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1. INTRODUCTION

1.1. Set up. In this article, ¥, ,, denotes a surface of genus g with n holes.

Then a fundamental group of X, ,, is isomorphic to the group

Hgy’”f = <0517517" 'aag7ﬁg7’717"-’7n ’ [Ckl,,Bl] te [Oég,ﬁg]”yl . ’yn>

Let Rep,, ,, be the SLo-representation variety of Il ,,, and Chy , be the SLo-
character variety of Il ,, (see both definitions in §2.1f). Let us recall some of

the basic properties of these schemes:

(1) For every unital commutative ring R, there is a natural bijection
between the set of group homomorphism Hom(Il, ,, SLa(R)) and

Rep, ,(R).

. 29+
(2) Rep,,, is a closed subscheme of SLy?™".

(3) There is a morphism , ,, : Rep, ,, — Chy,, such that for every unital
commutative ring R, Chy,(R) is coarser than Rep, ,,(R)/ GL2(R);

notice that GLz(R) acts on Rep, ,,(R) by conjugation.

(4) For every v € Il ,, there is a regular function ¢, of Chg , such that

for every p € Repy n(R), b (gn(p)) = tr(p(7))
For p € Rep,, ,,(R), we let [p] := 7y .n(p).

The Mapping Class Group (MCG) of ¥, ,, is the group of isotopy classes of
orientation preserving diffeomorphisms of ¥ ,,, which restrict to the identity
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on the boundary. The MCG acts on Chg,, and in this work, we study orbits
of this action. The action of the MCG leaves two Zariski-open subschemes

Ch?,, C Ch, C Chy,,

of Chy,, invariant. The subscheme Chy, was given by Saito in [46], and

its R-points are associated with absolutely irreducible representations. The
subscheme Ch;,n is introduced here, and its R-points are associated with
sufficiently Zariski-dense representations (see . In this work, we give
detailed properties of the R-points of these schemes for a unital commutative
ring R. The precise statements of the main results are given in the next
subsection.

Based on the op. cit. work of Saito, for every x € Chy, (R), we define
the z-boundary 0,%, the sign vector €(x), and the z-boundary trace vector
k(x) such that for every lift p of x (that means p € Rep,,,(S) for some ring

extension S/R and [p] = x) the following properties hold.
(1) For every i € [l..n], p(vi) = 1 if and only if ¢ ¢ 0,3. We let
n(x) == |02
(2) The sign vector €(x) := (€i)ic[1..n)\0,%, Where €; := p(7;); in particu-
lar, it has n — n(z) many components and
(3) The z-boundary trace vector is k(z) := (t+,(x))ica,x-
Notice that for every element 8 of the MCG, we have

0p.x2 = 022, €(f - x) = €(x), and k(0 - x) = k().

Hence the orbit I'y ,, - = is a subset of the R-points of a closed subscheme of
Chgxyn that is given by fixing these parameters. For a given sign vector € and
boundary trace vector k, we denote the corresponding closed subschemes by

° X
Chg,n;k,e < Chg,n;kﬁ’

and call them modified relative character varieties.

1.2. Statement of main results. In this subsection, we give a summary
of the main results of this work. Before getting to that, let us recall that
by the Dehn-Nielsen-Baer theorem (see [I3, Chapter 8]), the MCG of ¥,

is isomorphic to
{0 € Out(Il,,,) | @ permutes conjugacy classes of v;,1 < i < n},

where Out(Il,,,) denotes the group of outer automorphisms of Il ,. The
pure MCG of ¥, is the subgroup of the MCG which consists of elements
that fix each one of the conjugacy classes of v;’s. The pure MCG of 3, ,, is
denoted by T'y ,. Let PAut(Ily n;v1,...,7n) be

{0 € Aut(Il, ) | O(Cl(v;)) = Cl(y;) for all 1 < i < n},
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where Cl(v;) is the conjugacy class of 7;. We will simply write PAut(Il, )
instead of PAut(Ilg.;v1,...,7) and refer to it as the group of pure auto-
morphisms of 11, ,. Clearly, the following is a short exact sequence

1 — Inn(Tl,,) — PAut(Il,,) = Ty, — 1.

Notice that PAut(Il, ) acts on Rep, ,, and its action is compatible with the
action of I'y ,; that means, for every unital commutative R, p € Repgm(R)
and § € PAut(Il,,,), we have

60 = 1(9) - /).

1.2.1. Defining open subschemes and their properties. As it was mentioned
earlier, we define open subschemes Chg , and Chg,, of Chy,. Let

Rep; ,, = W;}L(Ch;’n) and Rep,,, := ﬂ;}L(Ch;n).
The following theorem describes the R-points of these schemes for an arbi-

trary unital commutative ring R; see Proposition [3| Lemma 4} and Corol-
lary [§] for more detailed results.

Theorem A. For every unital commutative ring R, the following statements
hold.

(1) (Absolutely irreducible representations) p € Rep,,,(R) if and only
if the R-span of p(Ily ) is Ma(R).

(2) (Absolutely irreducible characters) For x € Chy, (R), there exists a
faithfully flat extension S of R and p € Rep,,,(S) such that [p] = =.

(3) (Fibers) For p1,p2 € Repy ,(R), [p1] = [p2] if and only if there exist
an integral extension S of R and g € GLa(S) such that:
(a) For some c € S* and ¢’ € GLa(R), g°> = cg'.

(b) The product of every entry of g by every entry of g~

(c) For ally € My p, p2(v) = gpr(7)g~".

Moreover, if either R is a UFD or every finitely generated projective
R-module is free, then g can be taken from GLa(R).

Lisin R.

We have an even better description of the D-points of these schemes if D
is a compact DVR (see Proposition .

Theorem B. Suppose D is a compact DVR and the characteristic of its
residue field is not 2. Suppose a is a proper non-zero ideal of D. Let m,
denote all the maps that are induced by the quotient map mq : D — D/a.
Then all the arrows in the following diagram are surjective

Rep)’,,(D) —2"— ChX, (D)
Rep.’,(D/a) 2" ChX, (D/a)

and for all x € Chy, (D), the fiber W;}L(a:) is a single GLa(D)-orbit.
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To describe R-points of Repg ,,, we introduce the notation of sufficiently
Zariski-dense representations to SLo(R). For a maximal ideal m of R, let
E(m) := R/m and k(m) be an algebraic closure of k(m). We say a represen-
tation p : Il , — SLo(R) is sufficiently Zariski-dense if for every maximal
ideal m of R either the image Im(mw(p)) is Zariski-dense in (SLg)5 F(my OF it
contains a copy of SLy(IF),) where p is the characteristic of k(m). The follow-
ing describes the R-points of Repj ,, and Ch n, and the functions induced
by 74 .n; see Propositions @ and for more detalled results.

Theorem C (Sufficiently Zariski-dense representations and characters).
Suppose R is a unital commutative Z[1/30]-algebra, prime p > 5, D is a
compact DVR where the characteristic of its residue field is p, a is a proper
non-zero ideal of D, F is an algebraically closed field of characteristic zero,
and k € Z*. Then the following statements hold.

(1) For p € Rep,,(R), p € Rep; ,(R) if and only if p is sufficiently

Zariski-dense.
(2) mgn : Repy ,,(F)) = Chg ,(F) is surjective.
(3) All the arrows in the following diagram are surjective

Rep; (D) —2"— Ch3 (D)

| |

Rep; ,(D/a) —~"» Ch?,,(D/a).

(4) For p € Repy ,(Zy), p € Repy ,,(Zp) if and only if the image of p is
dense in SLa(Zy) in the p-adic topology.

(5) For p € Rep,,(Z/p"Z), p € Rep;m(Z/ka) if and only if p is sur-
jective.

1.2.2. Modified relative character varieties. As it was explained earlier, for
a collection € of signs assigned to a subset I of the boundary curves, we
define the closed subscheme Repy .. such that

Rep;n'e(R) = {p € Rep;n ’ Vi€ I,P(’%‘) = 52'}7

and we construct a closed subschemes Ch,,,.. of Chy,, whose main properties

are captured in the following proposition; see Lemma

Proposition D. Suppose € := (¢;)icr € {£1} where I C [1.n], R is a
unital commutative ring, D is a compact DVR whose residue field is not of
characteristic 2.

(1) For x € Chy,(R), € Chy, (R) if and only if for every ring ex-

g,m;€

tension S/R and every p € Rep,,,(S) such that [p] = x, we have
p € Repgp.c(S).
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(2) All the arrows in the following diagram are surjective:

Rep. (D) — 2"~ ChX,..(D)

g?”;e

| |7

Rep..o(D/a) 2" ChX,..(D/a).

It is worth pointing out that if we assign signs only to m < n boundary
curves, then Chy,, . is naturally isomorphic to Chy,, .. If we assign signs
given by € := (¢)"_; to all the boundary curves, then Ch;m6 is naturally

isomorphic to Chy g if [TiL, &; = 1; when [[}_, &; = —1, Chg,,..(C) can get
identified with what is called the twisted character variety of of ¥g.

Based on Proposition |D] we defined the x-boundary as the subset of the
boundary curves which are not mapped to £1 under all lifts of z. The
number of elements of the z-boundary is denoted by n(z). We are using
the variable n to denote both the number of boundary curves of the given
surface and the functions from Chy,,(R) to 779 which captures the number
of essential boundary curves for a given x € Chg, (R). There should not
be a confusion based on the context. Since x — n(z) is a semicontinuous
map, we can define an open subscheme Cg .. of Ch;,n;67 where n(z) stays
constant. After assigning trace values k to the rest of boundary curves,
we get an open subscheme Cg ;. i of the modified relative character variety
Ch;n; k- Similarly, we can define an open subscheme Ry .k of Rep;n;gk.
The following statement captures the main properties of these schemes.
Proposition E. Suppose F is an algebraically closed field whose character-
istic is not 2. Suppose D is a compact DVR whose residue field k is not of
characteristic 2 and a is a proper ideal of D. Suppose € := (;)icy is a sign
vector.

(1) Fork e F-n\ - the horizontal arrows in the following diagram are
surjective:

] J
Ry ek (F) — Cymiex(F).

Moreover, p € Rgn.ex(F) precisely when p € Rep;n,ek(F) and

p(vi) # +1 for every i &€ I.
(2) Suppose k € DN Then gl the arrow in the following diagram
are surjective:

Ry nie k(D) e, Comiex(D)

| |

Rg,n;eyk(D/C‘) e ngn;E,k(D/a)-
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Moreover, for T € Ch;’n;€7k(D/a), we have that T € Cyp.cx(D/a)
precisely when n(mg(x)) = n—|I| where w is a uniformizing element
D and 7wy : D — k is the natural quotient map.

It is worth pointing out that we also show that

Mo - Ch;,n;e,k(D) — Ch;n;e’k(D/a)

is mot necessarily surjective.

Suppose F' is an algebraically closed field and its characteristic is not
2. For every sign vector € and trace vector k € F™, let C be the reduced
subscheme of Chg .. k X7 F’ where the topological space of C' and Chg ;¢ k X7
F are the same. Similarly, let R be the reduced subscheme of Rep,, . 1 Xz F'.
Notice that

ﬁ(F) = Repg,n;gk(F) and Q(F) = Repg,n;e,k(F)'

Theorem F. In the above setting, if 3g+m — 3 is positive and R(F') is not
empty, then R and C are irreducible and

dimR=6g+2m—3 and dimC =6g+ 2m — 6.

Rapinchuk, et al, in [44], proved the case where n = 0 and the characteris-
tic is 0. Their result is about SLg-representation variety for an arbitrary k.
In [34], Liebeck and Shalev used character theory of finite groups and inves-
tigated the representation variety of non-virtually abelian Fuchsian groups
over an algebraically closed field of arbitrary characteristic. In [55], Whang
proved that C is irreducible if n > 1, m = n, and 3g + n — 3 > 0. So
the main contribution of this result is for the case of the twisted character
variety ¥, 0. Here, we follow Liebeck-Shalev’s method. This is a very strong
method and had been successfully employed by many, see for instance [I]
and more recent work of Guralnick, Larsen, and Tiep [26]. It is conceivable
that using results from [34] and [26], one can prove irreducibility of modified
relative SLg-representation varieties for an arbitrary d.

1.2.3. Exceptional orbits in the cases of (g,n) = (1,2) or (2,1). We will
show that typically an infinite pure MCG orbit is Zariski dense in the as-
sociated modified relative character. But this result has certain exceptions.
We present the precise exceptional families. Based on these families, we
show that there are dense SUy(C)-representations p of II; o and Ily; such
that the pure mapping class group orbit of [p] is not dense in the corre-
sponding relative character varieties. This shows that [42) Theorem 1.4] due
to Previte and Xia is false for these cases.
Suppose (g,n,¢) = (1,2,1) or (2,1, —1). For a subset v of Il ,,, we let

C(a)(A) =z e Ch;n(A) |Vy ev,ty(z) =0} ife=1,
M |l {z € ChX,.(A) | Vy € v,t,(x) =0} ife=—1.

g,mn:€



ORBIT CLOSURE OF THE PURE MCG 7

We let
vy :={ac, be, abc}, vy :={ab, b, ac},
vy :={a, b, abc}, vy :={a, ab, bc}
be subsets of Iy 5 := (a,b, ¢, | [a,bled = 1), and
w1 :={a1, a1b1, bibe, biag, biasbs},
wo :={aq, b1, a1biba, a1braz, arbrazbs},
ws :={b1, a1b1, a1bs, ajas, ajasbs},
wy :={ba, agbs, bias, ajas, aibias},
ws :={ag, b2, ajasbs, biasby, aibiaszbs},
we :={ag, agbs, aibe, biba, a1bibs}

be subsets of Il 1 := (a1, b1, az, ba, ¢ | [a1, b1][ag, ba]c = 1).

Theorem G. In the above setting, U?Zl C'\(,l) is 1nvariant under the action

of the pure MCG T'1 2, and U?:l Cv(v_il) 18 tnvariant under the action of the
pure MCG T’y 1.

We also show that there are dense representations with exceptional traces
given in Theorem [G]

Proposition H. (1) For every i = 1..4, there exist representations py :
IIi o — SU2(C) and p1 : II1 o — SLa(Z) such that the following
statements hold.

(a) The image of po is dense in SU2(C). The image of p1 is dense
in SLo([ ], 23 Zp).-
(b) [po) € CV)(R) and [p1] € OV (Z).

(2) For every i = 1..6 and prime p > 3, there exist representations
po : a1 — SU2(C) and py, : a1 — SLa(Zy) such that the following
statements hold.

(a) The image of po is dense in SU2(C). The image of pp is dense
m SLQ (Zp)
(b) [po] € O (R) and [py] € O3V (Z,).

By Proposition we can get exceptional points in Chy ,, for other (g,n)’s.
By Proposition for z € Chy,,(A), we can define the signed vector e(x) for
boundary curves outside the z-boundary and the integer n(z) for the size of
the z-boundary. For ¢ = 1 and n > 2, we can have copies of our exceptional
sets C’\(,li) in Chy,,. We refer to these points of Chy', (A) as elements of the set
Eq(A). Similarly, if g = 2 and n > 1, we can have copies of the exceptional

sets C"(,V_il) in Chg,,. We refer to these points of Chy, (A) as elements of the
set Fy(A).
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1.2.4. Closure of pure MCG orbits. After capturing the algebraic relations
that are preserved under the action of the pure MCG (this means describing
the scheme Cg . ) and isolating the exceptional cases that can occur (this
means the sets Fy and Es), we prove various density of infinite Iy ,-orbits.

Theorem I. Suppose F is an algebraically closed field of characteristic zero,
z € Chy ,(F), 3g+n(r) >0, x g E1(F) U Ex(F), and Uy, - o is infinite.
Then Ty - x is Zariski-dense in Chy ,,.c(2) k(x)-

Whether there are finite I'y ,,-orbits and how to classify them have been
investigated by many. This question has connections with algebraic solutions
of Painlevé VI differential equations. That was the reason that Lisovyy
and Tykhyy (see [35 51]) and Dubrovin-Mazzocco (see [12]) studied this
problem. More recently, Biswas, et al, in [3], classified such orbits when
g > 1; in particular, they showed that no point in Chj ,,(C) has a finite I' ;.-
orbit if ¢ > 1. In [30], Lam, et al, used a result of Corlette and Simpson
and Katz’s middle convolution functor to study this problem. Among other
things, they show that I, - [p] is infinite if n > 7, p : Iy, — SLy(C)
has a Zariski dense image and p(c¢;) is not torsion for some i where ¢;’s are
the boundary curves of Ilp,. These results show that in many cases the
technical condition of having an infinite I'y ,,-orbit is automatically fulfilled.

Our next result answers a question of Goldman.

Theorem J. Suppose p : Il;, — SU3(C) is a representation with dense
image, 3g + n([p]) > 3, [p] € E1(C) U Ex(C), and 'y, - [p] is infinite. Then
Lyn - [p] is dense in Xy, where X, consists of [p']’s with the following
properties: p' : Il , — SU(C) is a dense representation, €([p']) = €([p']),
and k([p']) = k([p])-

We also prove a bit weaker p-adic version of this theorem.

Theorem K. Suppose x € Chy ,,(Zy), 3g+n(x) >3, z & E1(Zy) U E2(Zy),
and gy, - x is infinite. Then the closure of 'y, - x in Chy,(Zy) contains an
open subset of Ch;,n;e(.t),k(:v) (Zp).

Based on Theorem [K] and the op. cit. work of Biswas, et al, we obtain
the following finiteness result.

Theorem L. Let k € Zy and € := (g;) € {£1}™. Suppose one of the
following conditions hold:

(1) g>3.

(2) g =2 and either n >0 or [[;~, & # —1.

(3) g=1 andn # 2.
Then there are only finitely many Iy, ym-orbit closures in

g.;,n-l—m;s,k(Zp) = Cg,n+m;€,k(Zp) a Ch;,n+m(Zp)
Theorem [L)| allows us to prove a mod pk—stability result. Let Ngm;e,k(ﬁ)

be the number of I ;,,-orbits in

C;,n+m;e,k(Z/p€Z) = Cg,n+m;6,k(Z/p£Z) N Ch;’n+m(Z/p€Z).
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Theorem M. In the above setting, there exist positive integer £y := £o(g, n, €, k, p)
and ¢y := co(g,n, €, k,p) > 1 such that for all £ > £

(1) Ng,n;gk(g) = Ng,n;gk(EO); and
(2) for all z € C;n_i_m;@k(z/pez);
Calpdk

where d = 2(3g +n — 3).

< ’Fg,ner : $| < Copdk,

It is worth mentioning that the dynamics of the action of I'y ;, on Chg ,(R)
have been studied, extensively. It is well-known that

Chg ,(R) = myn(Repy ,,(R)) U{[p] | p: [y, — SU3(C) with dense image}

(see [10]) and the Teichmiiller space can be identified with a Iy ,-invariant
subspace of 7y, (Repy ,,(R)). In his seminal work [22], Goldman proved
that the unitary part of Chy ((R) has a I'y p-invariant Iy p-ergodic measure.
This, in particular, implies that a typical I'gg-orbit is dense in this space.
Following the same strategy of using Hamiltonian flows, in [25], Goldman
and Xia extended this result to the case where n is positive (and g is possibly
0). In [41l [42], Previte and Xia studied the same dynamical system from a
topological point of view. As we explain in the next subsection, the study
of the action of Iy, on Chg , (A) for other rings was initiated by the work
of Bourgain, Gamburd, and Sarnak on Markoff triples in Z/pZ.

1.2.5. Connection with Markoff triples. Here, we point out the connection
between our work and Markoff triples. Markoff, in his study of Diophantine
properties of real numbers, investigated integer solutions of 2% + y? + 22 =
3zyz (see [37,38]). Let M be the closed subscheme of A% which is given by
the Markoff relation, and M® be the open subscheme given by M\ {(0,0,0)}.
Markoff proved that the subgroup A of symmetries of M*® given by the Vieta
transformations, permutations, and certain sign changes, acts transitively on
M?®(Z). Bourgain, Gamburd, and Sarnak studied M*®(Z/pZ), and conjec-
tured that the natural quotient map M*(Z) — M®(Z/pZ) is surjective (see
[0, 6]). This conjecture is equivalent to saying that A acts transitively on
M®(Z/pZ). In op. cit., it is proved that there always exists a very large or-
bit. More recently, Chen proved that the order of every A-orbit is a multiple
of p and deduced that M*(Z) — M*(Z/pZ) is surjective (see [g]).
We will show that

(1) Chs .y X7 Z[1/30] = M® xz Z[1/30]

and I'; ; can be embedded into A in a way that the isomorphism given in (1)
is I'1 1-equivariant. We deduce that our mod pl-stability result (Theorem )
implies the following.

Proposition N. Suppose p > 5 is a prime. Then there exist Ny := Ny(p)
and ¢y := co(p) such that

the number A-orbits o P 18 at most Ny, an
1) th ber A-orbits of M®(Z/p'Z N d
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(2) cg'p* < |A - x| < cop? for every x € M*(Z/p'Z).

We should emphasize that Proposition |[N| is not an optimal result. In
a work in progress by Mieri, Puder, Sarnak, and the first author, much
stronger results are proved; for instance, it is shown that A acts transitively
on M*(Z/p'Z) if p>5 and p=1 (mod 4).

1.3. Strategy of proof. Here, we go over the theorems mentioned in the
previous subsection, and briefly explain the strategies and the tools used in
their proofs.

The description of the R-points of Rep,,, as given in part (1) of Theo-
rem Al is proved based on results of Nakamoto in [39]. We prove that our
definition of absolutely irreducible R-representation is compatible with the
one given by Nakamoto.

Understanding the R-points of Ch;n as trace of representations — given
in part (2) of Theorem |[A| — is based on Saito’s work (see [46] and also
Nakamoto’s work [39, Theorem 5.1]).

Showing that two representations p; and ps in a fiber of

Tgn : Repy ,(R) — Chy , (R)

are almost conjugates over a possibly larger ring is based on the following
steps:
(1) Using a well-known technique by Burnsides, we show that py = 6op;
for some R-algebra automorphism 6 of My(R).
(2) Using a result of Isaacs on Skolem-Noether group of Ma(R) (see [2§]
and [45]), we understand automorphisms of Ma(R).

Throughout this work, we prove and use surjectivity of maps of the form
X(D) = X(D/a)
where X is a scheme, D is a compact DVR, and a is an ideal of D. In each
case, first the surjectivity modulo the maximal ideal is showed, next the
smoothness at the special fiber is proved, and then the result is obtained
based on a Hensel-type argument.
Surjectivity of 7y, : Repy, (D) — Chy (D) is proved based on the fol-
lowing ideas:
(1) Usingop. cite. work of Saito, for every x € Chy (D), there exist two
elements 7,7 € Il , such that the discriminant A(~y,~')(z) € D*.
(2) Using op. cite. work of Saito, there exists p € Rep,, (D) such that
7gn(p) = x if there are two matrices a,b € SLa(D) such that

tr(a) = ty(x), tr(b) =t (x), and tr(ab) =t .
(3) Using a result of Macbeath [36], finding such matrices can be reduced

to solving certain quadratic equation, can be solved over a finite field.
(4) We finish the proof using a Hensel-type argument.
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Definitions of the open subschemes Repy ,, and Ch;n of sufficiently Zariski-
dense representations and characters, respectively, are based on Dickson’s
characterization of finite subgroups of SLa(F).

It is worth mentioning two remarks:

(1) In [7, Proposition 9.1, 9.2], Breuillard proved that there exists a
closed subscheme Vy of (GLg)* such that (g1,...,9%) € Vi(C) pre-
cisely when (g1,...,gx) is virtually solvable. The scheme Vj is de-
fined based on the action of GLg on the scheme F of full flags; it is
showed that there exists a finite subset of F(C) which is permuted by
gi’s if and only if (g1,. .., gr) satisfies finitely many integer polyno-
mial equations. It would be interesting to understand the R-points
of V}, for an arbitrary unital commutative ring R.

(2) In [33], Larsen and Pink introduce the concept of sufficiently Zariski-
dense subgroup of F-points of a Chevalley group scheme where F' is
a field. One should be able to use their work and extend our result to
the case of SLg-representations and other Chevalley group schemes.

Let Ry, be the coordinate ring of Chg,. Then for every p € Ch;n7 the
ring homomorphism Ry, — (Rgn)p,t — + gives us a point in Chyy,, ((Ry.n)p),
and after passing modulo p, we obtain a point x, in Chy,, (k(p)) where k(p)
is the residue field of p. It is clear that

(2) Chy, — Z7%,  p > n(zp)

is a lower semicontinuous map. We let C, ... be the open subscheme of
Chy ... which is the fiber over n of the map given in (Z2)).
The non-trivial part of Proposition [E] is the surjectivity of

ﬂ-gvn : Rgan;eyk(D) —> Rg’n;e,k(D/a).

As before, we use a Hensel-type argument to prove this. The needed smooth-
ness over the special fiber is proved using the fact that n([p (mod m)]) =n
for every p € Ry n.c x(D/m), where m is the unique maximal ideal of D.

As it was mentioned earlier, we provide an example which shows that not
every point in Rep;’n;ﬁk(D /m) has a lift. This shows the necessity of passing
to open subschemes Rg ..k and Cg .k in order to obtain surjectivity of
residue modulo a maps.

As it was mentioned earlier, to prove Theorem [F] we follow the same
strategy as the approach of Liebeck and Shalev in [34]. In our case, we use
the concrete character table of SLy(F,) to show that if X; and X5 are two
uniform independent random variables with values in SLy(F,), then

moEy(1£0@™) z#1
(3) B([X1, Xo] = @) = {Siﬁq" .
[SL2 (Fy)| e
We also show that if Y7,...,Y,, are independent random variables such that

Y; is uniform on

{z € SLa(Fy) | tr(x) = k;}
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for some k; € Fy, then
B 1
| SLa(Fy)|

for n > 4. Then we use and in combination with the Lang-Weil
estimate on the number of I -points of an irreducible variety to complete
the proof of Theorem [F]

To prove Theorem [G] first we define an equivalence relation between
subsets of I, ,: we say v ~ v’ if for every unital commutative ring A,

C\(,e)(A) = C‘(f,) (A). Next, we observe that the equivalence classes of this
relation are invariant under the action of the mapping class group. Finally,
we show that the Schreier graphs of the orbit of pure mapping class groups
on the class of the subsets v and w; with respect to the Humphries genera-
tors are finite paths of sizes 4 and 6 (see Figure|l|and the discussion leading
to it for the definition of the Humphries generators). The most intriguing
aspect of Theorem [G] lies in the concrete nature of the construction of such
exceptional characters. The most challenging part was coming up with such
examples, which proved to be the only method for obtaining infinite MCG
orbits trapped within a smaller-than-aniticipated variety.

Proof of the unitary parts of Proposition [H| are based on the central
isogney ¢ : SU2(C) — SO3(R) and some basic Euclidean geometry. The case
of Hp 43 Lp is proved using the presentation of SLy (Z) and strong approxi-
mation. The p-adic case of (2-a) is done by proving the existence of dense
subgroups generated by 5 elements 7;’s such that

(4) P(Yy--- Y, = 2) (1+0(™)

2=—-1 and Trmmys =1

We find such 7;’s by solving a certain quadratic equation.
Proofs of most of our orbit closure results are based on the following
strategy:

(1) (Analytic extension of powers of a Dehn twist) Suppose G is a com-
pact analytic function such that the G-character variety Xg can be
defined; for instance, in the setting of this work, one can consider
SLy(Z,) or SU(C). Then for every p : II;, — G and simple es-
sential curve a such that p(a) is not torsion, we define an analytic
curve in the G-character variety which is contained in the closure of
{2 [p] | n € Z}. Let

Qa : SG X XG — XG
be the family of all such maps, where S is either R/27Z if G is real
analytic or Z, if G is p-adic analytic.

(2) (Finding a generic grid) When G = SUs(C) or SLy(Z,), for a given
sufficiently Zariski-dense x € Y which is not an exceptional point,
if I'y , - « is infinite, we find a collection of simple essential curves

a:= (a,... ,a2(3g+n(a:)—3))
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such that the image of O, : Sém(x) X Xag — Xa,

@a(rv .Z') = 901 (Tlv 0112(' ) (T2m(x)a .%')) T ))?

where m(x) := 3¢ + n(z) — 3 contains an open subset of X.

Defining 6, is rather easy and general, and it is similar to the Hamiltonian
flow used by Goldman. Finding the family a, however, needs a lot of care
and many steps are quite ad hoc. The general picture has some similarities
with the approach of proving the Tits alternative. Here is an overview of
how we achieve this.

(1) (Unbounded) Using the assumption that Iy, - « is infinite, we find
a place £ such that I'y ,, - « is an unbounded subset of Chy,,(Qy).

(2) (z-loxodromic essential simple curve) Using an optimal sequence of
generators (see Figure [3)), we find an essential simple curve a which
is x-loxodromic.

(3) (z-handle at x-general position with z-loxodromic boundary curve)
Assuming g > 1 and z is not one of the exceptional representa-
tions described by E; and Es, we find an z-handle (a,b) with an
xz-loxodromic boundary curve at an x-general position. This means
the following properties hold.

(a) The geometric intersection number of a and b is 1, and so a
small neighborhood of a U b is homeomorphic to a one-holed
torus. Let ¢(a,b) be its boundary curve.

(b) All the curves a, b, and ¢(a, b) are z-loxodromic with arbitrarily
large traces.

(c) Curves a,b, and ¢(a,b) do not have common z-fixed points in
the projective line. Notice that having a fixed point in the
projective line does not depend on the choice of a lift p, in
Repg,n(@ﬂ) of z.

This approach is similar to Gallo, Kapovich, and Marden’s method
in [19]. In the op. cit. work of Gallo, et al, the authors were working
with a non-elementary subgroup of SLy(C), and made use of the fact
that in the Archimedean case unipotent subgroups are unbounded.
So in our case, alternative ad hoc arguments are needed to show
the existence of the desired x-handles. It is worth pointing out that
even in the exceptional cases, there are z-handles, but we cannot
find z-handle at z-general position with an z-loxodromic boundary
curve.

(4) (Cutting the found z-handle) Suppose (a,b) is an z-handle at an
z-general position with an z-loxodromic boundary curve. Then we
show that the restriction of z to ¥\ a is still sufficiently Zariski dense,
and it has an unbounded orbit under the action of the pure mapping
class group of ¥\ a.

(5) (z-torso at z-generic position) After cutting all the handles, we get
to the case of m-holed sphere. Assuming the MCG orbit of z is
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unbounded, we find an z-torso (a,b) at an x-generic position. This

means the following properties hold.

(a) The curves a and b are essential simple curves with geometric
intersection number 2. In particular, a small neighborhood of
a U b is homeomorphic to a 4-holed sphere. Then we can find
dy,d2,ds,ds € 11, which are freely homotopic with the bound-

ary curves of a small neighborhood of a U b, a ~ dids, and
b ~ dads (see Figure

(b) Curves a and b do not have common z-fixed points in the pro-
jective line. Curves a and d; do not have common z-fixed points
in the projective line for ¢ = 1..4.

(6) (Cutting along one of the curves of an z-torso) We modify the a-
torso at an z-generic position, and show that we can find an x-torso
(a,b) at an x-generic position such that if a connected component
Y of ¥\ a has at least 4 holes, then the restriction of = to ' is
sufficiently Zariski dense and the MCG orbit of this restriction is
unbounded.

Through the above process, we find a family a := (a1, ..., agp(s)) of simple
essential curves such that the following properties hold.

(1) For every i € [l..g], (ag2i—1,a2;) is an z-handle at an z-general po-
sition, and for i € [1..(g — 1)] the boundary curve c(ag;—1,az;) is
x-loxodromic.

(2) Foreveryi € [(g+1)..m(x)], (azi—1,a2;) is an z-torso at an x-generic
position.

(3) {agi_l};n:(f ) is an 2-pants decomposition; that means every connected
component Y/ of E\(U;n:(:f) a;) is of genus zero and n(z|x/) = 0, where
x|y is the restriction of x.

(4) For every i € [(g + 1)..m(z)] and j > 2i, the geometric intersection
number of az;_1 and a; is zero.

Using the above a, we find another 2m(x)-tuple b of simple essential curves
such that dP, 1 »|r—o is invertible where

Papo(r) = (to, (Oalr,z)), -, th,,, () (Oalr, 2))).

Using the inverse function theorem, we deduce that the image of P, , and
Oa(r,z) are open.

To prove Theorem [I, we use a result due to Bell (see [2]) which states that
every finitely generated characteristic zero integral domain can be embedded
into Z, for a prime p > 5. Based on this result, we deduce that every
z € Chy ,(F), where F' is a characteristic zero field, can be viewed as an
element of

Chg 1 (Qp) N Chyn(Zy).
Then we finish the proof using the following observations.
(1) The p-adic closure is a subset of the Zariski closure.
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(2) The p-adic closure is of dimension C (see the discussion leading to
Theorem .

(3) The p-adic dimension of a variety is less than or equal to its Zariski
dimension.

(4) By Theorem [F| C' is irreducible.

To obtain Theorem [J] first by the above argument, we show that the
closure of the pure MCG orbit contains an open subset, and then use a
result of Goldman and Xia [25] which roughly states that there exists a
regular I'y ,-invariant Iy ,-ergodic measure on the SUy(C)-relative character
varieties. Therefore, the considered pure MCG orbit is dense.

Proofs of Theorems [K]and Theorems [M] are based on the following obser-
vations.

(1) Because we have avoided the exceptional cases and the cases that
have finite MCG orbits, for every z € C} |\, \(Zp), I'g -z is an
open subset.

(2) C ek (Zp) is compact.

(3) C3 e (Zp) — C;’ner;E’k(Z/pzZ) is surjective by Proposition

2. REPRESENTATION AND CHARACTER VARIETIES.

2.1. Basic properties of the subscheme of absolutely irreducible
representations and characters. Suppose Y, , is a closed surface of
genus g with n boundary curves. Then a fundamental group of ¥, has
the following presentation:

(5) Hg,n = <041,61, LR ag76g7’717 - In | [061, Bl] e [aga 69]71 o '.Yn>
Hence, the SLo-representation variety of a fundamental group of 3, , is given
by the following functor from the category of unital commutative rings to
the category of sets:

Rep, ,(R) :=
{(a1,b1,...,a4,bg,c1,...,¢n) € SLQ(R)29+" | [a1,01] - - - [ag, bglcr -+ - cp = 1},
for every unital commutative ring R. Clearly, Rep, , is a closed subscheme

of (SL2)29"™; we denote the coordinate ring of Rep,, by Agn. In [46]
Saito, based on works of Fricke [16] (17], defines the SLa-character variety
Chg,, of a fundamental group of 3, ,. The character variety is supposed
to parameterize SLa-representations of II;, up to conjugation. Here are
the basic properties of Chy,; most of these results can be found in the
aforementioned work of Saito. The character variety Chg, is an affine Z-
scheme given by the ring

Rg,n = Z[t»y | RS Hg’n]/<t6 — Q,t—yt,y/ — t’Y’Y' — t,y—l,yl | ’7,’)// € Hg,n>a

where e is the neutral element of Il ,. For v € 1l ,, the indeterminant ¢,
should be viewed as a regular function on Chg ,, such that for every class [p]
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of an SLo-representation p of Il ,,,

ty([p]) = tr(p(7)).

The given relations are known as the Fricke identities. The ring Ry, is
generated by
{torsm | i €8, 81 <+ <sm},
where S := {1, f1,..., 04,84, 71,-..,n} and
<P < <oy <Bg<m<... <

in particular, Ry, is a finitely generated Noetherian ring (see a work of
Horowitz [27, Theorem 3.1]).

Let mgn : Rep,,, — Chg, be a morphism such that for every v € Il ,
and p € Repg’n(Ag’n),

Tgn Bon = Agn,  Tgn(ty)(p) = tr(p(7));
notice that this implies that for every unital commutative ring R, group
homomorphism p : I, ,, — SLa2(R), and v € 1l ,,, we have that 7y, (p) is in
Chyn(R) and

ty(mg,n(p)) = tr(p(7)).
In the sequel, sometimes we write [p] instead of 7y, (p).

For 7,7 € Il ,, we define the discriminant A(v,~") € Ry, by
A7) =t — 2
where [y,7'] :== vy/y~19/~1. Using the Fricke identities, one can obtain that
Ay, ) =2+ 82 + 12, — tybyrtyy — 4.
The discriminant subvariety Dy, of Chg , is given by the ideal
(A7) 17,7 € Hgp) < Rgpn.
Let Chy,, := Chyy \Dyy and Rep), := Rep,,, \m,;(Dyn). Clearly, Chy,
and Repgxn are Zariski-open in Chy, and Repg,,, respectively. To under-
stand the R-points of Chgxn and Repgn, where R is a unital commutative

ring, let us recall the following basic facts.

Lemma 1. Suppose B is a Noetherian unital commutative ring and b is an
ideal of B. Let V(b) be the closed subscheme of Spec(B) that is associated
to b, and W := Spec(B) \ V(b). Then for every unital commutative ring
R, there is a natural bijection between W(R) and

(6) {f € Hom(B, R) | (f(b)) = R}.
where Hom (B, R) is the set of ring homomorphisms from B to R.

Proof. Suppose f is an element in the set given in @ Since B is Noe-
therian, there exist b1,...,b, € b such that b = (b1,...,by). Since the
ideal generated by f(b) is R, for every p € Spec(R), there exists ¢ such that
f(bi) & p. Therefore, {Spec(Rf y) | 1 < i < m} is an open affine cover-
ing of Spec(R). Notice that f 1nduces ring homomorphisms f; from By, to
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Ry (p,) for every i. These ring homomorphisms induce compatible morphisms
fii : Spec(Ryp,)) — Spec(By,). Notice that {Spec(By,) | 1 <i < m} is an
open affine covering of W := Spec(B) \ V(b). Hence, after gluing f;;’s, we
get a morphism f; : Spec(R) — W; this means f; € W(R).

Suppose g € W(R); this means g : Spec(R) — W is a morphism. The
composition of the embedding of W into Spec(B) and ¢ is a morphism
from Spec(R) to Spec(B). Hence, g is induced by a ring homomorphism
g* : B — R. Next, we show that (¢*(b)) = R. Suppose to the contrary that
(g*(b)) is a proper ideal. Then there exists a maximal ideal m of R which
contains ¢*(b) as a subset. Therefore,

g(m) = (g")"(m) 2 b,
and so g(m) € V(b) which is a contradiction. This implies that (¢*(b)) = R.
Hence g* is in the set given in @ ([

Corollary 2. Suppose a and b are two ideals of the ring of polynomials
Zlzxy,...,xg]. The family of polynomials {fi}icr generate the ideal b. Let
V(a) and V(b) be the closed subschemes of Spec(Z[x1,...,xk]) that are as-
sociated to the ideals a and b, respectively. Let W =V (a)\ V(b). Then for
every unital commutative ring R, there is a natural bijection between W (R)
and

(7) {re R*|VYfea f(r)=0, and (fi(r)|ieI) = R}.

Proof. Notice that V(a) is isomorphic to Spec(Z[z1,...,xk]/a), and so by
Lemma [T} there is a natural bijection between W (R) and

(8) {¢ € Hom(Z[z1,...,xr]/a,R) | (¢(fi) | 1 € I)}.
Suppose ¢ is a ring homomorphism in the set given in . Let

Iy = (qb(xl + a), RN ¢(.%'k + a)) S R*.

Then for every f € a, f(ry) =0 and fi(ry) = ¢(f;) for every i € I. Hence,
ry is in the set given in . Conversely, if r is in the set given in , then
the evaluation ¢, at r is an element of . This finishes the proof. O

Next, we use a result of Saito to describe the R-points of Rep;n.

Proposition 3. For every unital commutative ring R, p € Rep,,(R) if and
only if the R-span of p(Ily,,) is Ma(R).

We say a representation p : I, ,, — SLo(R) is absolutely irreducible if the
R-span of p(Il, ) is Ma(R). Before proving Proposition |3 we show that
absolute irreducibility is a local property. In fact, in order to define absolute
irreducibility over a scheme, Nakamoto gives an alternative definition which
has the advantage of being a local property (see [39] Definition 1.1]), and next
we show that our definition is compatible with the one given by Nakamoto.
To state the next lemma, we need to recall the concept of the residue field
E(p) of a prime ideal p of a ring. For a unital commutative ring R and
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p € Spec(R), the residue field k(p) of p is the field of fractions of the integral
domain R/p.

Lemma 4. Suppose R is a unital commutative ring and p : T' — GLg(R)
is a group homomorphism. For every p € Spec(R), let W is an algebraic
closure of the residue field k(p), and p, : I' = GLg(k(p)) is the reduction of
p modulo p. Then p is absolutely irreducible if and only if p, is absolutely

irreducible for every p € Spec(R).

Proof. If p is absolutely irreducible (over R), then the R-span of the image
of p is Mg(R). Hence, the R/p-span of the image of p, is Mg(R/p). This
implies that the k(p)-span of the image of p, is My(k(p)), which means that
pyp is absolutely irreducible.

To show the converse, let B be the R-span of p(I'), and view it as an
R-submodule of the free, finite rank R-module Mg4(R). Since p, is abso-
lutely irreducible, the k(p)-span of B/pMg(R) is isomorphic to My(k(p)).
Therefore,

ding ) (S5 (B/p My(R))) = d?,
where S; := (R/p) \ {0}. Thus, the k(p)-span of B/pMg4(R) is isomorphic
to Mgy(k(p)). Hence,

By + pMa(Ry) = Mg(Ry),

where By := S{lB, Ry = S{lR, and S, := R\ p. By Nakayama’s lemma,
we obtain that

(9) By = Ma(Ry),
for every p € Spec(R). Hence, B = My(R). O

Lemma 5. Let pg : I1,,, — SLa(Ay ) be the generic representation of Il .
Foryp € Spec(Agn), let pop : 11y, — SLa(k(p)) be the reduction of po modulo
p, where k(p) is the residue field of p. Then p € Rep,, if and only if poy is
absolutely irreducible.

Proof. By [46], Assertion 4.2], p € Rep,,, if and only if pgy(Ily,) is not
abelian and pgp is irreducible.

For p € Repy,,, let B be the k(p)-span of pg,(Ily,) in Ma(k(p)). Since
po,p is irreducible, B is a simple algebra. Because pg,(Il, ;) is not abelian,
B is not a field. Hence, the dimension of B over its center is a perfect
square more than 1. As B is a k(p)-subalgebra of Ma(k(p)), we obtain that
B = Ma(k(p)). Thus, po, is absolutely irreducible.

Conversely, if pg p is absolutely irreducible, then the k(p)-span of pgp(I1g,,)
is Ma(k(p)). Hence, pop(Ilg,) is not abelian and poy is irreducible. Thus,
p € Repy,,- O

Proof of Proposition[3. Suppose p € Rep; ,(R). Then by Corollary 2| there
exists a ring homomorphism p* : A, — R with the following properties:
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(1) The representation p is given as the composite of the generic rep-
resentation pg : I, — SLa(Ag,) and the group homomorphism
induced by p* from SLy(Ay ) to SLao(R); the latter is still denoted
by p*.

(2) (p* (g (A, Y))) |77 € Hgm) = R.

By the second aforementioned property, for 9 € Spec(R), there exist v and
7" in Iy, such that p* (7 ,(A(v,7'))) € B. Hence, 77 ,(A(v,7')) & p where
p:=p* 1 (P) € Spec(Ay ). Thus, p € Rep,,,- Therefore, by Lemma P0.p
is absolutely irreducible. Notice that p* induces an embedding up of k(p)
into k(*B), and pg is the composite of

pop i gn — SLa(k(p)) and sy : SLa(k(p)) — SLa(k(B)).

Hence, pg is absolutely irreducible for every B € Spec(R). Therefore, by
Lemma [4] p is absolutely irreducible.

Conversely, suppose p : I, — SLa(R) is absolutely irreducible. Notice
that there is a ring homomorphism p* : A,, — R such that p is the com-
posite of the generic representation pg : Il;,, — SL2(Ay,) and the group
homomorphism from SLy(Ag ) to SLa(R) which is induced by p*.

By Corollary 2, to show that p € Repy ,,(R), it is enough to prove that

(10) (0" (my (A, Y ))) | 7,7 € Hgn) = R.
Suppose to the contrary that the ideal given in the left hand side of the
equality in is a proper ideal of R. Then there is B € Spec(R) such that

<p*(7T;,n(A(’Y7’Y/))) ‘ 77’7, € Hg,'ﬂ> g ‘13
Hence

(11) (mgn (A7) 17,7 € Tgm) Cp,

where p := p* () € Spec(4y,). By (L1)), we obtain that p € Ty m(Dg.n)-
Hence, by [46, Assertion 4.2], either pg (I, ) is abelian or pg is reducible.
In either case, the dimension of the k(p)-span of pg (I, ) as a k(p)-subspace
of Ma(k(p)) is at most 3. Because pyp is a composite of pgp and the embed-
ding of SLa(k(p)) into SLa(k(B)), we deduce that the k(*B)-span of pyp (Il )
is a proper subalgebra of My (k(3)). Hence, by Lemma p is not absolutely
irreducible, which is a contradiction. O

Corollary 6. Suppose R is a unital commutative ring. If [p1] = [p2] for
p1, p2 € Repy . (R), then there exists an R-algebra automorphism 6 of M2 (R)
such that

p2(7) = 0(p1(7))
for every v € Iy .

Proof. We start by proving the following claim.
Claim 1.For every r; € R and ~; € Il ,,

Zripl(%) =0 if and only if anz(%) =0.

i=1 i=1
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Proof of Claim 1. By symmetry, it is enough to show only one direction.
By assumption, for every v € Il, ,, we have tr(pi(7)) = tr(p2(v)). Hence, if
Yo ripi(y) = 0, then for every v € Iy,

=t (S im0 () = Srittor ()

(12) = ritr(pa(vi7)) = tr< > ripa( %))PQ(’Y))
i=1 i=1

Let @y := Y ;" ripa(7;). Then by , for every y in the R-span of pa (Il ),
we obtain

(13) tr(zoy) = 0.

By Proposition [3 the R-span of po(Ily,) is Ma(R). Hence, by (13), we
deduce that tr(zse;j) = 0 where e;; is a 2-by-2 matrix with 1 in the 4, j-
entry and 0 in every other entry. This implies that zo = 0. ([

Next, we show that the function pi(y) — p2(7) is well-defined and can be
extended to an R-algebra automorphism of Ma(R).
Claim 2. For everyr; € R and v; € R, let

0 (i Tip1 (%)) = i rip2(7i)-

i=1 i=1
Then 0 is a well-defined R-algebra automorphism of Ma(R).
Proof of Claim 2. Suppose

m m/

Zszl Zriﬂl
i=1
for some r;, 7} € R and v;, 7] € Il 5. Then

m

Zrlpl % Z a

=1 =1
and so by Claim 1,

m m’
Z rip2(Vi) — de(%‘) =
=1 =1

This shows that 6 is a well-defined function. Since the R-span of p;(Ily ;) is
Mj(R), the domain and the image of § are Ma(R). Clearly, 6 is an R-module
homomorphism. If ", 7p1(7y;) is in the kernel of 6, then by Claim 1,
St rip1(yi) = 0. Hence, 0 is an R-module automorphism of My(R).
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Notice that for every r;, 7, € R and ~;, 7, € Iy,

(S rim)S i) ) =0 (S trdon i) )
i J ,J
=Y _(rr)pa(3i))
4,J

(00 (7))
=0 (z; rip1 (%‘)) 0 <Z T§P1(’Ya,'>> ;

and so 6 is also a ring homomorphism. Therefore, 0 is an R-algebra auto-
morphism of Ma(R). O

By Claim 2, we obtain that pa(y) = 6(p1(y)) for every v € Il ,, and 6 is
an R-algebra automorphism of Ma(R). O

Next, we give a refinement of a result of Isaacs on the group of R-algebra
automorphism of My(R) for an arbitrary unital commutative ring R.

Theorem 7 (Isaacs and Rosenberg-Zelinsky). Suppose R is a unital com-
mutative ring, and 6 : Mg(R) — My(R) is an R-algebra isomorphism. Then
the following statements hold.

(1) If R is either a unique factorization domain or a local ring, then 0
s an inner automorphism.
(2) The automorphism 6 is inner.
(3) Suppose M? ~ R4 as R-modules implies that M ~ R as R-modules.
Then 0 is an inner automorphism.
(4) There exist an integral extension S of R and g € GL4(S) with the
following properties.
(a) The ring S can be embedded into M4(R).
(b) The product of every entry of g by every entry of g—* belongs
to R.
(c) For every x € My(R), 0(z) = gzg~'.

In [28], Isaacs takes a concrete approach to study the group of outer
automorphisms of My(R). He considers the quotient of the group of R-
algebra automorphisms of My(R) by the group of inner automorphisms of
My(R). He calls this group the Skolem-Noether group and denotes it by

SNg4(R) = Autg(Mg(R))/Inn(Mg(R)).

The classical result of Skolem and Noether says that SN;(F) = 1 for every
field F'. Isaacs proves the same result for unique factorization domains. He
proves that SNy(R) is always a d-torsion abelian group, and for a Dedekind
domain D, SN4(D) is isomorphic to the subgroup of d-torsion elements of the
class group of D. In [45], Rosenberg and Zelinsky used projective modules
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and proved many of these results. Here, we use Isaacs’s approach and refine
it a bit to prove part 4 of Theorem [7}

Proof of Theorem[7 For Part 1 the case when R is a UFD, see [28, Corollary
15]; the case when R is a local ring it follows from the Skolem-Noether
theorem (see [39, Theorem 6.2]). Part 2 is proved in [28, Theorem 11]. Part
3 is a consequence of [28, Theorem 16]. Let

My :={y € Ma(R) | Vz € Ma(R), yx = 0(x)y},

and similarly define My-1. Clearly My and My-1 are R-submodules of
My(R). Let S be the R-subalgebra of My(R) which is generated by the
union of My and My-1. By [28, Theorem 2, Lemma 8, and Corollary 9], S
is a unital commutative ring. By [28, Theorem 2|, there are u; € My and
v; € My-1 such that

m
(14) S i = 1,
i=1

and for every u € My and v € My-1, uv € RI. For every integers 1 <i,j < d
and every d-by-d matrix z, let e;j(x) be the i, j-entry of . Then by [28,
Lemma 10|, for every integers 1 < 4,5 < d, there exist u;; € My and
v;j € My—1 such that for all v € My and v € My-1,

(15) uijv = e;;(v)]  and  wvu = e;;(u)l.
As it is proved in [28, Proof of Theorem 11], the product of the d-by-d

matrices [u;;] € Mg(S) and [vi;] € Mg(S) is the identity matrix. For the
sake of convenience, we include the proof here:

d d m
Z WikVkj = Z Wik (Z UlUl> Vkj =
k=1 k=1 =1
m m
= ei(vu)l = 61’;‘(2 wv)l = e (1)1
=1 =1
This implies that [u;;][vi;] = I in Mg(S5).

Next, we view u;’s as elements of My(.S) and consider their linear com-
binations with coefficients v; € S. For the sake of clearance, we formulate
this in terms of a base change of My. Let

[ Myg®@p S — Ma(S5)
be such that f(x®s) = sz. Notice that for every y in the image of f, we have
that yz = 0(z)y for all z € Mg(R). Next, we show that f(3 /", u; ® v;) =
[vi;]. For every integers 1 < ,j < d, we have

m

d
Z €ik (vl)ekj (UZ)I

=1 k=1

m m m

e (fOQ @) = wveg(w) =Y vuvi; = vyj.

=1 =1 =1
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This shows that f(3_", w®uv;) = [v;;] € GL4(S). Hence, for all z € My(R),
0(z) = [viglafvyg] ™t = [vij)efuig).
This proves Parts 4(a) and 4(c). Since uj; € My, v,s € My-1, and the
product of every element of My by every element of My-1 is in RI, Part
4(b) follows.
Since S is a subalgebra of M;(R), by the Cayley-Hamilton theorem, every

element of S satisfies a monic polynomial of degree d with coefficients in R;
in particular, S is integral over R. (|

Corollary 8. Suppose R is a unital commutative ring and p1,ps are in
Rep,,,(R). Then [p1] = [p2] if and only if there exist an integral evtension
S of R and g € GLa(S) with the following properties.

(1) The ring S can be embedded into Ma(R).

(2) For some c € S* and ¢’ € GLa(R), g°> = cg'.

(3) The product of every entry of g by every entry of g~

(4) For ally € g, p2(7) = gp1(v)g™"
Moreover, if either R is a unique factorization domain or every finitely gen-
erated projective R-module is free, then g can be taken from GLa(R).

L s in R.

Proof. If [p1] = [p2], then by Corollary [6 there is an R-algebra automor-
phism of My(R) such that for all v € I, ., p2(y) = 0(p1(7)). By The-
orem |7, there exist an integral extension S of R and g € GL2(S) which
satisfy Parts (1), (3), and (4). By Theorem 7] there exists ¢’ € GLy(R) such
that 0%(z) = g'zg’~! for all x € Ma(R). This implies that g?zg~2 = ¢g'zg’ !
for all z € Ma(R), and so Part (2) holds.

If R is a UFD, then by Theorem (7| g can be taken from GLy(R).

To show the final claim, assume that S is an R-module such that

S®&S~R®R.

Then S is a direct summand of a free R-module, and so it is a projective
R-module. Moreover, after projecting to one of the S-factors, we obtain that
S can be generated by at most 2 elements. Hence, S is a finitely generated
projective module. Therefore, S ~ R¥ for some non-negative integer k. This
implies that R?* ~ R2, and so k = 1, which means that S ~ R. Thus by
Theorem |7}, g can be taken from GLo(R).

Conversely, if pa(v) = gp1(v)g~! for all y € I, ,,, then

(16) tr(p1(7)) = tr(p2(7)).
Notice that p;’s are given by ring homomorphisms p} : A5, = R, [p;]’s are

given by the ring homomorphisms [p;|* = p; o7y, : Ry, — R, and for all
’Y G Hg,n7
(17) (pi 07y n) () = pi tr(po(7) = tr(pi(7)),

where pg € Repgm(Ag’n) is the generic representation of II, ,. Since R, is
generated by t,’s, by and (7)), we obtain that [p1] = [pa]. O
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X .
g7n’

Next, we want to get a better description of the set of R-points of Ch
this can be interpreted as a moduli point of view of Chy ,(R).

Lemma 9. Suppose R is a unital commutative ring and x € Chy,(R).
Then

(1) There exist a faithfully flat extension S of R and p € Repy ,,(S) such
that = [p].

(2) If R is a local unital ring, then S can be chosen to be a finite integral
extension of R which is isomorphic to R[T|/(T? —rT + 1) for some
r € R.

(3) If R is a compact DVR and the characteristic of its residue field is
not 2, then S can be chosen to be R.

Proof. Since z € Chy,,(R), by Corollary [2, we obtain

(A, ) (@) | 7,9 € Tgn) = R.
Hence, there are finitely many pairs 7;,v;’s such that
(18) (A(yi,7i)() [1<i<m)=R.

This implies that the diagonal map from R to the product of the localization
RA(yi70)(x) of R by A(vi,v))(z) is an injection; that means

- r r
t:R— HRA(%%)(JC), u(r) = <1, R 1)

i=1
is a ring embedding. Moreover, this embedding makes
m
[ Es6mn@
i=1

a faithfully flat R-algebra. Let z; € Chngn(RA(%%/_)(gg)) be the image of z
under the ring homomorphism r + 7. In R; := RA(%.%/_)(I),

Ay i) (i) = W

is invertible. Hence, by [46l Theorem B], in order to realize z; as the trace
of a representation, it is enough to find a ring extension 5; of R; and two
matrices a; and a in SLa(.S;) such that

ty, (i) = tr(ai), ty(x) = tr(a;), and by (i) = tr(a;al).
Let S; := R;[T)/(T? —tyy(xi)T+1). Then Sj is a finite integral extension of
R;; moreover, S; is a free R;-module. Let w := T+ (T? — i (x))TH+1) € Si;
then

(19) w+w =ty (),
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._ (0 -1 I t7§<$i) w .
Let a; := <1 t%.(xi)> and a; 1= (w_l 0l Notice that

tr(a;) =ty (zi), tr(a;) = ty(zi), and tr(aal) = w+w ! = byt (T4)-

Therefore, by [46, Theorem B|, there exists p; : II;,, — SLa(S;) such that
for all v € 11, ,, we have

ty (i) = tr(pi(7))-
This implies that for all v € Il ,
Lty (2)) = (ty(21), - - Ty (@m)) = (tr(p1(7), - tr(pm(7))) = tr(p(7)),

where p : II;,, — SLo([[;%, Si) is given by (p1(7),...,pm(7)). We also
notice that the

(AGLADPDs - A 1) ([2) = T 55
i=1

and so p is in Repy,,(I[;%; Si). Notice that S :=[[i, S; is a free [[;2; R;-
module as S; is a free R;-module for every i. Hence, S is faithfully flat
over [, R;. Because [[", R; is faithfully flat over R, we obtain that S is
faithfully flat over R.

If R is a local ring, then the fact that

(A(y, ) (@) [ 7,7 €llgn) = R
implies that there exists a pair of elements ~,~" € Il , such that A(vy,~)(x)
is aunit in R. Then by a similar argument as in the previous case, there exist
a finite integral extension S of R and a representation p : Iy, — SLa(S5)
such that
ty(x) = tr(p(v))

for all v € I, ,,. This means that = = [p]. Because A(7,~')([p]) is a unit in
S, p € Repy ,(S5).

Finally if R is a compact DVR, then R has a unique maximal ideal m and
R/m is a finite field. By the above argument, there exist v,~" € II, ,, such
that A(v,v')(z) € R*. As above, by Theorem [46, Theorem B], in order to
realize x as the trace of a representation p € Rep, ,,(R), it is enough to find
two matrices a,b € SLa(R) such that
(20) tr(a) = ty(z), tr(b) =ty(z), and tr(ab)=1t,y(x).

Let ¢ :=ty(x), c2 := t(x), and c3 := t,(x). Then as in the proof of [36,

Theorem 1],
a::<0 1) and b:= <u U)
-1 ¢ zZ w

satisfy if and only if Q¢ ¢y,c3(—1, 2, w) = 0 where

Qc(&,1,¢) =& + 1+ + eanC + e26C + e36n.

By [36, Theorem 1], there exist Z,w in the finite field R/m such that
Qc(—1,Z,w) = 0. Let my : R — R/m be the natural quotient map. By a
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Hensel-type argument and compactness of R, there exist z,w € R such that
Tm(2) = Z, Tm(w) = W, and Qc(—1, z,w) = 0 if the gradient of Qc(—1, z, w)
is not zero modulo m. Suppose to the contrary that

(21) 2w+c¢1z—¢=0 and 2zZ+cGw-—rc3=0,
where ¢; = mn(¢;) for all i. By , we obtain that
(22) (@3 —4)Z=7¢1Cy — 2¢3 and (¢} — 4)W = ¢1¢3 — 26a.

Since Qe(—1,%,w) = 0, by (22)), we deduce that
(23) 0= (3 —4)°Qc(—1,%,W) = Q(— (& — 4),¢1C2 — 2¢3,C1C3 — 262).
Simplifying , we obtain
(24) (@ — Hmn(A(1,7) (@) = 0.
Because A(y,7)(z) € R, by (24), we have ¢; = 2¢ where ¢ = £1. There-
fore by , it follows that ¢, = e¢3; but this implies that

Gl +C + 73 — C1Cats — 4 = (26)? + ¢ + (e62)? — (2¢)(C2)(eCa) — 4 = 0,
which means mn(A(v,v")(z)) = 0. This is a contradiction. Hence
cannot hold, which completes the proof. O

We notice that the proof of the last part of Lemma [9] gives us a similar
result for quotients of a compact DVR. In the following proposition, we sum-
marize and show further properties of the D/a-points of the representation
and the character varieties where D is a compact DVR and a is an ideal of
D.

Proposition 10. Suppose D is a compact DVR and the characteristic of
its residue field is not 2. Suppose a is a proper non-zero ideal of D. Let mq
denote all the maps that are induced by the quotient map mq : D — D/a.
Then the following statements hold.

(1) The map 7y : Repy,, (D) = Chy, (D) is surjective.

(2) For all x € Chy (D), the fiber Wg_}L(x) is a single GLa(D)-orbit.

(3) The map 7, : Rep,,,(D) — Rep,,,(D/a) is surjective.

(4) The map 7, : Chy (D) — Chy,,(D/a) is surjective.
We have already proved many of the items of Proposition To prove

the last two parts, we are going to use a Hensel-type argument. We need
the following lemmas.

Lemma 11. Let w : (SLy)%™™ — SLy,

W(T1, Y1y gy Ygs 215 -+ - 2n) 1= [@1,Y1] - - [Tg, Ygl21 - - 2.

Suppose R is a unital commutative ring and Rle| is the ring of dual numbers
over R; that means R[e] = R® Re and €2 = 0. Then for all

a, by, ... ,ag,bg,cl, Lo, Cp € SLQ(R)
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and
X, Y,... ,Xg,Ytq,Zl, RN/ < 5[2(R),
we have

wlar(l1+eXy),...,b (1—|—5Y) a(l4+eZy),....cn(l4+¢e2y)) =

w(ai,...,bg,c1,...,cn)(1+¢ ZAd ) (Tayb; (Xi, Y3)) +2Ad (e:)(Zi))),
=1
where 7,5(X,Y) = (Ad(b~1)(X ) — X) + (Y — Ad(a1)(Y)), for all i

di = ([ait1,bisa] - - [ag, bgler - en) Y,

and

€ = (ZZ'+1 cee Zn)_l.
Proof. This is a direct computation and the case of n = 0 is done in [44]
Page 53]. O

Lemma 12. Suppose F' is a field and its characteristic is not 2. Suppose g
is an integer which is at least 2, a1,b1,...,a4,by € SLo(F) and the F-span
of the group {(a1,b1,...,aq,by) is Ma(F). Then Tap : sla(F)* — sly(F),

g
Tap(X1,Y1,. .., = Ad(d;)(7a,5,(Xi, V7))

i=1
is surjective, where 7,5(X,Y) = (Ad(b~1)(X) - X)+ (Y —Ad(a')(Y)) and
di = ([ait1,bis1] -~ [ag, bg)) ™ d for all .

Proof. Passing to an algebraic closure of F', without loss of generality, we
can and will assume that F'is algebraically closed. Hence, every element x in

SLo(F') has a conjugate that is of the form either <(g a01> (the semisimple

case) or + <(1) 1) (the unipotent case). Direct computation shows that
a 0 01 0 0

w wm(a(y 2) ) r(0 Der( D).

and

11 0 1 1 0
o (s ) ) r(0 Dor(l ).
By and (26), for all  # +1 in SLp(F), the image of Ad(z) — I is

of dimension 2. Therefore, if T, is not surjective, then there exists a 2-
dimensional subspace V' of sly(F') such that for all 4, either a; = £1 or

(27) Ad(dy)(Im(Ad(a; ") = 1) = V.,
and similarly either b; = £1 or
(28) Ad(d;)(Im(Ad(b; ') = 1)) = V.
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Hence, if a; # +1 and b; # £1, then

(29) Im(Ad(a; ) — I) = Im(Ad(b;) ™ — ).
Notice that if z € SLy(F') commutes with x, then
(30) Ad(z)(Im(Ad(x) — I)) = Im(Ad(x) — I).

By and , we obtain that the spaces of
Im(Ad(a; ') —I) and Tm(Ad(b;)™' —1)
are invariant under the action of the group (Ad(a;), Ad(b;)).
Claim 1. For all i, either a; = £1 or V. =Im(Ad(a;) — I), and similarly
either b; = £1 or V.= Im(Ad(b;) — I). In particular, V is invariant under
the action by the group
(Ad(a1),Ad(br),...,Ad(ay), Ad(by)).
Proof of Claim 1. Notice that d, = 1, and so
V =Im(Ad(ayg) —I) and V =Im(Ad(by) — 1)

if a; # £1 and by, # =+1, respectively. Therefore V' is invariant under
(Ad(ag),Ad(bg)). Therefore V is invariant under dyyi. Hence by and
, we obtain that

V =Im(Ad(ag—1) —I) and V =Im(Ad(by—1)—1I)

if ay_1 # £1 and by_1 # %1, respectively. The first part of the claim follows
by an induction argument.

For the second part, we notice that if x = +1, then Ad(z) = I, and for
all z € SLo(F), Im(Ad(z) — I) is invariant under the action of Ad(x)*!. O

Claim 2. Suppose x € SLa(F) and F(g é) ) F<(1) 8) is Ad(x)-

invariant. Then there exists f € F* such that either x = <B 0 > or

0 Bt
(L3 9)

Proof of Claim 2. Notice that
u v\ (0 1 t —v —uw  u? 0 1 00
<w t) <0 O> (w u)(—w2 uw) €F<O O>EBF<1 0)
precisely when uww = 0. By a similar argument, we obtain that
u v\ (0 O 01 0 0
Ad(w t) <1 0> eF(o 0>@F(1 0>
exactly when vt = 0. The claim follows. U

Claim 3. Suppose x € SLa(F) and F (8 é) ®F <(1) _01> is Ad(z)-

invariant. Then x is an upper-triangular matriz.
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Proof of Claim 8. A similar computation as in Claim 2 implies Claim 3. [

Suppose at least one of the a;’s or b;’s is semisimple and not +1; then after
conjugation, we can and will assume that it is a diagonal matrix. Hence, by
Claim 1, Claim 2, and ,

(a1,b1, -« ag.by) € {(g ﬂ(ﬁl) |56FX}U{<_§_1 g) \BGFX}.

Since the F-span of the group generated by all the a;’s and b;’s is Ma(F),
at least one of the a;’s or b;’s is of the form

(5

for some 8 € F*. Notice that

(o 0) 6 )60 )6 5)=26 )

0 00 .. .
00 and (1 O)' This is a contradiction.
Therefore, we can and will deduce that all a;’s and b;’s are plus or minus

unipotents. After a conjugation, we can assume that one of them is if the

form =+ <(1) 1 . Then by Claim 1 and Claim 3 and , all a;’s and b;’s
are upper-triangular. This contradictions the assumption that the F-span

of the group generated by a;’s and b;’s is Ma(F). O

Proof of Proposition[I0. Part (1) follows from Part (3) of Lemma [0 Part
(2) follows from Corollary 8. By a similar argument as in the proof of the
third part of Lemma @ we obtain that 7y, : Rep,,(D/a) — Chy, (D/a) is
surjective. Notice that the following is a commutative diagram.

which is not in the F-span of

Rep, (D) — Rep;,,(D/a)

J/ﬂ'g»n lﬂ'g,n

ChX,(D) —=— Ch,(D/a)

Since the vertical arrows are surjective, part (4) follows from part (3).
Notice that if n is positive, then Il , is a free group of rank 2g +n — 1.

This implies that Rep, ,, ~ Sng 11 and so Rep, ,,(D) is naturally equal to
SLo(D)?9*t"~! and Rep,, ,,(D/a)is naturally equal to SLa(D/a)**"~1. Since
D is a PID, m, : SLa(D) — SLa(D/a) is surjective. Hence,

Ta : Rep, ,(D) — Rep, ,(D/a)
is surjective. If p is in Rep,, (D) and m,(p) is in Rep,, (D/a), then the
D /a-span of the image of mq(Ily ) is Ma(D/a). This implies that

ma(D[p(Ilgn)]) = M2(D/a)
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where D[p(Ily)] is the D-span of the image of p. Since D is a local ring,
by Nakayama’s lemma we obtain that D[p(Il;,)] = Ma(D). This means
p € Rep, (D). Thus, part (4) follows if n is positive.

Since D is a compact DVR, there exist w € D and a positive integer
k such that a = (w*) and (w) is the maximal ideal of D. Suppose p €
Rep,’,,(D/(w")). By induction, we show that for every integer | > k, there
exists a representation p; € Rep, ,,(D/ (w')) such that 7_x(p;) = p. Suppose
p1 is given by

(@1,...,by) € SLa(D/(w'))?.

Since 7 : SLa(D) — SLa(D/{w')) is surjective, there exist a;’s and b;’s in
SLa(D) such that 7_:(a;) = @; and 7_:(b;) = b; for all . Then

[a1,b1] -+ [ag, byl =1+ otz

and 7 (z) € sla(D/(w)). By Lemma [11] and Lemma there exist X;’s
and Y;’s in slp(D) such that

la1(1 + @' X1),b1(1 + @'Y1)] -+ - [ag(1 + @' X,), by (1 + @'Yy)]

is 1 modulo w'*!. Notice that 7_i+1(a;(1+ @' X;)) and 71 (bi(1 + ©'Y;))
are in SLa(D/(w'*1)) for every i. Hence

(7Twl+1(a1(1 + lel)), . ,7Twz+1(bg(1 + wlYg)))

gives us a lift of p; in Rep,,,(D/ (w')). By the compactness of D, we obtain
that there exists poo € Repy ,,(D) which is a lift of p. Since p € Rep,,,(D/a),
by a similar argument as before, using Nakayama’s lemma we obtain that
Poo is in Repy,, (D). O

2.2. Sufficiently Zariski-dense representations. In this article, we are
mainly interested in the action of the pure mapping class group on the
character variety. We notice that the group Aut(Il,,) of automorphisms of
I4n acts on the representation variety Repg,, by Z-scheme automorphisms.
This action induces an action of the group Aut(Il,,)/Inn(Il, ) of outer
automorphisms of II, ,, by Z-scheme automorphisms on the character variety
Chg,,. To understand the pure mapping class group, we have to consider a
subgroup of Aut(Il,,) which preserves the conjugacy classes of v;’s (in the
presentation of I, ,, given in ) Let us refer to this subgroup as the pure
automorphism group of I, ,,. Notice that the group of inner automorphisms
is a normal subgroup of PAut(Il,,,). The pure mapping class group of the
surface g ,, is isomorphic to I'g ,, := PAut(Il,,,)/Inn(Il, ). Notice that the
value of ¢,, on an I'y ,-orbit is constant, which shows that I'y ,-orbits in the
character variety are subsets of fibers of the morphism tyy,, : Chy, — A7
given by

tox,, : Chyn(R) — R", t@zg’n(l') = (ty, (), .., ty, (7).

Later, we define a modified version of relative character varieties.
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Let us observe that if p1,p2 € Rep,,(R) are in the same PAut(Il, ,)-
orbit, then Im(p;) = Im(p2). In particular, if one of them is Zariski-dense
in (SLg)g, so is the other one. Moreover, if the image of p € Rep,,,(R) is
Zariski-dense in (SL2)g, then p € Rep; ,(R). Furthermore, if

Tgm Repgxm(R) — Ch;n(R)

is surjective and the fiber 7 | (z) is a single PGLy(R)-orbit, then the image
of one element in 7T!;711 (x) is Zariski-dense in (SLo) g precisely when the image

of every element in
U maw

yElg nx
is Zariski-dense in (SLg)g. This takes us to another Zariski-open subsets
of the representation and character varieties. The goal of this subsection
is to give concrete open subschemes Repy ,, and Chg ,, of Rep,,, and Chy p,
respectively, such that
(1) Repg ,,(C) consists of representations p : Iy, — SL2(C) that have
Zariski-dense image.
(2) Reps,, — 7, 1(Ch3,).
(3) Repy ,,(Zp) consists of representations p : Iy, — SL2(Z,) that have
dense image with respect to the p-adic topology.
(4) Rep} ,(Z/p*Z) consists of surjective representations.

We further show that
Tgn : Repy ,(Zp) — Chg ,,(Zp)
and
Ty : Rep} ,(Z/p"Z) — Ch} . (Z/p*Z)
are surjective.

Our main tool is the classification of finite subgroups of SLa(F') due to
Dickson (we use Suzuki’s treatment [48, Theorem 6.17]).

Lemma 13. Suppose p € Rep;,(C). Let G be the closure of Im(p) in
(SLg)c. Then one of the following statements hold.
(1) G = (SL2)c.
(2) G is a conjugate of
{diag(a,a™ ') | d € C*} Uw{diag(a,a ') | d € C*}
0 1
-1 0)°
(3) G is a conjugate to a finite group isomorphic to either a binary
dihedral group, SLa(F3), the double cover of Sy, or SLa(F5).

Proof. If dimG = 3, then G = (SL2)c. If dimG = 2, then the connected
component of G is a Borel subgroup of (SL2)c. Because the normalizer of a
Borel subgroup is itself, we deduce that G is a Borel subgroup. This implies
that p is not absolutely irreducible, which contradicts the assumption that

where w =
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p € Rep,,,(C). If dimG = 1, then the connected component of G is either
a torus or the unipotent radical of a Borel subgroup. In the latter case, G
is in the normalizer of the unipotent radical of a Borel subgroup, and so G
is a subgroup of a Borel subgroup. This contradicts the assumption that
p € Repy,,(C). Hence, if dimG = 1, then the connected component of G
is a conjugate of the group of diagonal matrices. Because p is absolutely
irreducible, G is the full normalizer group of the group of diagonal matrices;
this means the group given in (2). If dim G = 0, then G is a finite subgroup
of SLy(C). Then by [48, Theorem 6.17] and [I5, Proposition 3.1], G is a
group given in (3). O

The next lemma gives us group theoretic relations to detect representa-
tions as in the second case of Lemma [13

Lemma 14. Suppose G is a group which is generated by x1,. .., x. Suppose
I is a subset of [1..k] with the following properties.

(1) For alli,j € I and 1 ¢ I, [vixj, 7)) = 1 where [a,b] := aba~'b~ 1.

(2) For allly,ly I, [z, 71,] = 1.

(3) Forallic I andl &I, xxjx;t = a;l_l.

(4) For alli,j,r € I, xp(zizj)x,t = (zizj) L.
Then G has a normal abelian subgroup A such that [G : A] < 2.

Proof. Let A be the subgroup generated by {x;z; |, € I} U{z; |l & I}.
Then A is an abelian subgroup of G. Because of the relations given in (3)
and (4), for all i € I, z; normalizes A. Hence, A is a normal subgroup
of G. For all i,j € I, ©;A = :cj_lA. Because G is generated by z;’s and
{z; | j &1} isasubset of A, we obtain that G/A is cyclic and it is generated
by x;,A where ig € I. Since x%o € A, we deduce that G/A has at most 2
elements. O

The next lemma explicate the relation between the relations given in
Lemma [I4] and the second case of Lemma, 13

Lemma 15. Suppose R is a unital commutative ring and p : Iy, — SLa(R)
is a group homomorphism such that the image of p is a subgroup of a con-
jugate of

(31) {diag(a,a™ ") | a € R*} Uw{diag(a,a™') | a € R*}

1 .

where w = _01 0] Let x; = a; and x4 = b; for i € [l.g|, and
Togt; = ¢; for j € [1.n]. Then there exists a subset I of [1..2g + n] such
that {xl}fff" satisfies the relations given in Lemma with respect to the
subset 1.

Proof. Without loss of generality, we can and will assume that the image of
p is a subgroup of (3I). Let I := {i € [1..2g 4+ n] | p(x;) is not diagonal}.
Then for every l1,lo & I, x;, and x;, are diagonal, and so [z;,,z;,] = 1. For
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every i,j € I, z;x; is a diagonal matrix, and so [x;x;, ;) = 1 for all [ & 1.
Notice that
wdiag(a,a™!) diag(b,b1) diag(a™t, a)w™! = diag(b,b1)7L.
Therefore, for alli € I and | € I, :z:i:cla:;l = x;l, and so for all ¢, 7,7 € I,
wp(ziag)ayt = (i)™

O

The next lemma has its origin in a work of Burnside. Using this lemma,
group theoretic equations in the absolutely irreducible part of the represen-
tation variety can be translated to equations in the character variety.

Lemma 16. Suppose F' is a field, G is a group generated by z1,...,x in
SLo(F), and the F-span of G is Ma(F'). Then

(1) The F-span of

S={1}U{z}, U {inlﬂfiz}fl,igﬂ Ui, T, iy }ﬁ,z‘g,z‘g,:l
is Ma(F).
(2) The F-linear function

T :My(F) — FS, T(x)(s) := tr(zs).
18 injective.
Proof. Let V be the F-span of 1 and z;’s. Then
FCVCV.VCV.V.V,

and all of them are F-subspaces of Ma(F'). Because dimp My (F') = 4, either
V.-V .V = My(F) or some i the i-fold product of V is the same as the
i + 1-fold product of V. This implies that the i-fold product [[;V of V'
is invariant under multiplication by z;’s. Hence, [,V is invariant under
multiplication by G. Because 1 € V, we obtain that G is a subset of [[, V.
Therefore the F-span of G is a subset of [[, V. Thus [[, V = Ma(F). Part
(1) follows.

It is clear that T is an F-linear function. Hence, to show T is injective, it
is enough to discuss why its kernel is trivial. Suppose T'(z) = 0; that means
T(x)(s) =0 for all s € S. This means tr(zxs) =0 for all s € S. By part (1)
and F-linearity of trace, we obtain that tr(xy) = 0 for all y € Ma(F"). This
implies that x = 0. O

To a subset R of a free group in 2¢g + n generators, we associate a closed
subscheme Rep;n,n of Repgyn such that for every unitary commutative ring

R, p € Rep, ,, (1) if and only if p € Repy,,(R) and
YweR, w(p) =1.
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X

gn Such that z is in

Similarly, we define a closed subscheme Cth e of Ch
Chgx,mR(R) if and only if x € Chy, (R) and
Vw € R,Vs1,52,83 €5, ts,5055(T) = tusysyss(T),

where S :={1,a1,...,a4,b1,...,bg,c1,...,cn}. Clearly, 1y, induces a mor-
phism from Rep;n r to Chgxn.R.

Lemma 17. Suppose R is a subset of the free group that is freely generated
by 2g +n elements. Suppose F' is an algebraically closed field whose charac-
teristic is not 2. Suppose D is a compact DVR and the residue field of D is
not of characteristic 2. Suppose a is a proper non-zero ideal of D. Then my

induces surjective maps between the F-points, D-points, and D /a-points of
Rep;’nﬁ and Ch;,n;’R’ Moreover we have

Rep, ,,(F) N ﬂ;}l(Ch;’n;R(F)) = Rep;nﬁ(F),

R'ep;](,n(D) N ﬂ-g;}l(Ch;,n,R(D)) = Rep;,n,R(D)7
and
Repy,(D/a) Ny} (ChX, . (D/a)) = Rep),, (D/a).

Proof. Suppose = € Ch;n;R(F). Then by Lemma |§|7 Part (2), there exists
p € Rep, ,,(F) such that z = 7y, (p). Then by Proposition |3, the F-span of
p(Ign) is Ma(F). Since 7y, (p) = z is in Chy »(F), by Lemma Part
(2), we obtain that w(p) = 1 for every w € R. Therefore p € Rep,,, (F).
This argument also implies

Rep,,,(F) N w;;(ChgﬁmR(F)) = Rep;', z(F)

Suppose x € Ch;n;R(D). Then by Proposition m Part (1), there exists

p € Rep, ,,(D) such that m,(p) = x. Then by Proposition 3} the D-span of
p(Ily ) is Ma(D). Let @ be a uniformizing element of D; that means (w) is
the maximal ideal of D. Let f := D/(w) be the residue field of D. Then the
f-span of w4 (p(Ily)) is Ma(f). Hence, by Lemma Part (1), the f-span
of
{r=(p(s15253)) | si € {1,a1,...,a4,b1,...,bg,c1,...,¢cn}}

is Ma(f). Since (w) is the Jacobson radical of D, by Nakayama’s lemma, we
obtain that the D-span of

{p(s15283) | si € {1,a1,...,aq,b1,...,bg,c1,...,Cn}}
is Mg(D). Thus by the virtue of the proof of Lemma [16 Part (2), the
fact that myn(p) € Chy, (D) implies w(p) = 1 for every w € R. Hence

pE Rep; o= (D). The same argument gives us
Repy, (D) Ny, (ChX, 2 (D)) = Repys,, (D).

A similar argument implies the last claim. O
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Using Lemma Lemma, and Lemma we can define closed sub-
schemes of Repg,, (and Chg ) which contains all the representations (and
their trace, respectively) whose image is a subgroup of the group given in
the second part of Lemma (this includes finite binary dihedral groups).
So next, we focus on representations with finite image.

Lemma 18. Let G be a group isomorphic to either SLa(F3), a double cover
of Sy, or SLy(F5). Let

Fyma = A{z € Chy ,(C) [z =7gn(p), p(llgn) ~ G}.

Then Fypn.q is a finite subset of Chy,,(Z[1/2, {eo]) which is invariant under
the actions of the automorphism group of Q[Ceo] and the pure mapping class
group L'y, where (g0 = e2mi/60.

Proof. Explicit representations of these groups in SLy(C) go back to works
of Klein; for instance see [15, Proposition 2.1] for such explicit represen-
tations). Omne can see that these groups have faithful representations in
SLa(Z[1/2, (s0]). We identify G with a subgroup of SLa(Z[1/2, (s0]) via this
faithful representation. By [15, Proposition 3.1], if p : I, — SL2(C) is
a representation and Im(p) ~ G, then there exists g € GL2(C) such that
Im(p) = gGg~'. Hence Fy.c € Chy,,(Z[1/2,(e0]). By the same argument,
we have that for all p € F;%(Fgm;g) there exists g € GLg(C) such that gpg~?
is in
Epi(Ilgn, G) := {p € Hom(Il, ,, G) | p is surjective}.

Therefore, Fy.c = mgn(Epi(lly,,G)); in particular, Fy ,.c is a finite set
which is invariant under the action of the pure mapping class group (notice
that Epi(my,,, G) is invariant under the action of PAut(Il,,,)).

For all x € F,.q, there exists p € Epi(Ilg,, G) such that z = my,(p).
Then for every automorphism o of Q[¢eo], 0(x) = mgn(cop)isin Fypq. O

We obtain the following corollary.

Corollary 19. Let G be a group isomorphic to either SLa(F3), a double
cover of Sy, or SLa(F5). Then there exists a closed subscheme F,, . of
Chgxm such that for every algebraically closed field F' of characteristic either
zero or more than 5,

7oy (F)) = {p € Repl(F) | Im(p) = G}.

Proof. Let Fy,.c be the finite set given in Lemma Since it is invariant
under the Galois action, it defines a closed subscheme F . of Ch;n such
that
Eg,n;G(C) = Eg,n;G(Z[1/27 460]) = FQWQG'

We identify G with its copy in SLa(Z[1/2, (s0]). By [15, Proposition 2.1],
for every field F' of characteristic either 0 or at least 7, there exists a ring
homomorphism ¢p : Z[1/2,{20] — F such that the restriction of the group
homomorphism ¢g : SLa(Z[1/2, (20]) — SL2(F') to G is an embedding.
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Suppose p : Iy, — SLa(F) is a representation such that Im(p) ~ G.
Then by [15, Proposition 3.1], there exists g € SLa(F') such that

Im(p) = ger(G)g ™.
Since tp induces an isomorphism from G to tp(G), there exists p' in
Epi(Il,,,, G) such that g~'pg = tp(p'). Therefore

Tgn(p) = 7rg,n(g_lpg) = LF(Wg,n(P/)),
and
Tgn(p') € Fynia,

where Fy .. is the finite set given in Lemma This means that 7y, (p) is
in Eg,n;G(F)'

Suppose z € F g,n;G(F ). Because F' is algebraically closed and its charac-
teristic is more than 5, there exists a ring homomorphism tr : Z[1/2, (2] —
F and z € F, . such that © = ¢p(Z). Hence there exists a representation
p 1y, — SLa(Z[1/2, (0] such that = 7, ,,(p) and Im p ~ G. Thus

T =1p(T) = Ty n(tr(p)), tr(p) € Repy ,(Z[1/20,(e0]), and Im(p) ~ G;

in particular, ¢(p) is absolutely irreducible. O

Now, we can define the desired subschemes of Rep;, and Chg, which
give us the Zariski-dense representations and their trace.

For every subset I of generators
{a1,...,a4,b1,...,bg,c1,...,Cn},

let R; be the subset of the free group generated by these elements which
are given in Lemma [T4] Let

Repgn = RepQN\ URepgnRI UU’]Tgn fgnG))

as I ranges over all the subgroups of the set of generators and G ranges
over SLa(FF3), a double cover of Sy, and SLa(F5); this is a scheme-theoretic
difference. Hence Rep;m is an open sub-scheme of Rep;n. Similarly, let

Ch,, == Ch),, \ U Ch .z, U U Fync)
G

Let us also introduce the concept of a sufficiently Zariski-dense represen-
tation. Suppose R is a unital commutative ring. For every maximal ideal
m of R, let k(m) be an algebraic closure of the residue field k(m) := R/m.
Let myn : R — k(m) be the natural quotient map. We say p € Rep, ,(R) is
sufficiently Zariski-dense if either

(1) Im(7mm(p)) is Zariski-dense in (SLg)s L

(2) Im(my(p)) contains a copy of SLa(FF,), where k:( ) is of characteristic

.
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Proposition 20 (Sufficiently Zariski-dense representations). Suppose F' is
an algebraically closed field of characteristic either zero or at least 7, R is
a unital commutative Z[1/30]-algebra and p is a prime more than 5. Then
the following statements hold.

(1) If F' is of characteristic zero, then p € Repy, (F) precisely when
p(Ig.r) is Zariski-dense in (SLa)p.

(2) If I is of characteristic p, then p € Repy ,,(F') precisely when either
p(Igr) is Zariski-dense in (SLa2)r or [p(Ilys), p(Ilgn)] contains a
copy of SLa(FFp).

(3) Repy ,,(R) consists of all the elements of Rep,, ,(R) which are suffi-
ciently Zariski-dense.

(4) p € Repy ,,(Zp) if and only if p(I1y ;) is dense in SLa(Zy) with respect
to the p-adic topology.

(5) For every positive integer k,

Rep} ,,(Z/p"Z) = Epi(Il,n, SLa(Z/p"Z)).

Proof. (1) Suppose p € Rep; ,,(F) and F' is of characteristic zero. Let E
be the subfield of F which is generated by the entries of p(a;)’s, p(b;)’s
and p(c¢;)’s. Because F is a finitely generated field of characteristic zero, it
can be embedded into C. Let G be the Zariski-closure of Im(p) in (SL2)g.
By Lemma G = G xg C cannot be the group given in case (2) and
the binary dihedral group in case (3) of Lemma By Corollary G
cannot be isomorphic to either SLo(F3), a double cover of Sy, or SLy(F5).
Therefore by Lemma G = (SLa)c. Therefore dim G = 3, and so because
F is algebraically close G xg F' = (SLo) .

Conversely if the image of p is Zariski-dense in (SL2)r, then p is abso-
lutely irreducible, by Lemma p is not in Rep;’nvnl(F ) for every subset
I of the generating set. Because the image of p is not finite, p is not in
W;}L(Eg,n,G)(F) for every finite group G.

(2) Suppose p € Repy ,,(F) and F is of characteristic p > 5. Let G be
the Zariski-closure of Im(p) in (SLg)p. If dimG = 3, then G = (SL2)p.
If dimG = 2, then G is a Borel subgroup of (SLg)p. This implies that p
is not absolutely irreducible which is a contradiction. If dimG = 1, then
the connected component of G is either the unipotent radical of a Borel
subgroup or a torus. The former is not possible as G is in the normalizer of
its connected component, the normalizer of the unipotent radical of a Borel
subgroup is a Borel subgroup, and image of an irreducible representation
cannot be a subgroup of a Borel subgroup. Hence, the image of p is a
subgroup of a conjugate of

{diag(a,a™ ) | a € F*} Uw{diag(a,a™ ') | a € F*},
where w = (_01 (1)> Then by Lemma p € Rep,, ., (F') for some subset
I of the set of generators, which is a contradiction. Thus the image of is a
finite group G. If the order of G and p are relatively prime, then by [48|
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Theorem 6.17] G is isomorphic to either a subgroup of a binary dihedral
group, SLy(F3), a double cover of Sy, or SLy(F5). If G is isomorphic to a
subgroup of a dihedral group, then p is again in Repg .z, (F') for some I
which is a contradiction. In other cases, by [15, Proposition 2.1] and [I5,
Theorem 3.1], there exists a ring homomorphism ¢g : Z[1/2, (0] — F and p
in 7, L (F, ,.o(Z[1/2,(])) such that

g,n\=n,q;G
p = r(p).

This means p € W;}l(ﬂ n.g:(F)), which is a contradiction. Hence the only
possible remaining case is when p divides the order of G. In this case, by
[48, Theorem 6.17], either [G, G| contains a subgroup isomorphic to SLa(F,)
or G ~ (Z/mZ) x (Z/pZ)* where ged(p,m) = 1. Let Q be the normal
subgroup of G which is isomorphic to (Z/pZ)?. Then there exists a unique
one-dimensional subspace V of F? such that forallz € Q and v € V, zv = v.
Since @ is a normal subgroup of G, V' is G-invariant. This is in contradiction
with the irreducibility of p. Conversely, if the image of p is Zariski-dense in
(SLa)F, then by a similar argument as in the case of characteristic zero we
have p € Repy ,,(F). If the image of p contains a copy of SLa(F}), then p
is absolutely irreducible. By Lemma (14] and the fact that SLy(F,) does not
have an abelian subgroup of index 2, we obtain that p is not in Rep,, ,, %, (F)
for every subset I of the generating set. Clearly, p is not in 7 S (Fync)(F).
Hence, p € Repj ,,(F).

(3) Notice that Rep:m is a quasi affine Z-scheme, and so it can be realized
as V(a)\V (b) for some ideals of a ring of polynomials over Z. By Corollary[2]
for every unital commutative ring R, the R-points of V'(a)\ V(b) consists of

{x e V(a)(R) | (9(x) | g € b) = R}.
Notice that if (g(x) | g € b) is a proper ideal, then for some maximal ideal
m we have
{g(mm(x)) [ g € b) = 0.

This means for x € V(a)(R), x € (V(a) \ V(b))(R) if and only if my(x) is in
(V(a)\V(b))(k(m)) for every maximal ideal m of R. Therefore p € Repj ,,(R)
if and only if p € Rep,,(R) and mm(p) € Repy ,(k(m)) for every maximal
ideal m of R. When R is a Z[1/30]-algebra, the characteristic of every
residue field k(m) is not 2, 3, or 5. By parts (2) and (3), we deduce that
p € Rep, ,,(R) is in Repy ,,(R) if and only if p is sufficiently Zariski-dense.

(4) Suppose p € Rep,,(Zy). By part (3), p € Repj,,(Zy) if and only
if m,(Im(p)) contains a copy of SLz(F,). Hence p € Repy ,(Z;,) precisely
when m,(p) € Epi(Il;,,SLa(F,)). Notice that if G is a closed subgroup of
SL2(Zp), then G = SLg(Zp) precisely when m,(G) = SLa(F,). Therefore
mp(p) € Epi(lly p, SLa(Fp)) if and only if the image of p is dense in SLy(Z,).

(5) Suppose p € Rep, ,(Z/p*Z). By part (3), p € Rep;,n(Z/ka) if and
only if m,(Im(p)) contains a copy of SLy(F,). Hence p € Rep;’n(Z/ka)
precisely when m,(p) € Epi(Ilg, SL2(Fp)). Notice that if G is a subgroup
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of SLa(Z/p*7Z), then G = SLo(Z/p*Z) precisely when 7,(G) = SLa(F,).
Therefore m,(p) € Epi(Ily ,, SLa(FF,)) if and only if the image of

p € Epi(Il, ,,, SLa(Z/p*Z)).
0

It is worth pointing out that in [33], Larsen and Pink describe sufficiently
Zariski-dense finite subgroups of Chevalley groups. Their result can be
used to define an extension of Repy ,, for representations to other Chevalley
groups.

Proposition 21 (Sufficiently Zariski-dense characters). Suppose F' is an
algebraically closed field of characteristic either zero or p > 5, R s a unital
commutative Z[1/30]-algebra, D is a compact DVR and the characteristic of
the residue field of D is more than 5, and a is a proper non-trivial ideal of
D.
-1 . _ °
(1) 7-‘-g,n(XChg,n) - Eepg,n.‘ .
(2) Repg,n(R) N 7-‘-g,n(Chg,n(R)) = Repg,n(R)'
(3) mgn : Repy ,,(F') — Chg ,(F) is surjective.
(4) mgn : Repy ,,(D) — Chy (D) is surjective.
(5) mgn : Repy ,,(D/a) — Chg ,(D/a) is surjective.
: -1
Proof. (1) Since 7, (Chy, ».
Reps,, = 751 (Ch3,.).
(2) By part (1), we have that
—1 . .
Repg ,(R) Ny (Chy ,(R)) 2 Repy ,(R).

Suppose p € Rep,,(R) \ Repj ,(R). Then by Proposition [20, Parts (3), (1),
and (2), there exists a maximal ideal m of R such that mw(p) € Repy ,,(k(m))

) = Rep, , , for every I, we have that

where k(m) is an algebraic closure of the residue field k(m) := R/m. By
Corollary |19] and Lemma we deduce that g, (mm(p)) & Ch;,n(m)-
Hence, 7, (p) is not in Chg ,(R).

By part (2), we have that whenever 7y, : Repg,(R) — Chy, (R) is
surjective, so is

mgn : Repy ,,(R) — Chy ,(R).

Therefore Lemma [9] Part (2), implies part (3), and Proposition [10] implies
parts (4) and (5). O

3. MODIFIED RELATIVE CHARACTER VARIETIES
3.1. Setup, definition, and image under the quotient map. Let us
recall that

Hg,n = <041,/81,.. . 70497597717"‘7771 ’ [alaﬁl] [agaﬁg}fyl : ’Yn>7
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and the pure automorphism group PAut(Il, ;) is the subgroup of Aut(Il, ;)
which preserves the conjugacy classes of ~; for all 4 in [1..n]. Hence, for all
0 € PAut(Ily,), i € [1..n], and p € Rep, ,,(R), we have that

p(0(vi)) = £1if p(vi) = £1 and  tr(p(v:)) = tr(p(0(%)))-

The next lemma shows that for absolutely irreducible representations, as-
signing +1 to a boundary curve can be detected at the level of character
variety.

Lemma 22. Let R be a unital commutative ring and x € Ch;n(R). Suppose

there exist a faithfully flat ring extension Ro of R and pg € Repgm(fio) such
that = mgn(po) and po(vi) = £1 for some index i. Then for every ring
extension R of R and every p € Rep, ,,(R), if mgn(p) = , then p(v;) = £1.

Proof. Let S := Ro QR JA?:,
L Ry — Syp(y) =y®1 and ¢: R— S,u(y) =1®uy.
Notice that ¢o(po), ¢(p) € Repy,,(S) and
Tgn(to(p0)) = mgn(L(p)) = ¢().

Therefore, by Corollary @ there exists an automorphism 6 of My(S) such
that for all v € Il ,,

(32) 0(10(po(7))) = tlp())-

Because po(y;) = £1, by we obtain t(p(7;)) = %1. Since Ry is faithfully
flat over R, ¢ is injective. Therefore p(y;) = £1. O

Following the proof of Lemma@ we show that the condition of p(v) = £1
for some (and therefore all) lifts of a character z is a Zariski-closed condition
in Chy,,.

We start by obtaining a lift of the generic absolutely irreducible character.
Since Ry, is a Noetherian ring, there are finitely many pairs (\;, \}) € H;n
for i € [1..m] such that
(33) (A [7,7 € Tgn) = (AN, X) | i € [1..m]).

Let R := H:)il (Rg,n)A()\i,)\g)' Let
12
Si = (Rapn ) [T1/(T? - — I+1),

and S = [T~ Si. Notice that Sisa faithfully flat extension of R. Suppose
xo € Chy,,(R) is given by the ring homomorphism

~ r r
zo: Rgn = R, xo(r) = <1,...,1>.
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As in the proof of Lemmal[9] by [46, Theorem B, there exists a representation
po € Repy,(S) such that zg = myn(po); this means there exists a ring
homomorphism pg such that the following is a commutative diagram.

o5
Agn — S

] |

v =
Ryn —— R

For a given subset I of the index set [1..n] of the boundary curves and a
collection of signs € := (g;)ier, let Je be the ideal of S that is generated by
the entries of po(7;) — ;1 for all i € I. Let Chy,, . be the closed subscheme

of Chy,, that is given by the ideal (7}, o po) ™! (Jc).

Lemma 23. For every collection of signs € := (&;)iecr, unital commutative
ring B, and v € Chy,(B),  is in Chy, (B) if and only if for every ring

extension C of B and every lift p € Repg ,,(C) of x (that means 7qn(p) = x)
p(vi) =¢€il foralliel.

Proof. We view z as a ring homomorphism from R,, to B. Since x ¢
Ch,,(B), the ideal generated by x(A(\;, A))’s is B where (A, Aj)’s are as
in ; and so

- T b b
B — B:= HBx(A()\i,)\;))v b— <1,.. .,1>

i=1
is an embedding. Let R and S be the rings described in the paragraph before

this lemma. The ring homomorphism x induces a ring homomorphism from
R to B. Because S is faithfully flat over R we have that

B—>S®§ , b 1®b

is an embedding, and faithfully flat. Altogether, we get the following com-
mutative diagram.

AWLL§*> §®§B

SN

Rypn — R B

Notice that the first row gives us p € Rep, (S ®p ) such that 7y, (p) = .
Moreover, because B is faithfully flat over B and S ®x B B is faithfully flat

over B , S® B Bis faithfully flat over B.
Notice that o € Chy . (B) precisely when kernel of = contains (7, ©
po)~1(J). This holds if and only if kernel of

p:Agyn—>§®§§
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contains pg 1(JE). Hence, viewing p as a representation of II;, to group
SLa(S @5 B), we have p(v;) = ¢;1 for all i € I if and only if z € Chy,, (B).
By Lemma 22 we obtain the same conclusion for all the lifts of . O

For a subset I of [1..n] and a collection of signs € := (&;)ies, we let Repg ..
be the closed subscheme of Rep,, such that for every unital commutative

ring R, Rep,,,..(R) can be naturally identified with

{p € Repy,(R) | Vi € I, p(vi) = &1}
Notice that if I is a proper subset of [1..n], then for every collection of signs
€ := (€i)iel,

(34) Repy . = Rep;’nfm.

If I = [l.n] and € := (g&;)ies is a collection of signs such that [[,.;e; =
1, then again holds. If I = [l..n] and € := (g;)ier is a collection
of signs such that [[,.;e; = —1, then by Proposition (3| for every unital
commutative ring R, Rep,,,..(R) can be naturally identified with the set of
(1,91, ..,24,Yg) € SLa(R)? which satisfy the following properties

(35) [z1,uy1] - [zg,yg] = —1, and R-span of (x1,y1,...,Z4,yg) = Ma(R).
Using and , we prove the following proposition.

Proposition 24. Suppose D is a compact DVR and the characteristic of
its residue field is mot 2. Suppose a is a proper non-zero ideal of D. Let m,
denote all the maps that are induced by the quotient map ©q : D — D/a.
Then the following statements hold.

(1) The map 7y, : Repy . (D) — Chy . (D) is surjective.

(2) The map mq : Rep,,,..(D) — Repy,,..(D/a) is surjective.
(3) The map mq : Ch),,..(D) = Ch),..(D/a) is surjective.

Proof. Suppose x € Ch;me(D). Then, by the first part of Proposition
there exists p € Repy (D) such that x = 7, ,(p). By Lemma p is in
Repy ,,.(D) — the first part follows.

The second part follows from , , and a striaghtforward modifica-
tion of proof of the third part of Proposition
Suppose z € Chy,,..(D/a). Then by the same argument as in the proof of
the third part of Lemma @ there exists p € Rep, ,,(D/a) such that T = [p].
By Lemma p is in Repy . (D/a). By the second part, there exists

p € Repy .. (D) such that p = m(p). Altogther, we obtain
T =ma([p]) and [p] € Chy,. (D);

g7n;€

this implies the third part. ([

For every I C [1..n], collection of signs (&;);er, and collection of elements
k := (Ki)ie[1..n\1 of @ unital commutative ring R (without loss of generality

we can and will assume that R is the ring generated by k;’s), let Ch;n; ck
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be the subscheme of Chy,,.. Xz R which is given by the equation t;(z) = k
where

tr(x) = (ty,())igr-
We refer to Ch) _, as a modified relative character variety of the given

g.mie,
surface. Notice that for every z € Ch;n;e’k(B), the orbit I'y ,, - of the pure
mapping class group I'y ,, is a subset of Ch; nek(B)-

In the above setting, let Repgxn, . x be the closed subscheme of Repngn given
by the equations

p(vi) =¢eil foralliel and tr(p(y)) =4k forallie[l.n]\I.

X

. . . X
Notice that 7y, induces a morphism from Rep ., to Ch/ .

Lemma 25. Suppose R is a unital commutative ring and
Tgm : Repy,(R) — Chy , (R)

is surjective. Suppose € is a collection of signs and k is a collection of el-
ements in R. Then 7y, @ Repy . (R) — Chy,. \(R) is surjective. In
particular, if R is either an algebraically closed field whose characteristic is
not 2 or a quotient of a compact DVR whose residue field is not of charac-

teristic 2, then the above map is surjective.

Proof. This is an immediate consequence of Lemma Lemma [9) and
Proposition [I0} O

We finish this section by proving a version of parts (2) and (3) of Propo-
sition for modified relative character and representation varieties. We
start by pointing out that

e, (D) = Repjy(D/0)
is not necessarily surjective.
For a unital commutative ring R and k € R, let V}, be the closed subscheme

of (SLa)r given by the equation trx = k. Notice that this can be viewed as
a relative representation variety of X o.

Lemma 26. Suppose D is a compact DVR, a is proper ideal of D, and p is
a uniformizing element of D.
(1) The map e : Vio(D) — Vio(D/(p?*)) is not surjective if £ is a
positive integer.
(2) Suppose k € D, ¢ € Viy(D/a), and m,(¢) # £1. Then there exists
¢ € Vi(D) such that ¢ = mq(c).
Proof. Let ¢y := £1 + pzﬂ'pze(X()) where Xy = diag(1l,—1). Since Xy €
sly(D), G € SLa(D/(p?)). Hence ¢y € Via(D/(p*)). Suppose to the
contrary that there exists co € Via(D) such that 7 (co) = €. Therefore,
+cq is unipotent. Thus, there exists v € D? \ pD? such that cgv = +v.
Looking both sides of this equality modulo p?‘, we obtain that

e (Xov) = 0.



44 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

As e (Xo) is invertible, we deduce that 7,¢(v) = 0, which is a contradiction
— part (1) follows.

Suppose a = (p?). By induction on ¢ > fy, we show that there exists
co € Vi(D/{p*)) such that ¢,y = me-1(ce) and ¢q, = C.

Since e : SLa(D) — SLo(D/(p*)) is surjective, there exists ¢ € SLo(D)
such that m(c) = ¢g. Then tr(c) =k + ple for some e € D. Let

@ =214 p*X) € GLy(D),
for some X € sly(D). Then
Cop1 1= Tpett (E’) S SLQ(D/(]JK—H)),

and

(36) tr(cep1) — mpera (k) = pe’ﬂ'pé+1(€ —tr(cX)).
By (36)), we have that ¢, € Vi(D/(p**1)) precisely when
(37) tr(mp (€)mp (X)) = mp(e).

Since my(¢) € SLa(D/(p)) \ {F1}, the linear function
sla(D/(p)) = D/{p), X — tr(mp(c)X)
is surjective. Hence, there exists X € sla(D) such that holds. This
shows the existence of the sequence {c/}72, with the claimed properties.
Let ¢, € SLa(D) be a lift of ¢,. Then {¢}72, is a Cauchy sequence, and its
limit is a lift of ¢ in V(D). O
Proposition 27. Suppose D is a compact DVR and the characteristic of
its restdue field is not 2. Suppose a is a proper non-zero ideal of D. Let m,
denote all the maps that are induced by the quotient map mq : D — D/a.
Suppose € = (g;)ier € {£1M| and k € DI, Suppose
Iy, = (ai,b1,...,ag,bg,¢1,...,¢n | [a1,b1] - [ag, bglct, ... cn).

Then the following statements hold.

(1) Suppose p € Rep;n‘ek(D/a) such that my(p(c;)) # £1 for all i € I.

Then there exists p € Repgxn_6 k(D) such that
Ta(p) = P
(2) Suppose T € Chgxn,ek(D/a) such that n(z) = n(my(T)). Then there
ezists v € Chy, (D) such that ma(z) = 7.
Proof of Proposition [27]is based on the following extension of Lemma
Lemma 28. Suppose F' is a field and its characteristic is not 2. Let
ﬁ = <a1, bl, <.y 0g, bg, Cly--- ,Cn> - SLQ(F)

Suppose the F-span of the group I1 is Ma(F), and c¢; # +1 for all i € [1..n].
Fori € [1.n], let

7i i 5l(F) - F, 7(X):=tr(X) and K;:=kerm.
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Then

n n
Tape: sla(F)% x [[Ki = sb(F), Tap(X,Y)+ > Ad(e;)(Z)
i=1 i=1
is surjective, where Ty, s as in Lemma and e; := (Ciy1 - cn)_1 for all
1.

Proof. As in the proof of Lemma @, if Ty b.c is not surjective, then there
exists a 2-dimensional subspace V' of sly(F') such that for all 4, either a; = +1
or
Ad(d;)(Tm(Ad(a; 1) = 1)) =V,
either b; = =1 or
Ad(d;)(Im(Ad(b; ) = 1)) =V,
and
Ad(ez)(Kz) =V
By Claim 1 in the proof of Lemma [I2| we obtain that V is invariant under
(Ad(a1),Ad(b1),...,Ad(ag), Ad(by)).
We also notice that
(38) Ad(ez)(K,) = Ad(ei_:,_l)(Ki_;,_l) which implies, Kz’ = Ad(cl')(Ki_H).
Because tr(cX) = tr(c Ad(g)(X)) for every g € Cx(c), Ad(c;) " H(K;) = K;.
Hence, by , we deduce that K; = K, for all i. Therefore, for all 4,
K; =V, and Ad(e;)(V) = V.
Altogether, we obtain that V is invariant under Ad(II).
Case 1. There ezists i such that either a; # +1 or b; # +1.

Proof of Case 1. In this case, by a similar argument as in the proof of
Lemma we get a contradiction. O

Case 2. For all i, a; = £1 and b; = £1, and there exists j such that c;
18 semisimple.

Proof of Case 2. Without loss of generality, we can and will assume that
F is algebraically closed. After a conjugation i, if needed, we can and will
assume that c¢; is diagonal. As ¢; # £1 and V = Kj, we deduce that
V = Feja ® Fea; where

(01 4 (00
612—00 an 621—10.

Therefore, K; =V implies that ¢; is diagonal for all i. This contradicts the
assumption that the F-span of Ad(II) is Ma(F). O

Case 3. For alli, a; = £1 and b; = £1, and for all i, ¢; is plus or minus
a unipotent.
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Proof. After a conjugation, if needed, we can and will assume that ¢ is a
lower-triangular matrix. Therefore V = K; = Fej9®F diag(1l,—1). Because
V is Ad(II)-invariant, by Claim 3 in the proof of Lemma [12} we obtain that
11 consists of upper-triangular matrices. This is a contradiction. O

O

Proof of Proposition[27. Suppose a = (p0). We let pe, = P, and inductively
define a sequence {p¢}32, such that (1) p, € Repgx7n;€7k(D/<p€>), and (2)
e (pes1) = pe, for all £ > 4.

Suppose we have already constructed the representations py,,...,ps. By
part (2) of Proposition [24 there exists p, € Rep,,,..(D) such that

pe = T (Pr)-
Without loss of generality, we can and will assume that I = [m + 1..n]. Let
o; = pe(ai), Bi := pe(bi), v = pe(ci), and € := ],y ;. Then these elements
satisfy the following properties:
(1) The k(p)-span of the group

7TP(<O‘1a Bi,. .. y Qg ﬁga’Yly . a’7m>)
is My (k(p)) where k(p) := D/(p) — this is obtained using Proposi-
tion 3| and the fact that my(p,) = m(p) € Repy,, (k(p)).
(2) For all i € [1..m], my(7;) # £1 — this follows from the assumption
that m,(p(c;)) # £1 for @ ¢ I and the induction assumption that

p= 7Tp‘fo (pf)
(3) We have [a1, 1] - [ag, Bgly1 -+ - vm = € and for all ¢ € [1..m], there
exists r; € D such that tr(vy;) = k; + p’r;.
We show that there exists X;,Y;, and Z;’s in sly(D) such that
ap = ai(1+p'X;), B = Bi(1+p'Yi), and ] == %i(1 +p'Zs)
satisfy the following properties:
(1) mperr(fad, B1] -~ g, Belvy -+~ ) = €, and
(2) e (tr(v;)) :4+1(ki) for all i € [1..m].

By Lemma [11] the first property holds precisely when
(39) Tﬂp(ﬁ)mp(?)mp(% (mp(X), mp(Y), mp(Z)) = 0,

where Tn,, (@) (B)mp(7) 15 2810 Lemma and the second property
holds if and only if

(40) tr(mp(viZi))) = —mp(ri)
for all ¢ € [1..m)].
Because my(y;) # £1 for i € [1..m], there exists Zi(o) € sly(D) such that

tr(mp (1:2))) = mp(ry).
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Then for every Z! € sly(D) such that
m(Z]) € K; := ker ;,
where
7 sla(k(p)) = k(p), 7i(2) :=tr(mp(7i)Z),
we have that holds for

Zi = — i(o) + 7.
Since TWP(E)’WP (B)m(7) 18 @ multi-linear function, holds exactly when
(41)
") = (0)
T o@D () oK) o (Y), 1o(Z0)) = T ) 0 3,y (7 (0 O o (Z75):

By Lemma there exist X,Y € sly(D)?9 and Z' € [[[%, K; such that
holds. Hence, o, 3/, and ~/ satisfy the mentioned properties. Therefore the
map

a; — e+t (042), b; — Tpt+1 (,3;), C; — Tpe+1 (’}/Z/) for i € [1..m}, and ¢; — g;

for i € [m + 1,n] extends to a representation pgy; in Repgx’n;e,k(D/<p”1>);
IMOTeOVer, Ty (pe+1) = pe-

By Proposition for all ¢, there exists p; € Repy . (D) such that
me(pe) = pe. Thus {p¢}e is a Cauchy sequence and its limit p is a lift
of p which is in Repngm cx(D). The first part follows.

By Lemma there exists p € Rep;,ngeyk(D/a) such that z = [p]. Since
n(z) = n(m(z)), by the first part, there exists p € Repngn;ejk(D) such that
p = ma(p). Hence, T = m4([p]) and [p] € Ch;,n;e,k(D)‘ The second part
follows. O

Motivated by Proposition 27} we let Cg e be the open subscheme of
Chgxyn; ck which is given by n(z) equal to the number of components of k. By
Corollary 2 we deduce the following description of the R-points of Cy p.c k.

Lemma 29. In the above setting, the following statements hold.

(1) Suppose F is an algebraically closed field and its characteristic is not
2. Then Cyp.cx(F') consists of elements of the form [p] where p €
Repy . (F), plci) = & for alli € I, tr(p(c;)) = k; for alli € [1.n]\ 1,
and p(c;) # £1 for alli € [1.n] \ F.

(2) Suppose D is a compact DVR, p is a uniformizing element of D, and
the characteristic of the residue field k(p) := D/{(p) is not 2. Then

Cymiex(D) = {z € Ch 1 (D) [ mp(2) € Cyniexc(k(p))}-

g,n;e,k
(3) Suppose D is a compact DVR, p is a uniformizing element of D, and

the characteristic of the residue field k(p) :== D/(p) is not 2. Then
for every positive integer k

Comex(D/(p") = {z € Chypp 1 (D/ (") | mp(x) € Cymexc(k(p))}-
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By Proposition 27] and Lemma [29] we deduce the following result.

Proposition 30. Suppose D is a compact DVR and a is a proper ideal of
D. Then mq : Cy e (D) = Cyniex(D/a) is surjective.

3.2. Almost equidistribution of the commutator map and product
of trace sets. Suppose F is an algebraically closed field of characteristic
either zero or p > 2, € is a collection of signs, and k is a collection of elements
of F'. Let R be the reduced F-scheme such that

R(F) = Rep;7n;€7k(F),
and similarly let C be the reduced F-scheme such that

Q(F) = Ch;,n;e,k<F)'

In this section, we prove certain properties of SLy(IF,), which is used in
the next section to show R and C are irreducible varieties. We will use
Lemma [25| and show that 7, , induces a dominant morphism 7, : R — C.
Hence, proving that R is irreducible implies that C' is irreducible.

Theorem 31. In the above setting, let m be the number of components of k.
Then if 3g +m — 3 is positive (this means either g > 2 org=1 and m > 1,
or g =0 and m > 4) and R is not empty, then R and C are irreducible and

dimR=6g+2m -3 and dimC =6g+ 2m — 6.

The case of n = 0 and g > 2 is proved by Rapinchuk, et al, in [44], for
characteristic zero fields. In [34], Liebeck and Shalev used character theory
of finite groups and investigated the representation variety of non-virtually
abelian Fuchsian groups over an algebraically closed field of arbitrary char-
acteristic. In [55], Whang proved that C' is irreducible if n > 1, m = n, and
3g +n — 3 > 0. Here, we follow Liebeck-Shalev’s method.

Before we go to the strategy of our proof, let’s remark that most likely the
condition on R being non-empty is not necessary; but for the applications
that we have in mind this result is enough.

Here is our strategy. Let R(k) be the subring of F' which is generated by
the coordinates of k. Suppose m is a maximal ideal of R(k) and F is a field
extension of R(k)/m. We use character theory of SLy(IF,;) and show that

’Repg7n;€7k(}Fq)| = qd(g7n7k) :i: O(qd(g,’n,k)—l)

where d(g,n, k) := 6g + 2m — 3 and m is the number of components of k.
Next, we argue that the dimension of every irreducible component of every
fiber of
Repg,n;e,k - SpeC(R(k))

is at least d(g,n,k). Then we use algebraic geometry and the Lang-Weil
estimate on the number of F,-points of a geometrically irreducible I -variety
to finish the proof.

In this section, we focus on the needed results from finite group theory.
To that end, we start by recalling the character table of SLy(F,). Every
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irreducible representation p of a finite group G is uniquely determined up to
conjugation by its trace. Trace x, of an irreducible representation p : G —
GL,,(C) is called an irreducible character of G. The set of all the irreducible
characters of G is denoted by Irr(G). By the Peter-Weyl theorem (for finite
groups), one can see that the set of characters form an orthonormal basis
for the space of class functions of G (with respect to the inner product given
by the probability counting measure on G). We will be using character
theory, to use ideas from Fourier analysis and obtain flatness of certain class
functions. This idea had been used before by many authors, for example
see [34], 201 B2, [1]. Let

w:GxG— G, wy) =y,
and N : G — C, N(z) := |[w™!(x)|. Then N is a class function. Hence
N= > (x:Nx
xE€Irr(G)

Notice that

(42) (6 N) = ,(1” S N(@)x(@) = |Cl,| S X,

zeG z,yeG
For every unitary irreducible representation p of G and y in G, we have that
> playz)
el

commutes with p(G), and so it is a scalar matrix. This means for every
y € G, there exists ¢,(y) € C such that

> playe™) = cp(y)1,.

zeG
Taking the trace of both sides, we obtain that
Glx(y)
Cp\Y) = —73

where x := X, is the character of the representation p. Hence

> ollz.y) = S) )1,

= x(1)

and so for every y € GG, we obtain

_ Glixw)l?

Therefore

2 2
(43) DRUCTIED DR L

z,yeG yeG X(l)
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By and , we deduce that for every x € G
x(x)
44) N(z) =|G Sz
( @=1e1 ¥ X

x€lrr(G)
This formula goes back to Frobenius, and have been used in the previous
works on the almost equidistribution of (product of) the commutator map,
e.g. see [20, 11 [32].
We also need the almost equidistribution of

ey X ek ey,

where pc; is the probability counting measure on a normal subset C; and
frga)=> fygly 'z
yeG

for every € G. Let’s recall that for every f € L?(G) and unitary irreducible
representation p, the Fourier inverse of f is

fo) = =3 Fa)n(a)"
’G| zeG
It is easy to check that
Fxg(p) = |Gla(p)F ().

~

Notice that if f is a class function, f(p) commutes with p(G), and so it is a
scalar matrix, say

F(p) = o)1

In particular, when f;’s are class functions, we have

k
(45) cplfro-x fi) = |G [ [ el £)
=1
and
(46) (6 f) = te(f(p) = co(£)x(1),

where x is the character associated with p. By and , we obtain that

k—1 k
(47) bedinees iy = (A05) TIoes)

x(1) paley
for class functions f;. Notice that for a normal set C, we have
1
(48) X me) = 7= ) x(@).
o] 2

By and , we obtain

x(1) ﬁ X(Cy)

(49) (X ey * -0 iy, G

i=1
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where x(C) := > _cox(z). By and the fact that the convolution of
probability measures is a probability measure, we obtain that

k
60 worpe@ - = XSG @,
Xl (G\ {16} =1 N
where 1¢ is the trivial character of G.

Our almost equidistribution results rely on , , and the character
table of SLa(IF,). We recall the character table of SLy(F,) from [I1, Chapter
38.1]; this character table was known to Schur. Suppose ¢ = p™ where p
is an odd prime and [F, is a finite field of order ¢q. Let v be a generator of

F>*. Let uy := (i ?) for x € F,. Let d := diag(v,v™!). Notice that the

left multiplication of FZQ on F 2 gives us an embedding of F; into GLy(FF,).
Moreover, this embedded ]F;2 intersects SLy(Fy) in a cyclic group of order
g+1. Suppose s is a generator of this cyclic subgroup. Then by [I1, Chapter
38.1], we have the following theorem.

Theorem 32 (Character table of SLy(F,)). In the above setting, SLa(F,)
has exactly g + 4 conjugacy classes

Cl(+1), Cl(fuy), Cl(%u,), Cl(d"), Cl(s™)
for 1 <0 < (¢q—3)/2 and 1 < m < (¢ —1)/2. The cardinality of the
conjugacy classes are given by the following table:

g | F1[Hu, | 4 | s
T

it | 1 [ S2 Talg+1) [alg—1)
where x is either 1 or v and 1 < ¢ < (¢ —3)/2, 1 < m < (¢ —1)/2.
Let e := (—1)la=1/2, Cg—1 = e2mi/(a=1)  and Cot1 = e2™i/(@t1) - Then the
irreducible characters of SLa(F,) are given by the following table:

1 -1 uUq Uy dt s
1g 1 1 1 1 1 1
Y q q 0 0 1 -1
Xi |[q+1|(=1)g+1)| 1 1 | 2Re(¢i,) 0
0j la—1|(-D(¢-1)| -1 -1 0 | —2Re(¢;1)
Tl e e e Bl s el B ) 0
R I e e vl e vl B G 0
m Q;Zl _5(q2*1) *IJ;\/E *1*2\/@ 0 (_l)m-i-l
2 Q;21 _5(q2—1) *1*2@ *17;\/5 0 (_l)m-i—l

for1<i £ <(q—3)/2 and 1< j,m < (q—1)/2. Moreover,

for x = 1,v and every irreducible character x € Irr(SLa(Fy)).
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Next, we prove an almost equidistribution of the commutator map.

Lemma 33. Suppose q is a power of an odd prime p. Let
w : SLa(Fy) x SLa(Fy) — SLa(Fy), w(x,y) := [z,y].
For every x € SLa(F,), let N(x) := |w!(x)|. Then for every x # 1, we
have
N(z) = |SLa(Fy)|(1 £ O(g ™)),
where the implied constant is a fixed positive number. We also have that
N(1) = |SLa(Fq)|(q + 4).
Proof. By , we need to find an upper bound for the absolute value of

(51) E(z) = > Eg

X
X
x€Irr(SLa (Fg) )\ {151, Fy) }
We use the character table of SLy(F,) to compute for every conjugacy
class, and obtain the following list

T ‘—1‘ Uy ‘ Uy ‘ d’ ‘ s

B | 0 [~ [ gt 1o |

The first claim follows from the above table.
For the second part, let G := SLa(FF,); we have

N(1) =l{(a,b) € G | ab=ba}| = Y |Cc(a)]

acCG
|G|
= Z Z W = k(G)|G,
CeCl(G) acC
where CI(G) is the set of conjugacy classes of G and k(G) := |Cl(G)|. Now
the claim follows from the fact that x(SL2(F,)) = g + 4. O
Next, for a given vector k := (ky,...,k,) € [y, we consider the sets

Ci == {x € SLy(Fy) | tr(z) = ki},
and prove an almost equidistribution of

HCy * e X ey,

where jic, is the probability counting measure on Cj;. Notice that if k; # £2,
then Cj is a single conjugacy class consisting of regular semisimple elements;
that means either C1(d*) for some 1 < ¢ < (¢ — 3)/2 or Cl(s™) for some
1<m < (gq—1)/2. If k; = £2, then C; is the union of three conjugacy classes
CI(+£1), Cl(+uq), and Cl(£u.) (we are using the notation of Theorem [32)).
By , to obtain such an almost equidistribution, it is enough to control
Xx(C;)/(x(1)|C;]). Using the character table of SLy(FF,) given in Theorem
we obtain the following result.
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Lemma 34. In the setting of Theorem suppose that C'is either C1(d*)
for some 1 < €< (q—3)/2, or CI(s™) for some 1 <m < (q—1)/2, or
tr1(2) := {1JUCI(u1)UCl(u,) or tr (—=2) := {=1}UCI(—u; )UCI(—u,).
Then for every x € Irr(SLa(Fg)) \ {1sL,(r,) )

‘ x(C) 2
x(MICI~ g1
Proof. Notice that, for C' = Cl(z), x(C) = |C|x(z). We also observe that

XE12)  x() + T () + x(w,))

[t h(2)] ¢ ’
and
x(tr(=2)) _ x(=1) + S (x(—w) + x(—w) _ x(-1) x(tr'(2)
[ tr=1(=2)| 'S x(1) ()]
Since |x(—1)| = |x(1)|, we obtain that
x(trt(2)] ‘X(tr_l(—%)
[ tr~1(2)] | tr1 (=2)]

Based on these equations and Theorem [32] we obtain the following table for
&)
| x( E

x(lcpt
Cl(d") Cl(s™) | tr=(2)

W) I I 1

2R | o i

Xi g ' 0 %

|2Re(¢) 1) 1

9j (2) q—ql+1 ?

51,2 P 0 ?

2 0 % P
The claim follows. O
Lemma 35. Suppose k := (k1,...,ky) € IFy, where q is a power of an odd

prime. Let

Ci := {x € SLy(Fy) | tr(z) = ks}
for all i. Suppose ¢, is the probability counting measure on C;. Then for
n >3, for all x € SLo(F,) \ {£1},
1
% ..k )= — (1+0(qg Y2 ,
ey :uCn( ) ‘ SLQ(]Fq)‘ ( (q ))
and for n >4, for all x € SLa(F,),
1

- - —1
= [Sia(ry - =0 )

pey * - % pe, ()
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Proof. Let G := SLy(F,). By (50), we have that

G H( cr> ““’)’
x€lrr(G \{1 } =1

Using the character table, we see that x(1) < ¢+ 1, |x(z)|] < g+ 1/2 for
all z # +1. Hence, by Lemma [34] we obtain that

(2 xane| < (1) ava=amom,

=1

HCy ke X MCn ‘ ‘

for some fixed implied constant. Similarly, we obtain that

ﬁ(%)x(l)x(il)' < (;)n(f = g2

=1

Notice that |Irr(SL2(F,))| is the number of conjugacy classes of SLa(Fy),
which is ¢ + 4. Hence, altogether we deduce that

1 1
< —q B < 2 -1/2
G| G|

* ook (x) — 1
ney * - x pep (T

1 |Gl
ifn>3and x # 1, and

1 1 _ 1
MCl*..'*MCn(w)_m’<mq n+3§@q !

if n > 4 and for all z. U
Next we prove the following counting result using Lemmas [33] and

Lemma 36. Suppose k := (k1,...,kn) € Fy, ¢ = £1 where q is a power of
a prime number, and g > 0. Then the number of elements Ny(g,n,k,€) of

{(a,b,c) € SLa(F,)2™™ | [a1,b1] - -~ [ag, bylct - - - e = &, tr(c;) = ki}
where a = (ai,...,aq), b= (b1,...,by), and c = (c1,...,¢cyn) is equal to
¢ (14 0(¢7h)

if 3¢ +n — 3 > 0 (this means either g > 2, org=1andn >1, or g =0

andn > 4).

Proof. We start with the case of g =0 and n > 4. By Lemma we have
Ny(0,n,k,¢) 1
MK iy e () = e

[[i= |Gl ' | SLa2 ()|

where C; := {2 € SLy(F,) | tr(x) = k;}. We also notice that by Theorem [32

|Ci| = ¢? or ¢* + ¢; and so |C;| = ¢*(1 £ O(q™1)). Because

| SLa(Fy)| = a(¢® = 1) = ¢°(1 = O(¢™?)),

(1+0(™),

we deduce that
(52) N,(0,n,k,e) = > 31+ 0(¢g)).
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Next, we obtain a recursive formula for ¢ > 1. For x = (x1,...,24), let
X = (x2,...,24). We also let G := SLy(FF,). Then we have
NQ(Lq’nakvg) = Z ’w_l(g([a%b?]"'[agabg]cl"'cn)_1)|

abeGo—1.cel]l, C;
where w : G x G — G,w(z,y) := [z,y]. By Lemma[33] we obtain that

Ny (g.n,k. ) —(\GP@-” T11C:— NyGg — 1., k,e>) Gl 06
=1

+NQ(g - 1a n, k7 €)|G|(q + 4)
(53) =31 £ 0(g7) + 4" Nolg = 1n, k,e)(1£0(g 7))
We proceed by induction on g. If
(9:n) €{(2,0),(1,1),(1,2),(1,3)},
then by the induction hypothesis and ,
Ny(g —1,n,k,e) = ¢®0" D31 £ O(¢g71));
and so by , we obtain that
Ny(g,n,k,€) = ¢ "3 (1 £ 0(q7).
By Lemma [33] we also have
Ny(1,0,2,¢) = O(q");
and so by , we obtain
Ny(2,0,2,6) = ¢°(1+£0(g" "))
Notice that because the first n — 1 components uniquely determine the last
one and |C;| = ¢*(1 £ O(q™!)), we have
Ny(0,n,k,e) < ¢z
Hence, by , we obtain
Ny(1,n,k,e) = ¢ (1 £ 0(¢™) + O(¢*"*?) = " (1 £ O(¢7 ).
This completes the proof. O

3.3. Geometric irreducibility of the generic fiber of modified rela-
tive character varieties. The main goal of this section is to prove Theo-
rem[31] Let’s recall the setting of Theorem 31} Suppose F is an algebraically
closed field of characteristic either zero or odd. Suppose n and g are non-
negative integers. Suppose I is a subset of [1..n] with m elements. For every
i € [l.n]\ I, g is either 1 € SLa(F) or —1 € SLa(F'), and for every ¢ € I,
k; € F. Let € := (g;)igr and k := (k;);cr. Suppose 3g +m — 3 is positive.
Let R(k) be the subring of F' which is generated by k;’s. Let Rep, .. be
the affine R(k)-scheme given by the functor

Repg,n;ak(A) ={(a,b,c) € Repgm(A) Vi I,¢; =¢;,Vi €I, tr(c;) =k}
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for every R(k)-algebra A. Notice that since ¢;’s are central, we can reorder
ci’s and assume that I = [l..m]. Then (a,b,c) € Repg . k(A) precisely
when

la1,b1] - - [ag, bgler -+ cm =€
where ¢ := [[;_,,,; €. Therefore, by Lemma we obtain the following
result.

Lemma 37. In the above setting, suppose m is a mazimal ideal of R(k) and
F, is an extension of the residue field R(k)/m. Then

|Repg,n;e,k(Fq)| = q6g+2m73(1 + O(qil))'
Proof. By the above discussion, this is a reformulation of Lemma [36] O

Next, using Krull’s Height Theorem, we give a lower bound on the di-
mension of every irreducible component of a fiber of

Repy e x — Spec(R(k)).
To this end, we recall the following result from commutative algebra.
Lemma 38. Suppose K is a field, A= Klz1,...,xp)/{r1,...,7k), and q is
a minimal prime divisor of (ri,...,rg). Let @ =q/{r1,...,r%). Then
dim(A/q) > D — k.
Proof. Notice that
dim(A/q) = dim(K|z1,...,zpl/q) = D — ht(q).

Since ¢ is a minimal prime divisor of (r1,...,rg), by Krull’s Height Theorem
ht(q) < k. Hence dim(A/q) > D — k. O

Lemma 39. In the above setting, for every p € Spec(R(k)) and every field
extension K of the residue field k(p), every irreducible component of

ReDg nie k XSpec(R(k)) Spec(K)

is of dimension at least 6g + 2m — 3.

Proof. Notice that Rep, ,,.cx Xspec(R(k)) SPec(K) is an affine scheme de-
scribed by a finitely presented K-algebra given by 8g + 4n variables that
are viewed as entries of 2¢g + n matrices

ai,...,0g,01,...,bg,c1,...,¢p

which are 2-by-2, and the following relations: 2g + m relations for determi-
nants

deta; = --- =detayg =detb; =--- =detby; =detc; =--- =detc,, =1,
4(n — m) relations for e relations
Cm+1 = Emals--->Cn = En,
m relations for the traces given by k
tr(c1) = ki, ..., tr(em) = km,
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and 3 relations given by the (1,1), (1,2), and (2, 1) entries of the following
equation

arbiadj(ar)adj(by) - - - agbgadj(ag)adj(by)cy - - - ¢ = €,
where adj <aZ: ?) = <_tz _xy> and € := H?:m—‘,—l g;; notice that if a 2-by-2
matrix has determinant 1 and shares the same (1, 1), (1,2), and (2, 1) entries
with e, then it is €. Altogether, we have
(29g+m)+4(n—m)+m+3=2g9+4n—2m+3
relations. Hence, by Lemma we obtain that every irreducible component
of this scheme is of dimension at least
(8g+4n) — (29 + 4n — 2m + 3) = 6g + 2m — 3.
O

Theorem 40. In the above setting suppose 3g +m — 3 s positive. Then the
generic fiber of

Repg,n;s,k — SpeC(R(k))
is geometrically irreducible and it is of dimension 6g + 2m — 3.

Proof. Let K be the subfield of F' which is generated by k;’s. Then K is
a field of fractions of R(k). By [47, Lemma 33.8.15], there exists a finite
separable extension L of K (which we assume to be a subfield of F') such
that every irreducible component of

Repg,n;s,k X Spec(R(k)) SpeC(L)
is geometrically irreducible. Since L/K is a finite separable extension, there
exists ¢ € L such that L = K|[c|]. Then L is a field of fractions of R(k)|c|.
Let
X = Repg,n;a,k ><Spec(R(k)) SpeC(R(k) [C])v

and 1 be the generic point of Spec(R(k)[c]). Then all the irreducible com-
ponents of the generic fiber X, are geometrically irreducible. For every
p € Spec(R(k)[c]), let k(p) be the residue field of p and k(p) a separable
closure of k(p). Let i(p) be the number of irreducible components of

X Xgpec(R(k)[)) SPec(k(p)).
By [47, Lemma 37.27.6], there exists f € R(k)[c] such that for every p in
Spec(R(k)[c][1/f]), i(p) is the same as i(0). In fact, by the virtue of the

proof of [47, Lemma 37.27.6], there exists f and closed subschemes {X ]};(2)1
of

X Xspec(R(k)[)) SPec(R(k)[c][1/ f])
such that for every p € Spec(R(k)[c|[1/f]) and every j,

Xjp = Xj Xspec(R)[[1/f) k(P)
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is geometrically irreducible and X ,’s are distinct irreducible components of

Xp 1= X Xspec(rolel(1/1)) F(p)-
Notice that since R[k][c]|[1/f] is a finitely generated ring, for every maximal
ideal m of R[k][c|[1/f], the residue field k(m) = R[k][c|[1/f]/m is a finite
field. Notice that R[k]|[c][1/f] is a subring of F' and the characteristic of F’
is either zero or odd. In either case, we can find a maximal ideal m such
that the residue field k(m) is a finite field of odd characteristic. For every
finite field extension F, of the residue field k(m) and every j, we have

(54) |Xm(Fq)| > ‘Xj,m(Fq)‘-
Because X is geometrically irreducible, by the Lang-Weil theorem [31]
(55) X ()| = " Xom 4 O(g ™ Xim=3).

Notice that Xw(F,) = Rep, ... x(Fg), and so by Lemma (54), and (55),
we obtain

X(F| o g™ 4 O om )

groo qB9+2m—3 = I (09+2m=3 :

This implies that dim X;, < 6g + 2m — 3. By Lemma we have that
dim X; n > 6g + 2m — 3; and so

(56) dim X = 69 +2m — 3

for a maximal ideal m of R(k)[c|[1/f] if the residue field k(m) is of odd

characteristic. Hence, for ji # jo, dim(Xj, m N Xj, m) < 69+ 2m —4. Hence,
by [18, Lemma 3.1]

(57) |Xj1,m(Fq) N ij,m(Fq)| = O(q69+2m_4)

where the implied constant depends on g,n,e, and k. By , 7 and
, we obtain that

X(F) = i(0)22 4 0094 2m ~ 1 )

and so by Lemma [37) we obtain that i(0) = 1. This means X,, is geometri-
cally irreducible, which implies that the generic fiber of

Repg,n;e,k — SpeC(R(k))

is geometrically irreducible. By and [47, Lemma 37.30.1], we deduce
that the generic fiber mentioned above is of dimension 6g + 2m — 3, as
well. 0

Before we go to the proof of Theorem we show that 7y, induces a
dominant morphism from R to C. This argument is based on the properties
of the coordinate rings of these schemes. We recall some needed notation
from commutative algebra. Suppose A and B are two unital commutative
rings, and f : B — A is a ring homomorphism. Then for an ideal I of B,
the extension of I under f is denoted by I¢ and it is the ideal of A which
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is generated by f(I). For an ideal I of A, the contraction of I under f is
f~1(I) and it is denoted by I¢. For an ideal I of A,

V(I) := {p € Spec(A) [ I C p}
is the set of prime divisors of I.

Lemma 41. There is a dominant morphism 7y, : B — C such that for
every p € R(F),

ﬁgmb(p) = 71-g,n(p)'
Moreover R and C are irreducible.

Proof. Let B := Ry, ®z F and A := A;, ®z . Then Ty, 8ives us an
F-algebra homomorphisms

f:B— A.
Let Ia be the ideal of B which is generated by the discriminant A(vy,~’) for
7,7 € Ily . Then

Rep;,n ><Spec(Z) SpeC(F) = SpeC<A) \ V<IZ)
and

Chy'\, Xspec(z) Spec(F) = Spec(A) \ V(Ia).
By the definition of the modified relative character variety given in Sec-
tion (more specifically, see the paragraph before Lemma there exists
an ideal J := J.k of A such that

Chgx,n;e,k X $pec(R(k)) Spec(F) = Spec(B/J) \ V(Ia + J¢/J°),

Rep; ... ik XSpec(R(k)) Spec(F') = Spec(A/J) \ V(Ix + J/J),
and
Repg,n;e,k XSpec(R(k)) SpeC(F) = Spec(A/J).
Let A:= A/J and B := B/J¢. Notice that f induces an F-algebra homo-
morphism from B to A which is still denoted by f.

By Theorem we obtain that A has a unique minimal prime ideal; this
means there exists qp € Spec(A) such that for every q € Spec(A), qo C g.

We want to show that every prime ideal of B is either a prime divisor of
Ip = 1Ia+ J/J or contains gf.

Notice that by Hilbert’s Nullstellensatz, there exists a natural bijection
between the points of Chy e x(F) and maximal ideals of B which are not
in V(Ia + J¢/J¢) and similarly there exists a bijection between the points
of Rep, .. x(F) and maximal ideal of A that are not in V(I§ + J/J). By
Lemma

Tgm . Rep;mﬁ,k(F) — Ch;,n;e,k(F)

is surjective. In the language of maximal ideals, this means every maximal
ideal of B is either a divisor of I or a contraction of a maximal ideal of A.
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Now we are ready to show that every prime ideal of Bis a divisor of
q° N Ia. Suppose to the contrary that there exist a prime ideal p of B and
beqNIa\p. Since B is a finitely generated F-algebra,

p= N m.
mEMax(B)NV (p)
Hence there exists a maximal divisor m of p which does not contain b. As
b € Ia, we deduce that m is not a divisor of IA; and so m = n® for some
maximal ideal n of A. Because qg is the unique minimal prime ideal of A,
qo € mg. Therefore qf € n® = m. This implies that b € m which is a
contradiction. B B B

For p € Spec(B) \ V(Ia), we have that plq5/a and p 1 Ia; and so plq§.

Therefore, we can naturally identify Spec(B) \ V(Ia) with

C :=Spec(B/q5) \ V(Ia +q5/q5)-
Because qq is the unique minimal prime ideal of A, we can naturally identify
Spec(A) \ V(In) with

R := Spec(A/q0) \ V(I + d0/0)-
The F-algebra homomorphism f induces the F-algebra homomorphism

[ B/ag — A/do.
Altogether, we have that R and C are irreducible F-varieties, and f gives
us a morphism
m: R— C.

Because every maximal ideal in C' is a contraction of a maximal ideal in R
and maximal ideals are dense in C, we obtain that 7 is a dominant morphism.

Since 7 is given by the F-algebra homomorphism f, we deduce that, after
the needed identifications, 7(p) = 7y n(p) for every p € R(F). O

Proof of Theorem[31 By Lemma it is only remained to find the dimen-
sion of R and C. By Theorem the generic fiber of

Repg p.ex — Spec(R(k))
is geometrically irreducible. Since Rep, ..y 1S a non-empty Zariski-open
subset of Repy .., we deduce that
dim Rep;n;e,k X Spec(R(k)) SPec(F) = dim Repy ,,.. k Xspec(R(k)) SPec(F).
Hence, by Theorem
dim R = 6g + 2m — 3.

Suppose m is a maximal ideal of R(k); since the residue field k(m) := R(k)/m
is a finitely generated ring and it is a field, it is a finite field. We can choose
m in a way that the characteristic of this finite field is not 2. Suppose F, is
a field extension of k(m). Then, by Lemma

Tgm - Rep:](,n;s,k(Fq) - Ch;n?eak(Fq)
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is surjective. By Lemma
-1
Wg,n(Ch;7n;€7k(Fq)) = Rep;’n;gk(Fq),
where here 7, ,, is viewed as
Tgn - Repgx,n(Fq) - Ch;n(FQ)'

By Proposition for every x € Ch),,(F,), m, 1 () is a single PGLy(F,)-
orbit. Since every element of Rep,, (IF;) is an absolutely irreducible repre-
sentation, its stabilizer under the action of PGLy(F,) is trivial. Altogether
we obtain that
(58) ICh*  (F,)| = w

! [PGLy(Fy)|

g,n;e,k
By Lemma [41], the generic fibers of
Rep;n;g’k — Spec(R(k)) and Ch;?n;gk — Spec(R(k))

are geometrically irreducible. Hence, by [47, Lemma 37.27.5], we can choose
m in a way that the fiber over m of both of the above morphisms are ge-
ometrically irreducible. Moreover, by [47, Lemma 37.30.1] we can and will
assume that the dimension of these fibers are the same as the dimension of
their respective generic fibers. Hence, by the Lang-Weil estimate (see [31]),
we obtain

(59) [Repy .1 (Fo)| = ¢"™E(1+ 0(¢7?))
and
(60) ICh (B = g™ (1 4+ 0(g71/?).

By , , and , we obtain that
dimC = dim R — 3.
Therefore, by Theorem [40] claim follows. (]

4. INFINITE ORBITS OF A PURE MAPPING CLASS GROUP.

4.1. Notation, background, preliminary results, and highlights of
this section. Let ¥, be a surface of genus g with n punctures. Then
the pure mapping class group I'y, := PAut(Il;,)/Inn(Il,,) acts on the
set of conjugacy classes of a fundamental group Il;, of ¥,,. The pure
mapping class group also acts on the character variety Chy,, by scheme
automorphisms; this is the case, because by the Fricke relations t..,/,-1 =t
in Ry, for every v, € Ily ,, and so the action of the pure automorphism
group PAut(Il,,,) on Ry, factors through I'y .

There is a bijection between the set of non-trivial conjugacy classes of Il ,,
and the set of non-trivial free homotopy classes of oriented closed curves in
Ygn (see [I3, Section 1.2.1]). So sometimes, we label the generators ¢, of
R, by non-trivial free homotopy classes of oriented closed curves. Based on
this bijection, we get an action of I'y ;, on the set of oriented closed curves up
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to a free homotopy. In fact, the (pure) mapping class group can be defined
as the group of isotopy classes of orientation preserving homeomorphisms
of ¥, , fixing the punctures. Under this identification, we get the same
action on the free homotopy classes of oriented closed curves in ¥, (see
[52, Lemma 23]).

We are particularly interested in oriented simple closed curves. These
are embedded copies of an oriented circle in X,,. Let C be the set of
all oriented simple closed curves up to free homotopy. Given an oriented
simple closed curve a € C, the Dehn twist 7, about a is an element of
the pure mapping class group which is given by a homeomorphism of ¥,
supported on a neighborhood of a. To apply 7,, first we cut a small tubular
neighborhood of a, view it as an annulus in a way that the counterclockwise
orientation of the outer circle matches the orientation of a, twist the inner
circle counterclockwise, and then glue back the neighborhood.

By works of Lickorish, Humphries, and Birman (see [I3, Theorem 4.9,
Theorem 4.13, Theorem 4.14]), I'y ,, is generated by the Dehn twists around
simple curves. For g > 1, the Dehn twists about the simple curves given
in Figure (1| generate I'y ,,. For g = 0, using the proof of the Birman exact
sequence, one can show that the Dehn twists about the simple curves which
separate a subset of punctures from the rest generate I'y .

FiGure 1. Humpheries’ generators

An essential curve is an oriented simple curve which does not bound a disk
or a punctured disk in ¥, ,,. An essential simple curve a is called separating
if ¥4, \ a contains two connected components; otherwise a is called non-
separating. Let Chs C C be the subset consisting of non-separating essential
simple closed curves, and Cq be the subset consisting of separating essential
simple closed curves.

For every unital commutative ring R, let

t:Chypn(R) xC— R, t(z,d):=tq(z);
in particular, for every p € Rep, ,,(R) and a € C,
t(mg.n(p), a) = tr(p(Cly)),

where Cl, is the conjugacy class of Il ,, corresponded to a. For every 6 in
I'yn, a€C,and z € Chyn(R), we have

(61) tl-x,0-a)=1t(z,a).
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Let’s also recall that for every 6 € I'y,, and a € C,
Toa = 07,071,

and so

(62) t(l - x,79.4(0 - b)) = t(x, 74(b)).

For a and b in C, we let i(a,b) be the geometric intersection number of a
and b. Clearly, for every 0 € 'y,

i(a,b) =i(0-a,0-0b).

The topological dynamics of the pure mapping class group on the character
variety has been studied in different contexts, and mostly over R or C.
This means one would like to study the (closure of the) orbit I'y,, - « for
some z € Chy,(F'), where F is equipped with certain topology. Most of
these works rely on finding simple curves a and b such that {7)'z},cz and
{r}'x}nez are unbounded and i(a,b) < 2.

For instance, in [19], to study Schwarzian equations on closed Riemann
surfaces, Gallo, Kapovich, and Marden investigate non-elementray represen-
tations

J2 Hg’() — PSLQ(C)

As part of their work, they obtain that if p € Repj((C) and p(Ilyp) is
an unbounded subgroup of SLy(C), then there are simple curves a and b
such that i(a,b) = 1, [ta([p])]; [ts([p])] > 2, and the restriction of p to the
fundamental group of the handle given by these curves is non-elementary
(that means Zariski-dense and unbounded). In [42], Previte and Xia studied
the closure of I'y ,, - [p] where p : II, , — SU3(C) is a dense representation and
g > 1. In this case, they prove that there exist simple curves a and b such
that i(a, b) = 1 and the image of the restriction of p to the fundamental group
of the handle given by a and b is still dense in SU3(C); notice that being
dense in SU3(C) with respect to the Archimedean topology is equivalent
to being dense with respect to the Zariski-topology. In [40] and [3], finite
orbits of I'y, were classified when g > 1. They prove that if g > 1 and
p € Repy ,,(C), then T'y,, - [p] is infinite. The case of g = 0 is more subtle.
Finite I'g »-orbits in Chg,(C) are in connection with algebraic solutions of
the Painlevé VI differential equations. For this reason, Lisovyy and Tykhyy
studied this problem, and classified all the finite I'g 4-orbits; in particular,
there exists p € Repf 4(C) with finite I'g 4-orbit (see [35]). Here we further
study infinite orbits of I'y ,,. The following is one of the main results of this
section.

Proposition 42. Suppose F is an algebraically closed field of characteristic
zero. Suppose g and n are non-negative integers and xr € Ch;vn(F). Then
the orbit 'y, - of the pure mapping class group Iy ,, is finite precisely when
for all essential curves a and b with the geometric intersection number i(a,b)

at most 2 there exists a positive integer k such that
t(z, 75 (b)) = t(x,b).
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Although our approach has some similarities with the mentioned previous
works, it has novel aspects as well; for instance, we deal with the case of g = 0
and make use of non-archimedean fields to obtain a non-trivial dynamics on
the projective line. Let us recall that for every prime p there exists a field
C,, with the following properties:

(1) As a field C, is isomorphic to C; in particular, it is algebraically
closed.
(2) The field @, of p-adic numbers can be embedded in Cp, and the
algebraic closure @p of Qp is dense in C,,.
(3) The p-adic norm | - |, uniquely extends to C, and C,, is a complete
metric space with respect to the metric given by this norm.
We let Cy be the set of complex numbers, and in this section p is either
a prime or 0. The action of SL2(C,) on the projective line P1(C,) is often
captured by the Mobuis transformations. We identify P!(C,) with C,U{oco}
via
[x:1]— 2z and [1:0]~— oo,
for all € C,. Through this identification, the action of SLy(C,) turns to

a b _ar+b
c d) T atd
Every element v of SLy(C,) is either a conjugate of + <é }) or diagonal-

izable. In the first case, the action of v on P!(C,) is a conjugate of
z— tx+1.

Such an element is called parabolic. In the second case, the action of v on
PL(C,) is a conjugate of x — A2z where X is an eigenvalue of z. When
|Alp > 1, v is called lozodromic. When ||, = 1, v is called elliptic. For
v € SLy(Cy), let My := max{|Alp, |\, '} where A*! are the eigenvalues of
7. Notice that M, > 1 if and only if 7 is loxodromic. For v € SLy(C,), let

Fy={[r:y) € PYCp) [ [z :y) = [z y]}.

Notice that [z : y] € Fy if and only if (z,y) is an eigenvector of . Hence
v € SLy(C,) is parabolic if and only if |F,| = 1; and v # %1 is elliptic or
loxodromic precisely when |F,| = 2. Notice that being parabolic, elliptic, or
loxodromic, M., and |F,| depend only on the conjugacy of the element ~.

For z € Chg ,,(Cp) and a € Cs(Xy,,), we say that a is z-lovodromic (re-
spectively, elliptic or parabolic) if for some p € Rep®(C,,) we have x = [p] and
p(Cl,) consists of loxodromic (respectively, elliptic or parabolic) elements,
where Cl, is a conjugacy class of Il , corresponded to a. Notice that by
Corollary [8] Theorem |7} and Proposition for every z € Chy ,,(C,p), there
exists p € Repy ,,(Cp) such that = [p] and the fiber Trg_}L(x) consists of
GL2(C,)-conjugates of p. Hence, being z-loxodromic, elliptic, or parabolic
do not depend on the choice of a lift p € Repy ,,(C;) of z.
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Proof of Proposition is based on the following results on unbounded
orbits of I'g , in Chg,(Cp).

Lemma 43. Suppose F is a field of characteristic zero, x € Chy , (F'), and
Lyn -2 is infinite. Let x* : Ry, — F be the corresponding ring homomor-
phism and A, = x*(Rgy). Then there exists an embedding A, — C, such
that L'y, - x is an unbounded subset of Chy , (Cp).

Based on Lemma we turn our attention to unbounded orbits.

Proposition 44. Suppose x € Chy ,,(Cp) and the orbit T'y -z is unbounded.
Then there exist essential loops a,b such that the following properties hold.
(1) The set {t(xz,70(b)) | n € I} is unbounded for every I C Z which is
unbounded from both sides.
(2) a is x-loxodromic.
(3) If g > 0, then a and b are non-seperating curves and i(a,b) =1
(4) If g =0, then i(a,b) = 2.

Let’s remark that the first property in Proposition implies that the
orbit I'g 5, - [p] is unbounded. Our last result of this section strengthens the
converse of Proposition

Proposition 45. Suppose p € Rep;m((Cp). Suppose there exist simple es-
sential loops a and b with the following properties:

(1) p(«) is diagonalizable and not torsion, where € Ilg y, is freely ho-
motopic to a.
(2) t([pl; ) # t(lp], 7a(b))-
Then Ty - [p] is infinite.

Let’s remark that Proposition [45]only in the case g = 0 is interesting. For
g > 1, by the main result of [3], T'y, - = is infinite for every z € Chj ,(C).

4.2. Multiplication and conjugation by loxodromic elements. In this
section, we prove a few auxiliary results in regard to multiplication and
conjugation by powers of a loxodromic element. Similar computations over
C has been done in the previous related works.

Lemma 46. Suppose o, € SLy(C,) is lozodromic. Then the following
statements hold.

(1) If B does not interchange the fized points of «, then for every positive
M there exists an unbounded interval I of integers such that o™ is
lozodromic and |tr(a™B)| > M for alln € I.
(2) If B interchanges the fized points of o, then B2 = —1 and tr(a™3) = 0
for alln € Z.
In particular, the subset {tr(a™f)}ncz C C, is either {0} or unbounded.

Proof. Without loss of generality, we can and will assume that « is diagonal;

say
A0 a b
= (o) o= a),
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with ad —bc =1 and |A|, > 1. Notice that in this case
Fo = {0’ OO},

and f interchanges these points if and only if a = d = 0 and ¢ = —b~!. In
this case,

2 _ na 0 A"D
B - 1 and « /B - <_)\—nb—l 0 3

which implies the second part. Next we assume that 5 does not interchange
the fixed points of «; this means either a # 0 or d # 0. If a # 0, then
limy, 400 |[A"a|p, = 00 and limy, 4 [A7"d|, = 0. Hence

M [tr(@"B)ly = lim [X"a +A7d]y = co.
If a=0and d # 0, then

4 n — 4 n —-n — 3 —n —
ngrzloo]tr(a B)lp = nll}IEloo IAa+AT"d|, = ngriaoo A", = oo.

Notice that if |tr(z)|, > 2, then z is loxodromic. Altogether, part (1)
follows.

If {tr(a"B)}nez # {0}, then by part (2) 8 does not interchange the fixed
points of a; and so by part (1), {tr(a"5)},nez is unbounded. O

Lemma 47. Suppose o, 8,7 € SL2(C,), a is loxodromic, and
|FoNEgl=1 and F,NF3NF,=a.
Then the following statements hold.
(1) Forn#m € Z, Fyo N Fong N Fymg = &; in particular, for at most
two values of n € Z, we have Fyo N Fong # O.

(2) For at most one value of n € Z, we have that |Fong| = 2 and ya
interchanges these fized points.

Proof. Suppose to the contrary that there are distinct integers n and m such
that

T € nya N Fa"ﬂ N Famﬁ
for some x € P1(C,). Then x € F,n-m. Because « is loxodromic, we have
that Fj,n-m = F,. Therefore, a(x) = . This implies that x € F,,NFgN F,,
which is a contradiction. If I, N Fynig # @ for three distinct integers n;,
then using the fact that |F,,| < 2 we obtain that

Foa N Fonig N Fynjg # @

for some ¢ # j which contradicts the first assertion.
To prove the second part, let F,, N Fg = {x}; and so x € Fyng for all
n € Z. Assume in contradiction that there are distinct integers n and m
such that
|Farg| = [Famg| =2
and v« interchanges those fixed points. Then

Fang = Fomg = {z,va(x)}.
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Hence a"B(y) = o™B(y) = y where y := ~ya(z). This implies that y is
in F,n-m. Because « is loxodromic, F, n-m = Fy; and so y € F,. Since
a™B(y) =y and o™ (y) = y, we obtain that y € Fjg. This is a contradiction
as y # « and F,, N Fz = {x}. O

Lemma 48. Suppose a € SLa(Cp) is loxodromic and B € SLa(Cp) \ {£1}.
Then the following statements hold.

(1) aB = Ba if and only if F, = Fg.

(2) of # —Ba.

Proof. Without loss of generality, we can and will assume that

A0 a b
O‘:<o )\‘1>’ 5:<c d)’

with ad — bc = 1 and |A|, > 1. Then

-1 _ a >\2b
afa = ()\20 d > ‘

Hence, if affa™! = ¢ where ¢ is either 1 or —1, we obtain that
[blp (1Al = 1) = [e|p(|Al;* = 1) = 0.

Because ||, > 1, we obtain that b = ¢ = 0. This implies that 3 is diagonal
as well. Hence ¢ cannot be —1 and Fz = {0, 00} = Fj,. O

The following definition plays an important role in our work.

Definition 49. For v, a, 8 € SL2(Cp), (v; v, B) is called conjugate separa-
ble if the following conditions are satisfied:

(1) ~ is loxodromic.
(2) F,NEF,NEg =@.
(3) o, B ¢ C(v), where C(v) is the centralizer of v in SLa(C,).

This definition will be used later in order to do Dehn twist along a sep-
arating curve which is mapped to a loxodromic element ~. In that case, «
and 8 will be chosen as the images of simple curves from different sides of
the given simple separating curve. Then conjugate separable triples help us
find many simple curves that are mapped to loxodromic elements in generic
positions.

For v, , B € SLa(Cp), let

(63) feyiap) 12— Cpy flyiap(n) = tr(y"ay ™" p).

Lemma 50. Suppose v,a, € SLa(Cp) and v is lozodromic. Then the
following statements are equivalent.

(1) (v;, B) is not conjugate separable.

(2) f(yia,p) 8 @ constant function.

(3) The restriction of f(y.a,p) to a subset I is bounded, where I is un-
bounded from both sides; that means inf I = —oo, and sup I = oo.

(4) The restriction of f(y.a,) to an infinite subset of integers is constant.
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Proof. ((1)=(2)) Case 1. F, N F,N Fg # @; without loss of generality, we
can and will assume that oo is in this intersection. Then ~,«a, and 8 are
upper-triangular. Then the diagonal entries of v"ay~" 3 are constant as a
function of n. Hence f(,.4,5) is a constant function.

Case 2. a € C(v). In this case, y"ay™ " = af for all n, and the claim
follows.

Case 3. § € C(v). In this case,

ftriapy(n) = tr(y"ay™"B) = tr(ay " By") = tr(af).
((2)=-(3)) This is clear.
((3)=(4)) Without loss of generality, we can and will assume that  is of

the form (3 )\91> and |A|, > 1. Suppose

(64) a:<z 2) and 5:(5 Z)

Then for all n € Z, we have
(65) fyap(n) = tr(y"ay™"B) = (bw)A*™ + (o)A + au + da.
Since |Al, > 1,

nh—>Holo | f(yia,8)(n)|p = 00 unless bw = 0.

Similarly

ng@oo | f(y:a,8)(M)|p =00 unless cv=0.

Hence if the restriction of f(,., g) to a doubly unbounded subset of integers
is bounded, then bw = cv = 0. This implies that f,.. ) is a constant
function.

((4)=(1)) Suppose f(y:a,8)(n) = 2 for all n in an infinite subset I of Z.

Then by (65)), for all ¢ € {\*" | n € I}, we have
(bw)t + (cv)t ™ +au+dr —z = 0.
Notice that since |Al, > 1, {\?" | n € I} is an infinite subset of C,. Hence
bw = cv = au+dr —z = 0.

The equality bw = 0 holds precisely when either 0 € F,, or co € Fjg. Simi-
larly, cv = 0 if and only if co € Fi, or 0 € Fg. So we get four possibilities.
Case 1. F, = {0,00} or Fz = {0,00}. In this case, either o € C(y) or
B € C(v). Therefore (v; «, 3) is not conjugate separable.
Case 2. 0 € F,, N Fg or oo € F, N Fg. In this case, F, N F, N Fg # @.
Hence again, (y; a, 3) is not conjugate separable. ([

Lemma 51. Suppose o, 8,y € SLa(Cp), v is loxodromic, and
(66) F,NFy=F,Nkg=@.
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Then for every positive number M there exists C' := C(M) such that if m
is an integer and |m| > C, then

[tr(y"ay ™" B)]p > M;

in particular if the absolute value of m is large enough, then v"ay~™f3 is
loxodromic.

A0

0 At
_ (@1 a2 _ (b1 b2

where ||, > 1. Suppose a := (azl a22> and 8 := (621 b22)' Because of

, we have that

(67) a12a21b12b21 # 0.

Notice that

(68)  tr(v"ay "B) = a12ba A¥™ + asib12aA ™ + ar1biy + agoboo,

for every integer m. By and , the claim follows. O

Proof. Without loss of generality, we can and will assume that v =

Lemma 52. Suppose v, € SLy(Cp) and ~y is lozodromic. Then for some
z € PY(C,), y™ay~™(x) is fized for m’s in an infinite subset of integers if
and only if one of the following statements hold:

(1) z € F,N Fy,.

(2) F, = {,y} ond a(z) = y.

Proof. (=) Without loss of generality, we can and will assume that v =

(3 )\91> and |[A[, > 1. Set o = (CCL Z) Suppose

vi= w1 @], yi=[yp:ypl, and Yoy "(z) =y
for infinitely many m. Then for infinitely many values of m, we have
(69) ya(axy 4 brgA*™) = yi (dzg + cz A7),
Because A is not torsion, by we obtain that
(70) cr1yr = broyo =0 and  axiys = dzoys.

Case 1. bc # 0. In this case, by , z1Yy1 = xay2 = 0.

If x1 = 0, then x2 # 0; and so ys = 0. This implies that y; # 0. Because
ax1ys = dxoyy, x1 = 0, and zoy; # 0, we obtain that d = 0. Altogether, we
deduce that z = [0: 1] and y = [1 : 0] are fixed points of v and a(z) = y.

If 41 = 0, then yo # 0; and so x5 = 0. This implies that 1 # 0. Because
ax1ys = dxroy1, y1 = 0, and x1y2 # 0, we obtain that a = 0. Altogether, we
deduce that z = [1: 0] and y = [0 : 1] are fixed points of v and a(z) = y.

Case 2. b =0 and ¢ # 0. In this case, ad # 0, and by , x1y1 = 0.
If 1 = 0, then x2 # 0. Because az1ys = dzayi, x1 = 0, and dze # 0, we
obtain that y; = 0. Altogether, we deduce that z = [0 : 1] and y = [0 : 1]
are fixed points of v and a(x) = . Hence z € F, N F,.
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Case 3. b =c = 0. In this case, o € C(y) which implies that F,, C F,;
and so x € I, N F,.

() If z € Fy, N F,, then for all m € Z, y"ay™™(x) = =.

If F, = {z,y} and a(z) = y, then for all m € Z, vy~ (x) = y. O

Lemma 53. Suppose v, a, € SLa(C,) and (v; o, B) is conjugate separable.
For all n € Z, let &, := v"ay™"5. Then there exists N € 7 such that for
either allm > N or alln < —N the following statements hold.

(1) &, is loxodromic.

(2) an NFkE, =g

(3) an ﬂFB = .

Proof. By Lemma there exists N such that for either all n > N or
n < =N, |f(ya,8)(n)|p > 2. For such n’s, we have | tr&,|, > 2, which implies
that &, is loxodromic. Without loss of generality, we can and will assume
that for all n > N, &, is loxodromic.

Suppose for a strictly increasing sequence {n;}°; of integers, we have
Fe, NF, # &. Since |F,| < 2, after passing to a subsequence, we can and
will assume that there exists

z € () Fe, NFa.
i=1
Therefore " ay~"(f(x)) = « for all i. Hence by Lemma we deduce
that either

(71) B(z) € FyNFy,
(72) Fy={B(z),z} and a(B(z)) ==

If holds, then B(z) = x, which implies that
x e F,y NF,NF B-
This contradicts the assumption that (v; «, ) is conjugate separable.

If (72) holds, then because x € F,, we obtain that B(z) = x. This
contradicts the fact that |F,| = 2. Therefore

(73) {neZ" | F, NF, + o}

is a finite set.

Suppose for a strictly increasing sequence {n;}$, of integers, we have
Fe, NFp # @. Since |F,| < 2, after passing to a subsequence, we can and
will assume that there exists

oo
v € () Fe, NFp.
=1
Therefore
Yoy M (B(z)) ="y (@) =2
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for all ¢. Hence by Lemma we deduce that either

(74) reF,NFE,
or
(75) F,={z,y} and a(z)=y.

But implies that x is fixed by v, «, and £, which is a contradiction as
(7; a, ) is conjugate separable. By , we obtain that x = y, which is a
contradiction as |Fy| = 2. This implies that

(76) {neZ® | F, NFp # 2}
is a finite set. By and , we obtain that for large enough n,
anﬂFa :anmF,B = J.
O

Lemma 54. Suppose v, a, € SLa(C,) and (v; o, B) is conjugate separable.
Then the following statements hold.
(1) For every integers m and k, (v;y™ay™™,v*By~F) is conjugate sep-
arable.
(2) For every o € SLa(Cp), either (v;a, ) or (v;ad, B) is conjugate
separable.

Proof. Notice that for every integers n, m, and k, we have

Fevyman=m ykgy=r) () = fiyia,0) (0 +m — k).

Hence the first part follows from Lemma

For part (2), we assume to the contrary that there exists o such that
neither (v;a/, 8) nor (v; ad’, 8) is conjugate separable. Since (v; o, 8) is not
conjugate separable, we deduce that either o’ € C(vy) or x € Fy, N Fyy N Fp
for some z € PL(C,).

Case 1. o/ € C(v). Because (v;«, 8) is conjugate separable, o ¢ C(7).
Therefore aa’ ¢ C(7). Hence, (7;ad’, 8) not being a conjugate separable
implies that there exists

(77) y € FyNFy NFg.
Notice that since o/ € C(v), F, C F,. Thus by , we obtain that
ye F,NF,NFg,
which contradicts the assumption that (v;a, ) is conjugate separable.
Case 2. o/ ¢ C(y) and x € F, N F,y N Fy for some x € P(C,). In this
case, v ¢ F, as Fy,NF,NFg =@. Thus ae/(z) = a(z) # =. Because every

element of C(v) fixes z, we obtain that aa’ & C(v). Hence, (v;ad’, 8) not
being conjugate separable implies that there exists

(78) z € FyNFyy N Fg.
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If x # z, then F,, C Fp. This implies that 5 € C(y), which contradicts the
assumption that (vy;«, 3) is conjugate separable. So z = z, which implies
that

x € FyNFyy NFyNEg.
Therefore x € F, N F, N Fg, which is a contradiction. ([

We finish this subsection by the following lemma.

Lemma 55. Suppose v,a,8 € SLa(Cp) and v is loxodromic. Suppose
(v; o, B) is conjugate separable. Let &, := y"ay~"™. Then, there exists M > 0
such that either for all n > M or for alln < —M, (£,8;7v08, ) is conjugate
separable.

Proof. By Lemma 53] without loss of generality we can and will assume that
there exists M such that for all n > M

(79) &nfB is loxodromic, and F¢, g N Fo = Fe, 3N Fg = @.

By , to show (£,8;78, ) is conjugate separable, it is enough to argue
why v8 & C(&,p) for large enough n. Suppose to the contrary that there ex-
ists a strictly increasing sequence {n;}$°; of integers such that v3 € C(&y, ).
Notice that since (7y;«, 8) is conjugate separable, § ¢ C(v); in particular,
B # %1, and so |F,g| < 2. Hence, 73 € C(&,,/) implies that Fe,.p=Fyp
for all i. Because &,, 3 is loxodromic, we obtain that there exist x,y € P (Cp)
such that
Fe,.5 = Fyp = {z,y}
for all 4. This implies that n +— " ay™"(8(x)) is constant on the sequence
{n;}32,. Therefore by Lemma |[52| we deduce that either
(1) B(z) € FyNF, or
(2) Fy ={B(z),z} and a(B(z)) = 2.
In this first case, using the fact that x € F,g, we obtain that
z=7(8(z)) = B(=);
and so z € F, N F,, N Fg which contradicts the assumption that (v;«, 3) is

conjugate separable.
In the second case, again using x € F’,3, we obtain that

z=7(B(x)) = B(z);
this means x € Fj3. Repeating this argument for y, we deduce that
F,5 C Fpg.

Because |F,g| = 2, we deduce that g € C(y3). Hence § € C(v), which
contradicts the assumption that (v;a, ) is conjugate separable. ([
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4.3. Reviewing lifts of Dehn twists acting on the representation
variety. The main goal of this section is to recall some known results in
regard to

(1) morphisms from the representation variety of a surface to a repre-

sentation variety of a subsurface, and

(2) lifts of a Dehn twist acting on the representation variety.
Here, we work with many surfaces that might have the same genus and
number of punctures. In order to emphasize that a given representation
variety Rep,, should be thought of as the representation variety of the
fundamental group of a given surface X := 3, we write Repy, instead of
Rep, ,,- We use this convention for every topological space X, and let Rep x
be the representation variety of the fundamental group m(X) of X.

Notice that for every continuous map f : Y — X between two path-
connected spaces, we get a group homomorphism f, : 71(Y) — 71(X); this
group homomorphism is not canonical, and it is well-defined only up to an
inner automorphism of 71 (X). Then f, gives us a Z-scheme morphism

fti : Repy — Repy,
where for every unital commutative ring A and
p € Repy(A) := Hom(m(X),SLa(A)),
we have
fA(p) == po f. € Hom(m(Y),SLa(A)).
If Y1 UY5 is an open cover of a space X and Y7, Y5, and Y7 NY, are path-
connected, then by Van Kampen’s theorem

(80) 1 (X) =m (Yl) *m(YinYs) T1 (Yé)

Hence for every unital commutative ring A, Repy(A) can be naturally iden-
tified with

{(p1,p2) € Repy, (A) x Repy, (A) | f(p1) = th(p2)},

where ¢; is the embedding of Y1 NY5 into Y;. Alternatively, we can say that
Repy is the fiber product

(81) Repy ~ Repy, X Repy, ny, Repy,

of Repy, and Repy, over Repy,ny,, where the morphisms are induced by the
inclusions Y1 NY; CY; and Y; C X.

Repy
Repy1 Repy2

R‘epyl nYa
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Using , for every simple essential curve a of a surface X, we obtain a
decomposition of Repy..

For every oriented simple separating curve a on a surface 3, ¥\ a consists
of two subsurfaces; one is located on the left of a and the other is located
on the right of a (with respect to the orientation of a and the surface). Let
>1 and X9 be small neighborhoods of these subsurfaces, respectively; then
both of them contain a as a subset. Notice that a is a deformation retract
of 31 N X9, and so by , we have

(82) m1(X) = 71 (X1) *(q) T1(X2).
By , we obtain that
(83) Repy, ~ Repy, XRep, Repy, .

By (1), for every unital commutative ring A, Repy;(A) can be naturally
identified with

(84) {(p1,p2) € Repy, (A) x Repy;, (A) | p1(a) = p2(a)}

For an oriented simple non-separating curve a, let b be an oriented simple
curve such that i(a,b) = 1. Take a small tabular neighborhood of a and
view it as an annulus such that the orientation of a goes counter-clockwise.
Let €(a,b) be 1 if the direction of b goes from the outer circle towards the
inner circle of this annulus. Otherwise, we set £(a,b) = —1. Notice that
e(b,a) = —¢(a,b) and (a,b=1) = —1. We let || := b==(@b); notice that |b|
depends on the choice of a.

Let U be a small neighborhood of a Ub. Let ¥’ be a subsurface of ¥
after removing a small (closed) neighborhood of a. Notice that (the closure
of) ¥’ has two boundary curves a; and as that are two boundaries of the
chosen small closed neighborhood of a; say ay is on the right of a and as is
on the left of a. Let b’ be the intersection of the closure of ¥ and b, and its
orientation is the same as |b|~!; so b’ starts with a point z1 on a; and ends
at a point x9 on ao; and we can and will further assume that o’ intersects a;
only at x; (see Figure. Then Y’ is a deformation retract of X\ a, aUb is a
deformation retract of U, and ¥’ N U is homotopic to a3 Uas Ub'. Therefore
m1(X) = m (X \ a), m1(U) is freely generated by a and b (a more precise
way is adjusting a and b by a path which changes the base point from the
intersection of @ and b to x1), w1 (X' NU) is freely generated by a1 and b'asl/,
where b is the same curve as b’ going from x5 to 1. Therefore, by Van
Kampen’s theorem

(85) T1(E) = 1S\ @) % o) (0:D),

where the group homomorphism (a;, o’ azb’) — (X \ a) is given by realizing
a1 and aj := b'azb/ as closed curves in ¥\ a and the group homomorphism
(a1,b'azb’) — (a,b) is given by a; — a and b'agt/ — |b|~1alb|. By (85), we
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2'NU

FIGURE 2. Decomposition for non-separating curves

obtain that

by b
(86) (%) ~ 7”(\Na)*<>
where N is the normal subgroup generated by a, = |b|~ta;|b|. Hence for
every unital commutative ring A, Repy;(A4) can be naturally identified with
(87) {(p. B) € Repgyo(A) x SLa(A) | play) = Bp(ar)5~'}.

Suppose a is a separating curve. Then, by , we deduce that if
0; € PAut(X;) and 01(a) = 62(a) = a, then we get a well-defined pure
automorphism 6 of 7 (X) such that for all z; € m(%;),

0(vin (7)) = vin(0i(21)),
where ¢; is the embedding of 3J; in X. In particular, starting with conjugation
with a on 71(X;) and identity on 71(32), we obtain a pure automorphism
To of m1(X). One can see that this is a lift of the Dehn twist 7.
By definition, 7, acts on Repy,, XRrep, Repy, by conjugating the first factor;
that means

(88) Ta(p15p2) = (Cpy(a) © P1,P2)

where ¢, () is conjugation by pq (a).

Next suppose a is a simple non-separating curve and b is another simple
curve such that i(a,b) = 1. Consider the free product 7 (X \ a) * (b). By
the universal property of free products, we know that there exists an auto-
morphism 6 of 71 (X \ a) * (b) such that the restriction of 6 to 71 (X \ a) is
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identity and 6(|b|) = a1|b|. Notice that
O(a(1bl arfbl) ™) = ah((arlb)) ~tar(as b)) " = a5(bl tar b)) Th € N
where N is the normal subgroup generated by the relation a) = |b|~1a1|b|.
Therefore, by , 0 induces a (pure) automorphism of m1(X), which is
denoted by 7,;. Notice that 7, is a lift of the Dehn twist 7,. Suppose c is
another simple loop with i(a,c) = 1. As before, we can will assume that ¢
intersects a; and as only at x; and x’z, respectively. Let d be a part of as
which connects x5 to z5. As before, let ¥’ be a part of |[b|~! which connects
x1 to x5 (and it is a subset of 3\ a). Let ¢’ be the part of |¢| which connects
xh to z1 (and it is a subset of ¥\ a. Then b'dc’ is in the image of m1 (X \ a).
Hence
Tap(Vdd) = T, (b'dc) = Vdd.
Notice that b'dc’ with base x; is homotopic to |b|~!|c|; and so
Tap(16] " lel) = Taie (1Bl [el) = B e].
This implies that
Fuel 1) = Tl Iel 8] = alt] = Fu( 1)

Therefore 7,3 = Ta;.. Now that we showed 7, does not depend on the
choice of b, we denote it simply by 7,. We summarize what have proved in
the next lemma.

Lemma 56. Suppose a is a simple loop which passes through the base point
of m1(X). Then there exists T, € PAut(mi (X)) such that the following state-
ments hold.

(1) The Dehn twist T, is given by the outer automorphism T,Inn(71(X)).
(2) For every g in the image of (X \ a), Ta(g) = g.
(3) If b is a simple curve which intersection a only at the base point and

i(a,b) =1, then 74(|b|) = a|b|.

After identifying Repy;,(A) by the set given in , the action of 7, as in
Lemma [56] on Repy(A) is given by

(89) Ta(p; B) = (p, plar)B).

We refer the reader to [25, Section 4] for more details on the action of the
lifts of Dehn twists on the character variety.

4.4. Optimal generators and an affine embedding of a character
variety. The main goal of this section is to recall the definition of an optimal
generating set of Il , := m1(X,,,), show its existence, and use it to give an
embedding of Chg , to an affine space where the component morphisms are
given by t,’s where a’s are simple closed curves of X ,,.

A standard sequence

{alaﬁl7"'aagaﬁg>’71a"' 77n}

of generating closed curves of 3, ,, is called an optimal sequence of generators
if they satisfy the following statements.
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(1) Each closed curve in the sequence is simple.
(2) Every two distinct curves in the sequence intersect exactly once at
the base point.

(3) If wy, ..., wy are distinct elements of this sequence and they appear
in the same cyclic ordering, then w; ...wy is homotopic to a simple
curve.

One can see an example of an optimal sequence of generators in Figure (3| In

FIGURE 3. Optimal sequence of generators

[25, Section 2.2], the existence of an optimal sequence for n > 0 is discussed,
and another visualization is given. In Figure [3] one can see a collection
of directed radii of a circle; in [3], this collection is referred to as a loop
configuration.

We should, however, warn the reader that the provided optimal sequence
of generators satisfy the following relation

[041,51_1]'”[%75;1]71 cyn = L

But this does not cause any issue in our arguments.
We use the existence of an optimal sequence of generators to prove the
following lemma.
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Lemma 57. There exists a finite set F consisting of simple closed curves
such that the coordinate ring Ry, of Chy, is generated by {t,}acr, and ev-
ery element of F is either non-separating or separates a subset of punctures
from the rest of the surface.

A result similar to this lemma is proved by Goldman and Xia (see [25,
Theorem 2.1]) in the context of relative SU2(C)-character varieties.

Proof Lemma[57 Let {wi,...,w2g+n} be the optimal sequence of genera-
tors given in Figure Then, by [46, Proposition 3.2], R, , is generated
by
{twil'“wim i1 < -+ <im}.

If w;,’s is non-seperating, then w;, - - - wy, is a non-separating simple curve.
If w;, is separating, then all the w;;’s are curves around punctures; in this
case wj, - --wj;,, is a separating simple curve which separates a subset of
punctures from the rest of the surface. O

4.5. Unbounded pure MCG orbits: proof of Proposition Since
Iy - [p] is unbounded, by Lemma

{(ta(0 - [P]))acr | 0 € Tgn}

is an unbounded subset of (C]f . Hence, there exists ag € F such that

(90) {t(6-[pl,a0) | 0 €Tyn}
is an unbounded subset of C,,. Therefore, we obtain the following.
A special twister. For some 6 € PAut(Il, ), we have that
(1) [t(@ L - [p],a0)| > 2, where 0 := glnn(ﬂgyn) € I'y »; in particular, ag

is [0~ - p]-loxodromic.

(2) t(ﬁ’l el ao) & {tx((07 - p)(yir %) | L < in < oo < < mb,

{o1, B1, .- ag, Bgsmiy -}
is an optimal sequence of generators.

The next lemma is the key to finish the proof of this proposition.

Lemma 58. Suppose p € Rep} ,,(F). Suppose p(a) is lozodromic where o
is freely homotopic to a simple curve ag in F. Suppose

tr(p(a)) # tr(p(Viy -+ Vi)

for every 1 <iy < --- <ix <n. Then the following statements holds.

(1) There exists a simple closed curve b such that i(ag,b) < 2 and for
every I C 7 which is unbounded from both sides

{t([p], 74y (b)) [ m € I}
1s unbounded.
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(2) If g > 0, then there exist a,b € C such that i(a,b) = 1, a is [p]-
lozodromic,

t(lpl,a) & {tr(p(viy - i) | 1 < iy < -0 <iig <n},
and for every I C Z which is unbounded from both sides

{t(lp], 7" (b)) [ m € I}
s unbounded.
(3) If g = 0, then there exists a curve b € C such that i(ap,b) = 2 and
for every I C 7Z which is unbounded from both sides

{t(lp], 7, (b)) | m € I}
is unbounded.
Proof. Case 1. ag is non-separating.
By [13] Section 1.3.1], I'y,, acts transitively on the set of non-separating
curves; therefore, without loss of generality, we can and will assume that ag
is freely homotopic to a; and by there exists p’ € PAut(Ily,) - p such

that p(aq) is loxodromic.
Claim. There exists b € C such that

(91) i(a1,b) =1 and {t(['], 75 (b)) | m € I} is unbounded,

for every I C 7Z which is unbounded from both sides.

Proof of Claim. We proceed by contradiction. Notice that since
{on,B1,...,09,Bg,71,- -, In}

is an optimal sequence of generators, for every

(92) we{1,(12,62,...,059,,89,’)/1,...,’}/n}

Biw is freely homotopic to a simple essential curve, and we also notice that
i(a1, fiw) = 1. By the contrary assumption, we obtain that for some I C Z
which is unbounded from both sides

(93) {tr(p(a]"B1w)) | m € I} is a bounded set.
Since p'(av1) is loxodromic, by and Lemma we deduce that
(94) pl(ﬁlw)(Fp/(al)) = Fp’(oq)

for every w in (92). Therefore, the image p'(Il;,) of p’ is a subgroup of
the stabilizer of Fjy(,,). On the other hand, since p’ is in the Iy ,-orbit of
ps p € Repy ,,(Cp), and the characteristic of Cp, is zero, by Proposition
p'(Ily,) is Zariski-dense in (SLz)c,. This contradicts the result that p'(IIg, )
stabilizes Fly(q,)- O

By Claim, there exists 0 € I'y,,, and a simple essential curve b such that
i(a1,b) =1, (071 - p)() is loxodromic, where 8 € PAut(Il,,,) is a lift of 6,
and for every I C Z which is unbounded from both sides

{107 [pl. 72 (b)) | m € I}

r o
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is unbounded. By and (62)), we obtain that i(f - 1,6 -b) = 1 and

{t(lp], 7%, (0 - b)) | m € T}
is unbounded, which completes the proof of Case 1.

Case 2. ag is separating.

The separating curves in F separate a subset of punctures from the rest
of the surface. Without loss of generality, we can and will assume that ag is
freely homotopic to a := y,_g - - - ¥, for some k.

Claim. There exists b € C such that i(ag,b) = 2 and

{t(lp], 7y (b)) | m € I}
is unbounded for every I C Z which is unbounded from both sides. Moreover,
if g > 0, then b can be chosen to be a non-separating curve.

Proof of Claim. We proceed by contradiction. Notice that for every

(95) w1 € {]-7 aq, Bl? s 7agv/8g} U {1a’717 s 7’771—/(&—1}
and
(96) w2 € {Yn—k>--->Tn}

the closed curve wiws is freely homotopic to a simple closed curve w and
i(ag,w) = 2; moreover if g > 0, then we choose w; only from

(97) w1 € {17 0417517 .. ,Ckg,ﬁg} U {17717 cee 7777,7’671};

and so in this case, w is a non-separating curve. Notice that for every
integer m, 7,0 (w) is freely homotopic to a™wia™"ws. Therefore, the contrary
assumption implies that for some I C Z which is unbounded from both sides

(98) {tr(p(a™wia " "we)) | m € I}
is bounded. By Lemma [50} we obtain that (p(a); p(w1), p(w2)) is not conju-
gate separate. Since p(a) is loxodromic, we deduce that either
(99)  Fpa) N Fyun) N Fpuy) # D5 01 p(wi) € C(p(a)) or p(w2) € C(p(a))

Case 2.a. There exists wo as in such that F,q) N Fy,) = 9.

In this case, by (99), we obtain that p(wi) € C(p(a)) for every wy. Let’s
recall that, if ¢ > 0, we choose w; only from

{ala Bla <oy Qg Bg} U {17715 cee aq/n—k—l};

but in either case the group generated by the possible wi’s is

(01, B1, ... 0, Bgs Y1y -+ Yn—k—1)-
Because p(a) is loxodromic, C'(p(a)) is abelian. Hence, by the above discus-
sion
p({a1, B1, .-y g, By, Y1, - Yn—k—1))
is an abelian group, which implies that
tr(p(a)) = tr(p(v1 - n—k-1))-
This contradicts the assumption.
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k
Case 2.b. Fp’(a) N ﬂi:O Fp'(’ynﬂ‘) #+ .
In this case, after a conjugation in SL(C,), if necessary, we can and will
assume that the group generated by

P(’thk)a s 7p(7n)
is upper-triangular. Therefore,

tr(p(a)) = tr(p(Yn—k === ),

which contradicts the assumption.
Case 2.c. The remaining case: Fp,,) N Fp,) # & for every wa as in

(©6). and Fyay N mf:o Fptyn—i) = 9

Since p(a) is loxodromic, after a conjugation in SLg(C,), if necessary,
we can and will assume that p(a) is diagonal and F,,) = {0,00}. By the
assumption of this case, we deduce that there exist integers i, j € [n — k,n]
such that
(100) Fop@) N Fyy) = {0} and - Fy) N Fp(;) = {oo}

Without loss of generality, we can and will assume that ¢ < j. Then for
every wp as in , w17;7; is freely homotopic to a simple essential curve
¢, i(a,c) = 2, and c is non-separating if g > 0. Therefore, by the contrary
assumption, for some I C Z which is unbounded from both sides

{t(lpl, 740 () | m € I}
is bounded. Hence, by Lemma we obtain that (p(a); p(w1), p(7iy;)) is
not conjugate separate. Because p(a) is loxodromic, we deduce that either
(101)
Fp(a) N Fp(wl) N Fp('y,"yj) 7é g, or p(wl) € C(p(a’))7 or p(7@7j) € C(p(a))
By (100)), we obtain that
(102) Fp(a) N Fp(
By (101) and (102), it follows that
pwi) € C(p(a))
for every w; as in . Hence, the group generated by

{p(al)a ,0(/81), cee 7p(a9)7p(/89)7p(71)7 cee 7P(’Ynfk—1)}
is abelian. Hence, again

tr(p(a)) = tr(p(v1 -+ Yn-rk-1))
which contradicts the assumption. ([l

vivg) = 9-

By the previous Claim, if ¢ = 0, we are done. If ¢ = 0, then the curve
b given in Claim is non-separating. Therefore, by the previous claim for
arbitrarily large m, b’ := 7,7(b) is a non-separating [p]-loxodromic curve and

t([p], 72y (0)) & {tr(p(yi, -+ 73,)) 1 < iy <o+ <iig < m}.
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Hence by the Claim in Case 1, there exists b” € C such that
i(b', 0"y =1 and {t([p], 7' (V")) | m € I} is unbounded,
for every I C Z which is unbounded from both sides. This finishes proof of
Lemma, O
Applying Lemma [58| for g1 . p € Rep?,,(F) and « given in the special
twister paragraph (right before Lemma , we obtain that, if g > 0, then
there exist simple closed curves a and b such that i(a,b) =1 (in which case

a and b are non-separating), a is [p]-loxodromic, and for every I C Z which
is unbounded from both sides

{t(0=" - pl, 7" (b)) [ m € I}
is unbounded, and if g = 0, then there exist a pair of curves (a, b) such that
i(a,b) = 2 and for every I C Z which is unbounded from both sides

{t([0~" - pl, 7" (b)) | m € I}
is unbounded.
Hence, we can finish the proof of Proposition using and .

4.6. Infinite MCG orbits: proof of Proposition [42] and Lemma
Suppose Iy, - = is infinite for some x € Chg ,,(F). Suppose to the contrary
that for every pair of simple curves a,b with i(a,b) < 2, there exists a
positive integer k such that
(103) Ha, TE (V) =z, b);
let k(a,b) be the smallest positive integer with this property. This means
k:{(a,b) €CxC|i(a,b) <2} = Z7
is a well-defined function such that (103)) holds for k := k(a,b). Notice that
i(a,7F(b)) = i(a,b), and so we can define the following sequence:
ki :=k(a,b), and kip1 = ki + k(a, 75 (b))

for every i € ZT. Then k1 < ko < --- and

t, 754 (6)) = t(z,b)

a
for every i. Repeating the same argument for the pair of simple curves @
and b where @ is the same curve as a with an opposite orientation, we obtain
1, C Z which is unbounded from both sides and

(104) t(z, 75 (b)) = t(x,b)
for all k € Iyp.
By Proposition [21} there exists p € Rep} ,,(F) such that = = [p].

By Selberg’s lemma, p(Il,;,) has a normal torsion-free subgroup A of
finite-index. Suppose [p(Ilg,) : A] = r. If g € p(Ily,) is torsion, then
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g" € A is torsion. Because A is torsion-free, we deduce that g" = 1. This
implies that if g € p(Il,,) and

tr(g) € {¢+ ¢ [¢CeF, ¢ =1},
then the eigenvalues of ¢ in F are not roots of unity.
Since I'y ,, - [p] is infinite, by Lemma

{(#a(0 - [p))acr | 0 € Tgn}
is an infinite set. Hence, by , there exists ag € F such that

(105) {000 a0) | 0 € Ty}
is infinite. In particular, there exists 6y € I'y,, such that ¢([p], 0 - ag) is not

in

(106) {¢+¢H ¢ e Fo¢? = 1uftr(p(yi, - 73,)) | 1 < in <o <ip <},
where {a1,51,...,aq,Bg,71,---,7n} is an optimal sequence of generators.
By the above discussion (based on Selberg’s lemma), the eigenvalues of p(%-
«) are not roots of unity, where 6 € PAut(Il, ) is a lift of 6y and o € 11 5,

is an element which is freely homotopic to ag. Let A, be the subring of I
which is generated by the entries of the matrices

p(al)a p(ﬁl)v SRR P(Oég), p(ﬁg)v p(’ﬂ)? SRR P(’Yn),

and At where X is an eigenvalue of p(f - «). By [49, Lemma 4.1], A, can be
embedded into C,, for some p such that |[A|, # 1. Without loss of generality,
we can and will assume that ||, > 1. Hence (50_ L. p)(a) is loxodromic;
and so by , and Lemma we deduce that there exists a simple closed
curve b such that i(ag,b) < 2 and for every I C Z which is unbounded from
both sides
{t(65" - [pl, 7oy (b)) [ m € I}
is unbounded. By and (62), we deduce that i(6y - a, 0o - b) < 2 and

{t([p], 74y, (00 - D)) [ m € I}
is unbounded. This contradicts the existence of Ip,.q 0,.5 given in ((104}).
We also notice that along the way, we have proved Lemma
The converse is clear.

4.7. A criterion to get an infinite orbit: proof of Proposition
Let p* : Agn — C be the ring homomorphisms associated to p € Repg ,,(C).
Let A € C be an eigenvalue of p(a); and let D := p*(Ag,)[A]. Then D is a
finitely generated subring of C, and A is not a root of unity. Therefore by
[49, Lemma 4.1], there exists an embedding D — C, (for some p) such that
|Alp # 1. This means we can and will view p as a representation to SLa(Cp),
and p(«) is loxodromic.
Suppose i(a,b) = k. Since t([p],b) # t([p], 7a(D)), k is positive.
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Claim 1.There ezists f,5(t) € C[t,t71] such that the t=1-degrees of f are
at most k, and for every integer m

t([pl 74" (0)) = fap(A").

Proof of Claim 1. Case 1. k is even.

Suppose zg, ..., T_1 are points of intersections of a and b. We order x;’s
in a way that, for every i € Z/kZ, there are no points of intersection between
x; and x;41 as we move on b along its orientation. Let yx; be the subcurve of
b which connects z; to ;41 in the direction of b. Let & be the subcurve of a
which connects x; to zg and the orientation of &; is in the opposite direction
of a. We assume that b is going to the right of a. Then b is freely homotopic
to

(107) Xox1 -+ Xk—1 = (x0€0) (Eox161) (E1x262) -+ (Ep1Xk)
Notice that y; is on the left of a precisely when 7 is odd. Hence, by (107)),

T(b) is freely homotopic to

(108)  (x0éo)a™(Eoxaér)a™ ™ (€1 x2€2) - - (EpaXr—18k-1)a™ (Epr1xr)a™™
By ({108)), we obtained that there are matrices z;,y; € SL2(C,) such that for
every integer m,

(109)  t([p], 75" (b)) = tr(zip(a)"y1p(a) ™™ - - g j2p() "yp jap() ~™).
Without loss of generality, after a conjugation, we can and will assume

that p(a) is equal diag(\, A™!). Then by (109]), we obtain that there exists
fap(t) € Cplt,t71 such that the t=!-degrees of f are at most k and

(110) t([pl, 73" (0)) = fap(A™)
for every integer m.
Case 2. k s odd.

The argument for this case is almost identical to the previous case. The
only difference is that this time

(111)
t([pl, 73" (b)) = tr(z1p(a) " y1p() ™™ - Y—1)/20() " T (g1 1) j20()™)
for some x;,y; € SLa(Cp). So again the claim follows. O

Claim 2. Suppose f(t) € Cplt,t7!] is a non-constant function, A € C,
and |\, > 1. Then for every I C Z which is unbounded from both sides,

{f(N") [m e I}

1s unbounded.

Proof of Claim 2. Suppose f(t) = >.I__  c;t’ for some non-negative inte-
gers m and n and ¢; € C,. Suppose c_c, # 0. Since f is not constant
either m is positive or n is positive. Without loss of generality, we can and

will assume that n is positive. Then for large enough k,

e A, > 2(m 4 n)| e N,
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for every i € [-m,n). This implies that

Cn)\nk
O], > 22T

which implies that limy, o | f(A\F)], = o0. O
By Claim 1 and Claim 2, we obtain that if f, (1) # fo4(0), then

{t(lpl, 73" (b)) | m € Z} = {fap(m) | m € Z}
is unbounded; in particular, I'y,, - [p] is infinite.

5. FINDING SIMPLE LOOPS WHICH PARAMETRIZE A GIVEN ORBIT
CLOSURE.

We study the orbits of a pure MCG by induction on the parameters g
and n of a surface. For z € Chg ,(Cp), the orbit Ty, - z is investigated by
finding a simple curve a such that a is z-loxodromic, 7" - x is infinite, and
the restriction of x to the connected components of X\ a are still Zariski-
dense and have infinite pure MCG orbits (if possible). To make sure that
these restrictions are still Zariski-dense, we find two elements « and S of
the fundamental groups of these sub-surfaces such that the group generated
by pz(a) and p,(B) contains a non-commutative free subgroup, where p, is
a representation such that [p;] = x. An essential step in this strategy is
finding a pair of simple loops a and b such that

(1) a and b are z-loxodromic,

(2) {t(x,7*(b))}mer and {t(z, 7" (a)) }mer are unbounded for every sub-
set I C Z which is unbounded from both sides.

Moreover, a and b satisfy one of the following properties:

(1) Handle. i(a,b) = 1; in particular, a and b are non-separating loops;
in this case, we say that (a,b) is an z-handle.

(2) Torso. i(a,b) = 2, and a and b are separating loops; in this case, we
say that (a,b) is an z-torso. (See figure 4] and notice that in each
case a small neighborhood of a U b is a deformation retract of the
given surface.)

After finding an z-handle or torso, we improve them further; for instance, in
the case of a handle, we find a handle such that the boundary of the handle
is x-loxodromic if possible. Notice that if z € Chg ,,(C,), by Lemma 23} for
a lift p, € Rep®(C,) of z,

X = {7 | pulvi) # £1}
does not depend on a choice of p, and only depends on x, where ~;’s are

part of an optimal sequence of generators that go around punctures. We
refer to n(z) := |0,(X)| as the z-puncture number.
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FI1GURE 4. Topological handle and torso

5.1. Finding a handle or a torso. The main goal of this section is to
prove the following lemma.

Lemma 59. Suppose g and n are non-negative integers. Suppose x is in
Chg ,(Cp) and Ty, - x is unbounded. Then for every M > 0, there exist two
simple essential curves a and b such that (a,b) is an z-handle if g > 0 and
(a,b) is an x-torso if g = 0. Moreover, |t(z,a)|, and |t(x,b)|, are more than

M.

Proof. Let p, € Repy,,(Cp) be a lift of x. Suppose a and b are the simple
loops that are given by Proposition [44}

Case 1. g > 0. In this case, i(a,b) = 1.

Claim 1. Ifi(a’,b') =1 and o’ and V' are x-lozodromic, then

{t(z, 74" (V') bmer
is unbounded for every I C Z which is unbounded from both sides.

Proof of Claim 1. Suppose vy, vy € Il are freely homotopic to a’ and b',
respectively. Then /vy is freely homotopic to 777 (b'); hence

(112) t(@, 7' (V) = tr(pe (v 1))
for every integer m. Thus the claim follows by Lemma [46| and ((112]). (|

Because {t(x, 7" (b)) }mez is unbounded, we deduce that for large enough
m, either 7.(b) or 7, (b) is x-loxodromic. Applying Claim 1 to the pair
(127(b),a), we deduce that (77(b),a) is an z-handle. Let b’ := 77*(b) and
@’ := a. Then |t(z,7}(a))|p can get arbitrarily large, and (¥, 7} (a)) forms
an z-handle. So altogether, we get an a-handle (a”,b"”) such that [t(z,a”)|,
and [t(x,b"”)| are arbitrarily large. This completes the proof in Case 1.

Case 2. ¢ =0.

In this case, i(a,b) = 2. Let dy, do, ds, and d4 be the boundary curves of
the topological torso given by the pair (a,b) (see Figure [4)); the torso can be
viewed as a neighborhood of a Ub. Let o, 3, and d;’s be elements of I,
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which are freely homotopic to a, b, and d;’s, respectively. We can and will
choose these elements, the indexing, and their orientations in a way that

a = 0109 = (5354)_1 and B = 0903 = ((5451)_1;
and for every integer m,
(113) 7,0 (b) >~ ™63 and Ty'(a) ~ 701802,

where ~ means freely homotopic (see Figure [5]).

FIGURE 5. Curves associated with a torso.

Choose m € Z in a way that |t(x,7."(b))|, > max{M,2}; and in partic-
ular, 7.*(b) is a-loxodromic. Let 7, € PAut(Il;,) be the lift of 7, that is
described in . Then

(114) 7 (0) = a0 ™, T

a (52) = am52a—m’

and
(115) T (03) = 03, T,'(04) = d4.
By Lemma , and because

{t(z, 75" (b)) }mez

is unbounded, we obtain that (p,(«); pz(02), p2(d3)) is conjugate separable.
Hence, by Lemma for every m in an unbounded interval of integers,

(p2(73"(B)); pu(ads), pu(03))
is conjugate separable. This implies that
(= (73 (8)); (851, p(651))

is conjugate separable. This means that for every I C Z which is unbounded
from both sides

{tr(px (75 (8))" P (85 ) (T3 (B)) " P (85 1)) bt
is unbounded, and so

(116) {62 (pa (7 (B) 05 7 (8) 05" )) Yrer
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is unbounded. Because similar to and , we have
7F(0;) = BF6;87F fori=2,3 and 7F(8;) =0; fori=1,4,
we obtain that
7o (7 (@) =73 (61 1 BR65 18 7)
(117) =0, 7 (B) o5 T (B) .
By and , we deduce that for every m in some unbounded interval

of integers,
{t(z, 7" (7] (@))) Yher
is unbounded if I C Z is unbounded from both sides. Notice that
ey (@) = T (™ (@) = 7 (7 ())).
Therefore, for every m in some unbounded interval,

{t(z, 7fy 1y (@) hrer
is unbounded if I C Z is unbounded from both sides. This implies that
(a,7"(b)) is an z-torso as

i(a, 75" (b)) = (75" (a), 75" (b)) = i(a, b) = 2.

rta
By the above argument, we can make |t(x,7)"(b))|, arbitrarily large. Re-
peating this argument, we can replace a with another element in I'y ,, - a and
get an a-torso (a’,b") such that |t(z,d’)|, and |t(z, V)|, are arbitrarily large.
This finishes the proof. U

5.2. Finding an z-handle with z-loxodromic boundary. The main
goal of this section is to prove Propositions and which give us a
handle with extra properties.

We start by finding an z-handle which is in an z-general position. This
will be done in three steps. In the first two steps, we make sure that a and
b are in an z-general position with respect to each other. This means for
every lift p, € Repg ,,(Cp) of z,

sz(a)mez('*) =, pm(g)sz(g)ﬁsz(g) =g, and px(b)sz(a)ﬁsz(a) = d,

where G and b are elements of Il;,, that are obtained by connecting the
intersection point of a and b to the base point of I, ,,. In the third step, we
make sure that sz @ and sz @ avoid a certain given finite set. In the final
step, we find an x-handle with an z-loxodromic boundary curve.

Proposition 60. Suppose g is a positive integer and n is a non-negative
integer. Suppose x is in Chy, (Cp) and 3(g — 1) + n(z) > 2. Then there
exists an x-handle (a,b) in an x-general position such that

(1) |t(z,a)|p and |t(z,b)|, are more than M, and

(2) [t(z,c(a,b))|, > M where c(a,b) is the boundary curve of a small

neighborhood of aUb (alternatively, we can say c(a,b) is the boundary
curve of the topological handle given by (a,b), see Figure .
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The remaining case of g = 1 and n(z) = 2 is almost covered in the next
proposition. In the appendix, we will provide an interesting orbit of the
pure automorphism group of II; 2 in Rep; 5(C,) which justifies the need for
the extra restriction given in the next proposition.

Proposition 61. Suppose = is in Ch}, (Cp) and n(x) = 2. Then either
there exists an x-handle (a,b) in z-general position such that
(1) |t(x,a)|p, and |t(x,b)|, are more than M, and
(2) [t(z,c(a,b))|, > M where c(a,b) is the boundary curve of a small
neighborhood of aUb (alternatively, we can say c¢(a,b) is the boundary
curve of the topological handle given by (a,b), see Figure ,

or there exists a pure automorphism 0 and a, f,w € SLa(C,), such that

(1) « and S are loxodromic,

(2) Fy ﬂF/g—&FgﬂF/g—,@F Nk, =

(3) (wa)Bwa)™! =B~ and (Bw)a (&J) =al.

(4) p(ar) = o and p(by) = B where p =0 - p, and p, € Rep; ,(Cp) is a
lift of x.

(5) for some i # j, p(c;) = w, p(cj) = tw, and p(ck) = £1 if k # 1, .

It is worth pointing out that for every homeomorphism 6 of the surface and
every pair (a, b) of simple curves that intersect at one point with i(a,b) =1,
c(0(a),0(b)) and O(c(a,b)) are freely homotopic.

Let’s also remark why the concept of z-handle in an z-general position
only depends on , a, and b, for z € Chy,(Cp). Recall that, for z €
Chg ,,(Cp), we say (a,b) is an z-handle in an x-general position if (a,b) is
an z-handle and for some lift p, € Repy ,,(Cp) of = the following holds:

(1) e (@) NnFE pa(B) = o,

(2) p () ()ﬂF(b)—Q,and
() () ) pz(a)_g

where a = rar, b = rbr, where r is a simple path connecting the based point
of the fundamental group II, ,, to the point of intersection of a and b. It is
important to point out that this definition does not depend on the choice
of p, and r. Suppose p!, is another lift of x and r’ is another simple path
connecting the based point of the fundamental group to the point of the
intersection of a and b. Then

a = (r’F)a(r’?)_l and pl, is a conjugate of p,

where @’ = r a7T and b = r'br’. Hence, (py(d), pz(b)) is a simultaneous
conjugate of (pw( ", pl(¥')); this implies that the concept of z-general only
depends on z, a, and b. It is worth mentioning that an xz-handle (a,b) is in
an z-general position precisely when

F()ﬂF = =F

(@5 = Lo N,

(@b = 2
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Throughout this proof, we use certain lifts of a grid of Dehn twists. Sup-
pose
ai,by,...,aq,bg,c1,...,¢p
is the optimal sequence of generators given in Figure 3] Notice that because
e(a,b1) = —1, by Lemma we have that
;alfl(bl) = a;'by and ?a;1(z) = zfor all z € {a1,a2,b2,...,a4,bg,c1,...,Cn}

defines an element of PAut(Il, ) which is a lift of the Dehn twist 7,, € T'y .
Similarly, e(b;*,a; ") = 1 and by Lemma we have that

7~'b;1(a1) = a1b; and ?bfl(z) = zfor all z € {b1,a2,b2,...,a4,bg,c1,...,cn}

defines an element of PAut(II,,,) which is a lift of the Dehn twist 7, € T'y .
Then for every integers m and k, we have

?:_1%;?1(041) = a]_blf, %/:_1%/;’?1 (b]_) = (alblf)_mb]_ and ;;:_1?:21(2) =z
1 1 1 1 1 1

for all z € {az,ba,...,ag,bg,c1,...,cn}. Let O f = ?:,ﬁ;_"f and
1 1

(118) Om s = O s Tan(I1,,,) € Ty .

Lemma 62. Suppose g and n are nmon-negative integers. Suppose x is in
Ch? ,,(Cp). Then there exists an x-handle (a,b) such that F, sNF = =&
g,n\~p pz(@)' ' ()

where Zi,g € Iy, are obtained by connecting the intersection point of a and
b to the base point of the fundamental group and p, € Rep;,n((cp) is a lift of
x.

Proof. Suppose p, € Rep,,,(Cp)® is a lift of z. By Lemma there exists
an z-handle (a,b). By [I3, Section 1.3.1], there exists 6 € I'y, such that
f-a=a, and 6 -b = by, where
al,bl,...,ag,bg,cl,...,cn

is an optimal sequence of generators. Let 2’ := 0 - x; then by and ,
(a1,b1) is an 2’-handle, and it is enough to find a desired a’-handle. So
without loss of generality, we can and will assume that a = a1 and b = b;.

Notice that biz is homotopic to a simple curve for every z = wywy where
wi < wo are in

{ag <by < <ag<by<ecp <---<cphe
For every integer k, let
ay = afk.

Notice that (0, k(a1), Omk(b12)) =1,

(119) t(x,0mi(ar)) =tr(ag) and t(z, 0, k(b12)) = tr(ag fw;)),
and

(120) pz(Omi(ar)) = o and  pg(Omi(b12)) = of Pw..
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We find a desired handle by applying 6, 1’s to the pair (a1, b12) of simple
curves. In view of (119), (120]), and the above discussion, the assertion of
the Lemma [62] follows from the next claim.

Claim. For every positive number M, there exist integers m and k, such
that for either z =1 or z = wiws for some w1 < wy in

{I<ar<by<:---<ag<b;<c <---<cphy
ay, and o) Bw, are loxodromic,
|tr(ag)lp > M and |tr(af'Bw,)|, > M
and
Fak N Fa?ﬂwz =J.

Proof of Claim. Because (a1,b;) is an z-handle,

{t(x, 7 (a1)) }rez
is unbounded. Hence, for every positive number M and either k >>5; 1 or
k < (—1), we have that | tr(ag)|, > M; and in particular ay is loxodromic.
Let I := I, g be the set of k’s such that oy is loxodromic and | tr(ag)|, >
M. Then, by the above argument, I is unbounded.
Notice that
Fak N Fa?ﬁwz = Fak N Fﬁwz§
and so if for some k € I, a choice of z, and an integer m,
Fak mFa?sz 7& g,
then there exists
(121) D € Iy, N Fng.

If for a given z, (121)) holds for all k£ € I, then there exist an unbounded
sequence {k;}?°; of integers and a point p such that

o0
(122) PE Fau. N[ ) Fay,-
=1

Therefore, a* (p) = p for all 4; and so % (p) = a~(p). Because 3 is
loxodromic, lim; o 3% (p) exists and it is in Fg. Hence,

(123) a~l(p) € Fg and o '(p) =p.
By (122]) and (123), we deduce that
(124) peF,NEFgNEF,..

So we have to avoid ((124)), in order to get disjoint sets of fixed points by ay
and oj'fw,. Besides making certain that F,, and Fa;n/ng are disjoint, we
have to ensure that o}'Bw, is loxodromic. Notice that by Lemma @7 for
k € I and a subset J C Z which is unbounded from both sides,

{tr(a;cnﬁwz)}meJ
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is unbounded if and only if fw, does not swap the fixed points of . We
show these in an case-by-case consideration.

Case 1. If |F,, N F| = 0, then clearly cannot hold and /8 does not
swap the fixed points of . Hence, z = 1 satisfies the needed properties.

Case 2. If |F,, N F3| = 1, then F, N Fg = {p} for some p. Because p,
is a Zariski-dense representation, there exists z such that w, does not fix p.
Hence, cannot hold for this z.

If Bw., swaps the fixed points of a3* for some k € I, then

(125) Fogr = {p, Bw:(p)}.
Notice that for distinct ki, ko € I, if
q c Faﬁkl ﬂ Fa6k27

then ¢ is a fixed point of f*27%1. Because f3 is loxodromic, we obtain that
q is a fixed point of 3; and so it is a common fixed point of a and 8. This
means for every distinct integers ki, ks € 1,

Faﬁkl ﬂFaIBkQ = {p}
Hence, (125)) can hold for at most one k € I. Hence, this z satisfies the
needed properties.

Case 3. If |F,, N F| = 2, then F, N Fg = {p1,p2} for some p;’s. Because
px 18 Zariski-dense, there exist

w1, W2, W3 € {CLQ, ba, ... ,ag,bg,cl, ce ,Cn}
such that p; & Fy,, fori=1,2, and

{wwzs (pl)v Wws (pQ)} # {p17p2}'

If neither z = wy nor z = wy satisfy the needed properties, then for i = 1,2
either w,, fixes p3_; or swaps p; and ps.

Case 3-a. For i = 1,2, w,,, does not swap p; and p».

In this case,

p1 € Fy, and po € F,

wg ? wy !

and so

Wiy Wiy (P1) = Wawy (P1) #F P1 and Wiy Wa, (P2) 7 Wuy (P2) = P2-
Moreover, because wy, (p2) = p2, we have

Wy Wy (pl) = W, (pl) # Wy (pQ) = p2.
Therefore for z = wyws, we have
F.NFgNE, =2
and w, does not swap p; and po. This implies that Sw, does not swap p;’s,
either.
Notice that by symmetry, we can and will assume that w; < ws. Hence,

the claim follows.
Case 3-b. wy,, swaps p; and ps.
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If z = w3 does not satisfy the needed properties, then |Fww3 N{p1,p2}| = 1.
Without loss of generality, we can and will assume that
wwg(P1) =p1 and  wyy, (p2) # po.
Then
Wiy Wiy (P1) = P2 and Wy, W, (P2) # Wu, (p2) = p1-
Notice that the first equality implies that
Wi Wws (pZ) 7& D2
Hence z = wiws satisfies the needed properties if wy; < ws.
Similarly, we have
Wiz Wy (m) = Waws (p2) # p2 and Wiz W,y (p2) = Wuwsz (p1) = p1-
This time the second equality implies that
Wagwy (P1) 7 P1.-
Hence z = w3w; satisfies the needed properties if wg < wy. This covers all

the possible cases. O
Now by the above Claim and Claim 1 in the proof of Lemmal[59 Lemma
follows. O

By Lemma [62| and , after changing the original representation by an
element of PAut(Il, ), we can and will assume that (aq,b1) is an a-handle
and

(126) Fpo(a) N, br) = 9-

Lemma 63. Suppose {a1,b1,...,aq,bg,c1,...,¢q} is an optimal sequence of
generators, x € Chy ,(Cp), and (a1,b1) is an x-handle. Let p, € Repy ,,(Cp)
be a lift of x, a := py(a1), and B := py(b1). Suppose

FaﬂFﬁzg.

Suppose F is a finite subset of P2(C,) and M is a positive integer. Then, for
some unbounded interval I := I(«, 8, F, M) of integers, the following holds.
For every k € I, there exists an unbounded interval Jy := J(«, 8, F, M, k)
of integers such that for every m € Jy,

|tr(ag)|p > M, |tr(af’B)|p > M, Fy, N Fomp = 2,

and
FakﬂF:Fa?BﬂF:akFa?ﬂﬂF:@,

where ay, := o,

Proof. Since (a1, b1) is an z-handle and ¢(x, Tlf; (a1)) = tr(ay), we have that

there exists an unbounded interval I of integers such that |tr(ag)|, > M
and aj, is loxodromic for every k € I.

Claim 1. In the above setting for distinct ky, ko € I, FO%1 NF, =O.

k2
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Proof of Claim 1. Suppose p € Foy, NFy,. Then p € Fgry—r,; and as (3 is
loxodromic, we obtain that p € F. Because p € Fg N F,gr, we deduce that
p € Fg N F,, which is a contradiction. O

Since 3 is loxodromic, for every k € I there exists an unbounded subset
of integers Jj, such that |tr(a}'B8)|, > M and «}'8 is loxodromic for every
m € Jg.

Claim 2. In the above setting, for every k € I and distinct my, mg € Ji,

Fazuﬁ ﬁFa;nzﬁ = .
Proof of Claim 2. Suppose p € Fa:uﬁ N Fo/:zﬁ. Then p is in Fazll_mg. As
oy, is loxodromic, p € Fy,. Hence, p € F,, N Fa;cnlﬁ; and so p € Fy,, N Fg.
Thus, p € F,, N Fg, which is a contradiction. O

By Claim 1 and 2, we deduce that Fi,, N F' = & except for finitely many
k € I, and for every such k € I, we have

Faznﬁ NF = akFOéLnﬁ NF=0o
except for finitely many m € J. O

Lemma 64. Suppose {a1,b1,...,a4,bg,c1,...,cp} is an optimal sequence of
generators, x € Chy ,(Cp), and (a1,b1) is an x-handle. Let p, € Repy ,,(Cp)
be a lift of x, a := py(a1), and B := py(b1). Suppose

FaﬂFQZQ.

Suppose F is a finite subset of P*(C,) and M is a positive integer. Then, for
some unbounded interval I' := I'(a, B, F, M) of integers, the following holds.
For every k € I', there exists an unbounded interval J, := J' (o, 8, F, M) of
integers such that for every m € Jj,

[ tr(ag)lp > M, [tr(ay'B)lp > M, Fo, N Fapg =3,
Fak ﬁF:FakmlgﬂF:OékFaznﬁmF: g,

and

apFomp N Fompg =@ and (o' B)Fo, N Fy, = 2.
Proof. First, we notice that if p € vF) N F), then
(127) p € Fi, -1 and v p) € Fixy-1-
Next, we mention that for every integers k and m, we have
(128) [, (O‘;cnﬂ)_l] = [O‘75_1]'
By (127) and (128)), we obtain that if p € agFums N Fumg, then
(129) pE Fazn/g N F[akV(az’LB)fl] = Fa;”,ﬁ’ N F[aﬂgfl].
Similarly, if p € (o}'8)Fa, N Fo,, then
(130) (a?ﬁ)_l(p) € Fo, N F[ak,(a;cnﬁ)fl] =F,, N F[a,ﬁfl}'
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By ([130)), we obtain that
I':=1(a,8,FUFap3-1,M) and Jj = Ji(o, 8, F U F, -1, M)
satisfy all the mentioned properties. O

The following is a summary of what we have proved so far based on
Lemmas [62H64!

Corollary 65. Suppose x € Chg ,(Cp), and
al,bl,...,ag,bg,cl,...,cn

is an optimal sequence of generators given in Figure [ Suppose M is a
positive number and F' is a finite subset of

<a2, bg, . ,ag, bg, Cly. .. ,Cn>.
Then there exists 0 € I'y, such that (a1,b1) is a 6(x)-handle in a 0(x)-
general position, |t(a1,8(z))|, > M, [t(b1,0(z))] > M, pg(w)(aflbl) is lozo-
dromic and the norm of its trace is at least M, and for every w € F, either
potey(w) = =1 or

Fpe(z)(al)mFﬂe(z)(w) = FPQ(z)(bl)mFPQ(I)(w) = Po(x) (al)Fpe(z)(bl)mee(z)(w) =4,
where pg(y) € Repy ,(Cp) is a lift of ().

Proof. First, using Lemmas [59| and we find ¢ € I'y,, such that (ai,b1)

is a ¢(x)-handle and Fy (@) Moy (b1) = @, where pgy(,) is a lift of ¢(z).
Let
I
Fri= ] Fpyw)-
weF

Then, by Lemmal64] there exist a pair of integers (k, m) such that (a1,b;) is a
leil(qﬁ(a:))—handle ina Hﬁn(qﬁgx))—general position, |t(aq, (9,;7171(¢(:1c)))|p > M,
[t(b1, 0 (D(2)|p > M, | 6B (ag ' b1)lp > M,

F' =F

!/ __
0t (o)) VT =9

ngz,in(%(w))(m)

and
~ /
Hk’m(pd)(x)))(al)Fgﬁl(%(z)))(bl) Nk =g

Because gkm(w) = w for all w € F, we have that

1 _ .
Fe’;}n(pﬂz))(w) - Fp¢(x)(w) g F7

the claim follows. O

Next, we start working towards finding a § € Ty, such that (a;,b1) is a
f(x)-handle with a 6(z)-loxodromic boundary curve.
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Lemma 66. Suppose a, § € SLa(C,) are lozodromic,
FoNFg =0, and afFgNFg=a.
Suppose wi,ws € SLa(C,), fori=1,2
FgnNF,, =3 and oFgn Fw;w1 = .
Then for every positive integer M, there exists an unbounded interval I of

integers (depending on «, ,w;’s and M ) such that the following holds. For
somei =1 ori=2, every k € I, and every integer m,

|tr(og)|p > M and |tr([ag, (Bkmwi)_l])\p > M,
where ay, := of* and Breym = .
Proof. After conjugation, we can and will assume that
p= (0 \h) o= (002
where |A|, > 1. Because F,, N Fg = @ and aFg N F3 = &, we deduce that
a;j # 0 for every 1 <14, j < 2. For every k,
tr(ag) = tr(af®) = ap A\F + agA ™.
As aj; # 0 and ||, > 1, we obtain that if |k| is large enough,
| tr(ow)|p > M,
and «y, is loxodromic. Notice that for every m and every i = 1,2
[, (5k7mwi)_1] :akwflﬁ_la,;malzla?ﬂwi
:aﬁkwjlﬁflﬂ’kaflﬁwi.
Therefore, we have
tr(fa, (Brmwi) 1) = tr(B(Bwi) T B (a7 (Bwi)a)
=f(5:(8)101 (Br)o) ()
By Lemma we deduce that there exists an unbounded interval I of
integers such that for all & € I we have |tr([ag, (Bkmwi) ), > M, if
(B; (Bwi) ™', a1 (Bw;)a) is conjugate separable.

Suppose to the contrary that for i = 1,2, (3; (Bw;) ™!, a1 (Bw;)a) is not
conjugate separable. This means for i = 1,2 either

(131) Fg N FBwi N Fa—l(ﬁwi)a =,
or

(132) Buwi € Cgry(c,)(B),

or

(133) a” ! (Bwi)a € Cspy(e,) (B)-

Notice that Fz N Fg,, = Fz N F,, = @. So (131) cannot hold.
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If ([132) holds for 4, then w; € Csp,(c,)(8). Hence, Fg C F,,,, which cannot
hold.
If (133)) holds for i = 1,2, then
~1

Buwi, Bwa € aCsp,(c,)(B)a™;

and so
wy twy € aCSLZ(@p)(ﬁ)a_l.
Hence,
akFg C F wy L
which cannot hold. This completes the proof. O

Lemma 67. Suppose o, f € SLa(C,) are lozodromic,

FoNEg =g, and oFgNFg=a.
For every integer k, let oy, := af8*. Suppose w € SLy(Cp) and Sw inter-
changes the fized points of ay, and oy, for distinct integers ki, ko such that

ag, and ay, are lozodromic. Then Sw interchanges the fized points of oy, if
ay 18 loxodromic, and

(134) (Bw)a(fw) ™ =a™t and (wa)B(wa)™t =7
Proof. Notice that fw swaps the fixed points of «; if and only if
(Bw)ag(Bw) ™t = a,;l.

Therefore
. =(Bw)a, (Bw) ™
=(Bw)a, (Bw) " (Bw) B (Bw) !
=0y, (Bw) B 7F (Bw) ™
Hence

k) = (a7 pu) e (a7 Buw)
This implies that (o' fw) swaps the fixed points of %271 and so o' fw
swaps the fixed points of 3, which implies

(135) (a1 Bw)B(a 1 Bw)™t = 71,
and

(136) o tBwa fw = —1.

By and fwfw = —1, we deduce that

(137) (Buw)(@)(Bw) " = a”L,

which means Sw interchanges the fixed points of « as well. Next notice that
a~!Bw = Bwa; and so by (135)), we deduce

(Bwa)B(Bwa) ™t = .
Hence

(wa)Blwa) ™ = B,
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For every integer k, we have
(Bw)oug(Bw) ™! =(Bw)a(Bw) ™ ((Bw)B(Bw)) ™
—aHaBa" )k = gha 1t = 04;?1-
Hence if oy, is loxodromic, then Sw interchanges the fixed points of ap. [

Lemma 68. Suppose o, 8 € SLa(Cp) are lozodromic,
FoNFg=9, and aFgnNkg=a.

Suppose wy,wy € SLa(C,). Then at least one of the following statements
holds.

(1) w;lwl S CSLQ((CP)(Q)'

(2) Except for one value of k, if ay, is lozodromic. Bwy does not inter-
change the fized points of ay.

(3) Except for one value of k, if ay, is lozodromic, Pws does not inter-
change the fized points of ay.

Proof. We proceed by contradiction. By the contrary assumption, for ¢ =
1,2, there are at least two integers k;; and k2 such that ag,, and oy, are
loxodromic and Sw; interchanges the fixed points of ay,; for j = 1,2. Then
by Lemma [67] we have

(Bwi)a(Buwy) ™t =a L.

Hence, (Bwz)~!(Bwi) = w;lwl commutes with «, which is a contradiction.
O

Corollary 69. Suppose o, 8 € SLa(Cp) are lozodromic,
FoNFg=9, and aFgnNkg=a.
Suppose wy,ws € SLa(Cp) such that
(Fa UFgUaFg)N (Fyy UF,, U sz_lwl UFw,) =@.

Then for every positive number M, there exist an unbounded interval I of
integers and w € {w1,ws,wiwa} such that the following statements hold.

(1) For every k € I and every integer m, «y, and [ag, B mw] are loz-
odromic, where oy, := af8* and Brm = ai'f8; moreover, we have
|tr(ag)|p > M and |tr([ag, Brmw])|p > M.

(2) For every k € I, there exists an unbounded interval of integers Jj,

such that for every m € Ji, we have that By mw is lozodromic and
| tr(B,mw)lp > M.

Proof. We can apply Lemma for «, 3, and every two elements chosen
from {wi,ws,wiwe}. This implies that for at least two of the elements in
this set the following property holds:

There exists an unbounded interval I of integers such that for every k €
and every integer m, oy, and [ay, B mw| are loxodromic and

|tr(ag)lp > M and |tr([og, Bk mw])lp > M.
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Applying Lemmato these two elements of {w;,ws,wiws}, we obtain that
one of them, say w, has the extra property that for every k € I, fw does
not interchange the fixed points of ay. Hence, by Lemma [46] for all k € I,
there exists an unbounded interval Jj of integers such that for all m € Jg,
Brmw is loxodromic and |tr(Bg mw)|p, > M. This completes the proof. O

The following is an important consequence and a major step on proving
Proposition [60| (obtaining an z-handle with an z-loxodromic boundary).

Corollary 70. Suppose ay,b1,...,a4,bg,c1,...,cn 15 the optimal sequence
of generators given in Figure @ Suppose x € Chg ,(Cp) and (a1,b1) is an
z-handle. Suppose p; € Repy ,(Cp) is a lift of z. Let a := py(a1) and
B = pz(b1). Suppose

F,NFg =g, and oFgNFg=a.
Suppose for every word z of length at most two in

+1 341 +1 41 41 +1
(ag by oo ag by ey e

we have that either p,(z) = £1 or
(Fo U FgU ozFB) N sz(z) =d.

9

Suppose there exists z1 < 2z € {ag < by < -+ < ag <by<c1 < < ¢y}
such that
+1 ¢ {pu(21), pu(22), p(21) p(22), p(22) " pa(21)}-

Then for every positive number M, there exists an unbounded interval I of
integers and z € {z1, z2, 2122} such that the following statements hold.

(1) For all k € I and m € Z, pr(a1b¥) and p.([a1b}, (a1b5)™b12]) are
lozodromic, and
| tr(pe(arb)]p > M and | tr(pe([a1d], (a1b])"b12]))], > M.
(2) For all k € 1, there exists an unbounded interval Jy, of integers such
that for every m € Ji, pe((a1b})™by12) is lovodromic and
| tr(pe((a1b})™b12)) |, > M.
Proof. This is an immediate consequence of Corollary69 ([

Proof of Proposition [60 and Proposition [61. By Corollary [63] there exists a
pure automorphism ¢ of Il ,, such that (a1, 1) is a ¢(x)-handle in an ¢(z)-
general position, where ¢ € Iy, is given by o, 5(pw)(a1_1b1) is loxodromic,
and for every word z of length at most 2 in

+1 p+1 +1 41 +1 +1
<CL2 ab2 ). a b c >

"7979717"'7077, 9

either ¢(p)(z) = £1 or
(138) (Fqg(pz)(aﬂ U F@(pz)(bl) U ¢(Px)(a1)F$(pz)(bl)) N d’(ﬂ:c)(z) =J.
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After changing = to ¢(x), we can and will assume that (a1, b1) is an z-handle
in an z-general position, and holds for 5 =id.

Case 1. There exist z1 < z0 € {ag < by < -+ <ayg<by <c1 <---<cp}b
such that

1 ¢ {p(21), pa(22), p2(2122), pa(25 ' 21) }-

Proof of Case 1. In this case, by Corollary [70] there exist a pair of integers
(k,m) and z € {z1, 22, z122} such that

(139) 5,;7171(%)(@1),gk_ﬂln(pz)(blz), and glzil(pm)([al,blz]) are loxodromic,

and the norm of their traces are at least M. Notice that b;z is homotopic to
a simple curve d € Il ,, with the following properties (a1, d) = (a1, b1) and
i(a1,d) = 1. Then there exists a homeomorphism of the surface which fix the
boundaries of the surface, a1 to a; and by to d; in particular, the base point
is sent to itself and the boundary curve c(aq,b;) of a small neighborhood
of a; U by is freely homotopic to the boundary curve c(aj,d) of a small
neighborhood of a; Ud. Let o' be the induced pure automorphism of this
homeomorphism. Let 0 := ¢’ _19,;71n and 6 € I'y, be the induced element.
Then by (139)), we obtain that (ai,b1) is 6(x)-handle and c(ay,b1) is 6(z)-

loxodromic; moreover,

[t(ar,0(x))[p, [£(b1, 0(x))lp, [t(c(ar, b1), 0(x))]p > M.
This finishes our proof in Case 1. ([

Case 2. For every z1 < z9 € {ag <bg < - < aq <bg <cp < - <cn},
we have
+le {paz(zl)aPx(22)apx(2122)’Pm(zglzl)},
and g > 2.

Proof of Case 2. In this case, there exists w € SLy(Cp) such that
(140)

{pas(az), ps(b2), -, pulag), pa(by), pulcr), -, pulen)} © {£L, 2™}
This implies that +1 € {p.(a2), pz(b2), pz(azbi')}. Notice that because

a2, by '] = [b2, b5 a3 'ba) = [a2b3 ", b3 ],

there exist pure automorphisms which send every z in the optimal sequence
of generators besides ay and bs to itself and the pair (ag, b2) is sent to either
(b, by lag 1by) or (agbgﬂ, b2). Applying this automorphism to p,, if needed,
we can and will assume that p,(az) = +1. Notice that this automorphism
does not change aq; and b1; and so still holds, and one can see that
still holds as well. Let « := p,(a1) and 5 := p,(b1). Notice that «, 3,

and a~ !B are loxodromic, and

(141) FoNFg=aFgNFg=pF,NF,=0.
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Let 6 be a pure automorphism of Il,, which is given by the following
equations

6(a1) :==(aras) ‘a1 (arasz)

6(az) :==(aras) ‘az(arasz)

0(b1) :=(a1a2) "bufa; ' a5 ]

0(b2) :=(a1a2) by

0(z) =2 if z € {as,b3,...,aq,bg,c1,...,Cn}

Notice that
9([&1,() Ha2’b 1]) [al’b ][a2’b 1]7
and so 0 does define an automorphism of Il ,,. It is worth to point out that

asay is homotopic to a simple curve d and 0 is a lift of the Dehn twist T4
We have that

pe(Bar)) =a, pa(8(b1)) = a™'B,

(142) pa(B(b2)) €0t (w),
pe(0(2)) €(w),
for z € {a2,as,bs,...,ag,bg,C1,...,cn}. Let’s recall that o and =!8 are

loxodromic, and we have
FaﬂFa—lﬁ :FaﬂF@ =9
Hence, by Lemmal64] there exists a pair of integers (k,m) such that (a1, b1)
is a0, ! (07! (z))-handle in a 0; } (0! (x))-general position,
(O (02))(b2) € 07 {w),
and o
(O 8 (p2))(2) € (w),

for 2 € {ag,as,bs,...,a4,by,c1,...,cn}. Notice that by (140), [, 7] is in
(w). Hence,
(143) Fo C Fop)-
Because SF, N Fy, = &, we obtain that F,, N Fj, g-1 = &. Hence, by (143),
a & (w). Therefore,

o Hw) N (w) = @.
Thus there are two possibilities: either there is no w’ in SLg(C,) such that

for all z in {ag,ba,...,a4,bg,c1,...,Cn}
(Orpd " (p2))(2) € {1, 201
or for all z € {as,as,b3,...,a4,bg,c1,...,cn}

(B, 5,07 (p2))(2) = 1.
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If the first scenario, we can apply Case 1, and we get the desired pure
automorphism.
In the second scenario, we have

(Bromnd " (p2))([a2,b5"] - [ag, by er -+ en) = £1,
which implies that
(Om 8" (p2))(ar, b 1)) = 1.
This is a contradiction, as (aj,b;) is in a egé(e_l(x))—general position. O

Case 3. For every z1 < zp € {as < by <--- <ag <by <c1 <---<cp},
we have
+1 € {pu(21), pu(22), P (2122), pu(z5 ' 21)},
g=1.

Proof of Case 3. In this case, there exists w € SLy(C,) such that for every
1 <i<n, pele) € {£1,+w*'}, and n(x) > 1, which means there exist
distinct integers , j such that p,(c;) # £1 and p,(cj) # £1. Hence, w # +£1,
pe(ci) = +w, pelcj) = +wtl, and py (a1, b)) € (w); in particular,

Fo € Flag,

where « := pz(a1) and B := p;(b1). The next claim helps us rearrange the
order of ¢;’s without changing the values of p,.

Claim 1. For every permutation o, there exists an automorphism 6, of
the free group (x1,...,xn) such that 0,(x;) is in the conjugacy class of v, ;)
for very i, and

ea(xl...xn) =21 Tp-
Proof of Claim 1. It is enough to prove the claim for transpositions. It is
easy to see that the following map on the set of generators can be extended
to an automorphism of the free group which satisfies the claimed properties
for o := (i j) where i < j:
05 (x7) =1y for 1 € [1,4) U (4,n],

=y,
]

=(win ) i@ ).

0o (i)
90_ xl) =X xlx] for l E (Z,j),
0o (2;)

O

Next, we present a concrete lift of the Dehn twist 74, where d is a simple
loop which is freely homotopic to bicy ... cg.

Claim 2. Suppose k is a positive integer and k < n. Then the following
map on the sequence of optimal generators

{al,bl,cl,. . .,Cn}
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of 11, given in Figure @ can be extended to a pure automorphism ¢ of
Hl,n:

a1 +—>a1b101 s Ck

by (et -er) oiler - cp)

C; |—>(b101---ck)_lci(blcl---ck) ifl <1< k

cj —Cj ifk<j<n.

Proof of Claim 2. Let ¢:=c¢--- ¢ and ¢ := ¢g11 - ¢,. Notice that
[a1b1c, c_lbl_lc](blc)_lcl(blc) e (blc)_lck(blc) “Ckal"Cn

:(alblc)(cflbl_lc)(cflbl_lal_l)(cflblc)(blc)*lc(blc)c'
=[ay, b7 ]ec.

Hence, the above map can be extended to a group endomorphism of Il .
Notice that

(cilblc)(blc)flcl(blc) N (blc)flck(blc) = bic

is in the image of this endomorphism. As ¢ !bic is also in the image, we
deduce that ¢ is in the image. Therefore, by and ay are also in the image. We
deduce that this is surjective endomorphism. As Il , is a finitely generated
linear group, every surjective endomorphism of II; ,, is an automorphism.
Clearly ¢; is sent to an element in the conjugacy class of ¢; for every 1,
and so ¢y is a pure automorphism. O

Case 3-a. In the setting of Case 3, suppose there existw € SLa(Cp)\{£1}
and indices i < j such that py(c;) = w and py(c;) = Fw™L.

Proof of Case 3-a. Using Claim 1, we can and will reorder the indices, and
assume that p,(c1) = w and py(c2) = Fw™!. Let ¢o be the pure automor-
phism given in Claim 2. Then

Pz (Okm ($2(a1))) =00 Brm = Brmr1.

PO (62(b1))) =Brom:

P (Om(d2(c1))) =6,;3nw/8k,m,

POk m(B2(c2))) = % By b0 ™ Brom,

pr(Okm(02(c5))) =pu(c)) for all j > 2,

where a; := a8 and Brm = af'B. By Lemma there exist a pair of
integers (k,m) such that oy, Sk m, and By m11 are loxodromic,

Fo, N Fﬁk,mﬂ = akF/Bk,erl N F/Bk,m+1 =4,

and
Fo, NF, = F/gk’m NF, = Fﬁk,m+1 NF, =o.
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We also notice that because I, N Fg = &,

[a,ﬁ_l]px(cl) epr(en) = 1,
pz(c1) = w, and py(cy) = £w™!, we have that pz(cj) # *£1, for some j > 2;
therefore p,(cj) = +w*! for some j > 2. Because Fg, ., N Fy =@ and By,
is loxodromic,

ﬁk_;nwﬁk,m 7& :l:w:tl'

Therefore, 9~,;1n(¢)5 Y(ps)) satisfies the conditions of Case 1. Thus Case 3-a
follows. g

Case 3-b. In the setting of Case 3, suppose there existw € SLa(C,)\{£1}
and an integer v > 3 such that py(c;) = tw for every 1 < i < r and
pz(ci) = £1 for every i > r.

Proof of Case 3-b. For i = 1,2, 3, let ¢; be the pure automorphism given in
Claim 2. Then

P2 Ok (di(a1))) = £ B mw’,

POk (9i(01))) =w ™" Brme,

PO ($i(c)))) = % (Bmw') ™ w(Brme) for 1 <j<i,
pr(Okm (0i(c5))) =pa(c)) for all j >4,

If w> = 41, then 7 > 3 as [a,87!] = w ™ and [o, 7] # £1. Hence,
0, (¢3'(ps)) satisfies the conditions of Case 1, and Case 3-b follows. There-
fore, without loss of generality, we can and will assume that

+1 ¢ {Fw, +w?, +uwd).

Now, by the virtue of the proof of Case 1 applied for z; = ¢; and 29 := cacs,
we deduce that there exists a pure automorphism ¢ such that (a1,b1) is a
¢(z)-handle and c(aq, b1) is ¢(x)-loxodromic, and

[t(ar, 9(2))lp, [(b1, ¢(2))lp, [t(c(ar, b1), (2))]p > M.

This finishes our proof in Case 3-b. This also completes proof of Proposi-
tion H

Case 3-c. In the setting of Case 3, suppose px(c1) = w, pz(c2) = tw
where w € SLa(C,) \ {1}, and py(c;) = £1 for all i > 2.

Proof of Case 3-c. Let ¢ be the pure automorphism of II; ;, which is given
by the following assignments on the set of generators.

o(ci) =c; ifi>1.
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To see why ¢ defines a pure automorphism of Il ,,, first one can check that

[¢(a1), d(b1) p(cr) -+ dlcn) =1 and ey by larbr) = ¢ by tagby.

Hence, ¢ is a well-defined endomorphism, and cl_lbl_lalbl is in its image.
Therefore, c1; and so all the rest of the generators are in its image, which
means ¢ is an epimorphism. As Il ;, is a Hopfian group, we obtain that ¢
is a (pure) automorphism of II; .

Then for every pair of integers k and m, we obtain

pa(Okm($(a1))) =au,

Pz Orm(D(b1))) =B mew.

Following the proof of Lemma we obtain that either there exists an
unbounded subset of integers I such that for every k € I and every integer

m, ay and [ay, (Bgmw) 1] are loxodromic, and their traces has norm at least
M, or

(144) Bw € aCSLQ(Cp)(ﬂ)a_l.
On the other hand, we have

(145) [, B7w? = £1.

By (145)), we deduce that

(146) a1 pwa = +pa twa.
If (144) holds, then

(147) a_lﬁwoz € CSLQ((Cp) (ﬁ)

By (146)) and (147]), we obtain that
'w™lar e Capy(c,) (B)-
Therefore , by (147]), we have that

a”'Ba € Csr,y(c,)(B),

which is a contradiction as aFg N Fg = &.

Altogether, we showed that there exists an unbounded integer interval
such that for all k € I and integer m, oy, and [, (Bkmw) 1] are loxodromic
with large norms.

Since By mw = o) fw and ay, is loxodromic for every k € I, by Lemma
we have that {fj nw}m is an unbounded set precisely when Sw does not
interchange the fixed points of ap. By Lemma if Sw interchanges the
fixed point of ay, and oy, for two distinct values k; and ko in I, then

(148) (Buw)a(fw) ™ =a™t and  (wa)B(wa)™t =71

By , we obtain that in this scenario, the second possibility in the state-
ment of Case 3-c holds. So without loss of generality, we can and will assume
that at most for one value k € I, Sw interchanges the fixed points of Fy, .
Then for all except possibly one k in I, there exists an unbounded interval

o



106 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Ji such that for all m € Jj, agBi mw is loxodromic, and its trace is more
than M. Hence, for all k € I and m € Ji, oy, B mw, and [oy, (,Bkvmw)_l]
are loxodromic and their norms are at least M. O

Case 3-c completes proof of Case 3. U

Case 3 covers the only remaining cases and finishes proof of both propo-
sitions. (]

5.3. Finding an z-torso at an z-generic position with extra par-
titioning properties. The main goal of this section is to prove Proposi-
tion |71 which gives an z-torso with additional properties.

Similar to the case of handles, we start by finding an z-torso at an x-
general position.

For an z-torso (a, b), we can and will assume that (a, b) are as in Figure[f]
Let r be a simple path connectlng the base point of Il ,, to the center point

in Figure |5 I Let @ := raF, b := rbF, and d; := rd;F where d;’s are the curves
going around the punctures. After reordering a and b and changing their
orientation, if needed, we can and will assume that

(149) a= Jlgg = (3354)_1 and g = 6?26?3 = (6?4(?1)_1

We refer to an z-torso which satisfies as an z-torso in the standard
form. For x € Chg,,(C,), we say an z-torso (a, b) is in an z-general position
if

(150) Fou@ N o @y = Fouy M e
for every i € [1..4]. Notice that the conditions given in do not depend
on the choices of the lift p, and the path r; and so it only depends on =z,
a, and b. After finding an z-torso in an z-general position, we find an x-
loxodromic simple loop ¢ in one of the connected components of ¥ \ a such
that p,(a) and p,(¢) do not have a common fixed point where ¢ is freely
homotopic to ¢ (in the closure of) the connected component of X\ a which
contains c¢. Altogether, we obtain the following proposition.

ﬂF =0

Proposition 71. Suppose x € Chg,,(C,) and the orbit T'g -z is unbounded.
Then the following statements hold.

(1) There ezists an x-torso (a,b) which is at an x-generic position.

(2) Suppose (a,b) is given in the previous part. Suppose ¥ is a connected
component of Yo, \ a and [0, X'| > 3, where x5y is the restriction
of x to X'. Then, there exist € T'g,, and a pair of simple curves
(¢c,d) in X' such that the following holds.

(a) We have that (8 - z)yy is in Ch$y(Cp), where (6 - x)yy is the
restriction of 6 - x to Y.

(b) We have that (a,b) is a 0 - z-torso at a 0 - x-generic position,
and c is 0 - x-loxodromic.
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(c) We have that i(c,d) = 2, and the set {t(0 - x,7F(d))}s, is un-
bounded; in particular, the orbit T'(X') - (0 - x)sy) is unbounded
where T'(X) is the pure maping class group of X'

Lemma 72. Suppose xz € Chg,(C,) and (a,b) is an x-torso and M is a

positive number. Then there exists an x-torso (a’,b') in an x-general position
such that [t(z,a’)|p, [t(x,b)], > M.

Proof. Suppose d;’s give the standard form of the torso (a,b) (see (T49)).
Let {c1,...,cn} be the sequence of optimal generators given in Figure |3l Let

I; be the subset of [1..n] such that for all i € I; the simple curve d; goes
around the i-th puncture; in particular, we can and will assume that

dj =[] e
iEIj
where the product is taken with the ordering is given by
€1 < < cp.

By Claim 1 in Case 3 of the proof of Propositions [60] and we can and
will rearrange the indexing of the punctures and assume that

L=A{1,....k}, Li={ki+1,....ks}, Is={ko+1,... ks},
and
Iy={ks+1,...,n}.
Notice, that the following defines a lift of the Dehn twist 7,:
Ta(ci) =acia™, for all i € [1..k2],
Ta(Ci) =¢4, otherwise,
and the following gives us a lift of the Dehn twist 73:
Tp(ci) =beib™ !, for all i € [ky + 1..ks],
(ci) =ci, otherwise.
In particular, we have
7' (a) =a, T,'(b) = a™dya"ds,
(151) 77(dh) =a"dia~", 7 (da) = a"daa™, 7(da) = dy, 7(da) = da,
7o(b) =b, 77"(a) = dib™dab™ ™,
T (d2) =b"dob™™, 7 (ds) = b™dsb ™™, F(d1) = di, T (dy) = da,
for every integer m. N
Let p, be alift of z, a := py(a), 5 := px(b), and §; := p,(d;) for i € [1..4].
By and Lemma (a; 62,03) and (B;01,d2) are conjugate separable.
For every integer m, let

Bm = pz(T7H(D)) = a™da™ ™ 03.
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By Lemma there exists an unbounded interval of integers I such that
for every m € I, B, is loxodromic, and

(152) FgmﬁF52 :FgmﬂFgg =

we can further assume that | tr(53,,)|, is arbitrarily large. By (151f), in order
to have [, in a general position, we have to make sure that

(153) Fg,, N Foms o-m = Fg,, N Fyms,o-m = Fg, N Fs, = Fg, NFs, = 3.
We argue why ([153)) holds for m’s in an unbounded subinterval of I.
Suppose for an infinite subset of I, Fpg,, N Fiyms q-m # @. Then for
infinitely many m’s
doa” M3 () = 61 (x) = .

Then, by Lemma [52] either

(154) x € Foy N Fs, N Fs5, N F,,
or
(155) F, ={z,03(x)} and d2(d3(x)) = .

Because (a;d2,03) is conjugate separable, (154) is not possible. If (155))
holds, applying d; to both sides of d2(d3(x)) = z, we obtain
01(02(03(x))) = 01(x) =z, which implies d3(z) ==
as 0102 = a and d3(x) € F,. Hence, z € F, N Fs, N Fs,, which is a con-
tradiction as (a;d2,d3) is conjugate separable. Altogether, we deduce that
after passing to an infinite subinterval of I, we can and will assume that for
every m € I,
(156) Fﬁm ﬁ Foémé‘loé—m = J.
Next, suppose for an infinite subset of I, Fg N Fyms,q-m # &. Then for
infinitely many m’s
doa” Moz () = d2(x) = .
Then, by Lemma [52] either
r e F, ﬂng ﬂF52,
or
F, ={x,03(x)} and d2(d3(z)) = .
In both cases, we obtain that F, N Fj, N F5, # &, which contradicts the
fact that («;d2,d3) is conjugate separable. Hence, passing to an unbounded
subinterval of I, we can and will assume that for all m € I,
(157) F,Bm ﬁ Fam52a7m = .
Finally, suppose for an finite subset of I, i3, N Fj5, # @. Then for infinitely
many m’s in I,
(158) a™da”M3(x) = da(x) = .
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Then, by Lemma we deduce that either

(159) 63($) € Iy mF(SQ
(160) Fo = {83(2), 62(0(2)) ).

By (158) and (159), we deduce that = € F, N Fs, N F5, which contradicts
the fact that («;d9,d3) is conjugate separable.

By (158]) and ([160)), we obtain that
(52((53(1’)) = X.
As d4(x) = x, we deduce that
92(03(d4(x))) = 3

and so d1(z) = x. Because a = 40102 and a(x) = x, we conclude that
x € Fy N Fs5, N Fj,. Again, this contradicts the fact that («;d2,d3) is conju-
gate separable. Altogether, we obtain that after passing to an unbounded
subinterval of I, we can and will assume for all m € I, (153]) holds. In par-
ticular, we deduce that (B,,; ™1™, a™da™™) is conjugate separable for
all m € I. We also notice that by Part (1) of Lemmal[p4] (a; a™da™™, 83) is
conjugate separable. Hence, changing x to 7, ™ (x), we can and will assume
that (a,b) is an z-torso and

F BN ng =9
for all 4 = 1..4. Next, by a similar argument, we can find an integer k such
that ay := p(7F(a)) is loxodromic with arbitrarily large norm and

for all ¢ = 1..4. Notice, that
7 (b) =0,
and pz(?f(aZ)) is a B-power conjugate of d;. Hence, we still have
Foupon N oty = 2
for all i« = 1..4. Altogether, we obtain an element « of the pure mapping
class group such that (a,b) is an 7(z)-torso in an ~(z)-general position,

and moreover, we have [t(y(x),a)|p, [t(y(x),b)|, > M. This finishes the
proof. O

The following lemma about torsos at general positions is quite useful.

Lemma 73. Suppose x € Chy,,(Cp) and (a,b) is an x-torso at an x-general
position. Suppose M is a positive number. Then for every integer m with
large enough absolute (17" (a),b) is an x-torso in an x-general position, and
oz, 7(@)]p > M.
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Proof. We assume that d;’s give us the standard form of the torso (a,b) (see

(149) and Figure . Let 6; == py(d;) for all i’s, a := py(a), and B := py(b),
where p, is a lift of z. Because (a,b) is an z-torso in an x-general position,

(161) Fo N Fy, :Fgﬂng =g

for all ¢’s.
Notice that for all integers m, we have

am, = pz (T (@) = 6150287 ™.
Therefore by Lemma, if the absolute value of m is large enough, then
[t(z, 7" (a))|p = | tr(oum)]p > M.

By Lemma it F,,, N Fs, # @ for infinitely many m’s, then there exists
x € Fs, N Fg, which contradicts . Hence, if the absolute value of m is
large enough, then F, N Fs5, = & for all ¢’s.

If Fo,, N Fgms,g-m # < for infinitely many m’s, then there exists = in
Fg-mgs gms, N Fy, for infinitely many m’s. Then, by lemma we obtain
that either

do(x) € FgnN Fs,,
or
Fg = {02(x),01(d2())}.
The latter is not possible because of . If the former holds, we have
61(62(x)) = z. This implies that  is in Fg N Fj, which contradicts (161]).
We also notice that

for all i’s and m’s. Altogether, we deduce that (7;"(a),b) is an a-torso in
an z-general position for every integer m with large absolute values. This
finishes the proof. O

Suppose a and b are two oriented simple loops, i(a,b) = 2, and x and
y are the intersection points of a and b. Notice that the orientations of a,
b, and the surface give us positive determinant at one of the intersection
points and negative at the other. Suppose at x, we are getting a negative
determinant, and at y, we are getting a positive determinant. Let a; be the
part of a which goes from z to y, and as be the part which goes from y
to z. Similarly define by and by. Then d; := aibi, do := bias, ds := Gabo,
and dy := boa; are simple loops based at z, and they are homotopic to the
curves given in Figure Notice that a ~ didy, b ~ dods, and dydadsdy is
trivial. We refer to d;’s as the standard partitioning of the topological torso
(a,b). Notice that dids (with the marked starting point) is homotopic to a
simple curve.

Lemma 74 (Torso-Dicotomy). Suppose p € Rep, 4(Cp) and (a,b) is a [p]-
torso in a [p]-general position. Suppose (di,ds,ds,dy) is the standard par-
titioning of (a,b), and they are based at the point q. Let ¢ be a simple loop
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based at q which is homotopic to dids. Let S := {(a,b), (a,c),(b,c)}. Let
Io.4 be the fundamental group based at q. Then one of the following state-
ments hold.

(1) There exists 0 € PAut(Ilp4) such that:
(a) For all (a',b) € S, (d,V) is an [0 - p]-torso in an [0 - p]-general
position.
(b) There exists (a’,b') € S such that Fig.p )y N Flo.pyr)y = 9-
(2) The group generated by p(d;)’s is a subgroup of an infinite dihedral
group, Fyy = Fypy = Fy) and tr(p(d;)) = 0 for all i.
Proof. Let o := p(a), B8 := p(b), v := p(c), and &; := p(d;) for all i € [1..4].
Because (a,b) is a [p]-torso in a [p]-general position, we have that
(162) F,NF5, =2 and F3nF;, =02.
By (162) and Lemma for every integer m with large enough absolute
value
(163) \tr(améia_mdg)\p > M
for ¢ = 1,2; in particular, B, = a"da ™d3 and v, = a™da” ™3 are
loxodromic if |m| is large enough. Notice that
B = () and = p(F(C),
where 7, is a lift of the Dehn twist 7, is given by 7,(d;) = ad;a™" fori = 1,2
and 7,(d;) = d; for i = 3,4. By Lemma we have that if |m| is large
enough and ¢ € [1..4], then
(164) Fg, N Fﬂ”(di) =d.
Next, we prove a similar result for 7,,. By Lemma if £, NFs5, # @ for
infinitely many values of m, then there exists x € Fjs, such that
d3(z) € F,, and 01(03(z)) =z € F,.
This implies that x € Fi, N F§s, which is a contradiction.
If F,,, N Fymg,om # @ for infinitely many m’s, then
F51a_m53am N F(si ?é )
for infinitely many m’s. By Lemma we obtain that there exists x €
Fs5, N F, which is a contradiction.
Altogether, we deduce that if |m| is large enough, then for all (a/,b') € S,
(a/, V') is [T p]-torso in a [T2" - p]-general position. Changing p to 7. p, we
can and will assume that all (a/,b) € S are [p]-torso in [p]-general position.

We will apply powers of 7, 75, and 7., where 7(d;) = d; for i = 1,4, and
7(d;) = bd;b~* for i = 2,3, and 7.(d;) = d; for i = 1,3, and

Te(do) = (dy edy)da(dy e dy), and  To(dy) = cdyc™ .
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Notice that
Te(dydadsds) =(dy1)((dy edy)da(dy e dy))(ds) (cdac™)
=cdydad;  dy P dydadydsdyc™
=c(dydodzdy)ct,

and so 7, is a pure automorphism; and it is a lift of the Dehn twist 7.. Hence,
by Lemma for every integer m with large enough absolute value, for all
(a/,b') € S, and e € {a,b,c}, (a',V) is a [T2" - p]-torso in an [7." - p]-general

position. Suppose Part(1-b) does not hold. Then for every integer m with
large enough absolute value, we have

(1653) Fam62a*m63 N Fa # g, Fam(slafm(gs N Fa % g,
(165b) F515m52ﬁ—m N Fﬁ £, Félﬁmésﬂ_m N Fﬁ %+,
(165c¢) va(61525;1)7,m51 NF,#@ and,

F61—1’Ym615251—17,m+1 ﬂ Fry # .

By (165a)), Lemma 8 = 6203, and v = 5103, we deduce that there exist
ZTab, Tae SUch that

(166) Fo = {xaba 53(1'(11))} Tap € Fo N F,B» and

(167) Fo = {4, 03(ac)},  Tac € Fo N F,.

By (165b]), Lemma a = 0162 and v = 0103, we obtain that there exist
Tpa, Tpe Such that

(168) Fg = {xpa, 02(xpa)} po € Fo N Fp, and

(169) F,B = {wbw 53('%'170)}7 Tpe € F,B N F’Y‘

By (165¢)), Lemma and a = 102, we obtain that there exist x.q, T such
that

(170) FE, ={%c,01(%ca)} Tea € FoNFy, and

(171) F7 2 {xcb, 51(52(51_1(.150(,)}, Tep € F,y N F525;1.
Case 1. The sets Iy, F, and F, are pairwise distinct, and
F.NF3NF, =a.

Proof of Case 1. In this case, by , , and F,, # Fjg, we have x4, =
Tpe; similarly, by , , and I, # F,, we obtain z,. = T¢,. Because
FoNFgNEy, =3, g ¢ Iy and 4. € Fjg. Hence, by (166) and (167), we
have zq. = 63(zap) and x4, = 03(2ac). By (169), (166), and F, # Fjg, we
deduce that z,, = d3(xpc). Notice that

Lab = 63(xac) = (53(%{,0)



ORBIT CLOSURE OF THE PURE MCG 113

implies that z,. = 2y, and so
Tae = Tpe € Foo N FB ﬁF,y,
which is a contradiction. So Case 1 cannot happen. (]

Case 2. Suppose Fo, N FgNFy = {z} and F, # Fp.

Proof of Case 2. In this case, by and , Tap = Tpe = x; and so
Fo, = {z,03(z)} and Fg = {z,02(x)}. Because F, # Fp, 03(x) & Fpg;
therefore, by , we deduce that zj. # x. Hence, d3(xp.) = x. Thus
F, = {x,05'(z)} and F = {x, 65" (x)}. This implies that

0yt (x) = 7(85 (2)) = du(x) and  81(83(x)) = v(z) = =,
which implies that &; interchanges the fixed points of 5 and ~. Hence,
01 is in the infinite dihedral group D which stabilizes the set Fz = F,.
Using d3 = (51_17, we deduce that 03 € D, and then do = 6(53_1 implies
09 € D. Therefore a = §102 € D. As « is loxodromic and in D, we obtain
that F,, = Fpg. This is a contradiction, which shows that Case 2 cannot
occure. [l

Case 3. Suppose F, N FgNF, = {x} and F,, # Fa,, for infinitely many
integers m, where B, = a™da” 3.

Proof of Case 3. As we have mentioned earlier, for every integer m with
large enough absolute value, (a,b) is a [72" - p]-torso in a [72"* - p]-general po-
sition. The representaion 7. - p sends a, b, and c to «, B, and v, =
a™da™d3, respectively. Assuming Part (1-b) of the Torso-Dichotomy
(Lemma does not hold for p, we deduce that it does not hold for 7. - p.
Hence, the Case 1 does not hold for the triple (a, B, Vm) if the absolute
value of m is large enough; this means

FoNFs, NF, #2

if |m| is large enough. We also have that Case 2 cannot happen for the triple
(, B, Ym); this means either

|FoNEg, NE, | >2

or

F,=Fg,.
In either case, we obtain that F,, = Fj,, if |m| is large enough. This contra-
dicts the assumption of Case 3. U

Case 4. Suppose F, N Fg N F, = {x} and F, # F,,, for infinitely many
integers m, where vy, := a™d1a” " d3.

Proof. Similar to Case 3, we can show that this case is not possible, either.
O

Case 5. Suppose I, = Fg,, = F,  for infinitely many integers m, where
Bm = a™daa” ™03 and vy, = a™d1a” ™63,
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Proof. By assumption, we deduce that, for infinitely many m’s, we have
(172) a™d;a” ™03 € Cspy(c,) (@)
for i = 1,2. The next Claim enables us to make use of ((172]).
Claim. Suppose o € SLa(Cp) is lozodromic and §,0" € SLa(Cp). If for
two distinct values of m, we have
(173) a™oa” ™ € Cyr,c,) (@),
then § and &' stabilize the set F,,.
Proof of Claim. Suppose (173) holds for m € {k,¢} and k # ¢. Then, for
m € {k,l},
da "o = ada™ ™.

Hence,

(b k6 a) (a0 )™t = datFo =

(ada ") (@da™0") L = adatF5 1t

Therefore, 6 'ad € Cqr, (CP)(O/*’“). Because « is loxodromic and ¢ # k, we
deduce that 6~ tad € Csy(c,)(@); and so Fs-1,5 = F,. Thus, we conclude
d(Fy) = F,.

Because 6§ commutes with o and §a %8 a = ada~"§’, we obtain that

a ko = (6"tad)ak = a7F (67 1ad)d,
and so
a=06"15"1ass.

Hence, 00'(F,) = F,. As §(F,) = F,, we conclude that ¢'(F,) = F,, which

finishes proof of the Claim. U

By the above Claim and (172)), we obtain that d1,d2, and d3 are in the
stabilizer of F,; moreover as Fs, N F, = &, we deduce that 62-2 = —1. Hence
Part (2) of the Torso-Dichotomy (Lemma [74]) holds. O

The following is the only remaining case.
Case 6. Suppose F, = Fg = F,.

Proof of Case 6. Suppose F,, = {x,y}. Then by (166]), (168]), and (170}, for
every ¢ = 1..3, we have that either 0;(z) = y or d;(y) = x. Then, without

loss of generality, we can and will assume that there exist ¢ < j such that
6i(z) = y and §;(x) = y. Hence, §; '(5;(x)) = 2. Because §;0; € {a, 5,7},
we also have that 0;(0;(x)) = «. Then, we conclude that ¢; is in the stabilzer
group D associated with {x,y}. As i < 3, we have that §;03 is in {«, 5, 7};
and so ;03 € D. Thus, §3 € D. Because 003 € D for kK = 1,2 and d3 € D,
we deduce that 01, d2,03 € D. Therefore, Part (2) of the Torso-Dichotomoy
(Lemma holds. O
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We have exhaused all the possible cases. In all the cases, we either showed
that the considered case is not possible or proved that one of the parts of
the Torso-Dichotomoy holds. O

Based on the Torso-Dichotomy Lemma (Lemma , we find an x-torso
in an x-very general position. We say an z-torso (a,b) is at an z-generic
position if the following statement holds: suppose (di,ds2, ds,d4) is the stan-
dard partitioning of (a,b), and they are based at the point p. Let e be a
simple path which connects the base point of Iy, to p. Let (Z = ed;€E,
@ = cage, and b := ebe. Let py be a lift of z. Let o := pz(a@), B = pm(g), and
0; = px(d,) Then

FoNFs,=F,NFg=0
for i = 1..4. Notice that, for x € Chg,,(Cp), this concept does not depend
on the choice of e or p, and only depends on (a,b) and z.

Lemma 75. Suppose x € Chy ,,(Cy) and there exists an x-torso. Then there
exists an x-torso (a,b) which is at an x-generic position.

Proof. By Lemma there exists an x-torso (a,b) which is at an x-general
position. Suppose (dy,dg, ds,d4) is its standard partition and they are based
at the pomt g. Let e be the path connecting the base point of Iy, to ¢. Let
a := eage, b= ebe, and d; := edse for all i = 1..4. By the Torso-Dichotomy
lemma, (Lemma . if there is no z-torso at an z-generic position, then
the group generated by px( ) and py (b) stabilizes the set F,, (@) and pa(d;)’s
interchange the points in F}, . Because z € Chg,(Cp), by Proposition
and Proposition there exists ¢; such that p;(c;) does not stabilize F, )
where c¢q,...,c, 1S an optimal sequence of generators. As in the proof of
Lemma we can and will reorder the punctures and assume that cﬂ, glvz, gg,
and dy go around the punctures {1,..., k1 }, {ki+1,...,ko}, {ka+1,... k3},
and {ks + 1,...,n}, respectively; moreover, without loss of generality, we
can and will assume that p;(c1) does not stabilize F), ). Notice that clcE
is homotopic to a simple loop, say g. Let ¥’ be a neighborhood of b U g;
notice that ¥’ is homeomorphic to a sphere with 4 punctures. We can and
will include the base point of Iy, in ¥'. Let a := py(a), B := pz(b),
0; = px(cZ) for all ¢ = 1.4, and 7; := px(c;) for all j = 1..n. Then after a
conjugation, we can and will assume that o and g are diagonal, §; swaps oo
and 0, and +; is not in the stabilizer of {0, 00}. The restriction of p, to the
fundamental group II' of ¥’ is generated by 71, d2, and 3. The Cp-points of
the Zariski-closure of the group generated by d2 and 3 in (SL2)c,, is

[ &) ne)of (4 ) nec)

Because 1 is not in this group, the group generated by ~1,d2, and 3 is
Zariski-dense in (SLz)c,. Hence, the restriction p, | is in Repg 4(C,) (after
identifying Rep$y with Repg4). Since Fz N Fs, = @ and 71 € Cgr,(c,)(6);
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(B;71,02) is separable conjugate. Therefore, {t(x, 77" (9)) }mez is unbounded.
Hence, by Lemma there exists an z-torso in ¥’. Thus, by Lemma
there exists an x-torso at an z-general position in ¥’. By the Torso-Dichotomy
Lemma (Lemma and the fact that the restriction of p, to II' is Zariski-
dense, we deduce that there exists an z-torso at an z-generic position in X'
This finishes the proof. O

Proof of Proposition[7]. By Lemma there exists an x-torso at an a-
generic position, and part (1) follows. We assume that d;’s give us the
standard partition of the torso (a,b) (see and Figure [5)).

As in the proof of Lemma we can and will reorder the punctures
and assume that d; goes around the punctures {1,..., k1 }, {k1 +1,...,ko},
{k2+1,...,ks}, and {ks + 1,...,n}, respectively; moreover, in each range,
we start with punctures that are in 0,%. Without loss of generality, we can
and will assume that Y’ is the subsurface which contains the punctures 1
through ko, and p,(c1) # +1 and p,(c2) # £1, where p, is a lift of 2. Notice
that cl_la = ¢y - ¢, is homotopic to a simple loop, say a’; moreover, (a’,b)
forms a topological torso. Similarly, we have that

c1dy = C1Cky 417 Chy
is homotopic to a simple loop, say a”’; moreover (a”,b) forms a topological
torso.
Because (a, b) is an z-torso in an x-general position, (5; d1, d2) is conjugate
separating, and
(174) FgNFs, = FgNFs, =,

where 3 := p,(b) and §; := py(d;) for i = 1,2. By (174)), we obtain that
either (3; 7{151,(52) or (B;71,02) is conjugate separating. By Lemma
for every m in an unbounded interval, either (o, ; 302, d2) or (alh; Bda, d2) is
conjugate separating, where

0 o= B 16157
and

Oy, i= BTy 7.

Moreover, we have that if a point z is in Fi,; (respectively Fi ) for infinitely
many m’s, then by Lemma |52 and , we have that
(175) Fg={z,02(x)} and z€ Foig (resp. x € Fy5,.)

Because F, N Fg = @, x cannot be in both F,Yl—la and Fj,; this implies that
either for [m| > 1, x & Fy or for |m| > 1, 2 & Fun .

If for x # 2’ we have x € F for infinitely many m’s and 2’ € Fa% for
infinitely k’s, then by we have that
(176)

Fg = {2,2}, dax) = 2, 82(a’) = x, 7y ‘() = , and y102(2') = .
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By ([176]), we obtain that
(177) 01(z") = 71(77 101) (Ba(2)) = M (x) = 7 (d2(2")) = 2.
By (176) and (177)), we deduce that 2’ € FgN Fj,, which contradicts (174).

By the above discussion, we deduce that for every finite subset of P*(C,),
either
(178) Vim| > 1, Fy NF=@, or Vim[>1, For NF =0

Notice that

pa(T (@) = BT 6180 =l pu(T(d2)) = B,
and ~
pa(Ty"(a")) = BB = oy, pa(T(d2)) = 02,
where 7,(c;) = ¢; for i € [k1 + 1, ko] and Ty(c;) = be;b™t for i € [1, k1] U [k3, n]
gives us a lift of the Dehn twist 7.

Next, we point out that by Lemma for every m with large enough
absolute value, (a,b) is a 7" - 2-torso at a 7" - x-general position. Moreover,
if for infinitely many m’s

Eyor @) N Fpo)) # 9,
then for infinitely many m’s
(179) Ey gmop-m N Fp 7 2.

By Lemma if (179) holds for infinitely many m’s, then Fg N Fj 5, # @;
but this is a contradiction as o = d162 and (a, b) is at an z-generic position.
Claim 1. If 1 # +41, then the following statements hold.
(1) We have
Foo@ray) N Fpu@pra) = @
and
Foo@r@n) N Fpu@r) = 2
for m’s with large enough absolute value.
(2) There exists ¢ € {a’,a"}, such that for m in an unbounded interval
p=(T"(c)) is loxodromic and

{t(@, 7o) (d1) ez
s unbounded.
Proof of Claim 1. Let &) be either v, or 77 'd1. Then
pa(Ty"(a)) = 018™02B™™ and  pu (7" (a")) = 6180287
for the right choice of §’. We also notice that
px(Ty" (@) = 61876287
Therefore the contrary assumption implies that for infinite many m’s there

exists
.CCm S F§16m5267'm ﬂ F636m62187m
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Hence, z,, € F 51y By assumption, 51715 # +1. This implies that for
infinitely many m’s, z,,’s are the same point, say z. Then z is in Fj gms,5-m
for infinitely many m’s. Hence, by Lemma
S Fg ﬂF5152 = Fg NF,,
which is a contradiction. This implies Part (1).
Let F := F5, UF,, U valfsl; notice that F' is a finite set. By (178]), there
exists ¢ € {da’, a”} such that

(180) sz(?’g”(c)) NF=o

for m’s with large enough absolute value. In particular, p,(c)dy Lis not in the
centralizer of 5, which implies that (3; pz(c)dy 1 5,) is conjugate separating.
Hence, there exists an unbounded interval I such that for all m € I,

Em = /Bmpz(c)(SQ_l/B_m52 = pz(75"(c))
is loxodromic. By ((180)), we obtain that, for |m| > 1,

Fep, OV Fnier) = Fep N Eom 1) = 9

Hence (fm;?g”(cflcﬂ),?g”(cl)) is conjugate separating for m’s in some un-
bounded interval. Because

t(x, bem(c)(dl)) = tr(méhr ' 616."),
by Lemma 50} we deduce that Part (2) holds. O

Claim 2. Suppose there exists i € [1..k1] such that pg(c;) & {£1, £},
where py is a lift of x. Then there exists a pure automorphism 6 such that
the following statements hold.

(1) The pair (a,b) is a [0 - pg]-torso at a [0 - pg]-generic position.
(2) We have

ﬂng

Fapoy@) "V E@ o)) = F@pa)a) VG o) a) = P

where a, is a simple loop which goes around the punctures labelled by

[1..k2] \ {i}
and af is a simple loop which goes around the punctures labelled by
{’L}U[kl—{—lkz] B
(3) There exists ¢ € {a},a!} such that (0 - p;)(c) is loxodromic, and

1)
{t(z,7p ()}
18 unbounded, where 0 is a homeomorphism which induces 0.
Proof of Claim 2. By Claim 1 in Case 3 of proof of Propositions there
exists an automorphism & such that (1) o(c1) = ¢;, o(c¢j) = ¢; for all j > i,
o(c;) is a conjugate of ¢1, and o(c;) is a conjugate of ¢; for all 1 < j < i,
and (2) o(c1---cx,) = c1---c,. Notice that o(dj) = dj for all 1 < j < 4,
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and so (a) = a and 5(b) = b. We also have 5(a’) = ¢, 'a and &(a”) = ¢idy
which are homotopic to simple loops a} and a!, respectively. Moreover, a,

and a! satisfy the properties mentioned in the statement of Claim 2.
Consider the representation p’ := p, 07, and notice that p’ € Rep ,,(C,),

p,(a) =a, p/(b) =0, pl(dj) = 5j’
for 1 < j <4, and p'(c1) = p(¢;) # £1. Hence, by Claim 1, there exists a
pure automorphism ¢ such that (a,b) is a [¢~!-p/]-torso at a [¢~! - p/]-generic
position, for some ¢ € {d’,a"}, p'(¢(c)) is loxodromic,

{t(10), 75 (d1)) b
is unbounded, and
(181) Ey(6(a) N o) = For(o@) N Ep(par)) = D-

Let 6 := g¢o—'. Notice that because the group of pure automorphisms
is a normal subgroup of the group of automorphisms of Ily,, 0 is a pure

automorphism. By (103]), , and , we have
Nk (TN k ~ TNV k(7
t([p ]7 To(c) (dl)) = t<m7 75(5(0))(U(d1))) = t(z, T’é(Ei)(dl))v
where ¢; € {a},al}.
By ([181]), we obtain that
Foa) M oty = oty
This finishes proof of Claim 2. ([

Claim 3. Suppose v; € {£1,401} for all i € [1..k1]. Let af be as in
Claim 2. Then, v1 = +v2 = £01, and for every integer m with large enough
absolute value (a,b) is a 72”,2, - x-torso at a T;',;ﬁ - x-generic position, and

(25 - pa)(er) € {(£1, 2G5 - po)(d1)}

where py s a lift of x and 7~'a/2/ s a lift of Ta -

N Fg(a;/) = J.

Proof Claim 3. First, notice that it is necessary and sufficient to show the
above claim only for one choice of p, and ?ag. Next, we point out that by
assumption 7y; and 7 are not 1. Now, we point out that the following
gives us a lift of the Dehn twist 7,y

Tay (i) —(aYeytdy Yes(aey tdy ) for all i € [3..k1],

Toy(ci) =djcialy ™ for all i € {2} U [ky + 1..ko)

Tay(€i) =¢; otherwise.
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Notice that

(e1)(afeoal ) (alyeytdy s - cpy (ahey tdy M) " (alydaaly kgt - - e
—Cl(Cng)dQ 162 Cl d1(02 d ) d2(02d2)_1d3d4

=didodsdy = ¢c1---cp,

which implies that 7, gives us an automorphism. It is easy to check that
T 1s a lift of the Dehn twist 7,+. Because v9 = £471, we have

pu(c2) = £po(di) and  py(ah) = £p.(a).
Hence

(182a)  po(To(@) = po (T ((d3da) ™)) = pa((dads) ") = pa(a) = v,
(182b)  pu (72 (b)) = pu(Ty(dads)) = pu(as™ daay "ds) = o207 "5,

(182¢) po(Fh (1)) = 01,

po(FH (1)) =pa (T (dadadi) ™)) = pol(as" doas " dsd) ™)
(182d) :Px(((;lvgd4) 1 //md—l "= m) _ px(d1d2a”md_la12/_m)
:515205m55 (6% m.

By (182a]), (182b)), (182c), (182d)), and the assumptions that « is loxodromic
and F, N Fs,, we deduce that for every non-zero integer m,

pa(Th (1)) # pu(Tp(d))-

We also have that

(183)  po(F(d2)) = 620", pu (7)) = 83, and pa(7(d1)) = .

By (182a)), (182b]), (182d)), and , we deduce that applying p; to
t(a,b, dy, da, d3, dy)

we obtain
QU =01, B i=a™ 52”03,
81.m =01620™ 85 ta™™, So.m =30 ™,
03,m =03, 04,m =04.

Because (a,b) is an z-torso and at an z-generic position, we have that
(av; 02, 03) and (f;d1,02) are conjugate separating, and

(184) FoNFs, =FgNks, =F, Nk =0

for j € [1..4]. By (184) and Lemma for every integer with large enough
absolute value, (,, is loxodromic. Clearly, for all m,

F, N F5j,m =g
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for j € [2..4]. Suppose for infinitely many m’s, F,,, N Fs, ,, # @. Then by
Lemma F, N Fs, # &, which contradicts .

By Lemma if for infinitely many m’s and j € [3..4], Fj3,, N Fs; .. # 9,
then F, N Fj,s, # @ which contradicts — notice that 8 = d203.

Suppose for infinitely many m’s, Fg, N Fs,, # J; because Fg, N Fs,
is a subset of Fjs,, by Lemma we obtain that Fi, N Fs,5, # @ which
contradicts — notice that 8 = d903.

Suppose for infinitely many m’s, Fg, N Fs, . # &. Because 01,,0m =
010203, we obtain that Fp,, N Fs, . C Fj 5,6 Hence, by Lemma [52] we
deduce that F,, N Fj,s5, # <, which contradicts .

Finally, suppose for infinitely many m’s, F,,, N Fg,, # . Then as above
by Lemma we deduce that Fi, N Fg # &, which contradicts .

Altogether, we have that (a,b) is a T;Z - z-torso and at a 7)) - x-generic

position for every integer m with large enough absolute value. This finishes
proof of Claim 3. U

By Claims 1-3, there exists a pure automorphism 6 and a pair of sim-
ple loops ¢ and d in the fundamental group of ¥’ such that the following

statements hold.
(1) The pair (a,b) is a [# - py]-torso and at a [f - p,]-generic position.

(2) We have that v := (0 - py)(c) is loxodromic, i(c,d) = 2, and

(185) {t([0- pa), 7H(d)) }n
is unbounded.
(3) We have that

(186) F G0 V00 (a)

Let T'(Y') be the pure mapping class group of ¥/, 2/ := [0 - p,], and x5, be
the restriction of 2’ to ¥’. Then, by (185), we have that I'(X') - 2%, is an
unbounded subset of Chyy(C,). By (186) and the elements (6 - p;)(a) and

(6 - pz)(c) being loxodromic, we deduce that 2%, € Ch$y(C,). This finishes
our proof. O

= .

5.4. Finding a special pants decomposition and linking curves. In
this section, we put together all the results that we have proved about the
existence of handles and torsos, and find an x-generic coordinate system for
the modified relative character variety of x.

To formulate the main result of this section, we need the following nota-
tion.

Let’s recall that, for ¥ € Chj ,(Cp), there exists a subset 9,3, of the
boundary curves {¢;}7_; and €;(z) = %1 for every ¢; & 0% such that for
every lift p, € Repy ,,(Cp) of z,

px(cj) = €j(x)
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if ¢; & 0.Xgm and py(cj) # £1if ¢; € 0,54,. We call
e) = [] e@
cj€02z3g,n

the boundary sign of x, and we let n(x) := |0;X].
For a finite subset w of 11, ,, and every unital commutative ring A, let

Cw(A) :={x € Chy,(A4) | Yw € w, t,(x) = 0}.
Notice that, by the Cayley-Hamilton theorem, for p € Rep,,(4), [p] is in
Cw(A) if and only if then p(w)? = —1.
For a finite subset w of Il , and € := {¢;};c;s. where J. C [1..n] and
gj = £1, we let

Oy (A) == Cw(A)N{z € Chy ,(A) | 0:X = [L.n] \ J.,Vj € Je, gj(x) = g5}
For {j1 < j2} C [1..n] and a subset w of
Iy = (a1, b1,...,a4,bg,c1,ca),
we let wU72) be the set of elements in
g, = (ai,b1,...,ag,bg,¢1,...,Cpn),

consisting of words where ¢; and ¢y is replaced with ¢, and c¢j,, respectively.
For a given € := {¢;}ics, with [1.n]\ Jc = {j1, j2} and a subset w of I, 1,

we let
Cv.v,e(A) = C:V(j17j2)7e(A)'

The exceptional points of Chy, (C,) are described by the following subsets
of ITy o:

v1 :={aci, abey, bey},
(187) vy :={ab, b, ac1},

vy :={a, b, abc1},

vy :={a, ab, bey}.

For a positive integer n > 2, we let S be the set of all signed vectors € :=
{€j}jes., where J. ranges over all the subsets of the form [1..n] \ {ji < j2}.
The exceptional subset of ChY ,(C,) is given by

4
E(Cp) = U U C\.zj,e(@p)-

e€Sy j=1
Notice that for every « € E1(C,) and n(z) = 2.
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The exceptional points of Ch3 ,,(Cp) are described by the following subsets
of Il 1:
w1 :={a1, a1b1, bibs, biag, biasbs},
wo :={a1, b1, a1biba, a1braz, arbiazbs},
(188) ws :={b1, a1b1, aibs, ajas, ajasbs},
wy :={ba, agbs, biag, ajas, ajbias},
ws :={ag, b2, ajasba, biasby, aibiaszbs},
we :={ag, agbs, aibe, biba, a1bibs}.

Let S5 be the set of all signed vectors € := {¢;}}_; such that [T}_, e; = —1.
The exceptional subset of Ch3,, (Cp) is given by

6
E5(Cp) = U U C:vj,e((cp)-

e€Sy j=1
Notice that for every & € E5(Cp), n(x) =0 and e(x) = —1.

Proposition 76. Suppose 3g + n(z) > 3, x € Chy, (Cp) and Uy, -z is
unbounded. Suppose x & E1(Cp,) U E3(C,). Then there exist simple essential
curves

at, ... A2(3g+n(x)-3)
such that the following properties hold.

(1) For every i € [1..g], (agi—1,a2;) is an x-handle at an x-general po-
sition, and for i € [1..(g — 1)] the boundary curve c(ag;i—1,az;) is
z-lozodromic.

(2) For everyi € [(g+1)..(3g + n(x) — 3)], (agi—1,a2;) is an x-torso at
an x-generic position.

. . 3g+n(z)—3 .

(3) The collection of simple curves {agi—1};~; gives us an r-pants

decomposition; that means for every connected component X' of

S\ (U 0y ),

the genus of ¥/ is zero and the number n(z|s/) of the x-boundary
curves of X' is 3. In particular, as;—1’s are pairwise disjoint.
(4) For everyi € [(g+1)..(3g + n(x) — 3)] and j > 21, i(ai—1,a;) = 0.
In particular, if (g,n(z),e(x)) & {(1,2,£1),(2,0,—1)}, then a collection of
simple essential curves with the above properties exists.

Lemma 77. Suppose v,y € SLa(C,) are loxodromic and Fy N Fy = @.
Then (v,~") is Zariski-dense in (SLa)c, .

Proof. Because 7 is loxodromic, the Zariski-closure of () is a torus subgroup
T of (SLz2)c,. Hence, the Zariski-closure G of (7,7’) contains T. This implies
that G is either a Borel subgroup, the normalizer of T, or (SL2)c,. If G is a
Borel subgroup, then there exists x € P*(C,) which is fixed by v and /. This
contradicts the assumption that F, N F,, = &. If G is the normalizer of T,
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then T is the unique torus in G. Hence, the Zariski-closure of (v') is also T.
This implies that 4' € T(C,), and so Fy = F,, which is a contradiction. [

Remark 78. If 7,7 € SLy(C,) are lozodromic and F, N Fyy = @, then
using a ping-pong argument one can show that for every large enough positive
integers m and n, ¥ and '™ freely generate a free subgroup of SLa(Cp),
and so it is Zariski-dense.

Proof of Proposition[76. We proceed by induction on 3¢ + n(z). In the
base case of 3g + n(x) = 4, the pair (g,n(x)) is either (1,1) or (0,4). If
(g,n(x)) = (1,1), then by Corollary there exists an x-handle at an -
general position. If (g,n(z)) = (0,4), then by Proposition there exists
an z-torso at an x-generic position. The base of induction follows.
If g > 0 and 3¢ + n(z) > 5, then by Proposition 60| and Proposition
one of the following statements hold.
(1) Either there exists an z-handle (a1, az) at an z-general position such
that

(189) [t(, a1)ps [tz a2)lp, [z, c(ar,a2)|p > [T 128, ),
CEDLY

(2) or, g =1 and there exist a pure automorphism 9 and i = j such that
p =0 - p, satisfies the following properties:

pla) = a, p(b) = B, p(ci) = w, p(c;) = +w, and p(ey) = £1if &k # 1, j,
where
(wa)? = (Bw)? = (afw)® = 1.
The second statement, however, cannot hold as z ¢ E1(Cp).
Let pg : 11y, — SL2(C,) be a lift of . Without loss of generality, we can
and will assume that the intersection of a; and as is the base point of Il ,,.
Then p,(a;) is loxodromic for i = 1,2, and

(190) F o (a2)pe(a1)pa(az) =t N Fpp(ar) = Pe(a2) Fy,(a)) NV F)p,(ay) = 2.

Let ¥ := ¥ \ a1, and 2’ := x|y be the restriction of z to ¥'. Let’s recall
that the embedding of ¥’ into ¥ induces a group homomorphism from a
fundamental group of ¥’ to a fundamental group of X. Using this group
homomorphism, we get the restriction morphisms from Repy, to Repyy and
from Chy to Chyy.

Notice that ' is of genus g — 1 and n(2’) = n(z) + 2. The new boundary
curves of ¥/ are the two sides of the curve a;. Let ay, and ap, be the sides
of a1. Suppose the base point pg of the fundamental group of ¥’ is the base
point of ¥ which is on a4, and connect the copy of this based point on a
to po along ag, and still denote it by aq). Then, by ,

par(ary) = pr(a1) and  pyr(ar) = pa(az) ' pe(a1)pa(ag).
Then by Lemma |77 and (190), 2’ € Ch$y (C,).
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Let c(ay,a2) be the boundary curve of the topological handle given by
(a1,az2). Then X'\ ¢(aq,as) has two connected components. One of them is
a pair of pants with boundary curves given by ayj, aiy, and ¢ := c¢(aq, az);
let’s denote the other connected component by X”.

For every simple curve e in X, after choosing a suitable orientation for e,
aje is homotopic to a simple curve d := d(e) and i(d, c) = 2. Notice that for
every integer m, 7."(e) is freely homotopic to ¢"*a;c™"e. Hence, by ,

{t(z,7."(d)) tmez
is bounded if and only if (pz(c); pz(a1), pz(e)) is not conjugate separating.
Because p;(c) is loxodromic and F, ;)N F), (a,) = D, (pz(c); pz(a1), pz(e)) is
not conjugate separating precisely when p,(e) is in the centralizer of p,(c).
Hence, if I'sy - 2’ is bounded where I'sy is the pure mapping class group of
Y’ then for all simple curves e in X" p,(e) is in the centralizer of p.(c).
This implies that
pa(c) =+ H pa(c);

/€02

el < T @l )y,
€0, n
which contradicts (189). Altogether, we have that 2/ € Ch$, (C,) and 'y -2/
is unbounded. Notice that as n(z’) > 2, 2’ ¢ E»(C,). So, if we show
x’' & E1(C,), then we can apply the induction hypothesis to z’. In this case,
by the induction hypothesis for 2/, we obtain simple essential curves

and so

ag; ... a2(3g+n(x)—3)
in ¥’ which satisfy the properties given in the statement of Proposition
Therefore, ai, ..., ay3g4n(z)—3) satisfy the desired properties.

Hence, for g > 0, it remains to show that z’ is not in E;(C,). Sup-
pose to the contrary that 2/ € Ei(Cp). Then g = 2 and n(xz) = 0. Sup-
pose (1, Y1, T2, Y2, 21, - - - , 2n) is & set of optimal generators of a fundamental
group of . Then, after changing x to another point in I's;-, we can and will
assume that a1 = x2 and as = yo. Then the embedding of a fundamental
group of Y is given by

{xlv Y1, T2, y2_1w2_1y27 Zlye-es Z’n}
Let a := x1, b := y1, ¢1 := 9, and cg := y;lmglyQ. Notice that we have

pr(z;) = £1 for all i. Let
n
pr’ (2i) =€
i=1

Let a; := py(x;) and B; := px(y;) for i = 1,2. Then
px’(a) = Qaj, pm’(b) = [, pz’(cl) = Qg, pw’(CQ) = /62_1052_1627
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g, B2, and [ag, B; '] are loxodromic,

(191) F,, N F52 = Fa252a2—1 N F52 =F,,N Fﬁ2a262—1 =,
and
(192) [al,ﬁfl][ag, 62_1] =e.

Because 2’ € E1(C,), there exists j = 1..4 such that for every
w:=w(a,b,c1) € vy,

where v; is given as in ([187)), we have

(193) par(w)? = —1.

Next, one-by-one, we show that none of the j’s in [1..4] can work.

Case 1. j = 1.

In this case, we have (a1a2)? = (a18100)? = (Braz)? = —1. The first two
equalities imply that

() Bi(agar) ™t = gyt
This, together with (B1a2)? = —1, implies that
a1 tar  frag =ag - (agen) Bt - a7 Bras

:%_1 - Bi(aaq) - 061_151042

=ay ' (Bra2) (Braz)
(194) =—a;".
By (192)) and ((194])), we obtain that
By lonBy = —eay ™,
which contradicts (191])).

Case 2. j =2.

In this case, we have (a1531)? = 7 = (apaz)? = —1. The first two
equalities imply that B1a18; " = a;'. Hence, by (192)), we obtain
(195) e = [a1, By [aw, By 1] = afaz By 'y ! B
By (195)) and (aja9)? = —1, we deduce that
(196) (raBy g Haagfy )™ = —can.

By (196 and the fact that as is loxodromic, we deduce that
(197) e=—1 and (ajagfy')?=—1.

Since (a1a2)? = —1, by (197), we have

(198) (1agfBe)? = —1.

By (196)), (197), and (a1a2)? = —1, we also obtain that

Bglozz_lﬂg = (alag)*lag(alag) = (alag)OQ(alag)*l = alagal_l.
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Hence (Bgal)_lagl(ﬁgal) = ag. Because a9 is loxodromic, we deduce that
(199) (162)? = —1.

By (198) and ([199), we deduce that z is in C§,, ((C,) and e(z) = —1. Hence,
x € E5(C,), which is a contradiction.

Case 3. j = 3.

In this case, we have a? = 7 = (a1B1a2)? = —1. By the first and the
third equations, we obtain that al(ﬁlag)afl = (B1az)~!. Hence, by
and 32 = —1, we deduce that

By Lanfy =a1 Byt ar  (Brag)

=187 (Bras) tagt

(200) = — (1B1)og (o pr)
Because «y is loxodromic, by , we obtain that
(201) e=—1 and (fra1f1)* = —1.
Using , , and a3 = —1, we deduce that
(202) (Baa1Bran)? = —1.

By (201) and (202), we deduce that z is in Cg,, .(C,) and e(z) = —1. Hence,
x € E5(C,p), which is a contradiction.

Case 4. j =4.

In this case, we have af = (a161)? = (B1a2)? = —1. By the first two
equation, we deduce that 04161041_1 = 61_1. Hence, by, we obtain that
(203) e =By oy BranBy Loy By = BiasBy oy ! .

By and (B1a2)? = —1, we deduce that

(204) By oy e = —efranpi .
Because ay is loxodromic, by , we obtain that
(205) e=—1 and (f261)°=—1.
By (204), (205), and (8182)? = —1, we deduce that
(206) (BofBra)* = —1.

By and (206)), we deduce that z is in Cy,, .(Cp) and e(x) = —1. Hence,
x € E(C,p), which is a contradiction.

This completes the proof if g > 0. Next, we consider the case g = 0 and
n(x) > 4. By Proposition there exists an z-torso (a,b) which is at an
x-generic position. Suppose X' and ¥/ are connected components of X \ a.
Let zyy and xxr be the restrictions of z to ¥’ and X", respectively. Then

n(xs) +n(rsr) =n(z) +2 > 7.

Hence, either n(xsy) > 4 or n(zyr) > 4. Without loss of generality, we can
and will assume that n(zy/) > 4. Then, by Proposition after changing
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(a,b) by an element of the pure mapping class group, we obtain a pair (a’, b’)
with the following properties.
(1) The pair (a/,b') is an a-torso at an z-generic position.
(2) For one of the connected components > of 3\ a, the restriction xyy
of z to ¥’ is in Ch$,(Cp).
(3) The orbit I'(X') - x5y is unbounded.
Applying the induction hypothesis to xyy, we obtain an a-torso (a},al) at

an z-general position such that one of the connected components Y of Y\ a}

is a subset of ¥’ \ @} and it is an x-pants; that means n(zs) = 3 where g

is the restriction of 2 to ¥ . Let ¥ be the other connected component of
¥\ a;. Then

n(rgr) =n(z) +2 —n(rgy) =n(z) -1 > 4.

By Proposition there exists an element 6 of pure mapping class group
such that (a1,az2) := (0 -al,0 - d)) satisfies the following properties.
(1) The pair (a1,a2) is an x-torso at an x-generic position.

(2) The restriction zgy is in Ch3y (Cp).

(3) The orbit T'(X") - T is unbounded.

Therefore, we can and will apply the induction hypothesis to z5». Then,
using n(zgr) +1 = n(z), we obtain simple curves
az; - - -5 02(n(z)—3)
such that the following properties hold.
(1) For every i € [2..(n(x) —3)], (a2i—1,az;) is an z-torso at an x-generic
position.

(2) The collection of simple curves {agi,l}?:(g)_s gives us an z-pants
decomposition of X",

Thus {ai}fg(””)‘?’) satisfies all the desired properties. This finishes the proof.

O

6. AN OPEN SUBSET OF A MODIFIED RELATIVE CHARACTER VARIETY IN
THE CLOSURE OF AN ORBIT.

6.1. Analytic extension of powers of a Dehn twist. The main goal of
this section is to prove the following propositions.

Proposition 79 (The real case). Let a be an essential simple close curve
in the surface X4, and let

Yo :={[p] € Chy ,(R) | p : Iy — SU(C)}.
Then there exists a function
0(1 : (R/QTFZ) X YQ — YO

which satisfies the following properties.
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(1) For [p] € Yy, the function r — 04(r, [p]) is an analytic function from
R/27Z to Y.
(2) For [p] € Yy, the function v +— 04(r, [p]) is a flow; that means
Oa(r1 + 72, [p]) = 0a(r1,0a(r2; [p]))
for every ri,m9 € R/277Z.
(3) For every [p] € Yo, there exist a positive integer do := do(a, [p]) and
Yo = Vo(a, [p]) € R/27Z such that for every integer m,
7™ - [p] = ba(mo, o).

(4) For every p : I, — SU(C) with dense image,
0a((R/27Z) x {[p]}) € (7a) - [p]-

Proposition 80 (The p-adic case). Let a be an essential simple close curve
in the surface ¥y, and let
Yy :={lp] € Chy . (Qp) | p: g — SLa(Zy)}-
Then there exists a function
Ou: 2y XY, =Y,
which satisfies the following properties.

(1) For x €Y, the function r — 0,(r,z) is an analytic function from
Ly to' Y.
(2) For x €Yy, the function r+— 04(r,x) is a flow; that means
6)(;L(Tl + 72, .I) = ea(rl, ‘9(1(7'27 $))
for every ri,re € R.

3) For every x € Y, there exist a positive integer dy := do(p) such that
p
for every integer m,

rdom g — 0, (m, x).
(4) For every x € Y),
0. (R x {z}) C (14) - x.

(5) We have that Chg , (Z,) C Yy, and for all x € Chy , (Zy) and all
T € Ly, Oa(r,x) € Chy , (Zp).

Remark 81. These flows are almost the same as the Hamiltonian flows
used by Goldman in [22] and by Goldman and Xia in [25].

Proof of Proposition [79 and Proposition 80, Suppose G is either SU3(C) or
SLa(Z,). Notice that using Proposition we can deduce that the closure
of the image of p in SLy(Z,) is an open subgroup. So in either case of real
or p-adic, we should study the action of a lift of the Dehn twist 7, on group
homomorphisms p : I — G whose image is dense in an open subgroup.
To this end, we split the proof into two cases depending on whether ¢« is a
separating or a non-separating curve.
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Case 1. Suppose a is a separating curve.

In this case, ¥ \ a is a disjoint union of two surfaces. Let ¥ and Xy be
small neighborhoods of these surfaces in ¥. Suppose pg be a point on a and
let II, II;, and Il be the fundamental groups based at py of 3, X1, and Yo,
respectively. Then

II ~ H1 *(a) HQ.
Hence, the set of group homomorphisms from II to G can naturally be
identified with the set of pair (p;, py) of group homomorphisms from II; to
G such that p;(a) = py(a).

As discussed in Section a lift 7, of the Dehn twist 7, in the group of
pure automorphisms is given by 7,(e) = aea™! for all e € TI; and 7,(e) = e
for all e € TlIs. Hence, if p is given by the pair (p;,py), then 7, - p is in
bijection with the pair (cz, (4) © P1,P2)-

Subcase 1.a. G = SUy(C).

In this case, p; (a) is similar to a matrix of the form diag(exp(it}), exp(—id}))
for some ¥ € R/27Z. If 9 has finite order in R/27Z, we let dy be the order
of ¥, ¥g := 0, and

Oa(r, [p]) = [p],
for all » € R/277Z. Then clearly all the declared properties hold.
If ¥ has infinite order, we let dy := 1 and ¥y := ¢). Suppose

p(a) = u diag(exp(iv), exp(—iv))u~" = exp(Yu diag(i, —i)u 1),

and let

a, = exp(rudiag(i, —i)u ")
for every r € R/27Z. Notice that [a,, p(a)] = 1 for all » € R/27Z. Hence,
the pair of representations (c,,0p;, Py) gives us a representation of ITy * gy 2.
Therefore, it corresponds to a representation p, of II. We let

0a(r, [p]) := [pr]-
Clearly 6, is analytic as a function of r.

Because for all » € R/27Z, p,(a) = p(a) and ay,4r, = ar,ar,, the second
part holds.

The third part holds based on the fact that p(a) = ay, and r — a, is a
group homomorphism.

The last part follows from the fact that {mdg},ecz is dense in R/277Z as
Jo has infinite order in R/27Z.

We also notice that a, is in the closure of the image of p;. Hence, the
closure of the image of c,, o p; is the same as the closure of the image of p;.
Because the closure of the image of p, is the closure of the group generated
by the closures of the images of ¢,, o p; and p,y, we obtain that the closure
of the image of p, is always G. Thus 6,(r, [p]) is in X for all r € R/27Z.

Subcase 1.b. When G = SLy(Z,).

In this case, let dy := | SLa(F)p)| if p is odd and dy := | SL2(Z/4Z)| if p = 2.
Then, for all y € SLy(Z,,), y® is in the kernel K of the residue map modulo
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P where k, =11if pis odd and 2 if p = 2. Notice that
o
log : K — p*vsly(Z,), log(l+ z) :== Z(—l)
i=1
is a well-defined analytic function and it is the inverse of the analytic function
> i

z
exp : pkpslg(Zp) — K, exp(z):= Z e
i=0

i
i-1%
)

For every r € Z;, let
gr := exp(rlog(p(a)™)).
Then [p(a), gr] = 1 for all r € Z,, and so the pair of representations

(Cgr ° ﬁl ’ ﬁz)
gives us a representation of Ilj * ) II2. Therefore, it corresponds to a repre-
sentation p, of II. We let

Oa(r, [p]) == [pr]-

As r — g, is analytic, 6, is analytic as a function of r.

Because for all r € Zj, p,(a) = p(a) and r — g, is a group homomorphism,
the second part holds.

The third part holds as p(a)® = g; and the map r + g, is a group
homomorphism.

The last part follows from the fact that Z is dense in Z,,.

By a similar argument as in the last paragraph in the proof of Subcase
L.a., we have that 0,(r,[p]) € Chg ,,(Zp) for all r € Z,.

Case 2. Suppose a is a non-separating curve.

A small closed neighborhood of a can be parametrized by a continuous
function ¢ : [-2,2] x (R/Z) — X such that {0} x (R/Z) parametrizes a.
Let a1 be the curve parametrized by {—2} x (R/Z) and ay be the curve
parametrized by {2} x (R/Z). Let ¥/ := X\ ¢([-1,1] x (R/Z)).

Let py := ¢(—2,0) and pj = ¢(2,0). Since a is non-separating, we can
and will assume that Y’ is connected. Thus, there exists a simple path &’
which connects p, to psr in ¥’; moreover, we can and will assume that ¢’
does not intersect ¢((—2,2) x (R/Z)). Then the concatenation b of b’ and
#([—2,2] x {0}) is a simple curve in ¥ and i(a,b) = 1. Let II and II' be
the fundamental groups of ¥ and ¥’ based at p;, respectively. Then, as
discussed in Section [.3] the set of group homomorphisms from II to G can
be naturally identified with

{(¢),9) | P € Hom(IT', G), g € G, p(dh) = g0 (a1)g},

where a, = B,agb’ . By Lemma and , we have that 7, [p| gets identified
with the pair (o', p'(a1)g) if p is identified with (o', g).
Subcase 2.a. G = SUy(C).
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In this case, for some ¥ € R/27Z and u € SU5(C),
0 (a1) = udiag(exp(id), exp(—id))u~t.
If ¥ is in 20Q/27Z, then we let dy be the order of 9, ¥y := 0, and

QQ(T, [p]) = [p]v
for all r € R/2xZ. Then, clearly all the declared properties hold.
If 9 & 27Q/27Z, we let dy := 1 and ¥y := 9. We let

gr := udiag(exp(ir), exp(—ir))u~t = exp(r v diag(exp(i), exp(—i))u~1),

for all » € R/27Z. Notice that [g,, p’(a1)] =1 for all r € R/27Z. Hence,

p'(a2) = g p'(a1)g = (909)" " P/ (a1)(gr9)-

Therefore, the pair (o', g,g) corresponds to a group homomorphism p, from
II to G. We let
Oa(r, [p]) == [pr].

Clearly 0, is analytic as a function of 7.

Because for all r € R/277Z, the restriction of p, to II' is p’ and r — g, is
a group homomorphism, the second part follows.

The third part holds as p'(a1) = gy, and r — g, is a group homomor-
phism.

The last part follows from the fact that {mdJg},,ez is dense in R/27Z as
’190 Q 27 @ / 277

We notice that g, is in the closure of the image of p’. On the other hand,
the closure of the image of p, is the closure of the group generated by g,g
and the closure of the image of p’. Hence, the closure of the image of p, is
the closure of the image of p for all » € R/27Z. Therefore, 6,(r, [p]) € X for
all r € R/27Z.

Subcase 2.b. G = SLy(Z)).

We follow a similar line of argument as in Subcase 1.b. Let dy := | SLa(F))|
if p is odd and dy := | SL2(Z/4Z)| if p = 2. For r € Zj, let

gr = exp(rlog(p'(a1)™)).
Notice that [g,, p'(a1)] = 1 for all r € Z,. Hence,

p'(az) = g~ "o (a1)g = (grg) "' P (a1)(9r9)-

Therefore, the pair (o', g,g) corresponds to a group homomorphism p, from
II to G. We let
Oa(r, [p]) = [pr]-

Clearly, 6, is analytic as a function of r.

Because for all » € Z, the restriction of p, to Il is p/ and r — g, is a
group homomorphism, the second part follows.

The third part holds as p/(a;)% = g; and r + g, is a group homomor-
phism.

The last part follows from the fact that Z is dense in Z,,.
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By a similar argument as in the last paragraph in the proof of Subcase
2.a., we have that the closure of the image of p, is the same as the closure of
the image of p for all r € Z,,. Hence, 04(r,[p]) € Y, for all r € Z,. We also
notice that by Proposition [21| and Proposition T € Ch;’n(Zp) precisely
when « = [p] and p : II;,, — SLa(Z,) is a group homomorphism with a
dense image. In this case, by the above argument, the image of p, is dense
in SLg(Zy) for all r € Zp. Therefore 6,(r, [p]) € Chg ,(Zy) for all r € Z,. [

6.2. An open set in the closure of a pure mapping class group
orbit. In order to treat the real and the p-adic cases at the same time, we
let Sp := R/27Z in the real case (the real case is referred to by having p = 0)
and S, := Z, in the p-adic case. Let Ry := R and R, := Z, for p > 0. We
let G := SU,(C) for the real case and G) := SLa(Z,,) for the p-adic case.
We set

Yynp = {lp] | p € Hom(Ily, Gp),Im(p) is an open subgroup of G},

and
Xg,”;P = {[p] | P € Hom(Hg,na Gp)a Im(p) - GP}

Then by Propositions [79) and [80} for every essential curve a in X, ,, we
obtain a function 6, : Sp X Yy n.p — Ygnp with the properties listed in the
mentioned propositions; in particular, 0,(S, X Xgnp) = Xgnp-

For every m-tuple a := (a1, ..., an) of essential curves of a surface ¥,
let

Oa : Sy X Ygnp = Yo np,

be given by

Oa(r, [p]) = Oy (11, 8o (- -+ (=1, O (s [P1) ),

where r := (r1,...,7y). By the fourth parts of Propositions and . we
obtain that

(207) ©a(Sy" x {[pl}) € Tgn - [,
and by the first parts, we have that ©, is analytic with respect to each
component of r.

Let’s recall that by Lemma [23] there exist a subset I([p]) of [1..n] and a
sign vector €([p]) which only depend on [p] such that

plci) =il

for all i € I([p]) (here {c1,...,cn} C Il is part of a fixed set of optimal
generators which gives us the curves around the punctures), and p(c;) = %1

if and only if j € I([p]). In this case, we let n([p]) := n — |I(]p])| and
O X = [1.n] \ I([p]). We let

k([p]) == (t([p), ¢))ico, -
Since [p] is in
X
Chy et (1)) (@0) N Chign(By),
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and this is a closed subset of Chy,,(Q)) Which is invariant under the action
of the pure mapping class group Fg ns by (207)), we have

(208)  ©a(S," x {[pl}) € Tgm - [p] € Ch;ne([p] ).k([p] (@p) N Chyn(Rp).

For p € Yynp, let d([p]) :== 2(39 + n([p]) — 3). Recall that, by Theo-
rem (3 Chg’n ) has a geometrically irreducible generic fiber and it

is of dimension d([p]).
For [p] S }/g,n;pa let

(200) Vi) 1= Yo 0 (OB o (@) 1 Chign(Fy)

be the part of the smallest modified relatlve character variety containing [p],
which is in Yy ;. Similarly, we define X|,.
For a pair of d([p])-tuples (a, b) of simple essential curves, we let

Ta,[p] : Sg([p]) - }/[p}’ Ta,[p] (I‘) = @a(r7 [P]),
and

Papp) + S5 = RV (T ) (1), 00), - (T ) (1), b))
Notice that Py, [y is the composite of T [, and the restriction of

t, : Chypn(Ry) = REVD ty(2) = (K, 1), -, 1@, b))

to Y.
The main result of this section is the following theorem.

Theorem 82. In the above setting, suppose p : 1y, — Gy is a group
homomorphism whose image is dense in an open subgroup of G,. Suppose
(0] € E1(Cp) U Eo(Cp), Ty - [p] is infinite, and 39+ n([p]) > 3. Then there
exist a pair (a,b) of d([p])-tuple of simple essential curves such that the
following properties hold.

(1) The derivative dPyy, [, is invertible.

r=0
(2) There are open subsets U and V' of Sd([p]) and

Ch;n ie([p]) .k (QP) n Chg, (R )

respectively, such that the restmctzon of Ty jp) to U induces a home-
omorphism between U and V.
(3) The map tp induces a homeomorphism between an open subset of

Chy (1) i) (@) N Chgn(Rp)
<[ )

and an open subset of Ry "

We start by introducing an analytic function for every pair of simple
curves, and proving a lemma.
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Suppose a and b are simple essential curves, and p : 11, , — G, is a group
homomorphism with a dense image. Let C), be C if p = 0 and Z, if p > 0.
Let

Ya,b,[p] - Sp - Cp7 Ga,b,[p] (T) = t(ea(r’ [P]), b)
Notice that g4, is a (real or p-adic) analytic function. These functions
can be viewed as components of 6,(r,[p]) in certain coordinate system of
the character variety Chy ,(C,) — tracing the evolution of [p] on the analytic
curve given by the Dehn twist about a. Let ¢ be as in Proposition [79) and
v, =1if p#0.

Lemma 83. In the above setting, suppose p : 1y, — G, is a group ho-
momorphism with a dense image. Suppose a and b are two simple essential
curves, and 0 € I'y ,. Then

Ya,b,[p] = 96-a,0-b,6-[p]
Proof. Let d, be the parameter dy given by Propositions [79] and Then,
by Propositions [79| and and , for every r € Zv,, and simple essential
curves a and b

dpr/9 —dpr/Y
(210) Ga ) (r) = (""" [p],0) = t([p] 7o "% (b))
Hence, by , we obtain that, for all r € ZJ,,

—dpr/9 —dpr/9
Ga i) (1) = (o) 70 7P (0)) = 0 [0), 7y s (0 1)) = G9.00:6.0:)(r)-
Therefore by part four of Proposition @ and @, Gab,p] = 96-0,0-b,0-[o]- O
Lemma 84. In the above setting, suppose p : Ily, — G, is a group ho-

momorphism with a dense image. Suppose a and b are two simple essential
curves, and m € Z. Then for all v € Sp,

Ga,b,[p] (T‘ + mﬂp) = ga,'ra_dpm(b)

(7);

i[p]
i particular,

dgab, o) G, ey )

dr r=m1 B dr 7“:0‘
P
Proof. By part 2 of Propositions [79 and [80, we have
(211)  Gap,p)(r + midp) = t(b, Oa(r + miyp, [p])) = (b, Oa(myp, ba(r, [0])))-
By (211)) and part 3 of Propositions 79| and we obtain that
dpm
(212)  gap,o)(r + midp) = t(b, 0a(midp, 0a(r, [p]))) = (b, 70" - Ba(r, [0])))-
By and , we deduce
—dpym
(Q13) g+ miy) = Hr 0.0l (D) = 0,y (1)

Evaluating the differential of both sides of (213 at r = 0, we finish the
proof. O
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Lemma 85. In the above setting, suppose p : Iy, — Gy is a group homo-
morphism whose image is dense in an open subgroup of G,. Suppose the
ring generated by the entries of the elements of the image of p is embedded
in Cy in a way that Ty, - [p] s unbounded in Chy,,(Cp). Then the following
statements hold.
(1) Suppose (a,b) is a [p]-handle. Suppose the intersection of a and b is
the base point of Ily,,. Let o := p(a) and B := p(|b]). Then there
exists X, € Lie G, such that

Ga,b,[p] (T) = tr(eXp(—rXa)B)

for allr € S,, and exp(9pXa) = a.

(2) Suppose (a,b) is a [p]-torso. Suppose a and b are given as in Figure[3,
and d;’s are the given curves in Figure [5 which are freely homotopic
to the boundary curves of a small neighborhood of alUb (the topological
torso given by (a,b)). Suppose the intersection of a and b given at
the center of Figure @ is the base point of Ilg,. Let 0; := p(d;),
a = p(a), and § := p(b). Then there exist X,, X5 € LieG) such
that

Ga b, o] (r) = tr(exp(—7Xa)d2 exp(rXy)ds),
Gb,a,[p] (r) = tr(exp(ng)dl eXp(—TX/g)(Sg),
adr = exp(9,Xs) and B = exp(9,Xp).

Proof. By Lemma (113), and part 3 of Propositions[79|and |80, we obtain
that for every m € Z,

(214)  gap ) (M) = tr(p(7a (b)) =

tr(a~%™mp3) if handle,
tr(a~9%™fya?™s3) if torso.

Based on the description of d, and 9, given in the proof of Propositions @
and there exists X, € Lie Gp, such that

(215) a®™ = exp(md,X,),

for all m € Z. Since S, = Gp,r — exp(rX,) is a well-defined analytic

function, by (214)), (215]), and part 4 of Propositions |79 and we conclude

that

tr(exp(—rXa)5) if handle,
ga,b7[p}(r) = X
tr(exp(—rXa)d2 exp(rX,)ds) if torso.
The remaining case follows by a similar argument. ([

The following is an immediate corollary of Lemma
Corollary 86. In the setting of Lemma[83, we have

) tr(=XaB) if (a,b) is a handle,
o | tr(=Xa0203 4+ 02X,03) if (a,b) is a torso.

dgab, o)

dr
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Lemma 87. In the above setting, suppose p : Ilg,, — G, is a group ho-
momorphism with a dense image. Suppose a and b are two simple essential
curves and i(a,b) = 0. Then Gap,lp) S a constant function. In particular,

dgab, (o)
dr

Proof. 1f i(a,b) = 0, then by (210 and part four of Propositions |79 ﬂ and l
Ja,b,[p] 18 @ constant function.

=0.

Lemma 88. In the setting of Lemma if (a,b) is either a [p]-handle or
a [p]-torso, then either
dg

—d
%0 and 7(1’7“(1:(17)’[’)] £ 0.
r=0

dgab,[p)

dr|,—o

Proof. Let a := p(a) and B := p(b). Let’s recall that the positive integer
d, and ¥, € S, are chosen in a way that a% = exp(9,X,) for some X, €
Lie Gp; moreover, if p > 0, then X, € p*sly(Z,) (k, is 2 if p = 2 and one
otherwise) and ¥, = 1. Since o € SLy(Cy) is loxodromic, the eigenvalues of
a in C, are non-torsion and distinct. Therefore, the eigenvalues 4 of X,
in C, are distinct; moreover, if p = 0, then p = 4, and if p > 0, then p is
integral over Z, and its norm is small enough so that exp(u) is well-defined.
Hence, there exists g € SL2(C,) such that

Xo = gdiag(p, —p)g~" and a% = gdiag(exp(Jpp), exp(—dpp))g .

Thus, by Lemma we have

crexp(rp) + c_1exp(—rp) if handle,
(216)  Gap,[)(r) = .
coexp(2rp) + co + c_g exp(—2ru) if torso,
for some ¢; € C,. Hence,
(217) dgap,(p] _ Jua exp(urg) — pe—1 exp(—purp) if handle,
dr |, 2ucg exp(2urg) — 2uc—_g exp(—2urg)  if torso.

Notice that if p = 0, then p = i, and so exp(ru) is a well-defined element
of C. By , we obtain that if the derivative of g, [y is zero at 0 and
Up, then g, 4, is a constant function. Since (a,b) is either a [p]-handle or
a [p]-torso, Jab,[p) s not a constant function. Thus, by Lemma we can
finish the proof. ([

Lemma 89. In the setting of Lemma if (a,b) is either a [p]-handle
at [p]-general position or a [p]-torso at [p|-general position, then for every
integer m with large enough absolute value, either

Ag.=m(a) b

750 or TH #O

r=0 r=0

dgab,[p)
dr
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Proof. By Lemma for all m € Z,
(218) 91 (a1 () = G (7):
Case 1. The handle case.

Proof of Case 1. Without loss of generality, we can and will assume that
|b| = b. Let o := p(a) and B := p(b), and 7, be the lift given in Lemma [56]
of the Dehn twist 7. Then

(219) (7" - p)(a) =af™ and (7" p)(b) = B.

Because (a,b) is a [p]-handle at a [p]-general position, by Lemma [66] a8™ is
a loxodromic element of SLy(Cy) if the absolute value of m is large enough.

By a similar argument as in the proof of Lemma for every m such that
af™ is loxodromic in SLy(Cy) there exist X, € Lie G, such that

(™) = exp(VpXm).
By Corollary (218)), and (219)), we obtain

A9, () b.[p)

220 =tr(—X,,0).
(220) e R
By the contrary assumption, we deduce that
(221) tr(XoB) = tr(Xp,8) =0

for a sequence of integers {m;}3°; such that {|m;|}3, is strictly increasing.
Since 3 € SLy(Cy) is loxodromic, 3 has non-torsion, distinct eigenvalues A**
in C,. Hence, there exists g € SLy(C,,) such that

9Bg™" = diag(A, A 7).
Let Y;, := gX,,g~ " for every integer m for which X,, is defined. Then
(222)  tr(Yydiag(A\, A7h)) = tr(Yy,, diag(\, A™1)) = tr(Yp) = tr(T},,) = 0,
for all i. Because A # A~!, by (222), we obtain that
(223) Yy = < 0 “g”b)

Um

for every m € {0} U {m;}$2,. Notice that

@0 () e = Y = 3 )
k=0 k=0

Because of™ € SLy(Cy) is loxodromic, its eigenvalues in C, are distinct and
non-torsion. Therefore, the eigenvalues of (a3™)% are distinct. Hence, by
(224), we deduce that umvy, # 0 for all m € {0} U {m;}°,. Notice that
Y,2* is a scalar matrix for every non-negative integer k. Hence, by , we
have

(225) L((«/ diag(A™, A\™™))%) = 0,
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s11 S
where L((S; S;z)) 1= 811 — S22.

Claim. Suppose s € SLy(C,) has distinct non-torsion eigenvalues uz?.
Then, there exists C € C, such that L(s*) = C(uf — u;*) for all k € Z.
Moreover, if L(s™) = 0 for some non-zero integer m, then L(s*) =0 for all

ke Z.
Proof of Claim. For s € SLy(C,), the sequence m — L(s™) satisfies the

following linear recursive formula
(226) L(s™"2) = tr(s)L(s™1) — L(s™).

As the zeros of T? — tr(s)T + 1 are the eigenvalues p*!, they are distinct.
Hence, by (226)), we have

(227) L(s™)=Cul* + C'u™.

Because L(s”) = 0, by (227), we obtain that

(228) L(s™) = C(pg" — p™).

By (228]) and the assumption that us is not a root of unity, we deduce that
if L(s™) = 0 for some m # 0, then L(s*) = 0 for all k € Z. O

For all 4, o™ is loxodromic in SLy(Cy), and so its eigenvalues are distinct
non-torsion in C,. Hence, by Claim and (225]), we deduce that

(229) L(a/ diag(A™,A\™™)) =0
for all m € {0} U {m;}32,. By (229), we obtain that the diagonal entries of

o' are zero. Therefore, o> = —1, which contradicts the assumption that o
is a loxodromic element of SLy(Cy). O

Case 2. The torso case.

Proof of Case 2. Let (dy, da,ds, ds) be the standard partitioning of the topo-
logical torso (a,b) (see the discussion before Lemma [74). Let a := p(a),
B = p(b), and 9; := p(d;) for all 1 < i < 4. Suppose 73 is the lift of the
Dehn twist 7, given in ((151]). Then

(7" - p)(a) =6187"625™,
(230) (73" - p)(d2) =B~""628™, and

(7" - p)(d3) =B~ 335"
Since (a, b) is a [p]-torso at a [p]-general position, by Lemma[73|for every in-
teger m with large enough absolute value o, := §187™"d28™ is a loxodromic

element of SLa(Cy). As in the proof of Case 1, for every m such that oy, is
loxodromic in SLy(Cy), there exists X,,, € Lie G}, such that

ol = exp(VpXpm).
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By Corollary (218)), and (230]), we obtain

dgTb_m(a),b’[p] —t (—X ﬁfm(s 5 le_l_IBfm& /BmX IB—m(s /Bm)
dr o =1r m 203 2 m 3

(231) :tr(*X;n(SQ(Sg + 52X;n(53),

where X/ := "X,,0~™. The contrary assumption implies that there ex-
ists a sequence {m;}°, of integers such that mg = 0, {|m;|}32, is strictly
increasing, and for all m € {m;}3°,

(232) tr(— X" 8503 + 0.X1, 83) = tr((Ad(8) — 1)(X.,)B), and
(23) tr((Ad(8) — 1)(X7,)) = 0.

Since 3 is loxodromic in SLa(Cy), there exists g € SLo(C,,) such that g~'Bg =
diag(A\, A71) where A € C, is not a root of unity. Therefore, by and
([233), we obtain that the diagonal entries of g~*(Ad(d2) — 1)(X,,)g are zero
for all m € {m;}32,. Let & := g~ 16;g for all i € [1..4] and X/, := g 1 X/, g.
So far, we have proved that

(234) () - 6 (g o) oG (7 7).
for all m € {m;}2,. Let

V= Im(Ad(8,) — 1) N (ccp <8 (1)> ®C, (cl’ 8))

Claim 1. dimV < 1.
Proof of Claim 1. Suppose to the contrary that dim V' > 1. Then

0 1 00
(235)  (Ad(%3) - 1)(Y1) = <0 0> and (Ad(05) — 1)(Y2) = <1 0)
for some Y7, Y5 € My(C,). By (235)), we obtain that

(236) LY, — il = (8 é) 5,

5LYs — Yas) — <[1) 8) 5.

Taking trace of both sides of the equations given in (236]), we deduce that
95 is a diagonal matrix. Hence, d commutes with 8. This contradicts that

(a,b) is at a [p]-torso. O
By Claim 1 and (234)), we obtain that there exist Z € sly(C,) such that
(237) (Ad(%) - 1)(X,) € CpZ

for all m € {m;}32,.
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Claim 2. Suppose K : My(C,) — M(C,) is a linear map and K(1) = 0.
Then for every x € sla(Cp) and every non-negative integer m, we have

K(z™) = 0 if m is even,
) det(x) V2K () if mois odd.

Proof of Claim 2. By the Cayley-Hamilton theorem, x? —det(x) = 0. Hence
2?% = det(x)* and 2%*+! = det(z)*x for all non-negative integer k. Applying
K to these equations, the claim follows. O

By Claim 2 applied to K = Ad(d}) — 1, (234)), (237)), and
_ m d —m
exp(9pXy) = g~ B am B,

we deduce that

(238) 5;@*5%%6—%55‘1—g—lﬁmaﬁfﬁ-mg_cm<0 01>

52

for all m € {m;}°, and some ¢, s1, s2 € C,, (s;’s do not depend on m). By
(238]), we obtain

(239)  (FE T — (BT = e <soz Sol>

for all m € {m;}3°,. Let L( <z; z;z>) := 811 — S22. Then, by (239)), we
obtain that
(240) L(35(8™ 818~ 5) 85 1) = L((B™ 518~ 85)).

Let ut! be the eigenvalues of 5™ 3'~™8, in C,. Notice that because
pmo1 5/~ ™d, is loxodromic in SLa(Cy) for all m € {m;}°, pm is not a
root of unity. Thus, by Claim given in Case 1, there exist C,, C;, € C, such
that

L(85(8™ 8187 85)F 851 =Crn (i, — 1),
(241) L((B™ 8, m)R) =Co (1, — k).

Because fi,,, is not a root of unity for m € {m;}$2,, by (240]) and (241)), we
deduce that C, = C/,, and so

(242) L(%(8™ 818" ™85) 0, 1) = L((B™8; 8™ 85)"),
for all integers k. Since
tr(S(8™" 88 5) 0 = (88T,
by , we deduce that
a3) 8" a e - st e, () g)ec (] Q).

for all integers k. Applying (243|) for k£ = 1, we deduce that
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2 0 A m 1 0 A\ 0 A m 1 0 Pl 2
(0 sim
(244) = <32,m i > .

Suppose §; = (}21 §;§> and ), = (5;1 g;z) Then, by (244]), we have

that for all m € {m;}32, the (1, 1)-entry of the following matrix is zero:

(245) (I 912 fn A\ (0 fu N1\ (911 gi2
go1 g22) \ NP fo1 fao A2 o1 fao 921 Gg22)

Therefore,

(246) 912f21 A" = frogn A"
for all m € {m;}3°,. Because X is not a root of unity, by (246]), we deduce
that

G12f21 = far921 = 0.
Hence for some i = 1,2, ¢, has a common eigenvector with 5’. Therefore,
for some i = 1,2, §; has a common eigenvector with 3, which contradicts
the assumption that (a,b) is a [p]-torso at a [p]-general position. O

O
Proof of Theorem[83 Let d := d([p]) for simplicity. Observe that for every

d-tuple a of simple essential curves and 1 <14 < d, we have
Ta,[p] (Tei) - eai (7“, [P]),
where e; is a d-tuple with 1 in its i-th component and zero everywhere else.
Hence, for every pair (a, b) of d-tuple of simple essential curves
Pa,b,[p] (Tei) = (gai,bl,[p} (T)v cee >gai,bd,[p])'

dga b,
Therefore, we deduce that the (4, j)-entry of dPa,b,[p]’ is d’l;“[p] . For

simplicity, let’s denote the transpose of this matrix rl;; D,y. To S%BQV the
first part, we have to find a and b such that D, y, is invertible.

Since the image of p is dense in Gy, [p] € Chy ,,(C,). Because L'y, - [p] is
infinite, by Lemma[43] there exists a place £ of Q such that [p] can be viewed
as an element of Chy ,(Cy) and Iy, - [p] is unbounded in Chy,,(Cy). Because
(0] € E1(C,) U Es(C,), we also have that [p] & E1(Cy) U E2(Cy). Hence, by
Proposition (76} there exists a d([p])-tuple
a' :=(dal,... ,ail([p}))
of simple essential curves such that the properties stated in Proposition
are satisfied — notice that here we are viewing [p] as an element of Ch? . (Cy).

Let a; := ab; 4 for i € [1..(d([p])/2)]. For every j € [1..(d([p])/2)], the
pair (ay;_y,as;) is either a [p]-handle at [p]-general position or a [p]-torso at
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[p]-generic position. Hence, by Lemma [88] for every j € [1..(d([p])/2)] there
exists

—d
bj € {a’/2j7 Taéjil(aéj)}’
such that

dga; b, o]
“Ja;.b5,lp] 0.
dr r—0 7

By Lemma |89, we obtain that for every j € [1..(d([p])/2)] there exists

aa(p))—j+1 € {7af (a3j-1) | m € Z},

(247)

such that

(248) dgad([ﬁ])*Hl’bd([p])fjﬂ,[P]

0
d?" # )

r=0

where by((p)—j+1 1= ah;_1-
Claim. i(a;, b;) =0 if i < j.
Proof of Claim. For i < d([p])/2 and j > d([p])/2, we have that
Qj, b] € {a/17 aé’n R 7a:1([p])71}7
and a,_,’s are pairwise disjoint. For i < d([p])/2, a; = ab;_,, and
i(ah;_y,a;,) =0
if kK > 2i. Hence, for every integer m and index j > i, we have
i(ai,T:;j_l(aéj)) =0.

This means i(a;,bj) = 01if j > i and 4,5 < d([p])/2.
If i > d([p])/2, then

m /
a; € {Ta/2<d<[p]>7i+1)(a2(d([p])—i+1)—1) | m € Z}.
A)—j+1)—1- Thus
i(ai, bj) = 0,

and the claim follows. O

For every j > i, bj = alz(d([

By the above Claim and Lemma D,y is a lower-triangular matrix.
By and , the diagonal entries of D, 1, are non-zero. Hence, Dy,
is invertible.

To show the second part, we notice that by [4, 5.8.10,5.8.11], the R,-
analytic dimension of Chgx,n;e([p]),k([p])((@p) is the same as dim C where C' is

the irreducible variety given in Theorem Hence, by the first part and the
chain rule, dTj | is invertible. Therefore, by [4, 5.7.6.] (the implicit

r=0
function theorem), the claim follows.
The last part is another consequence of the first part and the implicit
function theorem. O
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7. DENSITY OF ORBITS.

In this section, we prove all the major theorems on the characterization of
the closure of orbits of the pure mapping class group in a character variety.

7.1. Density in the sense of Zariski-topology. The main goal of this
section is to prove the following theorem.

Theorem 90. Suppose F' is an algebraically closed field of characteristic
zero, x € Chy (F), 3g +n(x) > 3, x ¢ E1(F) U Ex(F), and Uyy - x is
infinite. Let e(x) and k(z) be the vectors describing boundary curves: the
ones which are mapped to £1 and the values of t(z,c;) at other boundary
curves c;, respectively (see the beginning of Section|6.4). Let C . (z) k() be
the unique reduced F'-scheme such that Cy ,.c(z) k(z)(F) = Chg nie(2) k(z) (F)-
Then Ugp - is Zariski-dense in Cy p.c(2) x(x)-

The following is an immediate consequence of Theorem [00]

Corollary 91. Suppose F' is an algebraically closed field of characteristic
zero, ¥ € Chg (F). Then Uy, - is dense in Cy .oz x(z) U one of the
following conditions hold:

(1) g =3.
(2) g =2 and either n(xz) > 1 or the product of the components of €(x)
18 not —1.

(3) g=1, n(x) # 2 and n(z) > 0.

Proof. Under the given assumptions, = ¢ E1(F) U Ey(F). In all the given
cases, g > 0 and the Euler characteristic is negative. Hence, by the main
results of [3,[40], I'y ,,-« is infinite. Hence, the claim follows from Theorem

[l

Proof of Theorem [90, By Proposition there exists a group homomor-
phism p : II;,, — SLa(F) with a Zariski-dense image such that x = [p].
Notice that p gives us a ring homomorphism from A,, to F' where A,
is the coordinate ring of Rep,,. Let A, be the image of this ring homo-
morphism. So A, is a finitely generated integral domain of characteristic
zero. Suppose S is a generating set of A, as a ring. Let K := S’_lAp
where S’ := Z\ {0}. Then K is a finitely generated Q-algebra. Hence, by
[2, Lemma 3.1], there exist a prime p > 5 and an embedding ¢ : K — Q,
such that ¢(S) C Z,. Therefore, ¢ induces an embedding of A, into Z,. The
composite of ¢ : A, < Z, and the ring homomorphism given by p which
is from A, , to A, provides us a group homomorphism which we still call
p such that p : II;,, — SLa(Z,) and its image is Zariski-dense in (SL2)q, .
Hence, the closure of the image of p in SLa(Z,) is an open subgroup — this
means [p] € Yy .p. Therefore, by and the second part of Theorem
we deduce that there is an open subset V' of

X
Chg et (1)) (@) 1 Chign(Zp)
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which is in the closure (with respect to the p-adic topology) of I'y, - [p].
Notice that V' is a subset of the Zariski-closure of I'y ., - [p] in

X
Chg o)) a1 (@)
Let C’ be the reduced form of the closure of I', - [p] in

Chy ie(o) k(lol) X Spec(R(e) SPec(Qp)-

Because V C C’(Q,) and the analytic dimension of V is d([p]), we obtain
that dim C”" Xgpec g, Spec(C,) is at least d([p]). Let C" be the reduced form
of

Chy et (1)) X Spectri) Spec(R(k)),

where R(k) C C, is the algebraic closure of R(k) in C,. Then, by Theo-
rem 31} C” is irreducible and it is of dimension d([p]). Because

C' Xspecq, Spec(Cp) € C” X Spec T Spec(C,),

they have the same dimension, and C” is irreducible, we deduce that they

are equal. Therefore 'y, - [p] is Zariski-dense in C”. After another base
change to Spec(F'), the claim follows. O

7.2. Density in the SUy(C)-relative character varieties. In this sec-
tion, we prove the following theorem.

Theorem 92. Suppose p : 11y, — SUs(C) is a group homomorphism with
a dense image, 3g+n([p]) > 3, [p| € E1(C)UEL(C), and 'y, - [p] is infinite.
Let X, be as in the paragraph as (209). Then Ty - [p] is dense in X|,).

Proof. By (208]) and Theorem there exists an open subset U of X[, in

Lyn-[pl. On the other hand, by [25], the natural Borel measure on X,
is finite, and it is I'y ,-ergodic. Hence, as the characteristic function of
Iy - [p] is T'yp-invariant and it is non-zero on the non-empty open set U,
it is 1 almost everywhere. The complement of this closed set should have
measure zero with respect to a Borel measure, and so I'y,, - [p] is dense in
Xpol: =
The following is an immediate consequence of Theorem
Corollary 93. Suppose p : 11, , — SUs(C) is a group homomorphism with a

dense image. Then Ty - [p] is dense in X, if one of the following conditions

hold:

(1) g=3.
(2) g = 2 and either n(x) > 0 or the product of the components of €(x)
15 not —1.

(3) g=1, n(x) # 2 and n(z) > 0.
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Proof. Under the given assumptions, = ¢ E1(F) U Ey(F). In all the given
cases, g > 0 and the Euler characteristic is negative. Hence, by the main
results of [3,[40], I'y ,,-« is infinite. Hence, the claim follows from Theorem

[l

Remark 94. (1) In [41], [42], Previte and Xia worked on understand-
ing the orbit closure 'y, - [p] in the above setting. Altogether, they
claimed that if g > 0, then Uy, - [p] is dense in X|,. This claim,
however, is not always correct as it is showed in Appendices A and
B. We will see that it is important to avoid the exceptional sets
E1(C) and E»(C). Corollary[93 provides us with the correct version
of their result. Our proof is different from theirs, even in the case of
the one-punctured torus.

(2) In [43], Previte and Xia showed the erxistence of a representation
p : Hga — SU(C) with a dense image such that |I'y,, - [p]| = 2. So
it is important to impose the condition that the orbit is infinite.

(3) Theorem@ gives an answer to a problem posed by Goldman in the
case G = SUy(C) (see [23, Problem 2.7]). This special case was
singled out right after the mentioned problem in the same article.

7.3. Finitely many orbit closures in anek(Z ) when g is positive.
In this section, we further investigate the closure of I'y ,-orbits in Chg ,,(Zp).
Notice that n(z) = n(y-x) for all v € I'y ., and so Cgy . k(Zp) is invariant

under the action of I'y ,. The following is the main result of this section.
Theorem 95. Suppose p is a prime, g is a positive integer, n is a non-

negative integer, k € Zy, and € := (g;); € {£1}™. Suppose one of the
following conditions hold:

(1) g > 3.
(2) g =2 and either n >0 or [[", & # —1.
(3) g=1 and n # 2.
Then there are finitely many open and closed subsets {O;}., of
;],n+m;e,k(Zp) = Cg,n+m;6,k( p) N Chg n+m( »)
such that

gn+mek UO“

and for all z € CF .\ (Zp), there exists i such that
Fg n+m L = 07,

Proof. By Proposition for every z € CJ n+m6k(Z ), there exists p :
Iy ptm — SLa(Zp) Wlth a dense image such that = = [p]. Because of the
given conditions on g,n, €, and k, [p] is not in E1(C,)U E(C,). Since g > 0
and image of p is dense in SLy(Z,,), by the main results of [3, 40], 'y y4m - [p]
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is infinite. Hence, by Theorem L'y ntm - [p] contains a neighborhood U,
of x in Chy ... k(Z ). Therefore,

gn+m6k UU

is an open covering.

Lemma 96. Suppose D is a compact DVR, a,b are ideals in D[z, ..., x,],
and W := V(a) \ V(b), where V(a) and V(b) are the closed subschemes of
Spec(Dlz1,...,z,]) that are given by the prime divisors of a and b, respec-
tiwely. Then W (D) is a compact set.

Proof. By Corollary 2 W (D) can be naturally identified with
Wp:={seD"|Vfea,f(s)=0, and (g(s) | g € b) = D}.
Since Dl[z1,...,x,] is Noetherian, there are g1,...,g; € b such that

b={g1,...,9)-
Then for every sequence {s;}:°; of points in Wp, we have

f(si) =0 and (gi(si),...,9t(si)) = D,

for all f € a.
Because D" is compact, after passing to a subsequence, if needed, we
can and will assume that lim; ,,s; = s for some s € D". Clearly for

all f € a, f(s) = lim;, f(s;) = 0, and for all large enough i and all j,
gj(s) — gj(s;) € m where m is the unique maximal ideal of D. Hence, for all
large enough 1,
(g1(s),- -, ge(s)) + m = (g1(si), ..., ge(ss)) + m=D.
Therefore by Nakayama’s lemma
<g1(S>, e 7gt(s)> - D

Altogether, we obtain s € Wp. Thus Wp is compact. U

By Lemma . C

cover of an+m€k(
T1,...,xn in C®

gn+m€k(Z ) is compact. Because {U,}, is an open
Zy), we deduce that there exists finitely many points
(Zy) such that

N

(249) g n+m,e,k U I‘g n+m * Li-
i=1

g,n+m;e.k

We also notice that for all x € I'g 4, - 75, U, is a subset of

I_‘g,n—&—m cx C Fg,n—l—m © L.

Hence, I'g 4 - 7; is an open subset as well.
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Lemma 97. Suppose x,y € C;’ner;E’k(Zp). Let

T - C;7n+m;e,k(ZZ’) - Cg7n+m;€7k(Z/ka)

be the map induced by the ring homomorphism m, : Zp, — Z]p*Z of the
residue modulo p*. Suppose

(250) y € 7, (mi(x)) C Tgnpm - .
Then

I‘g,n—‘,-m T = Fg,n—&—m Y.
Proof. Notice that for every positive integer k' > k,
(251) nk/(F97n+m . J}) = Fg,n-i—m . Wkl(.%').

By (250) and (251)), we deduce that 7 (y) is in the same I'y,{m-orbit as
mgr(x). Hence, for every k' > k,

Wk/(x) € T/ (Fg,n—‘rm . y)

Thus z € I'y n4-m - y, which implies that

I‘g,n—&—m cx C 1—‘g,n—&—m Y.
By (250|), we obtain the other side of the inclusion. O

Since I'g ptm - x; is open for all i € [1..N], there exists a positive integer
k such that

(252) . (m(20)) S Tyt - i

for all i € [1..N]. Because of (249), for every y € C . 1 (Zp), there exists
1 such that

(253) Tk (Y) € Lynpm - me (i)

By (252)), (253)), and Lemma we obtain that

Fg,n+m Yy = Fg,n+m © L.

Hence O; := I'g j,4m - z;’s satisfy the claimed properties. O

7.4. Stability of the number of orbits in the mod pF-tower. An im-
portant consequence of Theorem and Lemma is the stability of the
number of certain Iy ;,1,,-orbits in the tower of 7./p*Z-points of C;’n+m;6’k.
We let

C;,ner;e,k(Z/ka) = Cg,n+m;6,k(Z/ka) N Ch;,n-i-m(Z/ka)v

and
;,n-i-m;s,k(Zp) = Cg,n—l—m;e,k(Zp) N Chg.],n+m(Zp)'
We investigate the number Ny ,,.c (k) of I'g 5, ym-orbits in Ch;7n+m;€7k(Z/ka).

We show that this number, in general, might go to infinity as k tends to in-
finity. We prove, however, that the number N .. k(k) of I'g ;,ym-orbits in

C;;,n+m;e,k(Z/ka) is stable for large enough k. In addition, we show that
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all the I ,4-m-orbits in C;’ner;ﬁ’k(Z/ka) have the same size up to a factor
which does not depend on k.

Theorem 98. Suppose p is a prime, g is a positive integer, n is a non-
negative integer, k € Zy, and € = (g;); € {£1}™. Suppose one of the
following conditions hold:

(1) g=>3.

(2) g =2 and either n >0 or [[;*, & # —1.

(3) g=1 and n # 2.
Then there exist a positive integer ko = ko(g,n,€,k,p) and a real number
co := co(g,n, €, k,p) > 1 such that for all k > ko, the following statements
hold.

(1) Ng,n;e,k(k‘) = Ng,n;ak(k'o)-

(2) For every x € C;,n+m;e,k(Z/ka)’

¢y P" < Tyt - 2| < cop™,
where d = 2(3g +n — 3).

Proof. By Theorem there exists a finite set {O;}}¥, consisting of open
and closed subsets of C;’n +m;€7k(Zp) such that every closure of Iy ;, 4 ,-orbit

. ° : K
in Cj ,, 4 e x(Zp) is one of O;’s.

By Proposition [30] and Proposition for every 7 € C3 ... W(Z/p*7)

there exists
zeC? (Zp)

g,n+m;e.k

such that T = myi(z). Then L'y ;14 - @ = O;, for some 4y € [1..N]. Hence,

Fg,n+m ‘T = Tpk (Oio)'

Therefore, Ngvn_km;g’k < N.
By Theorem for every i € [1..N], there exists a d-tuple (b1, ...,byq) of
simple closed curves, a positive integer kg, and xg € Zg such that

tr(0;) 2 pZL + xo,
where tp(y) := (t(y,b1),...,t(y,bq)). Hence
ICgansm - T = |1 (Oig)| 2 e (t(Os))| > p~Hotpte.

By Theorem [82| and Lemma Cgntmiek(Zp) is a compact p-adic ana-
lytic variety of pure dimension d. Hence, it is covered by finitely many open
subsets that are isomorphic to p*o ZZ for some positive integer kg. By Propo-

sition |Cy.nimiex(Z/p*Z)| is the same as the number of disjoint balls of
radius 1/p* in |Cypnimeex(Zp)| (With respect to the usual p-adic metric on
the p-adic charts). Therefore,

|Cgntmiex (Z/p"L)| < Cop™,

where Cj is a positive number depending on g,n, €, k, and p. U
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Corollary 99. For everyt € Zy, there exist a positive integer No := Ny(p, t)
and a real number cy := co(p,t) such that for all positive integers k such that
the following statements hold.

(1) The number of T'y1-orbits in Ch3 1.,(Z/p*Z) is No.

(2) For every I'y 1-orbit O in Chil;t(Z/ka), we have

Calp2k S ‘O‘ < COpgk-
Proof. This follows from Theorem |98 and the fact that Cy 1,y = Chi 1it- O

7.5. Connection with Markoff triples. In this section, we recall the
connection between Markoff triples and a relative character variety of one-
punctured torus. Then, we formulate a consequence of Corollary [99]in the
context of Markoff triples. For many primes, our result on Markoff triples
can be improved based on works of Bourgain, Gamburd, and Sarnak [5],
6] and Chen [§] (on Z/pZ-points) and works in progress by Meiri, Puder,
Sarnak, and the first author.

If (a,b,c) is an optimal set of generators of a one-punctured torus Xy 1,
then Fricke showed that the coordinate ring Ri; of Chy is Z[ta, ts, tap)
and tg,tp, and t,, are algebraically independent over Q. Using the Fricke
identities, we have

tap = to + 5 + top — tatptap — 2.
Hence, Chlx’l;_2 can be embedded in the affine scheme M given by the equa-
tion
2 + y2 + 22 = TYZ.
Suppose R is a unital commutative ring and 2 € R*. If ¢, (x) = —2 for
some x € Chj 1(R), then
A(a, b)(X) = t[a,b] (X) —2=—-4¢€ R".
Hence, x € Chy’;,_,(R). Therefore
(254) Ch1X,1;72 Xz Z[1/2] ~ M xz Z[1/2].
Let Aj1 be the coordinate ring of Rep; ;, and suppose I1,1 is an ideal of
Aj1[1/30] such that
Rep] 1 = Spec(A1,1[1/30]) \ V(11,1).
Let
o : Hl,l — SLQ(ALl)
be the generic representation. Then, by Proposition p € Rep?; if and
only if
pop = Tp(po) : Tl1 1 — SLa(A11/p)
is sufficiently Zariski-dense. Let Aj 1.2 be the quotient of A;; which is

given by the equation tr([po(a), po(b)]) = —2. Then p is in Rep? ;. if and
only if pgp is sufficiently Zariski-dense and

tr([pop(a); pop(b)]) = 2.
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Because Aj 1.2 is a finitely generated ring, every prime ideal is the inter-
section of its maximal divisors. Hence, p is in Repf;._, if and only if for
every maximal divisor m of p, pom is sufficiently Zariski-dense and

tr([pom(a); pom(b)]) = =2.

Lemma 100. Suppose F' is a field whose characteristic is not 2, 3, or 5.
Suppose p : 1111 — SLa(F) is a group homomorphism. Suppose the F-span
of the image Im(p) is Ma(F'), and

(255) tr([p(a), p(B)]) = —2.
Then p is not sufficiently Zariski-dense if and only if

tr(p(a)) = tr(p(b)) = tr(p(ab)) = 0.

Proof. Let o := p(a) and 3 := p(b). By (255), we obtain that [a, 8] is minus
a unipotent.

(=) First, we use a proof by contradiction to show that [a, 5] = —1.

Case 1. The field F is of characteristic zero.

Let F be an algebraically closure of F. Let G be the Zariski-closure of the
image Im(p) of p in (SL2)z. Then, G contains a one-dimensional unipotent
subgroup. Hence, G is either (SLz)z or a subgroup of a Borel subgroup.
Since the F-span of Im(p) is Ma(F'), G cannot be contained in a Borel
subgroup. Therefore G = (SL2)z. Hence, p is sufficiently Zariski-dense,
which is a contradiction.

Case 2. The field F is of characteristic p > 5.

In this case, Im(p) contains an element of order p and its F-span is Ma(F).
Thus, by [48, Theorem 6.17], Im(p) contains a copy of SLa(FF,). Therefore,
p is sufficiently Zariski-dense, which is a contradiction.

Altogether, we have a8 = —fa. Hence,

tr(apf) = —tr(fa) = — tr(ap).

As the characteristic of F' is not 2, we deduce tr(af) = 0. By aff = —pa,
we also have afa~! = —f and —a = BaB~!. Thus, 2tr(a) = 2tr(3) = 0,
which implies that tr(a) = tr(3) = 0.

(<) Because tr(a) = tr(8) = tr(af) = 0, by the Cayley-Hamilton theo-
rem, we have that

o? = g2 = (af)? = —1.
Hence
aff=—(af) ' =—pla = —pa.
U

By , the closed subscheme of Rep,; given by Spec(A;1,-2) is a
subset of Repi 1,—2- Hence, by Lemma p isin Rep{vl;d precisely when
for every maximal divisor m of p,

tr([ﬂﬂ,m(a)7p0,m(b)]) = -2
and either tr(pom(a)) # 0, tr(pom(b)) # 0, or pom(ab)) # 0.
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Thus by , we deduce the following result.
Proposition 101. Let M*® be the quasi-affine scheme
Spec(Zlz,y, 21/ (x* + y* + 2° — zy2)) \ V((2,y, 2)).
Then
ChY ;.o x7 Z[1/30] = M*® xz Z[1/30].

We call M := Spec(Z|[x,y, z]/(x?+y*+2% —zyz)) the Markoff scheme, and
we refer to M*® as the primitive Markoff scheme. Notice that by Corollary 2]
there is a natural bijection between M®(R) and

{(u,v,w) € R | u?® + v* + w? = wow, (u,v,w) = R}.
Markoff studied the integer solutions of a closely related equation
22+ + 2% = 3ayz.

If we set M := Spec(Z[z,y, 2]/(x? + y* + 2% — 3zyz)) (and similarly, define
M?®), then one can see that x +— §, y — %, and z — 3 induces isomorphisms
M X7 Z[1/3] ~ M x7 Z[1/3] and M*® xz Z[1/3] ~ M*® x4 Z[1/3].
Notice that I'y ; is generated by the Dehn twists 7, and 7,. Using the lifts

T, and 73 of these Dehn twists given in Lemma [56] and equations
tap—1 = talp — e and  ty2 = Laply — ta
which are obtained by the Fricke relations, we deduce that the action of I'y ;
on M is given by
01: (z,y,2) — (z,2y — z,y) and 0Oy:(x,y,2) — (2,y,yz — x).
Notice that ab is freely homotopic to 74(b), and
Tra(b) = TaTbTa_l.

Direct computation shows that 7., ) acts on M via
010207 2 (z,y,2) — (22 —y,, 2).

Let A be the subgroup of Aut(M*®) which is generated by 61, 02, the group
of permutations of z,y, and 2z, and z — —x,y — —y,z — 2. Notice that
(01,02) is a subgroup of index 12 in A. Markoff proved that A acts transi-
tively on M*®(Z). Hence, the image of

T M*(Z) — M®*(Z/KZ)

is the A-orbit of (1,1,1). Thus the strong approzimation property of M*® is
equivalent to the transitivity of the action of A on M*(Z/kZ).

Notice that M® x7Z[1/30] ~ Ch} ;._5 xzZ[1/30], and so if ged(k, 30) = 1,
then there is a I'1 j-equivariant bijection

(256) M®(Z/KZ) ~ Ch3y,_o(Z/KZ).
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Corollary 102 (Markoff triples). Suppose p > 5 is a prime and M* is as
above. Then there exists Ny := Ny(p) and a real number cy := co(p) such
that the following statements hold.

(1) The number of A-orbits in M®*(Z/p™7Z) is at most Ny.

(2) For every A-orbit O in M®*(Z/p™Z), we have
Proof. This is an immediate consequence of Corollary 99| and ([256)). O

In a forthcoming work, Meiri, Puder, Sarnak and the first author prove the
transitivity of the action of A on M*(Z/kZ) for a large family of composite
moduli.

7.6. Orbit closures in C§, ;. (Zp). In this section, we investigate the clo-
sure of I'gp-orbits in Cf ,,  (Zp). The main issue in the case of g = 0 is
the existence of finite I'g,-orbits in Cf ,, _, (Z,). Because of the connection
with the algebraic solutions of the general Painlevé VI differential equations,
classifying all the finite I'g ,-orbits has been studied. In [35], Lisovyy and
Tykhyy gave a classification of finite I'g 4-orbits, and based on this work,
Tykhyy classified finite I'g 5-orbits (see [51]). Recently, in [30], Lam, Lan-
desman, and Litt used a work of Corlette and Simpson [9] and Katz’s middle
convolution functor (see[29]) and classified (most of) finite I'y ,,-orbits. Here,
we use these mentioned results and describe the Zariski-closure Chgﬁl of

{r € Chg ,,(C) | [Ton - x| < o0}
in Chg,. We set
Ch,, == Chg,, \ Ch{’,,
and similarly define Chan;e,k and Cp .k, and prove an analogue of Theo-

rem (95| for Cp . 1 (Zp).

Theorem 103. Suppose p is a prime, n is an integer more than 3, k € Zy,
and € := (g;); € {£1}™. Then there are finitely many open and closed
subsets {0}, of Conrmiex(Zp) such that

N
Cg,n—l-m;e,k(Zp) = U O;,
i=1
and for all ¥ € Cf, 1.\ (Zp), there exists i such that

FO,n—i-'m -z = 0;.

Proof. The same argument as in the proof of Theorem [95| works here, and
no modification is needed. U

Next, we summarize some consequences of the mentioned results on clas-
sification of finite I'g ,,-orbits.



154 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Proposition 104. Suppose c1, c2, c3, ¢4 is an optimal generating set of g 4.
Let t; == t., € Roa, wx = tita + t3ts, wy = t1t3 + tals, wz = t1ty4 + tot3,
and
Wy = 15 4 13 4 t2 12 4 titotsty.
Let V' denote the closed subschemes of Chga and Spec(Z[t1,ta,t3,t4]) that
are given by V({(wx,wy,wz,wys)). Then the following statements hold.
(1) The morphism

0wt (CBEY \ V) xz Z[1/2] — Ay o \ V

s quasi-finite.
(2) We have V C Chgf}l and

V((C) = U Ch074;k((c)>
k

where k ranges in the finite set
{(0,0,0,0), (220, 2e0€1, 2602, —2c01€2) | €; = +1}.
(3) There is a number N such that for every
k € C\ {(0,0,0,0), (20, 201, 2082, —2c0e162) | £ = £1},
we have
|Cho,4;k(C) N Chi%(C)| < N.
Proof. By [27, Theorem 4.3], Ry 4 is isomorphic to
Zlty, ta, s, ta, X, Y, Z) (X2 + Y+ 22+ XY Z—wx X —wyY —wz Z+(wy—4))
where the isomorphism is given by
te; P> tiy teges M X, tejes = Y, and teyey — 2,

for i = 1..4. Based on this, Chg4(C) is viewed as a closed subset of C7 via
the map

u(p) = (t1(p), t2(p), t3(p), ta(p), X (p), Y (p), Z(p));
and the projection to the first 6 components is a 2-to-1 map.

Viewing Chg 4(C) as a subset of C” via ¢, tox,, turns to the projection
to the first 4 components.

By [35, Lemma 39, Theorem 1], for p € Chg4(C), if the I'g 4-orbit T'o4 - p
is finite, then ¢(p) is a point in the closed subscheme of Chg 4 which is given
by either the following ideals or the ideals obtained from them by permuting
the variables X, Y, and Z and making some admissible sign changes.

(1) The ideal a; generated by
2X+YZ —wx, 2Y + XZ —wy, 22+ XY —wyg,
and
2XYZ+ X+ Y + 22+ 4 — wy.
(2) ag = (X% —wxX+wy—4,Y, Z, wy, wg).
3)ag:=(X—-1,Z, Y —wy, wy —2,wg —wy,ws — 5).
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4) a4 := (Y—l,Z—1,X—wX—|—2,wy—wX,wZ—wX,w4—3(X+2)).
5) as 1= <ZUX,'UJY,ZL'Z,U}4>.
6) A finite list of ideals m; that are of the form

(| (X—o(:),Y=0(y:), Z—0(), wx—o(wx), wy—o(wy), wz—0(wz)),
oeGal(k;/Q)

where k; is in {Q[Cs], Q[Cs], Q[C10], Q[C14]} and
T, Yiy Zi, WX, Wy, Wz € kl

Moreover, by the aforementioned result, if ¢(p) is in

4
UV @)(©uJVm)(©),

then I'g 4 - p is finite.
For every unital commutative ring A and «a, 3 € A*, we have that
X:=a+a ', Y:=8+p7"" Z:=—((af) + (o)),

where ¢ = +1, and wx = wy = wz = wy = 0 give us a point in V(az)(A).
This point has a finite I'g 4-orbit precisely when o and 3 are torsion. So, we
are giving a morphism from GL; x GL; to the subscheme defined by a; and
the torsion points of GL;1(A) x GL1(A) are mapped to the points with finite
I'p 4-orbits. It is easy to see that the image of torsion points of C* x C* is
Zariski-dense in V' (a5)(C).

Altogether, we deduce that the Zariski-closure of the points p € Chg 4(C)
that have finite I'g4-orbit is given by the intersection of ideals a;’s, m;’s,
7(a;)’s, and 7(m;), where 7 is an element of a finite subgroup of automor-
phisms of Rp4 given by permutations and admissible sign changes. In par-
ticular, V C ChfY.

Notice that the following are integral ring homomorphisms

Z[1)2)[wx, wy,wz, ws] — Roa[1/2]/a1[1/2],

Z[’wx, wWy,Wwz, w4] — R074/7-(aj), and Z[’wx, wWy,Wz, w4] — R074/7'(mj),
for all 7 <4 and 7 as above. This implies the first part.

Direct computation shows that for p € Chg4(F'), where F' is a field of
characteristic different from 2, wx(p) = wy(p) = wz(p) = wa(p) = 0 pre-
cisely when (t1(p), t2(p), t3(p), ta(p)) is in

{(0, 0, 0, 0), (260, 25081, 25052, —2605152) | E; = il}.
This completes the proof of part (2). The last part follows either from parts
(1) and (2), or directly from [35, Theorem 1]. O

Proposition 105. There exists a positive integer N such that for allk € C?,
(257) |C35x(C) N Ch{%(C) < N.



156 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Proof. By [51], Table 9], we have that
[Co5(C) N Chg(C)] < N

unless k = (0,0, ¢, +¢;, %, 0,0) up to a permutation of the components where
(n is an n-th root of unity; this exceptional case is given in the second row
of the cited table.

Let

- 1 - - 1
Y1 =W, Y2 =W T Qpypy, V3= Qg, V4 = WOy—z, V5 1= W Qy,

where w = _01 (1) and o := diag(e?™®, e~ 2mir)

and the trace of the representation p : IIp 5 — SLa(C) given by 7;’s matches
the second row of [51l Table 9]. Notice that p is an absolutely irreducible
representation and its image is solvable. Hence

[p] € Ch5(C) \ Chj5(C).
This shows that (257)) always holds. O

By [30, Corollary 1.1.8], we have that every point in Cf, ,(C) has an
infinite D¢ ,-orbit if n > 7 and k; & {¢ + (7! | ¢ € C* is torsion} for some
1. It is likely that based on this result, one could prove that if n > 7 and
ki € {¢+ (71| ¢ € C* is torsion} for some i, then
(258) Cf . (C) N Ch{Y(C) = 2.

Indeed, it is plausible that (258) would hold for n > 7 and no additional con-
dition on k. In either case, we would get a sharper version of Theorem [103

. Then y172737475 = 1,

8. APPENDIX. FAMILIES OF EXCEPTIONAL REPRESENTATIONS.

In this section, we present exceptional families of representations for 11 o
and Il ;. Based on these families, we show that there are dense SU3(C)-
representations p of 114 2 and Il ; such that the mapping class group orbit of
[p] is not dense in the corresponding relative character varieties in Chj 2(R)
and Chgy 1 (R), respectively. This shows that [42, Theorem 1.4] due to Previte
and Xia is false for these cases. These examples also show why it is essential
to avoid the exceptional families given by E; and Es in various theorems in
this article.

8.1. Defining certain closed subsets of representation variety. For
non-negative integers g and n, and € = +1, let

Ry () o | BP0 e
T o € Repgn (A) | plensn) = —1} ife =1,

Let n(e) := (1 —¢)/2. For a subset w of Iy , 4 (-), we let
RE(A) 1= {p € Ryne(A) | Vo € w, p(w)” = ~1}.
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For two subsets w and w’ of Iy yin(e), we say

w~w if R (4)=RE)(4),
for all unital commutative rings A. Clearly, ~ defines an equivalence relation
on the power of set of Il ,1,). The equivalence class of a subset w is

denoted by [w]. Because the set R‘(f;)(A) only depends on [w], we can and

will sometimes denote it by R[(E)} (A). Notice that if w is a subset of Il , 4 ()
and

w' = {guwg," | w e w},
where w — gy, is a function from w to Hg ntn(c), then [w']
clear that if [w1] = [w}] and [ws] = [w}], then [wi Uwsg| =

RS (4) = RE(A)nRY)(4),

wUw

= [w]. It is also
[wi Uwp] as

for every subsets w,w’ of Iy nin(e)- For every pure automorphism 0 of
g ntn(e), every unital commutative ring A, and w C Il , 4 (o), we have
(259) pE RY) (A) if and only if 6 - p € Réf(lv) (A).

To see this, it is enough to notice that for all w € w,
(6 p)(B(w))* = p(w)® = —1.
Therefore, for all § € PAut (Il , 4y (s)), We have that
[w] = [w'] ifandonlyif [B(w)]=[6(w)].

Because for every inner automorphism cg, [c,(W)] = [w], we obtain that the
pure mapping class group I'y , 4 (c) acts on the set of equivalence classes

{[W] | w C Hgm-i—n(e)}'
We also define the following partial ordering on this set:

(W] < [w'] if RS (4) € RE)(4),
for every unital commutative ring A. Clearly, < is a partial ordering, and
by (259), this partial ordering is preserved under the action of I'y ;4 ()-
It is worth pointing out that for a representation p : Il (o) — SLa(A),
we have p(w)? = —1 precisely when ¢, ([p]) = 0. So, one can define a closed

subscheme O of Ch;n(s) given by {t, }wew and the boundary condition,

and then for every p € RY) (A) we have [p] € C‘(,f)(A).

Starting with [w], we can consider the 'y, )-orbit of [w]. The main
results of the next sections are to provide finite I'g | ,(¢)-orbits under this
action for (g,n,e) = (1,2,1) and (g,n,e) = (2,0, —1).

Having such finite orbits help us find orbits of the mapping class group in
the character varieties for (g,n) = (1,2) or (2,1) which have small closures
with respect to various topologies.

The following lemma is useful in understanding orbits of I'g ;1 (c)-
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Lemma 106. In the above notation, for all w,w’' € Ugnin(e) and k € Z,
we have

{w,w'w}] = [{w'kw, w’k+1w}].

Proof. For every unital commutative ring A, p is in Rg/kw,w'k +1w}(A) pre-

cisely when
(260) p(w™w)? = p(w w)? = —1.
Let w := p(w) and v’ := p(w’). If (260]) holds, then

(261) w*wwFw = WFlww 1w which implies ww'w ™' = W'
By , we deduce that

(262) —1 = WP w = Wk Fw? = W2

By and , we obtain that

(263) (Ww)? =w?=—1.

By (263)), we deduce that for every integer k,

{ww, w**w}] < [{w, w'w}].
Next, we assume that p is in Rg,w/w}(A) and let w := p(w) and ' := p(w').
Then w? = (W'w)? = —1, and so ww'w™! = w'~!. Therefore, for all integer
k,
(w/kw)Q — wlkww/kw _ w/kw/—kWQ - 1.
This implies that [{w,w'w}] < [{w™w,w* T1w}] for every integer k. This
completes the proof. O

8.2. The case of a two-holed torus.

8.2.1. Notation and generating pure automorphisms. Notice that II;o is
given by the following presentation

(a,b,c,c | [a,bed =1).

This implies that II; 2 is freely generated by a,b, and c. Based on this, we
can and will identify Rep; (A) with SLa(A)? for every unital commutative
ring A.

By [13, Theorem 4.14], the Dehn twists about the simple loops homotopic
with a1, b1, and coa; generate the pure mapping class group I'i 2 where
ai,by,c1,co is the optimal sequence of generators given in Figure |3| (see
Figure [I). The following automorphisms of the free group (a,b,c) are lifts
of these Dehn twists:

(264) m1(a,b,c) = (a,ab,c), m(a,b,c) = (ab~1,b,c),

and
m3(a, b, ¢) := (a,bd™ ded™") where d := c¢71b ab.
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The first two are clearly lifts of the Dehn twists 7,, and 7,,. By the proof
of Case 3-c in the proof of Propositions [60] and we deduce that 73 is an
automorphism. Clearly, 73(c) is sent to a conjugate of ¢. Next, notice that

m3(d) = (de™'d 1) (db 1) (a)(bd™Y) = d(c o lab)d ! = d.
Hence,
m3([a, b7 e) = m3(ab"ta " be) = m(ad™t) = ad™! = [a, b7 e,

which implies that 73(¢’) = ¢/. Therefore, 73 is a pure automorphism of II; 5.
Notice that the last Dehn twist in the generating set given in Figure [1] do
not change a, ¢, and ¢ (up to freely homotopic relation), and sends b to a
curve which is freely homotopic to b(c'a)™' = bd~!. Hence, 73 is a lift of
this Dehn twist. This implies that

PAut(Il; 2) = fLQIHH(HLQ), where 1:172 = (71,72, T3).
8.2.2. Defining exceptional families of representations. The exceptional fam-

(1)

ilies of representations of II; » are given by Ry, where

(265) v :={ac, be, abe}, vy :={ab, b, ac},
vy :={a, b, abc}, vy :={a, ab, bc}.
Proposition 107. In the above setting, O = {[vi],...,[v4]} is an T';2-

orbit, and 7;’s permute [v;|’s according to the following graph:

_ i i i
() o ) O a0 O)
T3 T2 Tl

Vil &2 [vo] &2 [va] =2 [vdl

AR

+1 +1
T2

Proof. Because the group I'yo is generated by the outer automorphisms
given by 75, it is necessary and sufficient to show that [v;]’s are permuted
according to the given diagram. This will be done on a case-by-case con-
sideration. In each case, instead of showing Tjﬂ([vi]) = [vg] for the claimed
k:=k(i,7) , we only show that

[vi] < Tjil[vk].
This, however, is sufficient as every edge in the diagram has the same label
in both directions, and =< is a I'y o-invariant partial ordering.
For p € Rep; 5(A), suppose p(a,b,c) = (a,B3,7) € SLy(4)%. We go
through the cases, and assuming that p € Rs,li)(A), we show that p is in
rRY,  (A).

£1
7 [vil
J
Case ([v1],7if!): in this case, we have to show that
(266) [{ac, be, abe}] = [{ac, a®be, a®abe}
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for e = £1. By Lemma [106] we have
[{bc, abc}] = [{a®be, a®abcl],
and so ) follows.

Case ([vl] 7551): in this case, we have to show that
(267) [{ac, be, abe}] = [{ab®c, be, ab®be}).

Notice that we can cyclically change the words, and so by Lemma [106] we
obtain

[{ac abc}] = [{ca,bea}] = [{b°ca, b bea}] = [{abc, abbe}].
The (267)) follows.

Case ([ 1], 7EY): in this case, we have to show that
(268) [{ac,be,abe}] < [{abd™¢,bd™¢ adacd_e}]
where d := ¢ 'b~'ab and ¢ € {il} Let § := p(d) = v~ 'aB. Notice that
because (ya)? = (yaB)? and (87)? = (afy)?, we have
(269) (ve)B(ya) ™! B boand (By)a(By) T =ah

By the second equation in , we have

(270) d=~"'8"laB = (ﬁv)‘laﬁ =a'(By) 1 B=ay = (ya)
By (270]), we deduce that 6~ = —4, and so it is enough to prove (268) for
e=1.

By (269) and p € R (A), we have
(aB6™1)? =(a(By)a)? = (B7)* =
(271) (8671)% =(Bya)® = —1,
(a57176)? =(a(y0) 1 (30))? = (ya)? = —1.
By - . ) follows.
Case ([va], 7if1): in this case, we have to show that
(272) [{ab, b, ac}] = [{aa®b,a®b, ac}],

where ¢ € {£1}. By Lemma[l06] we have
[{ab,b}) = [{a“ab, a*b}),
which implies .
Case ([vo], 75 "): in this case, we have to show that
(273) [{ab, b, ac}] < [{ab®, b, ab be}],

where ¢ € {£1}.
Since B2 = —1, it is enough to show (273 for ¢ = 1. Notice that
(ap?y)? = (ay)? = —1, and so (273) follows.

Case ([va], 7i'): in this case, we have to show that
(274) [{ab,b,ac}] = [{ad®cd™ ¢, bed™ ¢, abed™}],
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where d = ¢~ 1b~tab and ¢ € {£1}.
Because (a3)? = o2, aBa~! = 371, Hence,
(275) §=~"'ptaf="Ta"t,

which implies that 62 = —1. Thus, it is enough to prove (274)) for e = —1.
We have

(@07196)* =(afay)a™)? = -1,
(276) (876)* =(Ba™")* = —1,
(aB0)* =(afa™")* = —1.
By , follows.

Case ([vs], 7if!): in this case, we have to show that
(277) [{a,b,abc}] = [{a,aa®b,a®be}].
Notice that since a? = —1, it is enough to show (277) for ¢ = 1. We have
(a?B)? = B2 = —1, and (277) follows.
1

Case ([vs],75'): in this case, we have to show that
(278) [{a,b,abc}] =< [{a,b,ab""c}],

where ¢ = £1. As 2 = —1, it is enough to prove (278) for e = —1, which is
clear.
Case ([v3],7i'): in this case, we have to show that

(279) [(a,b,abc)] < [(a,bd™ ¢, abed™®)],

where d = ¢7'b~tab and € € {£1}. Let § := p(d). Then
Bo~ =a~lBy = —ap,

afyst =afyf e By = (aBy)B aBy) T

(280)
BO =Py~ 1B aB = Blapy) 187,
afyd =aaf = —p.
By (280), (279) follows.
Case ([v4], 7if!): in this case, we have to show that
(281) [(a, ab, bc)] < [(a,a®b,aa®be)],

where ¢ € {£1}. Since a? = —1, it is enough to prove (281]) for € = 1. Then
a?By = —pBv, and (281)) follows.

Case ([v4],75"): in this case, we have to show that
(282) [(a,ab,bc)] = [(ab™¢,ab™cb, be)],
where ¢ € {+1}. By Lemma[106] we have

(0, ab)] = [(ab™, ab—b))
and so holds.

Case ([v4],7i'): in this case, we have to show that

(283) [(a,ab,bc)] < [(a,abd™ ¢, bed™ )],
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where d = ¢ 'b~tab and € € {£1}. Let § := p(d). Then
aBd~t =B,
B0t =B~ o By = —(B7)(aB) T (BY) T,

(284) —1 -1 -1 -1
afd =afy B aB = —(aB)(By) " (aB) ",
Bvé =ap.
By (284)), (283]) follows. This completes the proof. O

8.2.3. Dense exceptional representations. Here, we provide (topological) gen-
erating sets {a, 8,&} of SLa(A) for various rings A or SU3(C) such that

=== 1.
(1)

[vs]
in the previous section. Then by Proposition [L07, we obtain a point in

Chf 5(A) with T'y o-orbit not dense in the corresponding relative character
variety.

Proposition 108. There ezist po : 111 2 — SLa(Z) and p; : 11} 2 — SU3(C)
such that the following holds.

(1) Represetations p;’s are in R[(ii](C).

(2) For every prime £ # 3, the representation po is in Repy 5(Ze¢), and
the group po(Il12) is dense in SLa([], .3 Zp)-

(3) The representation py is in Rep}o(C), and the group pi(Ily2) is

dense in SUz(C).

Such a generating set give us a representation in R; ’ ,(A) where [v3] is an

We start with the following lemma.

Lemma 109. There ezists a unique subgroup of SLa(Z) which is normal
and is of index 3. Moreover, this normal subgroup N satisfies the following
properties.

(1) The subgroup N contains the principal congruence subgroup SLa(Z)[3]
where SLo(Z)[3] is the kernel of the residue map modulo 3 from
SLy(Z) to SLs(Z/3Z).

(2) There exist o, 5, € N such that N is generated by o, 3, and &, and
a?=p2=£=-1.

1 -1 Y ,
1 0 1 1 . Then j=—landy°=1. It
is well-known that j and y generate SLy(Z) and PSLy(Z) is freely generated
by +4 and =+y; in particular, PSLa(Z) ~ (a,b | a?,b%). Let

a:=j, B:=yjy ', and &:=y’jy %

Clearly o = 32 = ¢€2 = —1. Let N be the subgroup generated by «, 3, and
&. Notice that

y{d, vy " vtiy 2y = Lowiy vy

Proof. Let j := ( 0 and y := <0
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as y> = 1. Hence, j and y are in the normalizer of N. This implies that N
is a normal subgroup of SLy(Z). So N is the normal subgroup generated by
j. This means

SLa(Z) _ SLy(Z)/{%1} _ N
sz ~ jv/{ﬂ} ~ (a,b| a® b, a) ~ Z/3L.

On the other hand, if M is a normal subgroup and SLo(Z)/M has order 3,

then every element of order 4 is in M in particular, x € M, which implies

that N C M, and so M = N. This shows there exists a unique normal
subgroup of index 3 in SLa(Z).

The residue map modulo 3 is an epimorphism to SLg(Z/3Z). Therefore,

SLs(Z)

SL2(Z)[3]

It is well-known that SLg(Z/37Z) is isomorphic to A4 and A4 has a normal

subgroup of index 3. Hence, SLo(Z) has a normal subgroup of index 3

which contains SLg(Z)[3]. We have proved that N is the unique such normal
subgroup. Hence, N contains SLo(Z)[3]. This finishes the proof. O

~ SLy(Z/37Z).

By the strong approximation property of SLa(Z), we have that SLg(Z)
is dense in SLy(Z) where Z := [],Z, as p-ranges over all the primes. By
Lemma the given normal subgroup N is a congruence subgroup of index

3; hence, the closure of N in SLy(Z) is an open normal subgroup of index
3. By Lemma we also see that IV is dense in SLo([],, .3 Zp). Therefore,
we conclude the following corollary.

Corollary 110. There exist a, 3,& € SLa(Z) such that (o, B,§) is dense in
SLz(Hp;,gg Zp) and o = B> = €2 = —1.

Next, we prove a similar result for the compact Lie group SUs(C). We
start by recalling some well-known basic facts about SU2(C). Let

X := {2 € SUy(C) | 2* = —1}.
It is clear that € SU3(C) if and only if the minimal polynomial of z is
T? + 1, and the latter holds precisely when tr(z) = 0. It is easy to see that
x € SU5(C) has trace zero if and only if it is of the form
( ia b+ ci

. . . . 2
bt —ia ) where (a,b,c) is a point in the unit sphere S*.

So we get a homeomorphism ¢g : X — S2.

Notice that SU2(C) acts on X by conjugation. It is well-known that there
exists a surjective (algebraic) group homomorphism ¢ : SU3(C) — SO3(R)
such that

(1) The homeomorphism ¢ is t-equivariant; that means we have

go(uzu™") = 1(u)(go(2)),
for every u € SU3(C) and =z € X.
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(2) The surjective group homomorphism ¢ is a central isogeny and its
kernel is {£1}; and so SUs(C) is a double cover of SO3(R).

A direct computation shows that ¢(j) is a m-rotation about the z-axis, where

-1 0
every x € X, 1(x) is a m-rotation about some axis. This also implies that,
conversely, if ((u) is a m-rotation about an axis, then v € X. If ¢(z;) is a
m-rotation about ¢; for i = 1,2, then «(x1) o t(x2) is a 26- rotation about the
axis £ where £ the unique line passing through the origin which is orthogonal
to 1 and fo and 6 is the angle between ¢; and /5.

Lemma 111. There exist o, 3,§ € SU3(C) such that (o, 3,€) is dense in
SU3(C) and o? = B2 = €2 = —1.

ji= ( 0 1). Because SU3(C) acts transitively on X, we obtain that, for

Proof. Take three lines /1, f5, 3 passing through the origin. Let 6; be the
angle between ¢ and ¢; for i = 2,3. We choose /¢;’s in a way that (1) they
are not coplanar, and (2) the quotient 6;/m is irrational for i = 2,3. Let
r; be the m-rotation about ¢;. Then the closure of the group generated by
r1, T2, T3 contains all the rotations about ¢12 and ¢13, where £y; is the unique
line passing through the origin and orthogonal to both ¢; and ¢;. Because £
and {13 are distinct, we get two distinct connected 1-dimensional subgroups
of SO3(R). This implies that the closure of the group generated by these
two groups is the entire SO3(R). Therefore, the group generated by r;’s is
dense in SO3(R). By the discussion prior to this lemma, there exist z;’s in
SU5(C) such that 2? = —1 and ¢(z;) = r;. As ¢ : SU(C) — SO3(R) is a
connected, double cover and (r1,72,r3) is dense in SO3(R), we deduce that
(1,2, 23) is dense in SUy(C). O

Proof of Proposition[108. By Corollary there exist «, 3, € SLa(Z)
such that

(285) 2 =p2=¢%2=-1,

and the group generated by «, 3, and £ is dense in SLQ(HP 23 Zyp). Recall
that

Il 2 ~ (a,b,c1,¢2 | [a, bil]clcg>.
Therefore, the following assignments define a representation of I; o:

po(a) := a, po(b) := B, polc1) = (af) ',
and
pole2) := ([po(a), po(b) ™ ]poler)) ™
By (285)), we have that py is in R[(‘lli} (C). By Proposition [20, we obtain that
po satisfies all the mentioned properties in part (2).

By Lemma there exist a, 8,£ € SU2(C) such that
(286) ?=p2=¢ =1
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and the group generated by «, 3, and ¢ is dense in SU3(C). Similar to the
previous case, we can define p; : II1 2 — SU3(C) which satisfies all the
mentioned properties. |

8.3. The case of a one-holed surface of genus two. In this section, we
will provide an orbit of I'y; in Chg;(C,) which is not Zariski-dense in its
corresponding modified relative character variety. The representations that
are lifts of the characters in these orbits assign —1 to the boundary curve,
and they can be chosen to be Zariski-dense in SLy(C,) or SU3(C).

8.3.1. Notation and generating pure automorphisms. Notice that Ils; is
given by the following presentation

(al,bl,ag,bz,c ’ [al,bl_l][az,bz_l]c = 1>.

This implies that Il ; is freely generated by a1, b1, az, and by. We will focus
on representations of Ilp; that send ¢ to —1; such representation can get
identified with elements of

R(A) :={(a1, B1, 0, B2) € SLa(A)* | [an, By [z, B3 '] = —1}.
For p € R(A) and w € Il 1, we let p(w) € SLa(A) be the evaluation of
w at p. By [13, Theorem 4.14] (see Figure [I)), the Dehn twists about the
simple loops homotopic with a1, by, az, b2, and by lag Lhoay generate the pure
mapping class group I's 1 where a1, b1, az, and by is the optimal sequence of
generators given in Figure [3l The following automorphisms of Il are lifts
of these Dehn twists:

T1(a1,b1,a9,b2) :=(a1,a1b1,a2,b2), ™(ai,br,az,b2) := (a1b1, b1, az, ba),
T3(a1, b1, ag,b2) :=(a1, b1, a2, asbs), t4(ai, b1, az,b2) := (a1, b1, azbe, ba),
75(a1, b1, az, be) ==(a1, biz ™, zasz ™!, zby),
where z := b;laglbwl. We have that
7i([a1, by laz, b3 1) = [a1, by [as, b3 ]
fori=1,2,3,4, and
7s([ax, by a2, by 1) = (aray a2, by lar, by ) (aray )7

which implies that 7;’s are pure automorphisms.
We notice that for every integer k,

Tf(al,bl,ag,bg) ::(al,alfbl,ag,bg), Tf(al,bl,ag,bg) = (alblf,bl,ag,bg),
% (ay, br, ag, by) :=(a1, by, az, akbs), 7F (a1, by, az, ba) = (a1, by, azbh, by),
Té(al,bl,ag,bg) =(a1,biz™F 2Fasx ™", 2%by),

where x = by 1a5 Lhoay. The last equation follows from

m5(x) = (box V) (way e ) (wbe)(a1) = .
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Let fg’l := (11,72, 73,74, 75). Then
PAut(Hg,l) = ngInn(HgJ).

8.3.2. Defining exceptional families of representations. The exceptional rep-

(=1)

resentations o Il ; are given by R[V_vi} , where

w1 :={a1, a1by, biby, biaz, biazba},
wy :={a1, b1, aibiby, aibiaz, arbiazbs},
w3 :={b1, aibi, aiby, ajaz, ajazbs},
wy :={ba, agby, biagz, ajaz, aibiaz},
ws :={ag, b2, arazby, biazbs, arbiazbs},

Wg ::{az’ G/sz, ale, b1b27 alblb2}

Proposition 112. In the above setting, O := {[w1],...,[Ws]} is an I'y ;-
orbit, and T;’s permute [w;|’s according to the following graph:
LAl Vil rElizes rEla#as rEliA34 i3
() e ) o ) o () o () o €
(287)  [wi] == [wo] ; [wa] T [w4] * [ws] T [we]
it it i i 3

Proof. Because the group I'y; is generated by the outer automorphisms
given by 7;’s, it is necessary and sufficient to show that [w;]’s are permuted
according to the given diagram. This will be done on a case-by-case consid-
eration. In each case, instead of showing Tjﬂ([wi]) = [wy] (for the claimed
k:=k(i,7)), we only show that

77 ([wil) =< [wil.

This, however, is sufficient as every edge in (287)) in both directions is labelled
by the same automorphism.

Let’s also point out that Il 1 is freely generated by a1, b1, az, b2, and so the
function a; — az_; and b; — bz_; for i = 1,2 extends to an automorphism
o of Il 1; moreover

o(c™) = o(lar, by ][az, 03 ']) = [az, by (a1, by ']
is a conjugate of ¢c~!. Hence, o is a pure automorphism of IT5 ;. Notice that
o[w;] = [wrj]
for all j = 1..6. This follows from observing that for every w € w;, the word
o(w) is a cyclic permutation of a word in w7_;. Direct computation shows
that
goTioo =13, comoo =1y, and o2 = id.

Therefore if we prove the claim for ¢ = 1..4 and j = 1..3, then for ¢ = 1..4
and ¢ = 4..6, we obtain

7i([wel) = o (Tiza([wr—e])) = o([Wk]) = w7
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for the claimed k. Using this observation, we will be checking the claimed
7i([w;]) = wy, for (4,)’s in

{(i,7) |1 <i<4,1 <3 <3}uU{(5,7)]1<j<6}.
We go through all the pairs in the above set. In each case, we identify
p € R(A) with (a1, B1,az, B2) € SLa(A)*. For e = +1,

Tls([Wl]) = [{al, alaﬁbl, a’iblbg,aiblag,aiblagbg}].

Soif p € Rilz(l[) ])(A), then a? = —1. Hence, af = aj. Therefore,

w1
i ([wi]) = [{a1, b1, a1biba, a1biaz, ai1biagba}] = [wal.
Next, we consider (7,j) = (1,2). For e = £1, we have
75 ([w1]) = [{a1b], a1bib1, biba, biag, biazba}].
Soif p € RUY (A), then 52 = —1, which implies 8§ = 3. Hence,

m2([w1])
75 ([w1]) = [{a1b1, a1, biba, biaz, biazbe}] = [w].
Now, we consider the case (4,j) = (1,3). For ¢ = £1, we have
75([w1]) = [{a1, a1b1, biasba, biaz, biazasba}.
By Lemma we have that
75 ([w1]) = [{a1, a1b1, biagba, biagz, biba}] = [w1].
For the case (i,7) = (1,4), we have
Ti([w1]) = [{a1, a1by, biby, biashy, brasbybs}].
By Lemma [106] we obtain that
7i([w1]) = [{a1, a1b1, bibe, biagbs, bias}] = [wq].

Next, we consider the case (i,5) = (1,5). For ¢ = £1, we have that
75 ([w1]) is equal to

an, a1 (512, (=) (D), (o) a™), (bra~=) (@ anz™) (b))
=[{a1, a1biz™°, biba, biagzr™°, brasba}l,

where = = by 'a; 'baa;. Suppose p € RS;(I[‘)MD(A), and let x := p(z). Then

B1B281 82 = Prazfefrazfe,
which implies that
(B2B1)a2(B281) ! = as.

Hence,
X =B "oy Baon = By oy M (BaB) By e
(288) =By 1 (B2B1) 2B = Braafy ta.
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For ¢ = 1, we start by noticing that Siasxy™! = ﬁlagaflﬁloglﬂfl is a
conjugate of al_l,B. Because a? = —1, we deduce that
(1) = —1.
Because (a131)% = (a181x )% = —1, we obtain that
(a1Br)x(eafr) " = x~"
Therefore
(289) (1B1x)? = (1 B1)? = —1.
By (288) and a? = —1, we deduce that
a1Bix = —a1Bi(Bro) By tor
Hence, by (289), we obtain that (31a2)? = —1. Altogether, we deduce for
e=1,
af = (B152)? = (BrazBa)? = (a1B1)? = (Braz)® = —1.
This means
(290) 5([wi]) = [wil.
For € = —1, we start by noticing that using (288)) and a? = —1 we have

a1B1x = a1B1Prafy tar = —(a1B1)(Bran) (e fr) L

Hence (B1a2)? = —1. As (Brazx)? = —1, we have (Braz)x(Braz) ™t = x L.
Hence

(Braax™)? = —1.
Notice that

Braox ' = Brasay tBray BT = (Braz)(ay tBr) (Braz) Tt

Hence, (al_lﬂl)Q = —1; because we also have a? = —1, it follows that

(a1B1)? = —1. Altogether, we have

O[% = (BLBZ)Q = (/61052/82)2 = (ﬁ1a2)2 = (041/61)2 = —1’
and so
(291) 75 ([wi]) = [wi).

By (290) and (291)), we obtain 75 ([w1]) = [w1]. This completes the study
of the vertex [wy].

Next, we consider the case of (i,j) = (2,2). For ¢ = £1, we have
75 ([wa]) =[{a1b], b1, a1b5b1b2, a1bibias, a1bibiazby}]
=[{a1b1, b1, a1ba, ajaz, ajasby}] = [ws).
For (i,7) = (2,3) and € = £1, we have
75([wa]) = [{a1, b1, a1biagbs, arbraz, aibiazasbs}].
By Lemma [106], we obtain that

75([w2]) = [{a1, b1, arbiagba, aibiagz, a1biba}] = [wa).
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For (i,7) = (2,4) and € = £1, we have
Tfl([WQ]) = [{al, bl, alblbg, alblagb‘;, alblagb‘;bg}].

By Lemma we deduce that
Tfl([WQ]) = [{a1, b1, a1b1ba, a1bjagbs, ajbias}] = [wa).
For (i,7) = (2,5) and € = £1, we have that
75 ([wa]) = [{a1, b1z™%, a1biba, a1biasx™°, aibiasba}],
where 2 = by 'a; 'baa;. Suppose p € RSE(I[LQ])(A), and let x := p(z). Then
by (a18132)? = (a1f12/32)? = —1, we obtain that
(B2a1B1)az(Bra1 )t = oy
Hence
X =By 'y ' Bran = By g ! (Ba0n 1) By
(292) =By 1 (Bac1 B1) Byt = a1 Brasy
By , for e = 1, we have
a1Braox " = (a1 Brag)Bi(arfron)
and so 32 = —1. This implies that for ¢ = 1,
Bix~° = BB fraz) "t = (1 fraz) "
Hence, in this case (a1 B1a2)? = —1. Altogether, we obtain
of = i = (p12)* = (1f1a2)? = (a1fr02f2)* = —1.
This means
(293) 75([wa)) = [wol.
By , for e = —1, we have
Bix "¢ = Bix = Brai Brafy .
Hence (a131a2)? = —1. Therefore, by , we have
a1frazx = (a1frag)(anfrag) syt = =B
Thus 87 = —1. Altogether, we obtain that
(204) 75 ([wa]) = [wa).
By and , we deduce that
75 ([wa]) = [wal.
Next, we consider the case (i,7) = (3,1). For € = £1, we have
11 ([ws]) = [{aib1, a1a7b1, a1ba, aras, ajasba}].
By Lemma [106], we obtain that

71 ([ws]) = [ws].
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For the case (i,7) = (3,3) and € = £1, we have
T§( ws|) = [{b1, a1b1, a1a5be, ajaz, ajasasba}l.
By Lemma we obtain that
([W3]) [{b1, a1b1, arazbs, araz, arba}] = [ws].
For the case (i,7) = (3,4) and € = £1, we have
75 ([ws]) = [{b1, a1b1, aiba, ajagds, arazb5ba}].
By Lemma [I06] we obtain that
7i([ws]) = [{b1, a1b1, a1ba, a1azbz, aiaz}] = [ws].

The case (i,7) = (3,5) is the most tricky part of the proof. Let ¢ = +1
and
;= 75 (ar), b 1= 73(b0),
fori=1,2. Let x = bz_laglbgal and recall that
Tt (z) = m.
Clearly, we have
75 ([ws]) = [{bh al la ‘11 2, a1a2v a1a2b'2}].
Suppose p € R_(rg(l[lv3])(A). Let o := p(al), Bl := p(b;) for i = 1,2, and
X = p(z).
Because (85a))? = (ahB5a)? = —1, we have
(Baa )y (ﬁzoﬁ) 0/2_1-
This implies that
(295) X = 85 oy Byal = By Bhal oy = aah.
Hence, x? = —1, and so x° = +x. By (295) and (o/jab85)? = —1, we obtain
that
—1 = (ajahfy)® = (xx"fa)? = 6.
By (295)) and (j35)? = —1, we deduce that
—1 = (a)By)* =(1x*Ba2)” = (c1x ' B2)”
=(a1a7 '8y asBafa)?

=85 (02 32)* Ba;
and so
(a2f2)* = —1.
Because —1 = 372 = (B1x°)? and x? = —1, we deduce that

(206) xBix~t = BTV
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By , x? = —1, and , we have
—1= (a4 81)" =(xal Bix %)
—(xxay xS
=(ag B )%
Hence (f1a2)? = —1.
Because 32 = (az/32)? = —1, we have

52a262 —&2 .

Therefore,
X = By tag tBaar = By Baanar.
Hence, x? = —1 implies
(041042)2 = —1.
Since 872 = x? = —1 and x = azay, we deduce that

—1=(Bix %) = (Bix)* = (Brazan)*.
Altogether, we have proved that
B3 = (a1a2)® = (Braz)”® = (22)* = (a1B102)* = —1.
This implies that p € R[(wl]) (A), and so
75 ([wa]) < [wal.

Only the following three cases are remained: (i,7) = (4,5), (5,5), and (6, 5).
The analysis of the case (4, 5) is very similar to the analysis of the case (3, 5).
Let a} := 7£(a;) and bV} := 7£(b;) for i = 1,2 where € = £1. Then

75 ([wa]) = {b5, ayby, biay, ajay, ajbhas}.

Recall that 75(z) = = where = b, 'a; 'boa;. Suppose p € R, - £ (twa)) (4);

and let o) := p(a}), B} := p(b)) for i = 1,2, and x := p(x). Because
2 = (ahyBh)? = —1, we have

By =
Hence
(297) X = 5/ ! ,21 0 = ahal.
By (297) and (a/a})? = —1, we obtain that
x> =—-1; andso x° =+y.
y (B1ahat)? = —1, x? = —1 and (297), we obtain that
-1= (51042041) = (51X€X)2 = 5%-
Because (B8a5)? = —1, B = —1, x* = —1, and - we deduce that
—1 = (Bxa ) = (Bix"xar ) = (B ey )

Hence, we have

(a1B1)® = —1.
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Because (B5a4)? = —1, we have

(X*Bax“aax~9)* = 1.
Hence, by x? = —1, we deduce that

—1 = (Baxaz)? = (B2fy Loy raran)? = ay  (Br0) e,

which implies that

(Bacr1)? = —1.
Since B2 = —1, 85 = x°Ba, and x? = —1, we obtain that
XBax ' =Byt

Thus using 32 = —1, we have

(B3 tay ' Bacn)Ba = By (B ey Bacun),
and so
tr(ay ' faar) = — tr(ay tBacr).
Therefore, tr(as 18501) = 0, which by the Cayley-Hamilton theorem implies
that
(042_1,6’2(11)2 =—-1.
As (Bra1)? = (a5 'Baa1)? = —1, we deduce that

(Baar)ag(Brar) ™ = ag .

Thus
(Baiaz)® = —1;
moreover
X = By ay (B2an) = By (Baon)aa = 1.
As x? = —1, we deduce that
(051042)2 =—1.
Altogether, we have proved that

B = (1p1)? = (1B2)” = (102)” = (a1aafa)? = —1.
This means p € R(fl)(A), and so

[w]
75 ([wa)) = [ws].
For the case (i,7) = (5,5) and € = £1, we have

£

75 ([ws]) =[{2"ax™°, 2°b2, a12%agby, biasba, a1biazbs}]

=[{ag, 2°b2, a1x®azbe, bragbs, aibrazba}]

([ws]

where © = by 'ay 'bear. Let p € R%l) )(A) and y := p(z). For e = 1,
(x°B2)"t = —1 and a2 = —1 imply
—1= (850" Boa1B2)? = By ' (2B2011)* Ba;

and so
(0610@52)2 = —1.
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Because (ao2a1)? = (xazfaa;)? = —1, we have
(agBoar)x(aafran) ! = x 7t
Hence using (Xagﬂgal)z = —1 and a% = —1, we obtain
—1 =(azfea1x')?
=(azBrara; By tanBs)?
=53
Altogether, we have
a3 = B3 = (a1aaf)? = (Bra2f)? = (a1B10282)* = —1,
which means p € RE‘;;])(A). Hence,
(298) 75([ws]) = [ws].
For e = —1, (a1x°a2f2)? = —1 and a3 = 1 imply
—1 =(a1a; ' By 'aaBaazBa)?

=065 Haafra2)? s
=(a2fa2) " B3 (a2B2).

Hence
B3 =—1.
Using 3% = —1 and (x°2)? = —1, we obtain that
BoxByt =x"".
Hence,
—1 =(B2x)* = (B25 ' 0y ' facrr)?
=(0g ' Bra1)? = (aafar)’.

Therefore

(0610@52)2 = —1.
Altogether, we have
a3 = B3 = (a10282)° = (Brazfa)? = (a1 fragfa)” = —1,
which implies that
(299) 75 ([ws]) < [ws].
By (298) and (299)), we deduce that
73 ([ws]) = [ws).
The last case is (i,5) = (5,6). For ¢ = £1, we have

£

75 ([we]) =[{2"azx™°, 2°a2ba, a12°ba, biba, a1b1ba}]

=[{az, 2°agba, a1xba, biba, a1biba}],
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where = b, 'ay bya;. Suppose p € R(Tg(l[lvﬁ])(A) and let x := p(z). Ife = 1,
then (x*a2B2)? = —1 implies that
—1 =(xa262)* = (85 ‘o a1z o)

=By 'y N (Baar) o

and so
(a152)2 = —1.
Because (B2a1)? = —1 and (x3201)? = —1, we have
(Ba2ar)x(Bron) ™ = x 7.
Hence

—1=(xf201)? = (Baoux™')*
=(Bacra; ! By taafa)”
=(0r2f32)”.
Altogether, we have
a3 = (B182)?* = (a152)? = (fr)? = (a18182)* = —1.
This implies that
(300) 75([wel) < [we.
For ¢ = —1, let p € R;j?([wd)(A) and x := 75 '([wg])(z). Then by
(x"B20c1)? = —1, we deduce that
—1=(a7' 85 aaBaBrar)”
=ay' By ' (a2f2)° Bacu;

and so

(a2f2)* = —1.
By (a282)? = —1 and (x 'agf)? = —1, we obtain that

(2B2)x(2B82) = x 7.
Therefore, by (x 'aoB2)%2 = —1, we obtain that
—1 =(x""a2B2)? = (a2B2x)

=(2B28; 'y ! Bacry)?

=(Bac1)*.
Altogether, we have

a5 = (B152)* = (a1$182)” = (a282)* = (Boon1)® = —1.

This implies that
(301) 75 ([we]) < [wel.
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By (300) and (301]), we obtain
7 ([ws]) = [we).
This finishes the proof. O

8.3.3. Dense exceptional representations of Iz 1. The goal of this section is
to prove the following result.

Proposition 113. (1) For everyi = 1..6, there exists p : Ilz ;1 — SU3(C)
such that p € R(_l)(C) and the image of p is dense in SUa(C) with

[wil
respect to the Hausdorff topology.
(2) For every i = 1..6 and prime p > 3, there exists
1 .
pE wai}) (Zp) N Rep3 1 (Zy).
We start with the following lemma, which roughly says that the conditions
on the words w € w; imply the boundary condition.

Lemma 114. Suppose j = 1..6 and p : a1 — SLa(A) is a representation
such that for all w € wj;, p(w)®> = —1. Then p(c) = —1; that means

peRCY(A).

[w;]
Proof. Suppose j = 1. Let «o; := p(a;) and B; := p(b;) for i = 1,2. Then
a? = (a1 81)? implies that

(302) arfrayt = B,

and similarly, (B1a2)? = (Biaef2)? implies that

(303) azfy oyt = B Baf.

By (302)), we have

(304) o, By = B

By (303)) and (8132)% = —1, we deduce that

(305) [aa, B3] = B BaBi B2 = By 2(B152)” = =B >

By (304) and (305)), we deduce that p(c) = —1. This completes the proof
for j = 1.

_ For an arbitrary j, by Proposition there exists a pure automorphism
6 such that (8- p)(w)? = —1 for every w € wy. Hence, (6-p)(c) = —1. Since
6 is a pure automorphism, (6 - p)(c) and p(c) are conjugate of each other,
and so p(c) = —1. This completes the proof. O

Lemma 115. A subgroup G of SLa(A) has a generating set aq, s, B1, B2
such that
w(on, Br, oz, B2)” = —1
for allw € wy if and only if G has a generating set {Ti}?zl such that Ti2 =-1
for alli=1..5 and
T1ToT3T4Ts = 1.
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Proof. (=) Let 11 := Braa, T2 = BragBe, 13 := (B1B2)~ !, 74 := a1, and
75 := a1 1. Then, we have 72 = —1 and
T17TaT37aTs =(B1ow)(Branf2)(B182) tar (a1 B1)
=(Bra2)? 2By 1B i By = 1.

One can see that (a1, f1, a9, 82) = (1 | 1 <@ < 5).
(<) Let ay := 14, p1 := 7'4717'5, Qg 1= 7'517'471, and By 1= Tfng. Then,
we have

OZ% :7—42 = _17
(a151)? =(rary t15)2 = 72 = —1,
2 “1_\2 _ 2 _ -2 _
(8152) (7'4 TsT] T2)° = (TaTsT1T2)” =75~ = —1,
(Bra)? =(ry trsrs trym)? = 8 = —1,
(Blozgﬁg)Q (7'4 T5 T 17'47'17'1_17'2)2 =75 =—1.

-2

T3
One can see that (a1, 01,a9,82) = (1, | 1 < i < 5). This completes the
proof. O

Lemma 116. For every element o of SU3(C), there are 7,7 € SU3(C) such
that 72 =72 = —1 and o = 77"

Proof. Let ¢+ : SU2(C) — SO3(R) be the central isogeny described in the
discussion after Corollary Let @ := t(). Then @ is a #-rotation about
an axis ¢ which passes through the origin. Suppose ¢; and ¢ are two lines
which pass through the origin, are orthogonal to ¢, and the angle from ¢; to
Uy is 0/2. Let T and 7/ be the m-rotations about ¢; and /o, respectively. Then
@ = 7'7. The isogeny ¢ is surjective, and so there are 7 and 7/ in SU5(C)
such that u(1) =7 and «(7") = 7. By the discussion after Corollary we
have 72 = (£7/)?2 = —1, and a = (&7')7. This completes the proof. O

Lemma 117. There is {r;}?_; C SUs(C) such that 72 = —1 for all 1,
TIToT3TaTs = 1, and the subgroup generated by 7;’s is dense in SUy(C).

Proof. By Lemma there are 71,79, 73 € SU3(C) such that 7'1-2 = —1 for
i = 1,2,3 and (71,72, 73) is dense in SU3(C). By Lemma , there are
74,75 € SU3(C) such that 77 = 72 = —1 and 1475 = (117273) 1. Hence 7;’s
satisfy the desired properties. [l

To show that SLa(Z,) has a dense subgroup similar to the one provided
for SU3(C) in Lemma we start with the following two lemmas. The first
one is well-known, and it is included for the sake of the reader’s convenience.

Lemma 118. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and w € D generates the mazximal ideal of D. Suppose
a,b € D and a®> — 4b € (w). Then for every c € D*, there exist x,y € D
such that

(306) 22 +azy + by’ =c.
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Proof. Notice that 2 € D* as the characteristic of the residue field k :=
D/{(w) is not 2, and

(307) 2?2 + axy + by? = 2% — dy?,

where z := z — (a/2)y and d := (a® — 4b)/2. In the residue field k :=
D/(w), there are exactly (|k|+1)/2 perfect squares, and so by the pigeonhole
principle and (307]), there are zp, yo € D such that

2 —dy=c (mod w).
By induction on ¢, we show that there exist zs, y, € D such that
20 =z—1 (mod wé),
(308) ye=ye-1 (mod =),
22 —dy? =c (mod w

Suppose we have already found {z; f:(lj and {y; f;é which satisfy (308]). Let
2p =21 + w't, and yp 1=y + wéty. Then, for £ > 1,

€+1)‘

(309) 22 —dyi—c = 2i_—dy}_—c+2w'z 1t —2dw'y, 1t, (mod w'T1).

By the induction hypothesis, Zz%—l — dyg_1 — ¢ =w'ry_; for some ry_; € D.

Hence, by (309)), (308) has a solution if for some t,,t, € D, we have
(310) Te—1 4+ 2zp-1t, — 2dye_1ty =0 (mod w).

By and the assumption ¢ € D*, we deduce that either zy_; € D* or
ye—1 € D*. As 2 € D*, we obtain that has a solution in D. This
completes the proof of the induction step.

By , the limits y := limy_, y¢ and z := limy_,, 2 exist, and we have
2?2 — dy* = c. Hence, x := z + (a/2)y and y give us a solution of . O

Lemma 119. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and w € D generates the mazximal ideal of D. Let

a = (a“ a12> € SLo(D). Then there are 7,7" € SLo(D) such that
a1 a2

P?=72=-1anda=717if

a12a21, (tI‘ a)2 —14 € (w>
Proof. Notice that for every 7 € SLa(D), we have 72 = —1 if and only if

tr(7) = 0. So there exist 7, 7" € SLa(D) such that a = 77/ and 72 = 7% = —1
if and only if there exist x,y,z € D such that

(311) 2> +yz=—-1 and tr<a(:§ y))zO.

—X

Since aj2,a2 € (w), aie,as;1 € D*. Hence, (311]) has a solution precisely
when, for some z,y € D,

(312) %+ af21(a22 —ay)ry — af21a21y2 = —1.
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By Lemma has a solution in D if

(313) (apy (age —a11))? +4aj;as1 Z0 (mod w).

After multiplying the left side by a2, and using the fact that
1 =deta = ajiaze — aizas,

we obtain that holds if and only if

(tra)? —4 ¢ (@).
This completes the proof. ([

Lemma 120. For every prime p > 3, there exists {7;}_; C SLa(Z,) such
that 72 = —1 for all i, TyTeT3T4Ts = 1, and the group generated by 7;’s is
dense in SLa(Zy).

Proof. Suppose @ € Z/pZ generates (Z/pZ)*. It is well-known that
L= {l+4pr|leecZy}—Z, = ZL/pL—1

is a splitting short exact sequence. Let a € Z; be a lift of @. Let

(0 1 (0 —a
T = -1 0/’ T2 = a—l 0 )
12 2 3
T3 1= (_1 _1> , and T4 = (_1 _1> .

Then for all i, we have tr(r;) = 0, and so 77

= = —1. Moreover,

(314) tr(rmm) =a ! —a and tr(rmrs) = 207! — a.

If (tr(r1m273))? — 4 = (tr(mim274))? — 4 =0 (mod p), then @2 = 2/3, which
implies that p = 23. Thus, even for p = 23 only two values for a can be bad.
Hence, for all p > 3, we can choose a in a way that either

pt(tr(mimems))? —4 and pt (tr(TngTé))2 —4.
Therefore, by Lemma there exist 74, 75 € SLa(Z,) such that 7'42 = Tg =
—1 and either 7 7om37475 = 1 or TTeTyTATs = 1.

Notice that the group generated by 71 and 7 modulo p is a binary dihedral
group of order 2(p — 1), and 73 and 75 modulo p are not in this subgroup
of SLo(Z/pZ). By Dickson’s theorem, the given binary dihedral group is a
maximal subgroup of SLy(Z/pZ). Hence, both subgroups (7; | 1 < i < 3)
and (71,72, 74) modulo p are equal to SLa(Z/pZ). Therefore, either 7;’s or
T1, T2, T4, T4, and 75 satisfy the desired properties. [l

Proof of Proposition[112. Suppose that G is either SU3(C) or SLa(Z,). By
Lemmas 117 and [120] there is {7;}5_; C G such that

2
T;

= —1, TTeTyTyTs = 1,

and the group generated by 7;’s is dense in G.



ORBIT CLOSURE OF THE PURE MCG 179

Then by Lemma there are a1, 31, a2, 32 € G such that
(a1, B1, 02, B2) = (13 | 1 <i <5),
and for every w € wi,
(315) w(ah/@l,aQwBQ)Q =-L
Let p : IIy; — G be given by p(a;) := a; and p(b;) := f; for i = 1,2. Then
by and Lemmal|l14} p(c) = —1. Hence, p € R(fl)(A) where A is either

[w1]

C or Zy, and the image of p is dense in G. This completes the proof. O
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