ∈ τ−1

5 (w2), by Part (4) of Lemma 2, it follows that

a1b1a2 ∈ rτ−1
5 (w2)

. Having a1, a1b1a2, a1b1a2b
−1
1 a−1

1 b1a2 ∈ rτ−1
5 (w2)

, by Parts

(5) and (6) of Lemma 2, it follows that b1 ∈ τ−1
5 (w2). Hence, w2 ⊆ rτ−1

5 (w2)
,

which implies that
τ−1
5 (w2) ⪯ [w2].

Next, we consider the case (i, j) = (3, 1). For ε = ±1, we have

τ ε1 ([w3]) = [{aε1b1, a1aε1b1, a1b2, a1a2, a1a2b2}].
By Part (7) of Lemma 2,, we obtain that

τ ε1 ([w3]) = [w3].

For the case (i, j) = (3, 3) and ε = ±1, we have

τ ε3 ([w3]) = [{b1, a1b1, a1aε2b2, a1a2, a1a2aε2b2}].
By Part (7) of Lemma 2, we obtain that

τ ε3 ([w3]) = [{b1, a1b1, a1a2b2, a1a2, a1b2}] = [w3].

For the case (i, j) = (3, 4) and ε = ±1, we have

τ ε4 ([w3]) = [{b1, a1b1, a1b2, a1a2bε2, a1a2bε2b2}].
By Part (7) of Lemma 2, we obtain that

τ ε4 ([w3]) = [{b1, a1b1, a1b2, a1a2b2, a1a2}] = [w3].

For the case (i, j) = (3, 5), we use a slightly different argument. For ε := ±1,
let

a′i := τ ε5 (ai) and b′i := τ ε5 (bi).

Note that τ ε5 (x) = x where x = b−1
1 a−1

1 b1a2. Suppose ρ ∈ R
(−1)
τε5 (w3)

(A), and

let

αi := ρ(ai), βi := ρ(bi), α
′
i := ρ(a′i), β

′
i := ρ(b′i), and χ := ρ(x).

Since b′1, a
′
1b

′
1 ∈ τ ε5 (w3), β

′2
1 = (α′

1β
′
1)

2 = −1. Hence, β′−1
1 α′−1

1 β′
1 = α′

1, and
so

(15) χ = β′−1
1 α′−1

1 β′
1α

′
2 = α′

1α
′
2.

By (15) and a′1a
′
2 ∈ τ ε5 (w3), it follows that χ2 = −1. Therefore, χε = ±χ.

Since a′1a
′
2b

′
2 ∈ τ ε5 (w3), by (15), it follows that

−1 = (α′
1α

′
2β

′
2)

2 = (χχεβ2)
2 = β2

2 .

By (15) and χ2 = −1, we have α1χ
εα2χ

−ε = χ, which implies that

(16) χ = ±α2α1.

Hence,
(α1α2)

2 = −1.
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By β′2
1 = −1 and (16), it follows that

−1 = (β1χ)
2 = (β1α2α1)

2.

By (α′
1α

′
2β

′
2)

2 = −1 and (16), we deduce that

−1 = (α1χ
εα2β2)

2 = (α1(α2α1)
−1α2β2)

2 = β2
2 .

By (α′
1β

′
2)

2 = −1 and (16), we obtain that

−1 = (α1χ
εβ2)

2 = (α1(α2α1)
−1β2)

2 = (α−1
2 β2)

2.

Since β2
2 = (α−1

2 β2)
2 = −1, we have

(α2β2)
2 = −1.

Since (α′
1β

′
1)

2 = −1 and χε = ±χ, it follows that

−1 = (α1β1χ)
2 = (α1β1(β

−1
1 α−1

1 β1α2))
2 = (β1α2)

2.

Altogether, we have w4 = {b2, a1a2, b1a2, a2b2, a1b1a2} ⊆ rτε5 (w3), which
implies that

τ ε5 · [w3] ⪯ [w4].

Only the following three cases are remained: (i, j) = (4, 5), (5, 5), and (6, 5).
The analysis of the case (i, j) = (4, 5) closely parallels that of (i, j) = (3, 5).
Let a′i := τ ε5 (ai), b′i := τ ε5 (bi), and w′

4 := τ ε5 (w4) for ε = ±1. Suppose

ρ ∈ R
(−1)
w′

4
(A), and define

αi := ρ(ai), βi := ρ(bi), α′
i := ρ(a′i), β′

i := ρ(b′i), and χ := ρ(x),

where x = b−1
1 a−1

1 b1a2.
Since b′1a

′
2, a

′
1b

′
1a

′
2 ∈ w′

4, (β
′
1α

′
2)

2 = (α′
1β

′
1α

′
2)

2 = −1. Hence,

(β′
1α

′
2)α

′
1(β

′
1α

′
2)

−1 = α1
′−1.

Therefore, using the fact that τ ε5 (x) = x, it follows

(17) χ = β′−1
1 α′−1

1 (β′
1α

′
2) = β′−1

1 (β′
1α

′
2)α

′
1 = α′

2α
′
1.

Since a′1a
′
2 ∈ w′

4, it follows from (17) that

(18) χ2 = −1 and hence χε = ±χ.

Combining (17) and (18), we deduce:

χ = α′
2α

′
1 = χεα2χ

−εα1 = χα2χ
−1α1, which implies

χ = α1α2, in particular, (α1α2)
2 = −1.

(19)

Since b′2 ∈ w′
4, it follows from (18) and (19) that

−1 = (χεβ2)
2 = (α1α2β2)

2.

Given that a′1b
′
1a

′
2 ∈ w′

4, we similarly obtain

−1 =
(
α1β1α2(α1α2)

−1
)2

= (α1β1α
−1
1 )2,

which implies

(20) β2
1 = −1.
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Since b′1a
′
2 ∈ w′

4, we have

−1 =
(
β1α2(α1α2)

−1
)2

= (β1α
−1
1 )2.

Hence, by (20), we deduce

(α1β1)
2 = −1.

Since a′2b
′
2 ∈ w′

4, it follows from (18) that

−1 = (χεα2β2)
2 = (α1α

2
2β2)

2.

Given that (β2α1α2)
2 = −1 and (β2α1α

2
2)

2 = −1, the argument in Part (7)
of Lemma 2 implies

(β2α1)
2 = −1, and hence (α1β2)

2 = −1.

Altogether, we have

w3 = {a1a2, a1a2b2, b1, a1b1, a1b2} ⊆ rτε5 (w4),

and so
τ ε5 · [w4] ⪯ [w3].

For the case (i, j) = (5, 5) and ε = ±1, we have

(21) τ ε5 (w5) = {xεa2x−ε, xεb2, a1x
εa2b2, b1a2b2, a1b1a2b2},

where x = b−1
1 a−1

1 b1a2. Suppose ρ ∈ R
(−1)
τε5 (w5)

(A). Let αi := ρ(ai), βi :=

ρ(bi), and χ := ρ(x). Since

(β1α2β2)
2 = (α1β1α2β2)

2 = −1,

we have

(22) (β1α2β2)α1(β1α2β2)
−1 = α−1

1 .

For ε = 1, by xεb2 ∈ τ5(w5) and (22), we have

−1 = (χβ2)
2 =(β−1

1 α−1
1 (β1α2β2))

2

=(β−1
1 (β1α2β2)α1)

2 = (α2β2α1)
2.

(23)

Since a1x
εa2b2 ∈ τ5(w5), by (22), we have

−1 =(α1β
−1
1 α−1

1 (β1α2β2)β
−1
2 α2β2)

2

=(α1β
−1
1 (β1α2β2)α1β

−1
2 α2β2)

2

=((α1α2β2)α1β
−1
2 α−1

1 (α1α2β2))
2.

(24)

By (23) and (24), it follows that ((α1α2β2α1)β2(α1α2β2α1)
−1)2 = −1, and

so
β2
2 = −1.

Altogether, we have that

α2
2 = (β1α2β2)

2 = (α1β1α2β2)
2 = (α1α2β2)

2 = β2
2 = −1,

and so
τ5 · [w5] ⪯ [w5].
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For ε = −1, since a1x
−1a2b2 ∈ τ−1

5 (w5), by (22), we have

−1 =(α1α
−1
2 β−1

1 α1(β1α2β2))
2 = (α1α

−1
2 β−1

1 (β1α2β2)α
−1
1 )2

=(α1β2α
−1
1 )2 = α1β

2
2α

−1
1 .

Hence β2
2 = −1. Since x−1b2 ∈ τ−1

5 (w2), by (22), we have

−1 =((β−1
1 α−1

1 β1α2)
−1β2)

2 = (β2(β
−1
2 α−1

2 β−1
1 )α1β1β2)

2

=(β2α
−1
1 (β−1

2 α−1
2 β−1

1 )β1β2)
2 = (β2(α

−1
1 β−1

2 α−1
2 )β2)

2.
(25)

By (25) and β2
2 = −1, we deduce that

(α2β2α1)
2 = −1.

Altogether, we have

α2
2 = (β1α2β2)

2 = (α1β1α2β2)
2 = β2

2 = (α1α2β2)
2 = −1,

and so
τ−1
5 · [w5] ⪯ [w5].

The last case is (i, j) = (6, 5). For ε = ±1, we have

τ ε5 (w6) = {xεa2x−ε, xεa2b2, a1x
εb2, b1b2, a1b1b2},

where x := b−1
1 a−1

1 b1a2. Suppose ρ ∈ R
(−1)
τε5

(A), and define

αi := ρ(ai), βi := ρ(bi), and χ := ρ(x).

Since b1b2, a1b1b2 ∈ τ ε5 (w6), we obtain

(26) (β1β2)α1(β1β2)
−1 = α−1

1 .

For ε = 1, using xa2x
−1, xa2b2 ∈ τ5(w6) and (26), it follows that

−1 = (β−1
1 α−1

1 β1α2α2β2)
2 = (β−1

1 α−1
1 (β1β2))

2

= (β−1
1 (β1β2)α1)

2 = (β2α1)
2.

(27)

By (27) and a1xb2 ∈ τ5(w6), we deduce

(28) (β2α1)χ(β2α1)
−1 = χ−1.

Therefore, using a1xb2 ∈ τ5(w6) and (28), we find

−1 = (χβ2α1)
2 = (β2α1α

−1
2 β−1

1 α1β1)
2,

and hence, by (26),

−1 = (α1α
−1
2 β−1

1 α1(β1β2))
2 = (α1α

−1
2 β−1

1 (β1β2)α
−1
1 )2 = α1(α

−1
2 β2)

2α−1
1 .

Since α2
2 = −1, it follows that

(α2β2)
2 = −1.

Altogether, we have

(β1β2)
2 = (α1β1β2)

2 = α2
2 = (α1β2)

2 = (α2β2)
2 = −1,

which implies
τ5 · [w6] ⪯ [w6].
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For ε = −1, using a1x
−1b2 ∈ τ−1

5 (w6) and (26), we obtain

−1 = (α1α
−1
2 β−1

1 α1(β1β2))
2 = (α1α

−1
2 β−1

1 (β1β2)α
−1
1 )2

= α1(α
−1
2 β2)

2α−1
1 .

(29)

Since x−1a2x ∈ τ−1
5 (w6) and α2

2 = −1, it follows from (29) that

(α2β2)
2 = −1.

Moreover, since (χ−1α2β2)
2 = (α2β2)

2 = −1, we obtain

(30) (α2β2)χ(α2β2)
−1 = χ−1.

Hence,
−1 = (χ−1α2β2)

2 = (α2β2χ)
2.

Using α2
2 = −1, we deduce

−1 = (α2β2β
−1
1 α−1

1 β1α2)
2 = α2(β2β

−1
1 α−1

1 β1)
2α−1

2 .

Therefore, by (26),

−1 = (β−1
1 α−1

1 (β1β2))
2 = (β−1

1 (β1β2)α1)
2 = (β2α1)

2.

Altogether, we have

(β1β2)
2 = (α1β1β2)

2 = α2
2 = (α2β2)

2 = (α1β2)
2 = −1,

which implies
τ−1
5 · [w6] ⪯ [w6].

This finishes the proof. □

5.3. Dense exceptional representations of Π2,1. The goal of this section
is to prove the following result.

Proposition 13. (1) For every i = 1..6, there exists ρ : Π2,1 → SU2(C)
such that ρ ∈ R

(−1)
[wi]

(C) and the image of ρ is dense in SU2(C) with

respect to the Hausdorff topology.
(2) For every i = 1..6 and prime p > 3, there exists

ρ ∈ R
(−1)
[wi]

(Zp) ∩ Rep•2,1(Zp).

We start with the following lemma, which roughly says that the conditions
on the words w ∈ w1 imply the boundary condition.

Lemma 14. Suppose j = 1..6 and ρ : Π2,1 → SL2(A) is a representation
such that for all w ∈ wj, ρ(w)2 = −1. Then ρ(c) = −1; that means

ρ ∈ R
(−1)
[wj ]

(A).

Proof. Suppose j = 1. Let αi := ρ(ai) and βi := ρ(bi) for i = 1, 2. Then
α2
1 = (α1β1)

2 implies that

(31) α1β1α
−1
1 = β−1

1 ,
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and similarly, (β1α2)
2 = (β1α2β2)

2 implies that

(32) α2β
−1
2 α−1

2 = β−1
1 β2β1.

By (31), we have

(33) [α1, β
−1
1 ] = β2

1 .

By (32) and (β1β2)
2 = −1, we deduce that

(34) [α2, β
−1
2 ] = β−1

1 β2β1β2 = β−2
1 (β1β2)

2 = −β−2
1 .

By (33) and (34), we deduce that ρ(c) = −1. This completes the proof for
j = 1.

For an arbitrary j, by Proposition 12, there exists a pure automorphism

θ̃ such that (θ̃ · ρ)(w)2 = −1 for every w ∈ w1. Hence, (θ̃ · ρ)(c) = −1. Since

θ̃ is a pure automorphism, (θ̃ · ρ)(c) and ρ(c) are conjugate of each other,
and so ρ(c) = −1. This completes the proof. □

Lemma 15. A subgroup G of SL2(A) has a generating set α1, α2, β1, β2 such
that

w(α1, β1, α2, β2)
2 = −1

for all w ∈ w1 if and only if G has a generating set {τi}5i=1 such that τ2i = −1
for all i = 1..5 and

τ1τ2τ3τ4τ5 = 1.

Proof. (⇒) Let τ1 := β1α2, τ2 := β1α2β2, τ3 := (β1β2)
−1, τ4 := α1, and

τ5 := α1β1. Then, we have τ2i = −1 and

τ1τ2τ3τ4τ5 =(β1α2)(β1α2β2)(β1β2)
−1α1(α1β1)

=(β1α2)
2β2β

−1
2 β−1

1 α2
1β1 = 1.

One can see that ⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩.
(⇐) Let α1 := τ4, β1 := τ−1

4 τ5, α2 := τ−1
5 τ4τ1, and β2 := τ−1

1 τ2. Then,
we have

α2
1 =τ24 = −1,

(α1β1)
2 =(τ4τ

−1
4 τ5)

2 = τ25 = −1,

(β1β2)
2 =(τ−1

4 τ5τ
−1
1 τ2)

2 = (τ4τ5τ1τ2)
2 = τ−2

3 = −1,

(β1α2)
2 =(τ−1

4 τ5τ
−1
5 τ4τ1)

2 = τ21 = −1,

(β1α2β2)
2 =(τ−1

4 τ5τ
−1
5 τ4τ1τ

−1
1 τ2)

2 = τ22 = −1.

One can see that ⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩. This completes the
proof. □

Lemma 16. For every element α of SU2(C), there are τ, τ ′ ∈ SU2(C) such
that τ2 = τ ′2 = −1 and α = ττ ′.
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Proof. Let ι : SU2(C) → SO3(R) be the central isogeny described in the
discussion after Corollary 7. Let α := ι(α). Then α is a θ-rotation about
an axis ℓ which passes through the origin. Suppose ℓ1 and ℓ2 are two lines
which pass through the origin, are orthogonal to ℓ, and the angle from ℓ1 to
ℓ2 is θ/2. Let τ and τ ′ be the π-rotations about ℓ1 and ℓ2, respectively. Then
α = τ ′τ . The isogeny ι is surjective, and so there are τ and τ ′ in SU2(C)
such that ι(τ) = τ and ι(τ ′) = τ ′. By the discussion after Corollary 7, we
have τ2 = (±τ ′)2 = −1, and α = (±τ ′)τ . This completes the proof. □

Lemma 17. There is {τi}5i=1 ⊆ SU2(C) such that τ2i = −1 for all i,
τ1τ2τ3τ4τ5 = 1, and the subgroup generated by τi’s is dense in SU2(C).

Proof. By Lemma 8, there are τ1, τ2, τ3 ∈ SU2(C) such that τ2i = −1 for
i = 1, 2, 3 and ⟨τ1, τ2, τ3⟩ is dense in SU2(C). By Lemma 16, there are
τ4, τ5 ∈ SU2(C) such that τ24 = τ25 = −1 and τ4τ5 = (τ1τ2τ3)

−1. Hence τi’s
satisfy the desired properties. □

To demonstrate that SL2(Zp) admits a dense subgroup analogous to the
one constructed for SU2(C) in Lemma 17, we begin with two auxiliary lem-
mas. The first is well-known and included for the reader’s convenience.

Lemma 18. Suppose D is a compact DVR, its residue field is of character-
istic p > 2, and ϖ ∈ D generates the maximal ideal of D. Suppose a, b ∈ D
and a2 − 4b ̸∈ ⟨ϖ⟩. Then for every c ∈ D×, there exist x, y ∈ D such that

(35) x2 + axy + by2 = c.

Proof. Notice that 2 ∈ D× as the characteristic of the residue field k :=
D/⟨ϖ⟩ is not 2, and
(36) x2 + axy + by2 = z2 − dy2,

where z := x − (a/2)y and d := (a2 − 4b)/2. In the residue field k :=
D/⟨ϖ⟩, there are exactly (|k|+1)/2 perfect squares, and so by the pigeonhole
principle and (36), there are z0, y0 ∈ D such that

z20 − dy20 ≡ c (mod ϖ).

By induction on ℓ, we show that there exist zℓ, yℓ ∈ D such that

zℓ ≡ zℓ−1 (mod ϖℓ),

yℓ ≡ yℓ−1 (mod ϖℓ),

z2ℓ − dy2ℓ ≡ c (mod ϖℓ+1).

(37)

Suppose we have already found {zi}ℓ−1
i=0 and {yi}ℓ−1

i=0 which satisfy (37). Let

zℓ := zℓ−1 +ϖℓtz and yℓ := yℓ−1 +ϖℓty. Then, for ℓ ≥ 1,

(38) z2ℓ −dy2ℓ −c ≡ z2ℓ−1−dy2ℓ−1−c+2ϖℓzℓ−1tz−2dϖℓyℓ−1ty (mod ϖℓ+1).

By the induction hypothesis, z2ℓ−1 − dy2ℓ−1 − c = ϖℓrℓ−1 for some rℓ−1 ∈ D.
Hence, by (38), (37) has a solution if for some tz, ty ∈ D, we have

(39) rℓ−1 + 2zℓ−1tz − 2dyℓ−1ty ≡ 0 (mod ϖ).
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By (37) and the assumption c ∈ D×, we deduce that either zℓ−1 ∈ D× or
yℓ−1 ∈ D×. As 2 ∈ D×, we obtain that (39) has a solution in D. This
completes the proof of the induction step.

By (37), the limits y := limℓ→∞ yℓ and z := limℓ→∞ zℓ exist, and we have
z2 − dy2 = c. Hence, x := z + (a/2)y and y give us a solution of (35). □

Lemma 19. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and ϖ ∈ D generates the maximal ideal of D. Let

α :=

(
a11 a12
a21 a22

)
∈ SL2(D). Then there are τ, τ ′ ∈ SL2(D) such that

τ2 = τ ′2 = −1 and α = ττ ′ if

a12a21, (trα)
2 − 4 ̸∈ ⟨ϖ⟩.

Proof. Notice that for every τ ∈ SL2(D), we have τ2 = −1 if and only if
tr(τ) = 0. So there exist τ, τ ′ ∈ SL2(D) such that α = ττ ′ and τ2 = τ ′2 = −1
if and only if there exist x, y, z ∈ D such that

(40) x2 + yz = −1 and tr

(
α

(
x y
z −x

))
= 0.

Since a12, a21 ̸∈ ⟨ϖ⟩, a12, a21 ∈ D×. Hence, (40) has a solution precisely
when, for some x, y ∈ D,

(41) x2 + a−1
12 (a22 − a11)xy − a−1

12 a21y
2 = −1.

By Lemma 18, (41) has a solution in D if

(42) (a−1
12 (a22 − a11))

2 + 4a−1
12 a21 ̸≡ 0 (mod ϖ).

After multiplying the left side by a212 and using the fact that

1 = detα = a11a22 − a12a21,

we obtain that (42) holds if and only if

(trα)2 − 4 ̸∈ ⟨ϖ⟩.
This completes the proof. □

Lemma 20. For every prime p > 3, there exists {τi}5i=1 ⊆ SL2(Zp) such
that τ2i = −1 for all i, τ1τ2τ3τ4τ5 = 1, and the group generated by τi’s is
dense in SL2(Zp).

Proof. Suppose a ∈ Z/pZ generates (Z/pZ)×. It is well-known that

1 → {1 + px | x ∈ Zp} → Z×
p → Z/pZ → 1

is a splitting short exact sequence. Let a ∈ Z×
p be a lift of a. Let

τ1 :=

(
0 1
−1 0

)
, τ2 :=

(
0 −a

a−1 0

)
,

τ3 :=

(
1 2
−1 −1

)
, and τ ′3 :=

(
2 3
−1 −1

)
.
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Then for all i, we have tr(τi) = 0, and so τ2i = −1. Moreover,

(43) tr(τ1τ2τ3) = a−1 − a and tr(τ1τ2τ
′
3) = 2a−1 − a.

If (tr(τ1τ2τ3))
2 − 4 ≡ (tr(τ1τ2τ

′
3))

2 − 4 ≡ 0 (mod p), then a−2 = 2/3, which
implies that p = 23. Thus, even for p = 23 only two values for a can be bad.
Hence, for all p > 3, we can choose a in a way that either

p ∤ (tr(τ1τ2τ3))2 − 4 and p ∤ (tr(τ1τ2τ ′3))2 − 4.

Therefore, by Lemma 19, there exist τ4, τ5 ∈ SL2(Zp) such that τ24 = τ25 =
−1 and either τ1τ2τ3τ4τ5 = 1 or τ1τ2τ

′
3τ4τ5 = 1.

Notice that the group generated by τ1 and τ2 modulo p is a binary dihedral
group of order 2(p − 1), and τ3 and τ ′3 modulo p are not in this subgroup
of SL2(Z/pZ). By Dickson’s theorem, the given binary dihedral group is a
maximal subgroup of SL2(Z/pZ). Hence, both subgroups ⟨τi | 1 ≤ i ≤ 3⟩
and ⟨τ1, τ2, τ ′3⟩ modulo p are equal to SL2(Z/pZ). Therefore, either τi’s or
τ1, τ2, τ

′
3, τ4, and τ5 satisfy the desired properties. □

Proof of Proposition 12. Suppose that G is either SU2(C) or SL2(Zp). By
Lemmas 17 and 20, there is {τi}5i=1 ⊆ G such that

τ2i = −1, τ1τ2τ3τ4τ5 = 1,

and the group generated by τi’s is dense in G.
Then by Lemma 15, there are α1, β1, α2, β2 ∈ G such that

⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩,
and for every w ∈ w1,

(44) w(α1, β1, α2, β2)
2 = −1.

Let ρ : Π2,1 → G be given by ρ(ai) := αi and ρ(bi) := βi for i = 1, 2. Then

by (44) and Lemma 14, ρ(c) = −1. Hence, ρ ∈ R
(−1)
[w1]

(A) where A is either

C or Zp, and the image of ρ is dense in G. This completes the proof. □

5.4. Dimension of the geometric fibers of the scheme of exceptional
representations. The main goal of this subsection is to prove the following
result.

Proposition 21. In the above setting the dimension of every geometric fiber

of (
⋃6

i=1R
(−1)
wi )×SpecZ SpecZ[1/2] → SpecZ[1/2] is 8.

Recall that each geometric fiber of the modified representation variety
Rep×2,1;−1 has dimension 9 (see [4, Theorem F]). Therefore, the geometric
fibers corresponding to exceptional representations are strictly smaller in
dimension than those of the relative character variety.

Lemma 22. For every finite field Fq of odd characteristic and for each
i = 1, . . . , 6, we have

|R(−1)
wi (Fq)| = q8(1 +O(q−1)),

where the implied constant is universal fixed number.
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Proof. By Proposition 12, the schemes R
(−1)
wi are all isomorphic. In partic-

ular, they have the same number of Fq-points.

By Lemmas 14 and 15, there is a bijection between R
(−1)
w1 (Fq) and

(45)
{
(τ1, τ2, τ3, τ4, τ5) ∈ SL2(Fq)

5 | ∀i, tr(τi) = 0
}
.

According to [4, Lemma 42], the cardinality of the set in (45) is

q8(1 +O(q−1)).

This completes the proof. □

Proof of Proposition 21. The proof proceeds identically to that of Proposi-
tion 9, and we omit the details. □
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