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Closure of orbits of the pure mapping class group

in the character variety
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The pure mapping class group of an oriented surface acts on the character variety of the

surface. We investigate the closure of its orbits under either Zariski or analytic topologies.

We show that a generic infinite orbit is dense in an open subset of the corresponding
modified relative character variety. Moreover, we specify that being generic can be captured
as a combination of passing to a Zariski-open subscheme and avoiding a concrete set of
exceptional cases. In addition, the functorial behavior of the involved schemes is described in
detail. In particular, we answer a question posed by Goldman and place the recent work of
Bourgain, Gamburd, and Sarnak on Markoff triples in a more general context.

Mapping Class Group | Character variety | Orbit closure

1. Introduction

A. An Overview. Let ¥, ,, be a surface of genus g with n holes and II;, be a
fundamental group of ¥g,,. The SLa-representation variety Rep,, ,, of Ilg» is the
affine scheme determined by the following functor from the category of unital
commutative rings to the category of sets

R — Hom(Tl, ,, SLa(R)).

The group scheme GLs acts on Rep, ,, by conjugation. The SLa-character variety
Chy,,, of the fundamental group of X, , is an affine scheme given by Saito in (38)
(see §B). By construction, there is a morphism 7y,» : Rep,,, — Chg,» such that,
for every unital commutative ring R, every GL2(R)-orbit in Rep,, , (I?) is sent to a
single point in Chg,(R) via mg,n — this means that 7y » : Rep, ,, (R) — Chgn(R)
gives us a coarser partition compared to Rep, ,(R)/GL2(R). We give a detailed
account of when a fiber is a single GL2(R)-orbit and to what extent 7g,», is surjective
over the R-points.

The Mapping Class Group (MCG) of ¥, , is the group of isotopy classes of
orientation preserving diffeomorphisms of ¥, ,, and the pure MCG TI'y . is the
subgroup of the MCG which consists of elements that fix the classes of the boundary
curves. Understanding the orbits of I'y, in Chy,(R) has been of interest to
geometers (study of the action of the MCG on the Teichmiiller space), number
theorists (study of the Markoff triples), and group theorists (study of the action of
the braid group on generating sets of SLa(R)).

Here, we present a summary of the results and main ideas of our recent work
on this subject, see (19). The main goal of this work is to understand the closure
of I'y,» orbits in Chg ,(R) with respect to various rings R and topologies. More
precisely, we consider the following pairs of rings and topologies:

1. a characteristic zero field F' and the Zariski-topology on Chy ., (F),
2. the ring of p-adic integers Z, and the p-adic topology on Chg ,(Z;), and
3. the field of real numbers R and the Archimedean topology on Chy ,(R).

In the Archimedean case, we only consider orbits of points that are coming from a
unitary representation.

The general form of our results states that if x € Chy »(R) is in a general position,
then the orbit I'y , - x is more or less dense in a set described by certain regular
functions that are clearly invariant under the action of I'y . In this regard, we can
naturally divide our results into three groups.
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1. Developing the relevant schemes.

(Sufficiently Zariski-dense characters) Presenting an ex-
plicit open subscheme Ch§ ,, of Chy ,, which is supposed
to capture the points in a general position.

(Modified relative character varieties) Specifying the
regular functions that are invariant under I'y, and
supposed to capture the closure of I'y ,, orbits.

(Moduli point of view of the relevant schemes) Explicat-
ing the R-points of these schemes for various rings and
their connections with their counterparts in Repg ,,.

2. Isolating the exceptional cases. We identify the precise
cases where the described general form does not hold.
In these cases, we also give certain extra relations that
are satisfied within the orbit.

3. Proving the desired results on the closure of I'y,,, orbits.

B. Structure of the article, notation, and historical notes.
Section 2 is devoted to presenting the schemes relevant to this
work. In § 2.A; we recall the definition of the representation
variety. We also present an optimal sequence of generators of
3gn. In § 2.B, Saito’s definition of SLa-character variety is
recalled as well as a result of Horowitz. The existence of an
optimal sequence of generators in connection with Horowitz’s
result plays an important role in our arguments. In § 2.C,
we recall the definition of the open subschemes absolutely
irreducible representations Rep;n C Rep, ,, and absolutely
irreducible characters Chg,, C Chg,. These definitions are
due to works of Saito (38) and Nakamoto (32). In § 2.D,
we define open subschemes Rep],, C Rep;, and Chg, C
Ch; ,,. The set of R-points of Rep;,n consists of sufficiently
Zariski-dense representations. The concept of sufficiently
Zariski-dense representation is introduced by the authors
and presented in the same subsection. In § 2.E, we recall
the Dehn-Nielsen-Baer theorem and define the group of pure
automorphisms of Ig,. In § 2.F, for z € Chy ,(R), we
formulate modified relative character varieties.

Section 3 is devoted to presenting our results. In § 3.A; our
results on the R-points of Rep} ., Rep, ,,, Chg ., and Chg,
are stated. In § 3.B, we formulate our results on the R-points
of modified relative character varieties. In § 3.C, we present
the exceptional orbits. Our results show that (34, Theorem
1.4) due to Previte and Xia is not correct. In § 3.D we state
our results regarding the density of generic I'y ,-orbits in
various fields. The results in this section give an explicit
description of these generic points. In § 3.E we describe the
connection between our work and Markoff triples, the integer
solutions of the Markoff relation 2 +y2 + 2?2 = 3zyz, and the
Vieta transformations which act on them (see (29, 30)). We
present our results regarding the number and size of certain
orbits mod p°.

In § 4 we go over the main strategies and tools used in
the proofs of the theorems mentioned in § 3.

2. Explicating the relevant schemes

Let us start by describing the above mentioned sets with
more details.

2 — www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

A. The representation variety. Any fundamental group Il ,,
of ¥4, has the following presentation:

<a17517---:%)aﬁgv’ha---’% ‘ [alyﬁl} "'[ag,ﬂg]’yl""yn>-

1]

In this work, we shall work with the relation

[05176;1] T [0‘975971}’71 o In-

This helps us bring in the orientation of curves and the surface,

and make use of an optimal sequence of generators of Xy .

Here are its main properties:

1. Each closed curve in the sequence is simple.

2. Every two distinct curves in the sequence intersect
exactly once at the base point.

3. If wy, ..., wx are distinct elements of this sequence and
they appear in the same cyclic ordering, then w; - - - wg
is homotopic to a simple curve.

One can see an example of an optimal sequence of generators
in Figure 1. In (18, Section 2.2), the existence of an optimal

Fig. 1. Optimal sequence of generators

sequence for n > 0 is discussed, and another visualization
is given. In Figure 1, one can see a collection of directed
radii of a circle; in (3), this collection is referred to as a loop
configuration.

The representation variety is given by the functor which
to a unital commutative ring R assigns the set of all the
2g + n-tuples in SL2(R) which satisfies

[ar, b1 ']+ [ag, by er e = 1.
Clearly, Rep, , is a closed Z-subscheme of (SLy)2ot™
denote the coordinate ring of Rep, ,, by Ag.n.

; we

B. The character variety. We follow the definition of Chg,, by
Saito (38), based on works of Fricke (12, 13). The character
variety Chy,, is an affine Z-scheme given by the ring Ry »
that is equal to

Z[t’Y | 7€ Hg»n]/<t6 - 2at’Yt’Y’ - t’Y’Y' - t'yfl’y/ | 737/ € H97n>7
where e is the neutral element of 11, ,, and the given relations
are known as the Fricke identities. For v € Il,,, the
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indeterminant ¢, should be viewed as a regular function
on Chg,n. We let myn : Rep,,, — Chg,n be the morphism
defined by the ring homeomorphism
niRom = Agn,  ga(ty)(p) = tr(p(v)),

for every v € Ty, and p € Rep,,,(Ag,n); notice that this
implies that for every unital commutative ring R, group
homomorphism p : I, — SL2(R), and v € I, ,, we have
that mg,»(p) is in Chg,»(R) and

ty(mg,n(p)) = tr(p(7))-

In the sequel, sometimes we write [p] instead of g . (p).
By a result of Horowitz (see (21, Theorem 3.1)), the ring
Ry n is generated by

{tslmsm | S; € S7 s < - < Sm},

where S := {a1, b1,...,aq,Bg,71,.-.,Vn} and

ap <P < <ag <Py <m<... < Vn;

in particular, Ry . is a finitely generated Noetherian ring.

C. The absolutely irreducible representations. We say a
representation p : Iy, — SLa(R) is absolutely irreducible if
the R-span of p(Ilg,,) is M2(R). In order to define absolute
irreducibility over a scheme, Nakamoto gives an alternative
definition which has the advantage of being a local property
(see (32, Definition 1.1)). We show that our definition is
compatible with the one given by Nakamoto and in particular,
that it is also a local property.

Let us recall Nakamoto’s definition. For v,~" € I, 5, the
discriminant A(7y,') € Ry,» is given by

A1) =ty — 2,
fao—1_ -1

where [v,7'] := 77"y
can obtain that

. Using the Fricke identities, one

2 2 2
Ay, Y) =2+ 4+ 5, — tytytyy — 4.

The discriminant subvariety Dy, of Chy, is given by the
ideal

(A, Y) 17,7 €llgn) A Ry n.

Let Ch;,, := Chgn \Dy,» and Rep,,, := Rep, ,, \my n(Dg.n).
Clearly, Chy, and Rep,, are Zariski-open in Chg,, and
Rep,,,, respectively. Two important properties of these
varieties are:

1. Rep, ,,(R) consists precisely of the absolutely irreducible
representations, for every unital commutative ring R, see
(19, Prop. 3) and also Theorem A.

2. Chy,, is the universal geometric quotient of Rep,,, by
GL; defined over Z, see (32, Thm 6.18).

D. Sufficiently Zariski-dense representations. Definitions of

the open subschemes Rep} ,, and Chg ,, of sufficiently Zariski-

dense representations and characters, respectively, are based

on Dickson’s characterization of finite subgroups of SLa(F').
It is worth mentioning two remarks:

Golsefidy et al.

1. In (6, Proposition 9.1, 9.2), Breuillard proved
that there exists a closed subscheme Vi of (GLd)k
such that (g1,...,9x) € Vi(C) precisely when
(g1, --,9k) is virtually solvable. The scheme Vi is de-
fined based on the action of GLg4 on the scheme F of
full flags; it is showed that there exists a finite subset of
F(C) which is permuted by g;’s if and only if (g1, ..., gx)
satisfies finitely many integer polynomial equations. It
would be interesting to understand the R-points of Vy
for an arbitrary unital commutative ring R.

2. In (25), Larsen and Pink introduce the concept of
sufficiently Zariski-dense subgroup of F-points of a
Chevalley group scheme where F' is a field. One should
be able to use their work and extend our result to the
case of SLg4-representations and other Chevalley group
schemes.

In order to define the schemes Rep; ,, and Chg ,,, using the
mentioned result of Dickson, we show that one has to avoid
the dihedral representations and conjugates of certain finite
groups. We deal with each case separately. We show that
the following relations can be used to identify the dihedral
representations. Let x; := a;, g+s := b;, and z2¢4; = ¢; for
1<i<gand1<j<n. Forasubset I of [1..2g+n], let Rt
be the set of relations given by the following words:

1. For all 4,5 € [ and | & I, [zizj,x;] = 1 where [a,b] :=
aba™ b

2. For all l1,ls & I, [z1,,m1,] = 1.

3. Forallie landl &1, :cixlaci_l = :cl_l.

—1

4. For all i,j,r € I, xr(xix;)xy ' = (zizy)

Given a subset R of a free group in 2g + n generators, we
associate a closed subscheme Repgxyn’R of Rep;n such that
for every unitary commutative ring R, p € Repgxﬂn,R(R) if
and only if p € Rep;, ,(R) and

YweR, w(p)=1.

Similarly, we define a closed subscheme Ch_’ . of Chg,, such

that z is in Ch, » (R) if and only if 2 € Ch,,(R) and

Vw € R,Vs1,52,583 €5,  tsysps5(T) = twsysyss(T),

where S :={1,a1,...,a4,b1,...,bg,c1,...,cn}. Clearly, mg.n
induces a morphism from Rep R tO Chg R

Let G be a group lbOmOI‘pth to either SLy(F3), a double
cover of Sy, or SLa(F5). Let

Fymia = A{x € Chy(C) [ & =mgn(p), p(llgn) ~ G}.

We show that there exists a closed subscheme F, ,  of Chy,
such that for every algebraically closed field F’ of characterlstlc
either zero or more than 5,

Tom(Egnic(F)) = {p € Rep,.,(F) | Im(p) =~ G}.

Now, we let

Rep n‘_ R‘epgn UR‘epgn’R_IUUﬂ.gy gnG))
G
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as I ranges over all the subsets of [1..2g+n] and G ranges over
SL2(F3), a double cover of Sy, and SLa(Fs); this is a scheme-
theoretic difference. Hence, Rep;n is an open sub-scheme of
Rep;,,. Similarly, we let

Chy . = Chyn \ ((J Chy i, U Ey i)
I G

To understand the functorial properties of these schemes,
we introduce the concept of a sufficiently Zariski-dense
representation (see §A for the relevant results). Suppose
R is a unital commutative ring. For every maximal ideal
m of R, let k(m) be an algebraic closure of the residue field
k(m) := R/m. Let mw : R — k(m) be the natural quotient
map. We say p € Rep, ,(R) is sufficiently Zariski-dense if
either

1. Im(mm(p)) is Zariski-dense in (SLg)m, or
2. Im(mm(p)) contains a copy of SLa(F,), where k(m) is of
characteristic p.

E. The mapping class group. By the Dehn-Nielsen-Baer theo-
rem (see (11, Chapter 8)), the MCG of X, is isomorphic to
the subgroup of the group Out(Ily,,) of outer automorphisms
of Iy, consisting of elements that permute conjugacy classes
of v;’s, where ~1,...,7, are the simple loops around the n
holes of ¥4,n. The pure MCG of ¥, , is the subgroup of
the MCG which consists of elements that fix each one of the
conjugacy classes of v;’s. The pure MCG of ¥, ,, is denoted
by I'y.n. Let PAut(Ilg,n;v1,...,vn) be

{6 € Aut(IL,..) | 6(Cl(y:)) = Cl(;) for all 1 < i < n},

where Cl(;) is the conjugacy class of v;. We will simply
write PAut(Ily,,) instead of PAut(Ilg n;y1,...,v») and it
is referred to as the group of pure automorphisms of Ilg ..
Clearly, the following is a short exact sequence

1 — Inn(M,,,) — PAut(Iy,) = Ty — 1.

Notice that PAut(Ily,,) acts on Rep,, and its action is
compatible with the action of I'y ,; that means, for every
unital commutative R, p € Rep, ,,(R) and 6 € PAut(Il,,n),
we have

18- 6] = 1(6) - [o]

F. Modified relative character varieties. Based on the work
of Saito (38), for every unital commutative ring R and z in
Ch; ,,(R), we define the a-boundary 0. %, the sign vector e(z),
and the z-boundary trace vector k(z) such that for every lift
p of x (that means p € Rep, ,(S) for some ring extension
S/R and [p] = z) the following properties hold.

1. For every i € [1..n], p(v;) = %1 if and only if i & 9,3.
We let n(z) := [0, %]

2. The sign vector €(x) := (€:)ic[1..n]\0, 5, Where &; 1= p(7V:);
in particular, it has n — n(z) many components and

3. The z-boundary trace vector is k() := (t+,(z))ica, x-

Notice that for every element 6 of the MCG, we have

0902 = 0.2, €(8 - x) = e(z), and k(0 - z) = k(z).

4 — www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

Hence the orbit I'y ,, - = is a subset of the R-points of a closed
subscheme of Ch},, that is given by fixing these parameters.
For a given sign vector € and boundary trace vector k, we
denote the corresponding closed subschemes by

Ch e € Ch

g,mik,e

and call them modified relative character varieties.

3. The results

A. The subschemes of Rep, ,,, Chy,» and their properties.
Here we discuss the properties of the previously defined
open subschemes Chg ,,, Chy,, of Chy,, and Rep; ,,,Rep;,
of Repy -

The following theorem, which is known to experts, de-
scribes the R-points of these schemes for an arbitrary unital
commutative ring R.

Theorem A. For every unital commutative ring R, the
following statements hold.

1. (Absolutely irreducible representations) p € Rep, ,(R)
if and only if the R-span of p(Ilg,n) is M2(R).

2. (Absolutely irreducible characters) For z € Chy ,(R),
there exists a faithfully flat extension S of R and p in
Rep,,,(S) such that [p] = x.

3. (Fibers) For p1,p2 € Rep, ,,(R), [p1] = [p2] if and only
if there exist an integral extension S of R and g € GL2(S)
such that pa(y) = gp1(y)g~" for all v € I .. Moreover,
if either R is a UFD or local ring, then g can be chosen

from GL2(R).

We have an even better description of the D-points of
these schemes if D is a compact DVR, as follows.

Theorem B. Suppose D is a compact DVR and the
characteristic of its residue field is not 2. Suppose a is a
proper non-zero ideal of D. Let mq denote all the maps that
are induced by the quotient map wa : D — D/a. Then all the
arrows in the following diagram are surjective

Rep, (D) —"— Ch,(D)

| |

Rep),,(D/a) =" Ch¥,(D/a)

and for allz € Ch,,(D), the fiber 7t ,,(x) is a single GLa(D)-
orbit.

The following describes the R-points of Rep; ,, and Chg ,,
and the functions induced by 7y, .

Theorem C (Sufficiently Zariski-dense representations and
characters). Suppose R is a unital commutative Z[1/30]-
algebra, p > 5 is a prime, D is a compact DVR where the
characteristic of its residue field is p, a is a proper non-zero
ideal of D, F is an algebraically closed field of characteristic
zero, and k € ZT. Then the following statements hold.

1. For p € Rep, ,,(R), p € Rep;, ,(R) if and only if p is
sufficiently Zariski-dense.

2. Tgn : Rep; ,,(F) = Chg ,(F) is surjective.

Golsefidy et al.
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8. All the arrows in the following diagram are surjective

Rep} (D) —%"— Chj (D)

| |

Rep;,,(D/a) —2" Ch ,(D/a).

4. For p € Rep, ,,(Zp), p € Rep;, ,,(Zp) if and only if the
image of p is dense in SL2(Z,) in the p-adic topology.

5. For p € Rep,,,,(Z/p"Z), p € Rep}, . (Z/p"Z) if and only
if p is surjective.

B. Modified relative character varieties. As it was explained
earlier, for a collection e of signs assigned to a subset I of the
boundary curves, we define the closed subscheme Rep; ..
such that

Rep, ,..(R) = {p € Rep, ,,(R) | Vi € I, p(vi) = &:},

and we construct a closed subschemes Chy' ... of Chy,, whose

main properties are captured in the following proposition.

Proposition D. Suppose € := (¢:)icr € {1} where I is
a subset of [1..n], R is a unital commutative ring, D is a
compact DVR whose residue field is not of characteristic 2.

1. For ¢ € Chy,(R), « € Ch},..(R) if and only if for
every ring extension S/R and every p € Rep,,,(S) such
that [p] = x, we have

p € Rep, ,...(S).
2. All the arrows in the following diagram are surjective:

R‘ep;,n;e(D) & Ch;”§ﬁ(D)

I lm.

Rep,,..(D/a) —~" ChZ,..(D/a).

It is worth pointing out that if we assign signs only to
m < n boundary curves, then Chg .. is naturally isomorphic
to Ch;n_m. If we assign signs given by € := (g)j=; to all
the boundary curves, then Chy,,.. is naturally isomorphic to
Chy o if [[;, i = 1; when [ ei = —1, Chy,,.(C) can get
identified with what is called the twisted character variety of
of Eg,O‘

Based on Proposition D, we defined the z-boundary as
the subset of the boundary curves which are not mapped
to +1 under all lifts of x. The number of elements of the
z-boundary is denoted by n(z). We are using the variable
n to denote both the number of boundary curves of the
given surface and the function from ChJ,,(R) to Z=° which
captures the number of essential boundary curves for a given
x € Chg,(R). There should not be a confusion based on
the context. Since x — n(z) is a semicontinuous map, we
can define an open subscheme Cg n.c of Chy,,.., where n(x)
stays constant. After assigning trace values k to the rest
of boundary curves, we get an open subscheme Cg ;e x of
the modified relative character variety Ch;, . ,. Similarly,
we can define an open subscheme Ry ;e x of Rep;n;e,k. The
following statement captures the main functorial properties
of these schemes.

Golsefidy et al.

Proposition E. Suppose F is an algebraically closed field
whose characteristic is not 2. Suppose D is a compact DVR
whose residue field k is not of characteristic 2 and a is a
proper ideal of D. Suppose € := (€;)ier i a sign vector.

1. Fork € FI"IN 4he horizontal arrows in the following
diagram are surjective:

X Tg,n X
g,n;e,k(F) Chg,n;e,k

I I

Tg,n

Rg,n;e,k(F) — Cg,n;eyk(F)-

Rep (F)

Moreover, p is in Rgnex(F) precisely when p is in

Repgx’meﬁk(F) and p(7vi) # £1 for every i & I.

2. Suppose k € DN Then qll the arrow in the
following diagram are surjective:

Rg,n;e,k(D) % Cg,n;e,k(D)

| |

Tg,n

Ryniex(D/a) —= Cg ;e x(D/a).

Moreover, for € Chy .\ (D/a), we have that T is in
Cymiex(D/0) precisely when n(me(z)) = n — |1| where
w is a uniformizing element D and 7o : D — k is the
natural quotient map.

It is worth pointing out that we also show that

7a : Chy e 1o (D) = Chy o (D/a)
is not necessarily surjective.

Suppose F' is an algebraically closed field and its charac-
teristic is not 2. For every sign vector e¢ and trace vector
k € F™, let C be the reduced subscheme of Chg n;ex Xz F
where the topological space of C and Chy nex Xz F are
the same. Similarly, let R be the reduced subscheme of
Rep, .k Xz F'. Notice that

R(F) = Repg’n;eyk(F) and C(F) = Chg niex(F).
Theorem F. In the above setting, if 3g + m — 3 is positive
and R(F) is not empty, then R and C are irreducible and

dimR=6g+2m —3 and dimC = 6g+ 2m — 6.

Rapinchuk,et al, in (36), proved the case where n = 0
and the characteristic is 0. Their result is about SLg-
representation variety for an arbitrary k. In (26), Liebeck
and Shalev used character theory of finite groups and inves-
tigated the representation variety of non-virtually abelian
Fuchsian groups over an algebraically closed field of arbitrary
characteristic. In (40), Whang proved that C' is irreducible if
n>1,m=mn,and 3g+n —3 > 0. So the main contribution
of this result is for the case of the twisted character variety
3g,0. Here, we follow Liebeck-Shalev’s method. This is a
very strong method and had been successfully employed by
many, see for instance (1) and more recent work of Guralnick,
Larsen, and Tiep (20). It is conceivable that using results
from (26) and (20), one can prove irreducibility of modified
relative SLg-representation varieties for an arbitrary d.
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C. Exceptional orbits in the cases of (¢g,n) = (1,2) or (2,1).
We will show that typically an infinite pure MCG orbit is
Zariski dense in the associated modified relative character.
But this result has certain exceptions. We present the precise
exceptional families. Based on these families, we show that
there are dense SUz(C)-representations p of Il 2 and Iz
such that the pure mapping class group orbit of [p] is not
dense in the corresponding relative character varieties. This
shows that (34, Theorem 1.4) due to Previte and Xia is false
for these cases.

Suppose (g,n,¢) = (1,2,1) or (2,1,—1) and R is a unital
commutative ring. For a subset v of Il ,,, we let

CO(R) = {z € Chy ,(R) |Vy € v,ty(x) =0} ife=1,
v (£ € Chla(R) | Wy € vty () = 0} if e = —1.
We let
v1 :={ac, be, abc}, vy :={ab, b, ac},
vs :={a, b, abc}, vy :={a, ab, bc}

be subsets of I11 2 := (a, b, ¢, ¢’ | [a,blcc’ = 1), and

Wi ::{al, a1b1, blbz, blaz, blazbz},
Wa ::{al, bl, a1blb2, alblag, a1b1agb2},
W3 ::{b1, a1b1, albg, aiaz, alagbg},
W4 Z:{bQ, a2b27 b1a2, ai1az, a1b1a2},
W5 ::{az, bg, a1a2b27 b1a2b27 a1b1a2b2}7

we :={a2, a2b2, aibz, bibz, aibiba}
be subsets of Iz 1 := (a1, b1, a2, bz, ¢ | [a1, bi1][az, b2]c = 1).

Theorem G. In the above setting, U;:l C\(,? is invariant
under the action of the pure MCG I'1 2, and U?:l C‘g\,—il) is
invariant under the action of the pure MCG I'z 1.

We also show that there are dense representations with
exceptional traces given in Theorem G.

Proposition H. 1. For every i = 1.4, there exist repre-
sentations po : II1,2 — SU2(C) and p1 : II1,2 — SLa(Z)
such that the following statements hold.

(a) The image of po is dense in SUz(C).
p1 is dense in SLa([] . Zy).

p#3 TP

(b) [po] € C)(R) and [p1] € C3(2).

The image of

2. For every i = 1..6 and prime p > 3, there exist
representations po : a1 — SU2(C) and pp : Iz —
SL2(Zy) such that the following statements hold.

(a) The image of po is dense in SU2(C).
pp is dense in SLa(Zp).

(b) [po] € Cw, " (R) and [py] € C%, " (Zp).

The image of

By Proposition H, one can find exceptional points in
Chy, for g = 1,n > 2 and ¢ = 2,n > 1. Notice that
for € = (e1,...,em) € {—1,1}" such that J[" & = 1,
Ch, 4. can be naturally identified with Ch;ﬁ_m’g. Similarly,
if [[", e = —1, then Ch} ;. can be naturally identified

with Ch*

n—m+1,g;—1"
of our exceptional sets C\(,t) in Chlx’n. Similarly, if n > 1,

Hence, for n > 2, there are copies
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there are copies of the exceptional sets C‘(,V:.l) in Chy,. We
denote the exceptional locus of Chy', (R) and Chy, (R) by
Ey(R) and E3(R), respectively. See (19, §5.4) for the detailed
construction of E1, Es.

D. Closure of pure MCG orbits. After capturing the algebraic
relations that are preserved under the action of the pure MCG
(this means describing the scheme Cy .- x) and isolating the
exceptional cases that can occur (this means the sets F1 and
E,), we prove various density of infinite I'y ,,-orbits.

Theorem I. Suppose F' is an algebraically closed field of
characteristic zero, x € Chj ,(F), 3g+n(z) >0, x & E1(F)U
Ey(F), and Ty, -« is infinite. Then Ty - x is Zariski-dense
in Chy nie(a) k(@)

Whether there are finite I'y ,-orbits and how to classify
them have been investigated by many. This question has
connections with algebraic solutions of Painlevé VI differential
equations. That was the reason that Lisovyy and Tykhyy
(see (27, 39)) and Dubrovin-Mazzocco (see (10)) studied
this problem. More recently, Biswas, et al, in (3), classified
such orbits when g > 1; in particular, they showed that no
point in Chg ,(C) has a finite I'y ,-orbit if g > 1. In (24),
Lam, Landesman, and Litt used a result of Corlette and
Simpson (8) and Katz’s middle convolution functor (23) to
study this problem. Among other things, they show that
To,n - [p] is infinite if n > 7, p : o, — SL2(C) has a Zariski
dense image and p(c;) is not torsion for some i where ¢;’s
are the boundary curves of Il ,. These results show that
in many cases the technical condition of having an infinite
I’y n-orbit is automatically fulfilled.

Our next result answers a question of Goldman (see (17,
Problem 2.7) for the special case G = SU2(C), which was
singled out right after the mentioned problem in the same
article).

Theorem J. Suppose p : Iy, — SU2(C) is a representation
with dense image, 3g + n([p]) > 3, [p] € E1(C) U Ex(C),
and Ty - [p] is infinite. Then Tyn - [p] is dense in X,
where X, consists of [p']’s with the following properties: p' :
Iy, — SU2(C) is a dense representation, €([p']) = e([p']),
and k([¢')) = (o).

In (34), Previte and Xia claim a version of Theorem J for
g > 0 with no exceptional cases. As has been pointed out,
Theorem G and Proposition H imply that it is necessary to
avoid points in the exceptional sets. Our method of proof
is different from theirs, as we use unbounded dynamics in
SL2(C¢), whereas they only work with unitary matrices.

It is important to impose the condition that the orbit
is infinite. When g = 0, there are dense representations
p : o n — SUz(C) such that I'y,, - [p] is finite; see (27, 35).

Next is a slightly weaker p-adic version of Theorem J.
Theorem K. Suppose v € Ch§ ,(Zy), 39 + n(z) > 3,
z & E\(Zyp) U Ex(Zy), and Ty - x is infinite. Then the
closure of T'g,n - x in Chy n(Zy) contains an open subset of
Chy o) ety (o)

Based on Theorem K and the op. cit. work of Biswas,
et al, we obtain the following fineness result regarding the
rigidness.

Theorem L. Let k € Z; and € := (g;) € {£1}™. Suppose
one of the following conditions hold:
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1. g > 3.
2. g =2 and eithern >0 or [[" & # —1.
3. g=1andn #2.

Then there are only finitely many I'g nm-orbit closures in
C_c.;,n-!—m;e,k(Zp) = Cg,ntmiek(Zp) N Ch;,n+m(ZP)'

Theorem L allows us to prove a mod pP-stability result.
Let Ng n;e,x(£) be the number of T'g 4 m-orbits in

C;,n+m;e,k(Z/peZ) = ngn+m;€7k(Z/pZZ) N Ch_c.],n+m (Z/pez)

Theorem M. In the above setting, there exist positive integer
Lo := Lo(g,m, e, k,p) and co := co(g,n,e,k,p) > 1 such that
for all £ > {y

1. Ng,n;gk(ﬁ) = Ng,n;e,k(éo), and

2. for allz € C% e a(Z/D'Z),

-1 dk<

Co P |Fg,n+m . $| < Copdk,

where d = 2(3g +n — 3).

It is worth mentioning that the dynamics of the action
of T'yn on Chy ,(R) have been studied, extensively. It is
well-known that the R-points Chg ,,(R) of Ch§ ,, is equal to

7gn(Repy . (R)) U{[p] | p: Ty, — SU2(C) dense image}

(see (9)) and the Teichmiiller space can be identified with a
I'g,n-invariant subspace of 74 (Repj ,(R)). In his seminal
work (16), Goldman proved that the unitary part of Ch o(R)
has a I'g o-invariant I'y o-ergodic measure. This, in particular,
implies that a typical I'go-orbit is dense in this space.
Following the same strategy of using Hamiltonian flows, in
(18), Goldman and Xia extended this result to the case where
n is positive (and g is possibly 0). In (33, 34), Previte and
Xia studied the same dynamical system from a topological
point of view. As we explain in the next subsection, the study
of the action of I'g,, on Chj ,,(A) for other rings was initiated
by the work of Bourgain, Gamburd, and Sarnak on Markoff
triples in Z/pZ.

E. Connection with Markoff triples. Here, we point out the
connection between our work and Markoff triples. Markoff,
in his study of Diophantine properties of real numbers,
investigated positive integer solutions of 22 + y* + 2% = 3zyz
(see (29, 30)). Let M be the closed subscheme of A® which
is given by the Markoff relation, and M*® be the open
subscheme given by M\ {(0,0,0)}. Markoff proved that
the subgroup A of symmetries of M*® given by the Vieta
transformations, permutations, and certain sign changes, acts
transitively on M*®(Z). Bourgain, Gamburd, and Sarnak
(4, 5) studied M*(Z/pZ), and conjectured that the natural
quotient map M*®(Z) — M*(Z/pZ) is surjective (see (4, 5)).
This conjecture is equivalent to saying that A acts transitively
on M*(Z/pZ). In op. cit., it is proved that there always
exists a very large orbit. More recently, Chen proved that
the order of every A-orbit is a multiple of p and deduced that
M®*(Z) — M®(Z/pZ) is surjective for large enough p (see
(7).

We will show that

Ch$.1_y X2 Z[1/30] ~ M® xz Z[1/30] 2]

Golsefidy et al.

and I'1; can be embedded into A in a way that the
isomorphism given in Eq. (2) is I'1 1-equivariant. We deduce
that our mod p“-stability result (Theorem M) implies the
following.

Proposition N. Suppose p > 5 is a prime. Then there exist
No := No(p) and co := co(p) such that

1. the number of A-orbits of M®(Z/p*Z) is at most Ny, and
2. ¢y 'p* < |A - x| < cop?® for every x € M*(Z/p'Z).

We should emphasize that Proposition N is not an optimal
result. In a work in progress by Mieri, Puder, Sarnak, and the
first author, much stronger results are proved; for instance,
it is shown that A acts transitively on M®(Z/p‘Z) if p > 5
and p =1 (mod 4).

4. Strategy of the proofs

Here, we go over the theorems mentioned in the previous
section, and briefly explain the strategies and the tools used
in their proofs.

Most parts of Theorem A are known to the experts. The
description of the R-points of Rep;n as given in part (1) of
Theorem A is proved based on results of Nakamoto in (32),
by showing that our definition of absolutely irreducible R-
representation is compatible with the one given by Nakamoto.

Understanding the R-points of Ch;,, as trace of represen-
tations — given in part (2) of Theorem A — is based on Saito’s
work (see (38) and (32, Theorem 5.1)).

The proof of the last part of Theorem A is based on a
well-known technique by Burnside and an extension of the
Skolem-Noether theorem (see (22, 37)).

Throughout this work, we prove (and use) the surjectivity
of maps of the form

X(D) = X(D/a),

where X is a scheme, D is a compact DVR, and a is an ideal
of D (e.g., Theorems B, C(3), and D(2)). In each case, first
the surjectivity modulo the maximal ideal is showed, next
the smoothness at the special fiber is proved, and then the
result is obtained based on a Hensel-type argument.

The proof of the surjectivity of 7y, : Rep, (D) —
Ch; (D) in Theorem B is based on the following ideas:

1. Using op. cite. work of Saito, for every « € Ch;,, (D),
there exist two elements v,y € Ily, such that the
discriminant A(y,~')(z) € D*.

2. Using op. cite. work of Saito, there exists p € Rep,: (D)
such that 74, (p) = = if there exist two matrices a, b in
SL2(D) such that

tr(a) = ty(x), tr(b) =ty (z), and tr(ab) =t ().

3. Using a result of Macbeath (28), finding such matrices
can be reduced to solving a certain quadratic equation.
Moreover, this quadratic equation has a solution over a
finite field.

4. A Hensel-type argument is used to complete the proof.

Let Ry.n be the coordinate ring of Chg,,. Then for every
p € Chy,, the ring homomorphism Ry, — (Rgn)p,t — *
gives us a point in Chg,,((Rg,n)p), and after passing modulo
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p, we obtain a point z, in Chy, (k(p)) where k(p) is the
residue field of p. It is clear that

Chgx,n — ZZO7 p = n(zy) [3]

is a lower semicontinuous map. We let Cg . be the open
subscheme of Chg .. which is the fiber over n of the map
given in Eq. (3).

The non-trivial part of Proposition E is the surjectivity of

Tgn : Rgnie k(D) = Ry niex(D/a).

As before, we use a Hensel-type argument to prove this. The
needed smoothness over the special fiber is proved using the
fact that n([p (mod m)]) = n for every p € Ry n;ex(D/m),
where m is the unique maximal ideal of D.

As it was mentioned earlier, we provide an example which
shows that not every point in Rep,; .\ (D/m) has a lift. This
shows the necessity of passing to the open subschemes Rg ;e k
and Cy n.e k in order to obtain surjectivity of residue modulo
a maps.

To prove Theorem F, we follow the same strategy as the
approach of Liebeck and Shalev in (26). In our case, we use
the concrete character table of SLa(F,) to show that if X
and X2 are two uniform independent random variables with
values in SLy(FF;), then

1 -1
7(1:ﬁ:0q ) z#1

P([X1, X5] = ) = { 1572 (o)) (@) o
TSL2(Fo)| xr=1.

We also show that if Y7,...,Y, are independent random
variables such that Y; is uniform on

{z € SLo(Fy) | tr(z) = ki }

for some k; € Fy, then

Y,=2)= 1

Bt = [SLa(E,)]

(1+£0(g" ")) (5]
for n > 4. Then we use Eq. (4) and Eq. (5) in combination
with the Lang-Weil estimate on the number of Fq-points of
an irreducible variety to complete the proof of Theorem F.

To prove Theorem G, first we define an equivalence relation
between subsets of I, ,: we say v ~ Vv’ if for every unital
commutative ring R, C{(A) = C‘(f)(R). Let [v] be the
equivalence class of v. Next, we observe that the equivalence
classes of this relation are invariant under the action of the
mapping class group. Notice that for every = € C\(,E)(R),
every lift p, : I, — SL2(R), and every w € v, we have
that p,(w)?> = —1. Using this, finally, we show that the
Schreier graphs of the orbits I'1 )2 - [vi] and I’y 1 - [w1] with
respect to the Humphries generators are finite paths of sizes
4 and 6, respectively. Let us recall that by works of Lickorish,
Humphries, and Birman (see (11, Theorem 4.9, Theorem
4.13, Theorem 4.14)), Iy, is generated by the Dehn twists
around simple curves. For g > 1, the Dehn twists about the
simple curves given in Figure 2 generate I'y ,,; these are called
the Humphries generators. We prove that the I'i 2-orbit
of [vi] is {[v1],...,[va]}, by showing how the Humphries
generators act on this set. Using the same method, we show
that the I'y 1-orbit of [w1] is {[w1],...,[ws]}. Based on this
Theorem G follows.

The most intriguing aspect of Theorem G lies in the
concrete nature of the construction of such exceptional
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Fig. 2. Humpheries’ generators

characters. As implied by our orbit closure results (see §D),
this is the only method for obtaining infinite pure MCG orbits
trapped within a smaller-than-anticipated variety.

Proof of the unitary parts of Proposition H are based on
the central isogney ¢ : SU2(C) — SO3(R) and some basic
Euclidean geometry. The case of Hp 23 Zyp is proved using
the presentation of SL2(Z) and strong approximation. The
p-adic case of (2-a) is done by proving the existence of dense
subgroups generated by 5 elements 7;’s such that

2

7, =—1 and TiTeT3TaTs = 1.

We find such 7;’s by solving a certain quadratic equation.
Most of our proofs for the orbit closure results are based
on the following strategy:

1. (Analytic extension of powers of a Dehn twist) Suppose G
is a compact analytic function such that the G-character
variety X can be defined; for instance, in the setting of
this work, one can consider SL2(Zp) or SU2(C). Then
for every simple essential curve a and p : IIy , — G such
that p(a) is not torsion, we define an analytic curve

0a7[p] 1 Sa — XG,

where S¢ is either R/27Z if G is real analytic or Z,
if G is p-adic analytic, such that the image of 0, () is
contained in the closure of {77 - [p] | n € Z}. When p(a)
is torsion, let 6, [, be the constant function [p]. Let

Ou: Se x Xa = Xa, 0a(t,z) :=044(1).

2. (Finding a generic grid) Assume G = SU2(C) or SL2(Z,),
and =z € X¢ is sufficiently Zariski-dense which is not an
exceptional point and has an infinite I'g ,-orbit. Then,
we find a collection of simple essential curves

a = (al, ey agm(z))

where m(x) := 3g + n(z) — 3, such that the image of
Oa: S % X¢ — Xg, defined by
Ou(r,x) := Oay (11,00, (- -, (7"2771(90)’ x))-)),

contains an open subset of X¢.

Golsefidy et al.
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Defining 0, is rather easy and general, and it is similar to
the Hamiltonian flow used by Goldman (16). Its definition is
essentially based on the fact that for a non-torsion element g
in G, the closure of the cyclic group generated by g contains
a one-dimensional analytic flow Sq¢ — G.

Finding the family a, however, needs a lot of care and
many steps are quite ad hoc. The general picture has some
similarities with the approach of proving the Tits alternative.
In the sense that we make use of the dynamics on the
projective line to find ping-pong players whose fixed points are
disjoint. The main issue is that we need to find these players
among simple curves with prescribed geometric intersection
values. Here is an overview of how this is achieved.

1. (Unbounded) Using the assumption that 'y ,, - is infinite,
we find a place ¢ such that I'y -« is an unbounded subset
of Chy,n(Cy).

2. (z-loxodromic essential simple curve) Using an optimal
sequence of generators (see Figure 1), we find an essential
simple curve a which is z-loxodromic.

3. (z-handle at z-general position with z-loxodromic bound-
ary curve) Assuming g > 1 and z is not one of the
exceptional representations described by Ei and Eo, we
find an z-handle (a,b) with an z-lozodromic boundary
curve at an x-general position. This means that the
following properties hold:

(a) The geometric intersection number of a and b
is 1, and so a small neighborhood of a U b is
homeomorphic to a one-holed torus. Let c(a,b)
be its boundary curve.

(b) All the curves a, b, and c(a, b) are z-loxodromic with
arbitrarily large traces.

(c¢) Curves a, b, and ¢(a,b) do not have common z-fixed
points in the projective line. Notice that having a
fixed point in the projective line does not depend
on the choice of a lift p, in Rep, ,(Cr) of =.

This approach is similar to Gallo, Kapovich, and Mar-
den’s method in (14). In the op. cit. work of Gallo,
et al, the authors were working with a non-elementary
subgroup of SL2(C), and made use of the fact that in the
Archimedean case unipotent subgroups are unbounded.
So in our case, alternative ad hoc arguments are needed
to show the existence of the desired z-handles.

4. (Cutting along a curve of the z-handle) Suppose (a,b)
is an z-handle at an z-general position with an z-
loxodromic boundary curve. Then we show that the
restriction of = to ¥ \ a is still sufficiently Zariski dense,
and it has an unbounded orbit under the action of the
pure mapping class group of X\ a.

5. (z-torso at x-generic position) Repeating the process of
the previous step, we get a genus zero surface. Assuming
the pure MCG orbit of z is unbounded, we find an z-
torso (a,b) at an z-generic position. This means that
the following properties hold:

(a) The curves a and b are essential simple curves with
geometric intersection number 2. In particular, a

Golsefidy et al.

small neighborhood of a U b is homeomorphic to a
4-holed sphere. Then we can find di,da,ds,ds €
114, » which are freely homotopic with the boundary
curves of a small neighborhood of a Ub, a ~ did2,
and b ~ dads (see Figure 3)

Fig. 3. Curves associated with a torso.

(b) Curves a and b do not have common z-fixed points
in the projective line. Curves a and d; do not have
common z-fixed points in the projective line for
i=1.4.

6. (Cutting along a curve of an z-torso) We modify the
z-torso at an x-generic position, and show that we can
find an z-torso (a,b) at an z-generic position such that
if a connected component .’ of 3\ a has at least 4 holes,
then the restriction of x to ¥’ is sufficiently Zariski dense
and the pure MCG orbit of this restriction is unbounded.

Through the above process, we find a family a :=
(a1,...,a2m()) of simple essential curves such that the
following properties hold.

1. For every i € [l..g], (a2i—1,a2:) is an z-handle at an
x-general position, and for ¢ € [1..(g — 1)] the boundary
curve c(azi—1, az;) is z-loxodromic.

2. For every i € [(g + 1)..m(z)], (a2i—1, a2;) is an z-torso
at an z-generic position.

3. {azifl}:i(f) is an z-pants decomposition; that means

every connected component X' of X\ (U;":(f) a;) is of
genus zero and n(z|s/) = 0, where x|s is the restriction

of x.

4. For every i € [(g + 1)..m(z)] and j > 24, the geometric
intersection number of az;—1 and a; is zero.

Using the above a, we find another 2m(z)-tuple b of simple
essential curves such that dPa b, |r=0 is invertible where

Papz(r) := (ty, (Oa(r, z)), - 7tb2m(z) (Oa(r,z))).

Using the inverse function theorem, we deduce that the image
of Pa b,z and Oa(r, x) are open.

To show each of our orbit closure theorems, we make the
necessary steps in order to use the above-mentioned strategy.

Notably, to establish our orbit closure theorem with respect
to the Zariski topology, we utilize the p-adic space. More
precisely, to prove Theorem I, we use a result due to Bell (see
(2)) which states that every finitely generated characteristic
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zero integral domain can be embedded into Z,, for a prime p >
5. Based on this result, we deduce that every « € Chj§ , (F),
where F' is a characteristic zero field, can be viewed as an
element of
Chg,(Qp) N Chy n(Zy).
Then we finish the proof using the following observations:
1. The p-adic closure is a subset of the Zariski closure.

2. The p-adic closure has the same dimension as the variety
C (see the discussion leading to Theorem F).

3. By Theorem F, C' is irreducible.

To obtain Theorem J, by the mentioned argument, we
deduce that the closure of the pure MCG orbit contains an
open subset. Then use a result of Goldman and Xia (18) which
roughly states that there exists a regular I'y ,,-invariant I'y ;.-
ergodic measure on the relative SUz(C)-character varieties.
Therefore, the considered pure MCG orbit is dense.

The proofs of Theorems K and Theorems M are based on
the following observations:
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1. Because we have avoided the exceptional cases and the

cases that have finite pure MCG orbits, for every = €
Cs nimiex(Zp), Ty n - x is an open subset.

2. C§ imiex(Zyp) is compact.

3. C;,n+m;e,k(Zp) — C.

q’n+m;e’k(Z/peZ) is surjective by

Proposition E.
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