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1. Introduction

1.1. Set up. In this article, Σg,n denotes a surface of genus g with n holes.
Then a fundamental group of Σg,n is isomorphic to the group

Πg,n := ⟨α1, β1, . . . , αg, βg, γ1, . . . γn | [α1, β1] · · · [αg, βg]γ1 · · · γn⟩.
Let Repg,n be the SL2-representation variety of Πg,n, and Chg,n be the SL2-
character variety of Πg,n (see both definitions in §2.1). Let us recall some of
the basic properties of these schemes:

(1) For every unital commutative ring R, there is a natural bijection
between the set of group homomorphism Hom(Πg,n, SL2(R)) and
Repg,n(R).

(2) Repg,n is a closed subscheme of SL2g+n
2 .

(3) There is a morphism πg,n : Repg,n → Chg,n such that for every unital
commutative ring R, Chg,n(R) is coarser than Repg,n(R)/GL2(R);
notice that GL2(R) acts on Repg,n(R) by conjugation.

(4) For every γ ∈ Πg,n, there is a regular function tγ of Chg,n such that
for every ρ ∈ Repg,n(R), tγ(πg,n(ρ)) = tr(ρ(γ)).

For ρ ∈ Repg,n(R), we let [ρ] := πg,n(ρ).
The Mapping Class Group (MCG) of Σg,n is the group of isotopy classes of

orientation preserving diffeomorphisms of Σg,n, which restrict to the identity
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on the boundary. The MCG acts on Chg,n and in this work, we study orbits
of this action. The action of the MCG leaves two Zariski-open subschemes

Ch•g,n ⊆ Ch×g,n ⊆ Chg,n,

of Chg,n invariant. The subscheme Ch×g,n was given by Saito in [46], and
its R-points are associated with absolutely irreducible representations. The
subscheme Ch•g,n is introduced here, and its R-points are associated with
sufficiently Zariski-dense representations (see §2.2). In this work, we give
detailed properties of the R-points of these schemes for a unital commutative
ring R. The precise statements of the main results are given in the next
subsection.

Based on the op. cit. work of Saito, for every x ∈ Ch×g,n(R), we define
the x-boundary ∂xΣ, the sign vector ϵ(x), and the x-boundary trace vector
k(x) such that for every lift ρ of x (that means ρ ∈ Repg,n(S) for some ring
extension S/R and [ρ] = x) the following properties hold.

(1) For every i ∈ [1..n], ρ(γi) = ±1 if and only if i ̸∈ ∂xΣ. We let
n(x) := |∂xΣ|.

(2) The sign vector ϵ(x) := (εi)i∈[1..n]\∂xΣ, where εi := ρ(γi); in particu-
lar, it has n− n(x) many components and

(3) The x-boundary trace vector is k(x) := (tγi(x))i∈∂xΣ.

Notice that for every element θ of the MCG, we have

∂θ·xΣ = ∂xΣ, ϵ(θ · x) = ϵ(x), and k(θ · x) = k(x).

Hence the orbit Γg,n · x is a subset of the R-points of a closed subscheme of
Ch×g,n that is given by fixing these parameters. For a given sign vector ϵ and
boundary trace vector k, we denote the corresponding closed subschemes by

Ch•g,n;k,ϵ ⊆ Ch×g,n;k,ϵ,

and call them modified relative character varieties.

1.2. Statement of main results. In this subsection, we give a summary
of the main results of this work. Before getting to that, let us recall that
by the Dehn-Nielsen-Baer theorem (see [13, Chapter 8]), the MCG of Σg,n

is isomorphic to

{θ ∈ Out(Πg,n) | θ permutes conjugacy classes of γi, 1 ≤ i ≤ n},
where Out(Πg,n) denotes the group of outer automorphisms of Πg,n. The
pure MCG of Σg,n is the subgroup of the MCG which consists of elements
that fix each one of the conjugacy classes of γi’s. The pure MCG of Σg,n is
denoted by Γg,n. Let PAut(Πg,n; γ1, . . . , γn) be

{θ ∈ Aut(Πg,n) | θ(Cl(γi)) = Cl(γi) for all 1 ≤ i ≤ n},
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where Cl(γi) is the conjugacy class of γi. We will simply write PAut(Πg,n)
instead of PAut(Πg,n; γ1, . . . , γn) and refer to it as the group of pure auto-
morphisms of Πg,n. Clearly, the following is a short exact sequence

1 → Inn(Πg,n) → PAut(Πg,n)
ι−→ Γg,n → 1.

Notice that PAut(Πg,n) acts on Repg,n and its action is compatible with the
action of Γg,n; that means, for every unital commutative R, ρ ∈ Repg,n(R)
and θ ∈ PAut(Πg,n), we have

[θ · ρ] = ι(θ) · [ρ].

1.2.1. Defining open subschemes and their properties. As it was mentioned
earlier, we define open subschemes Ch•g,n and Ch×g,n of Chg,n. Let

Rep•g,n := π−1
g,n(Ch

•
g,n) and Rep×g,n := π−1

g,n(Ch
×
g,n).

The following theorem describes the R-points of these schemes for an arbi-
trary unital commutative ring R; see Proposition 3, Lemma 4, and Corol-
lary 8 for more detailed results.

Theorem A. For every unital commutative ring R, the following statements
hold.

(1) (Absolutely irreducible representations) ρ ∈ Rep×g,n(R) if and only
if the R-span of ρ(Πg,n) is M2(R).

(2) (Absolutely irreducible characters) For x ∈ Ch×g,n(R), there exists a

faithfully flat extension S of R and ρ ∈ Rep×g,n(S) such that [ρ] = x.

(3) (Fibers) For ρ1, ρ2 ∈ Rep×g,n(R), [ρ1] = [ρ2] if and only if there exist
an integral extension S of R and g ∈ GL2(S) such that:
(a) For some c ∈ S× and g′ ∈ GL2(R), g

2 = cg′.
(b) The product of every entry of g by every entry of g−1 is in R.
(c) For all γ ∈ Πg,n, ρ2(γ) = gρ1(γ)g

−1.
Moreover, if either R is a UFD or every finitely generated projective
R-module is free, then g can be taken from GL2(R).

We have an even better description of the D-points of these schemes if D
is a compact DVR (see Proposition 10).

Theorem B. Suppose D is a compact DVR and the characteristic of its
residue field is not 2. Suppose a is a proper non-zero ideal of D. Let πa
denote all the maps that are induced by the quotient map πa : D → D/a.
Then all the arrows in the following diagram are surjective

Rep×g,n(D) Ch×g,n(D)

Rep×g,n(D/a) Ch×g,n(D/a)

πg,n

πa πa

πg,n

and for all x ∈ Ch×g,n(D), the fiber π−1
g,n(x) is a single GL2(D)-orbit.
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To describe R-points of Rep•g,n, we introduce the notation of sufficiently
Zariski-dense representations to SL2(R). For a maximal ideal m of R, let

k(m) := R/m and k(m) be an algebraic closure of k(m). We say a represen-
tation ρ : Πg,n → SL2(R) is sufficiently Zariski-dense if for every maximal
ideal m of R either the image Im(πm(ρ)) is Zariski-dense in (SL2)k(m)

or it

contains a copy of SL2(Fp) where p is the characteristic of k(m). The follow-
ing describes the R-points of Rep•g,n and Ch•g,n, and the functions induced
by πg,n; see Propositions 20 and 21 for more detailed results.

Theorem C (Sufficiently Zariski-dense representations and characters).
Suppose R is a unital commutative Z[1/30]-algebra, prime p > 5, D is a
compact DVR where the characteristic of its residue field is p, a is a proper
non-zero ideal of D, F is an algebraically closed field of characteristic zero,
and k ∈ Z+. Then the following statements hold.

(1) For ρ ∈ Repg,n(R), ρ ∈ Rep•g,n(R) if and only if ρ is sufficiently
Zariski-dense.

(2) πg,n : Rep•g,n(F ) → Ch•g,n(F ) is surjective.
(3) All the arrows in the following diagram are surjective

Rep•g,n(D) Ch•g,n(D)

Rep•g,n(D/a) Ch•g,n(D/a).

πg,n

πa πa

πg,n

(4) For ρ ∈ Repg,n(Zp), ρ ∈ Rep•g,n(Zp) if and only if the image of ρ is
dense in SL2(Zp) in the p-adic topology.

(5) For ρ ∈ Repg,n(Z/pkZ), ρ ∈ Rep•g,n(Z/pkZ) if and only if ρ is sur-
jective.

1.2.2. Modified relative character varieties. As it was explained earlier, for
a collection ϵ of signs assigned to a subset I of the boundary curves, we
define the closed subscheme Rep×g,n;ϵ such that

Rep×g,n;ϵ(R) = {ρ ∈ Rep×g,n | ∀i ∈ I, ρ(γi) = εi},

and we construct a closed subschemes Ch×g,n;ϵ of Ch
×
g,n whose main properties

are captured in the following proposition; see Lemma 23.

Proposition D. Suppose ϵ := (εi)i∈I ∈ {±1}I where I ⊆ [1..n], R is a
unital commutative ring, D is a compact DVR whose residue field is not of
characteristic 2.

(1) For x ∈ Ch×g,n(R), x ∈ Ch×g,n;ϵ(R) if and only if for every ring ex-

tension S/R and every ρ ∈ Rep×g,n(S) such that [ρ] = x, we have

ρ ∈ Rep×g,n;ϵ(S).
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(2) All the arrows in the following diagram are surjective:

Rep×g,n;ϵ(D) Ch×g,n;ϵ(D)

Rep×g,n;ϵ(D/a) Ch×g,n;ϵ(D/a).

πg,n

πa πa

πg,n

It is worth pointing out that if we assign signs only to m < n boundary
curves, then Ch×g,n;ϵ is naturally isomorphic to Ch×g,n−m. If we assign signs

given by ϵ := (ε)ni=1 to all the boundary curves, then Ch×g,n;ϵ is naturally

isomorphic to Ch×g,0 if
∏n

i=1 εi = 1; when
∏n

i=1 εi = −1, Ch×g,n;ϵ(C) can get
identified with what is called the twisted character variety of of Σg,0.

Based on Proposition D, we defined the x-boundary as the subset of the
boundary curves which are not mapped to ±1 under all lifts of x. The
number of elements of the x-boundary is denoted by n(x). We are using
the variable n to denote both the number of boundary curves of the given
surface and the functions from Ch×g,n(R) to Z≥0 which captures the number

of essential boundary curves for a given x ∈ Ch×g,n(R). There should not
be a confusion based on the context. Since x 7→ n(x) is a semicontinuous
map, we can define an open subscheme Cg,n;ϵ of Ch×g,n;ϵ, where n(x) stays
constant. After assigning trace values k to the rest of boundary curves,
we get an open subscheme Cg,n;ϵ,k of the modified relative character variety

Ch×g,n;ϵ,k. Similarly, we can define an open subscheme Rg,n;ϵ,k of Rep×g,n;ϵ,k.

The following statement captures the main properties of these schemes.

Proposition E. Suppose F is an algebraically closed field whose character-
istic is not 2. Suppose D is a compact DVR whose residue field k is not of
characteristic 2 and a is a proper ideal of D. Suppose ϵ := (εi)i∈I is a sign
vector.

(1) For k ∈ F [1..n]\I , the horizontal arrows in the following diagram are
surjective:

Rep×g,n;ϵ,k(F ) Ch×g,n;ϵ,k(F )

Rg,n;ϵ,k(F ) Cg,n;ϵ,k(F ).

πg,n

πg,n

Moreover, ρ ∈ Rg,n;ϵ,k(F ) precisely when ρ ∈ Rep×g,n;ϵ,k(F ) and

ρ(γi) ̸= ±1 for every i ̸∈ I.

(2) Suppose k ∈ D[1..n]\I . Then all the arrow in the following diagram
are surjective:

Rg,n;ϵ,k(D) Cg,n;ϵ,k(D)

Rg,n;ϵ,k(D/a) Cg,n;ϵ,k(D/a).

πg,n

πa πa

πg,n
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Moreover, for x ∈ Ch×g,n;ϵ,k(D/a), we have that x ∈ Cg,n;ϵ,k(D/a)

precisely when n(πϖ(x)) = n−|I| where ϖ is a uniformizing element
D and πϖ : D → k is the natural quotient map.

It is worth pointing out that we also show that

πa : Ch
×
g,n;ϵ,k(D) → Ch×g,n;ϵ,k(D/a)

is not necessarily surjective.
Suppose F is an algebraically closed field and its characteristic is not

2. For every sign vector ϵ and trace vector k ∈ Fm, let C be the reduced
subscheme of Chg,n;ϵ,k×ZF where the topological space of C and Chg,n;ϵ,k×Z
F are the same. Similarly, let R be the reduced subscheme of Repg,n;ϵ,k×ZF .
Notice that

R(F ) = Repg,n;ϵ,k(F ) and C(F ) = Repg,n;ϵ,k(F ).

Theorem F. In the above setting, if 3g+m− 3 is positive and R(F ) is not
empty, then R and C are irreducible and

dimR = 6g + 2m− 3 and dimC = 6g + 2m− 6.

Rapinchuk,et al, in [44], proved the case where n = 0 and the characteris-
tic is 0. Their result is about SLk-representation variety for an arbitrary k.
In [34], Liebeck and Shalev used character theory of finite groups and inves-
tigated the representation variety of non-virtually abelian Fuchsian groups
over an algebraically closed field of arbitrary characteristic. In [55], Whang
proved that C is irreducible if n ≥ 1, m = n, and 3g + n − 3 > 0. So
the main contribution of this result is for the case of the twisted character
variety Σg,0. Here, we follow Liebeck-Shalev’s method. This is a very strong
method and had been successfully employed by many, see for instance [1]
and more recent work of Guralnick, Larsen, and Tiep [26]. It is conceivable
that using results from [34] and [26], one can prove irreducibility of modified
relative SLd-representation varieties for an arbitrary d.

1.2.3. Exceptional orbits in the cases of (g, n) = (1, 2) or (2, 1). We will
show that typically an infinite pure MCG orbit is Zariski dense in the as-
sociated modified relative character. But this result has certain exceptions.
We present the precise exceptional families. Based on these families, we
show that there are dense SU2(C)-representations ρ of Π1,2 and Π2,1 such
that the pure mapping class group orbit of [ρ] is not dense in the corre-
sponding relative character varieties. This shows that [42, Theorem 1.4] due
to Previte and Xia is false for these cases.

Suppose (g, n, ε) = (1, 2, 1) or (2, 1,−1). For a subset v of Πg,n, we let

C
(ε)
v (A) :=

{
{x ∈ Ch×g,n(A) | ∀γ ∈ v, tγ(x) = 0} if ε = 1,

{x ∈ Ch×g,n;ε(A) | ∀γ ∈ v, tγ(x) = 0} if ε = −1.
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We let

v1 :={ac, bc, abc}, v2 :={ab, b, ac},
v3 :={a, b, abc}, v4 :={a, ab, bc}

be subsets of Π1,2 := ⟨a, b, c, c′ | [a, b]cc′ = 1⟩, and
w1 :={a1, a1b1, b1b2, b1a2, b1a2b2},
w2 :={a1, b1, a1b1b2, a1b1a2, a1b1a2b2},
w3 :={b1, a1b1, a1b2, a1a2, a1a2b2},
w4 :={b2, a2b2, b1a2, a1a2, a1b1a2},
w5 :={a2, b2, a1a2b2, b1a2b2, a1b1a2b2},
w6 :={a2, a2b2, a1b2, b1b2, a1b1b2}

be subsets of Π2,1 := ⟨a1, b1, a2, b2, c | [a1, b1][a2, b2]c = 1⟩.

Theorem G. In the above setting,
⋃4

i=1C
(1)
vi is invariant under the action

of the pure MCG Γ1,2, and
⋃6

i=1C
(−1)
wi is invariant under the action of the

pure MCG Γ2,1.

We also show that there are dense representations with exceptional traces
given in Theorem G.

Proposition H. (1) For every i = 1..4, there exist representations ρ0 :
Π1,2 → SU2(C) and ρ1 : Π1,2 → SL2(Z) such that the following
statements hold.
(a) The image of ρ0 is dense in SU2(C). The image of ρ1 is dense

in SL2(
∏

p ̸=3 Zp).

(b) [ρ0] ∈ C
(1)
vi (R) and [ρ1] ∈ C

(1)
vi (Z).

(2) For every i = 1..6 and prime p > 3, there exist representations
ρ0 : Π2,1 → SU2(C) and ρp : Π2,1 → SL2(Zp) such that the following
statements hold.
(a) The image of ρ0 is dense in SU2(C). The image of ρp is dense

in SL2(Zp).

(b) [ρ0] ∈ C
(−1)
wi (R) and [ρp] ∈ C

(−1)
wi (Zp).

By Proposition H, we can get exceptional points in Chg,n for other (g, n)’s.
By Proposition E, for x ∈ Ch×g,n(A), we can define the signed vector ϵ(x) for
boundary curves outside the x-boundary and the integer n(x) for the size of
the x-boundary. For g = 1 and n ≥ 2, we can have copies of our exceptional

sets C
(1)
vi in Ch×g,n. We refer to these points of Ch×1,n(A) as elements of the set

E1(A). Similarly, if g = 2 and n ≥ 1, we can have copies of the exceptional

sets C
(−1)
wi in Ch×g,n. We refer to these points of Ch×2,n(A) as elements of the

set E2(A).
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1.2.4. Closure of pure MCG orbits. After capturing the algebraic relations
that are preserved under the action of the pure MCG (this means describing
the scheme Cg,n;ε,k) and isolating the exceptional cases that can occur (this
means the sets E1 and E2), we prove various density of infinite Γg,n-orbits.

Theorem I. Suppose F is an algebraically closed field of characteristic zero,
x ∈ Ch•g,n(F ), 3g + n(x) > 0, x ̸∈ E1(F ) ∪ E2(F ), and Γg,n · x is infinite.
Then Γg,n · x is Zariski-dense in Chg,n;ϵ(x),k(x).

Whether there are finite Γg,n-orbits and how to classify them have been
investigated by many. This question has connections with algebraic solutions
of Painlevé VI differential equations. That was the reason that Lisovyy
and Tykhyy (see [35, 51]) and Dubrovin-Mazzocco (see [12]) studied this
problem. More recently, Biswas, et al, in [3], classified such orbits when
g ≥ 1; in particular, they showed that no point in Ch•g,n(C) has a finite Γg,n-
orbit if g ≥ 1. In [30], Lam, et al, used a result of Corlette and Simpson
and Katz’s middle convolution functor to study this problem. Among other
things, they show that Γ0,n · [ρ] is infinite if n ≥ 7, ρ : Π0,n → SL2(C)
has a Zariski dense image and ρ(ci) is not torsion for some i where ci’s are
the boundary curves of Π0,n. These results show that in many cases the
technical condition of having an infinite Γg,n-orbit is automatically fulfilled.

Our next result answers a question of Goldman.

Theorem J. Suppose ρ : Πg,n → SU2(C) is a representation with dense
image, 3g + n([ρ]) > 3, [ρ] ̸∈ E1(C) ∪ E2(C), and Γg,n · [ρ] is infinite. Then
Γg,n · [ρ] is dense in X[ρ] where X[ρ] consists of [ρ′]’s with the following
properties: ρ′ : Πg,n → SU2(C) is a dense representation, ϵ([ρ′]) = ϵ([ρ′]),
and k([ρ′]) = k([ρ]).

We also prove a bit weaker p-adic version of this theorem.

Theorem K. Suppose x ∈ Ch•g,n(Zp), 3g+ n(x) > 3, x ̸∈ E1(Zp)∪E2(Zp),
and Γg,n ·x is infinite. Then the closure of Γg,n ·x in Chg,n(Zp) contains an
open subset of Ch×g,n;ϵ(x),k(x)(Zp).

Based on Theorem K and the op. cit. work of Biswas, et al, we obtain
the following finiteness result.

Theorem L. Let k ∈ Zn
p and ϵ := (εi) ∈ {±1}m. Suppose one of the

following conditions hold:

(1) g ≥ 3.
(2) g = 2 and either n > 0 or

∏m
i=1 εi ̸= −1.

(3) g = 1 and n ̸= 2.

Then there are only finitely many Γg,n+m-orbit closures in

C•
g,n+m;ϵ,k(Zp) := Cg,n+m;ϵ,k(Zp) ∩ Ch•g,n+m(Zp).

Theorem L allows us to prove a mod pk-stability result. Let Ng,n;ϵ,k(ℓ)
be the number of Γg,n+m-orbits in

C•
g,n+m;ϵ,k(Z/pℓZ) := Cg,n+m;ϵ,k(Z/pℓZ) ∩ Ch•g,n+m(Z/pℓZ).
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Theorem M. In the above setting, there exist positive integer ℓ0 := ℓ0(g, n, ϵ,k, p)
and c0 := c0(g, n, ϵ,k, p) ≥ 1 such that for all ℓ ≥ ℓ0

(1) Ng,n;ϵ,k(ℓ) = Ng,n;ϵ,k(ℓ0), and

(2) for all x ∈ C•
g,n+m;ϵ,k(Z/pℓZ),

c−1
0 pdk ≤ |Γg,n+m · x| ≤ c0p

dk,

where d = 2(3g + n− 3).

It is worth mentioning that the dynamics of the action of Γg,n on Ch•g,n(R)
have been studied, extensively. It is well-known that

Ch•g,n(R) = πg,n(Rep
•
g,n(R)) ∪ {[ρ] | ρ : Πg,n → SU2(C) with dense image}

(see [10]) and the Teichmüller space can be identified with a Γg,n-invariant
subspace of πg,n(Rep

•
g,n(R)). In his seminal work [22], Goldman proved

that the unitary part of Ch•g,0(R) has a Γg,0-invariant Γg,0-ergodic measure.
This, in particular, implies that a typical Γg,0-orbit is dense in this space.
Following the same strategy of using Hamiltonian flows, in [25], Goldman
and Xia extended this result to the case where n is positive (and g is possibly
0). In [41, 42], Previte and Xia studied the same dynamical system from a
topological point of view. As we explain in the next subsection, the study
of the action of Γg,n on Ch•g,n(A) for other rings was initiated by the work
of Bourgain, Gamburd, and Sarnak on Markoff triples in Z/pZ.

1.2.5. Connection with Markoff triples. Here, we point out the connection
between our work and Markoff triples. Markoff, in his study of Diophantine
properties of real numbers, investigated integer solutions of x2 + y2 + z2 =
3xyz (see [37, 38]). Let M be the closed subscheme of A3 which is given by
the Markoff relation, andM• be the open subscheme given byM\{(0, 0, 0)}.
Markoff proved that the subgroup Λ of symmetries of M• given by the Vieta
transformations, permutations, and certain sign changes, acts transitively on
M•(Z). Bourgain, Gamburd, and Sarnak studied M•(Z/pZ), and conjec-
tured that the natural quotient map M•(Z) → M•(Z/pZ) is surjective (see
[5, 6]). This conjecture is equivalent to saying that Λ acts transitively on
M•(Z/pZ). In op. cit., it is proved that there always exists a very large or-
bit. More recently, Chen proved that the order of every Λ-orbit is a multiple
of p and deduced that M•(Z) → M•(Z/pZ) is surjective (see [8]).

We will show that

(1) Ch•1,1;−2 ×Z Z[1/30] ≃ M• ×Z Z[1/30]
and Γ1,1 can be embedded into Λ in a way that the isomorphism given in (1)

is Γ1,1-equivariant. We deduce that our mod pℓ-stability result (Theorem M)
implies the following.

Proposition N. Suppose p > 5 is a prime. Then there exist N0 := N0(p)
and c0 := c0(p) such that

(1) the number Λ-orbits of M•(Z/pℓZ) is at most N0, and
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(2) c−1
0 p2ℓ ≤ |Λ · x| ≤ c0p

2ℓ for every x ∈ M•(Z/pℓZ).

We should emphasize that Proposition N is not an optimal result. In
a work in progress by Mieri, Puder, Sarnak, and the first author, much
stronger results are proved; for instance, it is shown that Λ acts transitively
on M•(Z/pℓZ) if p > 5 and p ≡ 1 (mod 4).

1.3. Strategy of proof. Here, we go over the theorems mentioned in the
previous subsection, and briefly explain the strategies and the tools used in
their proofs.

The description of the R-points of Rep×g,n as given in part (1) of Theo-
rem A is proved based on results of Nakamoto in [39]. We prove that our
definition of absolutely irreducible R-representation is compatible with the
one given by Nakamoto.

Understanding the R-points of Ch×g,n as trace of representations – given
in part (2) of Theorem A – is based on Saito’s work (see [46] and also
Nakamoto’s work [39, Theorem 5.1]).

Showing that two representations ρ1 and ρ2 in a fiber of

πg,n : Rep×g,n(R) → Ch×g,n(R)

are almost conjugates over a possibly larger ring is based on the following
steps:

(1) Using a well-known technique by Burnsides, we show that ρ2 = θ◦ρ1
for some R-algebra automorphism θ of M2(R).

(2) Using a result of Isaacs on Skolem-Noether group of M2(R) (see [28]
and [45]), we understand automorphisms of M2(R).

Throughout this work, we prove and use surjectivity of maps of the form

X(D) → X(D/a)

where X is a scheme, D is a compact DVR, and a is an ideal of D. In each
case, first the surjectivity modulo the maximal ideal is showed, next the
smoothness at the special fiber is proved, and then the result is obtained
based on a Hensel-type argument.

Surjectivity of πg,n : Rep×g,n(D) → Ch×g,n(D) is proved based on the fol-
lowing ideas:

(1) Using op. cite. work of Saito, for every x ∈ Ch×g,n(D), there exist two

elements γ, γ′ ∈ Πg,n such that the discriminant ∆(γ, γ′)(x) ∈ D×.
(2) Using op. cite. work of Saito, there exists ρ ∈ Rep×g,n(D) such that

πg,n(ρ) = x if there are two matrices a, b ∈ SL2(D) such that

tr(a) = tγ(x), tr(b) = tγ′(x), and tr(ab) = tγγ′ .

(3) Using a result of Macbeath [36], finding such matrices can be reduced
to solving certain quadratic equation, can be solved over a finite field.

(4) We finish the proof using a Hensel-type argument.



ORBIT CLOSURE OF THE PURE MCG 11

Definitions of the open subschemes Rep•g,n and Ch•g,n of sufficiently Zariski-
dense representations and characters, respectively, are based on Dickson’s
characterization of finite subgroups of SL2(F ).

It is worth mentioning two remarks:

(1) In [7, Proposition 9.1, 9.2], Breuillard proved that there exists a
closed subscheme Vk of (GLd)

k such that (g1, . . . , gk) ∈ Vk(C) pre-
cisely when ⟨g1, . . . , gk⟩ is virtually solvable. The scheme Vk is de-
fined based on the action of GLd on the scheme F of full flags; it is
showed that there exists a finite subset of F(C) which is permuted by
gi’s if and only if (g1, . . . , gk) satisfies finitely many integer polyno-
mial equations. It would be interesting to understand the R-points
of Vk for an arbitrary unital commutative ring R.

(2) In [33], Larsen and Pink introduce the concept of sufficiently Zariski-
dense subgroup of F -points of a Chevalley group scheme where F is
a field. One should be able to use their work and extend our result to
the case of SLd-representations and other Chevalley group schemes.

Let Rg,n be the coordinate ring of Chg,n. Then for every p ∈ Ch×g,n, the

ring homomorphismRg,n → (Rg,n)p, t→ t
1 gives us a point in Ch×g,n((Rg,n)p),

and after passing modulo p, we obtain a point xp in Ch×g,n(k(p)) where k(p)
is the residue field of p. It is clear that

(2) Ch×g,n → Z≥0, p 7→ n(xp)

is a lower semicontinuous map. We let Cg,n;ϵ be the open subscheme of
Ch×g,n;ε which is the fiber over n of the map given in (2).

The non-trivial part of Proposition E is the surjectivity of

πg,n : Rg,n;ϵ,k(D) → Rg,n;ϵ,k(D/a).

As before, we use a Hensel-type argument to prove this. The needed smooth-
ness over the special fiber is proved using the fact that n([ρ (mod m)]) = n
for every ρ ∈ Rg,n;ϵ,k(D/m), where m is the unique maximal ideal of D.

As it was mentioned earlier, we provide an example which shows that not
every point in Rep×g,n;ϵ,k(D/m) has a lift. This shows the necessity of passing

to open subschemes Rg,n;ϵ,k and Cg,n;ϵ,k in order to obtain surjectivity of
residue modulo a maps.

As it was mentioned earlier, to prove Theorem F, we follow the same
strategy as the approach of Liebeck and Shalev in [34]. In our case, we use
the concrete character table of SL2(Fq) to show that if X1 and X2 are two
uniform independent random variables with values in SL2(Fq), then

(3) P([X1, X2] = x) =

{
1

|SL2(Fq)|(1±O(q−1)) x ̸= 1
q+4

|SL2(Fq)| x = 1.

We also show that if Y1, . . . , Yn are independent random variables such that
Yi is uniform on

{x ∈ SL2(Fq) | tr(x) = ki}
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for some ki ∈ Fq, then

(4) P(Y1 · · ·Yn = x) =
1

|SL2(Fq)|
(1±O(q−1))

for n ≥ 4. Then we use (3) and (4) in combination with the Lang-Weil
estimate on the number of Fq-points of an irreducible variety to complete
the proof of Theorem F.

To prove Theorem G, first we define an equivalence relation between
subsets of Πg,n: we say v ∼ v′ if for every unital commutative ring A,

C
(ε)
v (A) = C

(ε)
v′ (A). Next, we observe that the equivalence classes of this

relation are invariant under the action of the mapping class group. Finally,
we show that the Schreier graphs of the orbit of pure mapping class groups
on the class of the subsets v1 and w1 with respect to the Humphries genera-
tors are finite paths of sizes 4 and 6 (see Figure 1 and the discussion leading
to it for the definition of the Humphries generators). The most intriguing
aspect of Theorem G lies in the concrete nature of the construction of such
exceptional characters. The most challenging part was coming up with such
examples, which proved to be the only method for obtaining infinite MCG
orbits trapped within a smaller-than-aniticipated variety.

Proof of the unitary parts of Proposition H are based on the central
isogney ι : SU2(C) → SO3(R) and some basic Euclidean geometry. The case
of

∏
p ̸=3 Zp is proved using the presentation of SL2(Z) and strong approxi-

mation. The p-adic case of (2-a) is done by proving the existence of dense
subgroups generated by 5 elements τi’s such that

τ2i = −1 and τ1τ2τ3τ4τ5 = 1.

We find such τi’s by solving a certain quadratic equation.
Proofs of most of our orbit closure results are based on the following

strategy:

(1) (Analytic extension of powers of a Dehn twist) Suppose G is a com-
pact analytic function such that the G-character variety XG can be
defined; for instance, in the setting of this work, one can consider
SL2(Zp) or SU2(C). Then for every ρ : Πg,n → G and simple es-
sential curve a such that ρ(a) is not torsion, we define an analytic
curve in the G-character variety which is contained in the closure of
{τna · [ρ] | n ∈ Z}. Let

θa : SG ×XG → XG

be the family of all such maps, where SG is either R/2πZ if G is real
analytic or Zp if G is p-adic analytic.

(2) (Finding a generic grid) When G = SU2(C) or SL2(Zp), for a given
sufficiently Zariski-dense x ∈ YG which is not an exceptional point,
if Γg,n · x is infinite, we find a collection of simple essential curves

a := (a1, . . . , a2(3g+n(x)−3))
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such that the image of Θa : S
2m(x)
G ×XG → XG,

Θa(r, x) := θa1(r1, θa2(· · · , (r2m(x), x)) · · · )),
where m(x) := 3g + n(x)− 3 contains an open subset of XG.

Defining θa is rather easy and general, and it is similar to the Hamiltonian
flow used by Goldman. Finding the family a, however, needs a lot of care
and many steps are quite ad hoc. The general picture has some similarities
with the approach of proving the Tits alternative. Here is an overview of
how we achieve this.

(1) (Unbounded) Using the assumption that Γg,n · x is infinite, we find
a place ℓ such that Γg,n · x is an unbounded subset of Chg,n(Qℓ).

(2) (x-loxodromic essential simple curve) Using an optimal sequence of
generators (see Figure 3), we find an essential simple curve a which
is x-loxodromic.

(3) (x-handle at x-general position with x-loxodromic boundary curve)
Assuming g ≥ 1 and x is not one of the exceptional representa-
tions described by E1 and E2, we find an x-handle (a, b) with an
x-loxodromic boundary curve at an x-general position. This means
the following properties hold.
(a) The geometric intersection number of a and b is 1, and so a

small neighborhood of a ∪ b is homeomorphic to a one-holed
torus. Let c(a, b) be its boundary curve.

(b) All the curves a, b, and c(a, b) are x-loxodromic with arbitrarily
large traces.

(c) Curves a, b, and c(a, b) do not have common x-fixed points in
the projective line. Notice that having a fixed point in the
projective line does not depend on the choice of a lift ρx in
Repg,n(Qℓ) of x.

This approach is similar to Gallo, Kapovich, and Marden’s method
in [19]. In the op. cit. work of Gallo, et al, the authors were working
with a non-elementary subgroup of SL2(C), and made use of the fact
that in the Archimedean case unipotent subgroups are unbounded.
So in our case, alternative ad hoc arguments are needed to show
the existence of the desired x-handles. It is worth pointing out that
even in the exceptional cases, there are x-handles, but we cannot
find x-handle at x-general position with an x-loxodromic boundary
curve.

(4) (Cutting the found x-handle) Suppose (a, b) is an x-handle at an
x-general position with an x-loxodromic boundary curve. Then we
show that the restriction of x to Σ\a is still sufficiently Zariski dense,
and it has an unbounded orbit under the action of the pure mapping
class group of Σ \ a.

(5) (x-torso at x-generic position) After cutting all the handles, we get
to the case of n-holed sphere. Assuming the MCG orbit of x is
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unbounded, we find an x-torso (a, b) at an x-generic position. This
means the following properties hold.
(a) The curves a and b are essential simple curves with geometric

intersection number 2. In particular, a small neighborhood of
a ∪ b is homeomorphic to a 4-holed sphere. Then we can find

d̃1, d̃2, d̃3, d̃4 ∈ Πg,n which are freely homotopic with the bound-

ary curves of a small neighborhood of a ∪ b, a ≃ d̃1d̃2, and

b ≃ d̃2d̃3 (see Figure 5)
(b) Curves a and b do not have common x-fixed points in the pro-

jective line. Curves a and d̃i do not have common x-fixed points
in the projective line for i = 1..4.

(6) (Cutting along one of the curves of an x-torso) We modify the x-
torso at an x-generic position, and show that we can find an x-torso
(a, b) at an x-generic position such that if a connected component
Σ′ of Σ \ a has at least 4 holes, then the restriction of x to Σ′ is
sufficiently Zariski dense and the MCG orbit of this restriction is
unbounded.

Through the above process, we find a family a := (a1, . . . , a2m(x)) of simple
essential curves such that the following properties hold.

(1) For every i ∈ [1..g], (a2i−1, a2i) is an x-handle at an x-general po-
sition, and for i ∈ [1..(g − 1)] the boundary curve c(a2i−1, a2i) is
x-loxodromic.

(2) For every i ∈ [(g+1)..m(x)], (a2i−1, a2i) is an x-torso at an x-generic
position.

(3) {a2i−1}m(x)
i=1 is an x-pants decomposition; that means every connected

component Σ′ of Σ\(
⋃m(x)

j=1 ai) is of genus zero and n(x|Σ′) = 0, where

x|Σ′ is the restriction of x.
(4) For every i ∈ [(g + 1)..m(x)] and j > 2i, the geometric intersection

number of a2i−1 and aj is zero.

Using the above a, we find another 2m(x)-tuple b of simple essential curves
such that dPa,b,x|r=0 is invertible where

Pa,b,x(r) := (tb1(Θa(r, x)), · · · , tb2m(x)
(Θa(r, x))).

Using the inverse function theorem, we deduce that the image of Pa,b,x and
Θa(r, x) are open.

To prove Theorem I, we use a result due to Bell (see [2]) which states that
every finitely generated characteristic zero integral domain can be embedded
into Zp for a prime p > 5. Based on this result, we deduce that every
x ∈ Ch•g,n(F ), where F is a characteristic zero field, can be viewed as an
element of

Ch•g,n(Qp) ∩ Chg,n(Zp).

Then we finish the proof using the following observations.

(1) The p-adic closure is a subset of the Zariski closure.
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(2) The p-adic closure is of dimension C (see the discussion leading to
Theorem F).

(3) The p-adic dimension of a variety is less than or equal to its Zariski
dimension.

(4) By Theorem F, C is irreducible.

To obtain Theorem J, first by the above argument, we show that the
closure of the pure MCG orbit contains an open subset, and then use a
result of Goldman and Xia [25] which roughly states that there exists a
regular Γg,n-invariant Γg,n-ergodic measure on the SU2(C)-relative character
varieties. Therefore, the considered pure MCG orbit is dense.

Proofs of Theorems K and Theorems M are based on the following obser-
vations.

(1) Because we have avoided the exceptional cases and the cases that
have finite MCG orbits, for every x ∈ C•

g,n+m;ϵ,k(Zp), Γg,n · x is an
open subset.

(2) C•
g,n+m;ϵ,k(Zp) is compact.

(3) C•
g,n+m;ϵ,k(Zp) → C•

g,n+m;ϵ,k(Z/pℓZ) is surjective by Proposition E.

2. Representation and character varieties.

2.1. Basic properties of the subscheme of absolutely irreducible
representations and characters. Suppose Σg,n is a closed surface of
genus g with n boundary curves. Then a fundamental group of Σg,n has
the following presentation:

(5) Πg,n := ⟨α1, β1, . . . , αg, βg, γ1, . . . γn | [α1, β1] · · · [αg, βg]γ1 · · · γn⟩.
Hence, the SL2-representation variety of a fundamental group of Σg,n is given
by the following functor from the category of unital commutative rings to
the category of sets:

Repg,n(R) :=

{(a1, b1, . . . , ag, bg, c1, . . . , cn) ∈ SL2(R)
2g+n | [a1, b1] · · · [ag, bg]c1 · · · cn = 1},

for every unital commutative ring R. Clearly, Repg,n is a closed subscheme

of (SL2)
2g+n
Z ; we denote the coordinate ring of Repg,n by Ag,n. In [46]

Saito, based on works of Fricke [16, 17], defines the SL2-character variety
Chg,n of a fundamental group of Σg,n. The character variety is supposed
to parameterize SL2-representations of Πg,n up to conjugation. Here are
the basic properties of Chg,n; most of these results can be found in the
aforementioned work of Saito. The character variety Chg,n is an affine Z-
scheme given by the ring

Rg,n := Z[tγ | γ ∈ Πg,n]/⟨te − 2, tγtγ′ − tγγ′ − tγ−1γ′ | γ, γ′ ∈ Πg,n⟩,
where e is the neutral element of Πg,n. For γ ∈ Πg,n, the indeterminant tγ
should be viewed as a regular function on Chg,n such that for every class [ρ]
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of an SL2-representation ρ of Πg,n,

tγ([ρ]) = tr(ρ(γ)).

The given relations are known as the Fricke identities. The ring Rg,n is
generated by

{ts1···sm | si ∈ S, s1 < · · · < sm},
where S := {α1, β1, . . . , αg, βg, γ1, . . . , γn} and

α1 < β1 < · · · < αg < βg < γ1 < . . . < γn;

in particular, Rg,n is a finitely generated Noetherian ring (see a work of
Horowitz [27, Theorem 3.1]).

Let πg,n : Repg,n → Chg,n be a morphism such that for every γ ∈ Πg,n

and ρ ∈ Repg,n(Ag,n),

π∗g,n : Rg,n → Ag,n, π∗g,n(tγ)(ρ) = tr(ρ(γ));

notice that this implies that for every unital commutative ring R, group
homomorphism ρ : Πg,n → SL2(R), and γ ∈ Πg,n, we have that πg,n(ρ) is in
Chg,n(R) and

tγ(πg,n(ρ)) = tr(ρ(γ)).

In the sequel, sometimes we write [ρ] instead of πg,n(ρ).
For γ, γ′ ∈ Πg,n, we define the discriminant ∆(γ, γ′) ∈ Rg,n by

∆(γ, γ′) := t[γ,γ′] − 2,

where [γ, γ′] := γγ′γ−1γ′−1. Using the Fricke identities, one can obtain that

∆(γ, γ′) = t2γ + t2γ′ + t2γγ′ − tγtγ′tγγ′ − 4.

The discriminant subvariety Dg,n of Chg,n is given by the ideal

⟨∆(γ, γ′) | γ, γ′ ∈ Πg,n⟩�Rg,n.

Let Ch×g,n := Chg,n \Dg,n and Rep×g,n := Repg,n \π−1
g,n(Dg,n). Clearly, Ch×g,n

and Rep×g,n are Zariski-open in Chg,n and Repg,n, respectively. To under-

stand the R-points of Ch×g,n and Rep×g,n, where R is a unital commutative
ring, let us recall the following basic facts.

Lemma 1. Suppose B is a Noetherian unital commutative ring and b is an
ideal of B. Let V (b) be the closed subscheme of Spec(B) that is associated
to b , and W := Spec(B) \ V (b). Then for every unital commutative ring
R, there is a natural bijection between W (R) and

(6) {f ∈ Hom(B,R) | ⟨f(b)⟩ = R}.
where Hom(B,R) is the set of ring homomorphisms from B to R.

Proof. Suppose f is an element in the set given in (6). Since B is Noe-
therian, there exist b1, . . . , bm ∈ b such that b = ⟨b1, . . . , bm⟩. Since the
ideal generated by f(b) is R, for every p ∈ Spec(R), there exists i such that
f(bi) ̸∈ p. Therefore, {Spec(Rf(bi)) | 1 ≤ i ≤ m} is an open affine cover-
ing of Spec(R). Notice that f induces ring homomorphisms fi from Bbi to
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Rf(bi) for every i. These ring homomorphisms induce compatible morphisms
f♯,i : Spec(Rf(bi)) → Spec(Bbi). Notice that {Spec(Bbi) | 1 ≤ i ≤ m} is an
open affine covering of W := Spec(B) \ V (b). Hence, after gluing f♯,i’s, we
get a morphism f♯ : Spec(R) →W ; this means f♯ ∈W (R).

Suppose g ∈ W (R); this means g : Spec(R) → W is a morphism. The
composition of the embedding of W into Spec(B) and g is a morphism
from Spec(R) to Spec(B). Hence, g is induced by a ring homomorphism
g∗ : B → R. Next, we show that ⟨g∗(b)⟩ = R. Suppose to the contrary that
⟨g∗(b)⟩ is a proper ideal. Then there exists a maximal ideal m of R which
contains g∗(b) as a subset. Therefore,

g(m) = (g∗)−1(m) ⊇ b,

and so g(m) ∈ V (b) which is a contradiction. This implies that ⟨g∗(b)⟩ = R.
Hence g∗ is in the set given in (6). □

Corollary 2. Suppose a and b are two ideals of the ring of polynomials
Z[x1, . . . , xk]. The family of polynomials {fi}i∈I generate the ideal b. Let
V (a) and V (b) be the closed subschemes of Spec(Z[x1, . . . , xk]) that are as-
sociated to the ideals a and b, respectively. Let W := V (a) \ V (b). Then for
every unital commutative ring R, there is a natural bijection between W (R)
and

(7) {r ∈ Rk | ∀f ∈ a, f(r) = 0, and ⟨fi(r) | i ∈ I⟩ = R}.

Proof. Notice that V (a) is isomorphic to Spec(Z[x1, . . . , xk]/a), and so by
Lemma 1, there is a natural bijection between W (R) and

(8) {ϕ ∈ Hom(Z[x1, . . . , xk]/a, R) | ⟨ϕ(fi) | i ∈ I⟩}.
Suppose ϕ is a ring homomorphism in the set given in (8). Let

rϕ := (ϕ(x1 + a), . . . , ϕ(xk + a)) ∈ Rk.

Then for every f ∈ a, f(rϕ) = 0 and fi(rϕ) = ϕ(fi) for every i ∈ I. Hence,
rϕ is in the set given in (7). Conversely, if r is in the set given in (7), then
the evaluation ϕr at r is an element of (8). This finishes the proof. □

Next, we use a result of Saito to describe the R-points of Rep×g,n.

Proposition 3. For every unital commutative ring R, ρ ∈ Rep×g,n(R) if and
only if the R-span of ρ(Πg,n) is M2(R).

We say a representation ρ : Πg,n → SL2(R) is absolutely irreducible if the
R-span of ρ(Πg,n) is M2(R). Before proving Proposition 3, we show that
absolute irreducibility is a local property. In fact, in order to define absolute
irreducibility over a scheme, Nakamoto gives an alternative definition which
has the advantage of being a local property (see [39, Definition 1.1]), and next
we show that our definition is compatible with the one given by Nakamoto.
To state the next lemma, we need to recall the concept of the residue field
k(p) of a prime ideal p of a ring. For a unital commutative ring R and



18 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

p ∈ Spec(R), the residue field k(p) of p is the field of fractions of the integral
domain R/p.

Lemma 4. Suppose R is a unital commutative ring and ρ : Γ → GLd(R)

is a group homomorphism. For every p ∈ Spec(R), let k(p) is an algebraic

closure of the residue field k(p), and ρp : Γ → GLd(k(p)) is the reduction of
ρ modulo p. Then ρ is absolutely irreducible if and only if ρp is absolutely
irreducible for every p ∈ Spec(R).

Proof. If ρ is absolutely irreducible (over R), then the R-span of the image
of ρ is Md(R). Hence, the R/p-span of the image of ρp is Md(R/p). This

implies that the k(p)-span of the image of ρp is Md(k(p)), which means that
ρp is absolutely irreducible.

To show the converse, let B be the R-span of ρ(Γ), and view it as an
R-submodule of the free, finite rank R-module Md(R). Since ρp is abso-

lutely irreducible, the k(p)-span of B/pMd(R) is isomorphic to Md(k(p)).
Therefore,

dimk(p)(S
−1
p (B/pMd(R))) = d2,

where Sp := (R/p) \ {0}. Thus, the k(p)-span of B/pMd(R) is isomorphic
to Md(k(p)). Hence,

Bp + pMd(Rp) = Md(Rp),

where Bp := S−1
p B, Rp := S−1

p R, and Sp := R \ p. By Nakayama’s lemma,
we obtain that

(9) Bp = Md(Rp),

for every p ∈ Spec(R). Hence, B = Md(R). □

Lemma 5. Let ρ0 : Πg,n → SL2(Ag,n) be the generic representation of Πg,n.
For p ∈ Spec(Ag,n), let ρ0,p : Πg,n → SL2(k(p)) be the reduction of ρ0 modulo
p, where k(p) is the residue field of p. Then p ∈ Rep×g,n if and only if ρ0,p is
absolutely irreducible.

Proof. By [46, Assertion 4.2], p ∈ Rep×g,n if and only if ρ0,p(Πg,n) is not
abelian and ρ0,p is irreducible.

For p ∈ Rep×g,n, let B be the k(p)-span of ρ0,p(Πg,n) in M2(k(p)). Since
ρ0,p is irreducible, B is a simple algebra. Because ρ0,p(Πg,n) is not abelian,
B is not a field. Hence, the dimension of B over its center is a perfect
square more than 1. As B is a k(p)-subalgebra of M2(k(p)), we obtain that
B = M2(k(p)). Thus, ρ0,p is absolutely irreducible.

Conversely, if ρ0,p is absolutely irreducible, then the k(p)-span of ρ0,p(Πg,n)
is M2(k(p)). Hence, ρ0,p(Πg,n) is not abelian and ρ0,p is irreducible. Thus,
p ∈ Rep×g,n. □

Proof of Proposition 3. Suppose ρ ∈ Rep×g,n(R). Then by Corollary 2, there
exists a ring homomorphism ρ∗ : Ag,n → R with the following properties:
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(1) The representation ρ is given as the composite of the generic rep-
resentation ρ0 : Πg,n → SL2(Ag,n) and the group homomorphism
induced by ρ∗ from SL2(Ag,n) to SL2(R); the latter is still denoted
by ρ∗.

(2) ⟨ρ∗(π∗g,n(∆(γ, γ′))) | γ, γ′ ∈ Πg,n⟩ = R.

By the second aforementioned property, for P ∈ Spec(R), there exist γ and
γ′ in Πg,n such that ρ∗(π∗g,n(∆(γ, γ′))) ̸∈ P. Hence, π∗g,n(∆(γ, γ′)) ̸∈ p where

p := ρ∗−1(P) ∈ Spec(Ag,n). Thus, p ∈ Rep×g,n. Therefore, by Lemma 5, ρ0,p
is absolutely irreducible. Notice that ρ∗ induces an embedding ιP of k(p)
into k(P), and ρP is the composite of

ρ0,p : Πg,n → SL2(k(p)) and ιP : SL2(k(p)) → SL2(k(P)).

Hence, ρP is absolutely irreducible for every P ∈ Spec(R). Therefore, by
Lemma 4, ρ is absolutely irreducible.

Conversely, suppose ρ : Πg,n → SL2(R) is absolutely irreducible. Notice
that there is a ring homomorphism ρ∗ : Ag,n → R such that ρ is the com-
posite of the generic representation ρ0 : Πg,n → SL2(Ag,n) and the group
homomorphism from SL2(Ag,n) to SL2(R) which is induced by ρ∗.

By Corollary 2, to show that ρ ∈ Rep∗g,n(R), it is enough to prove that

(10) ⟨ρ∗(π∗g,n(∆(γ, γ′))) | γ, γ′ ∈ Πg,n⟩ = R.

Suppose to the contrary that the ideal given in the left hand side of the
equality in (10) is a proper ideal of R. Then there is P ∈ Spec(R) such that

⟨ρ∗(π∗g,n(∆(γ, γ′))) | γ, γ′ ∈ Πg,n⟩ ⊆ P.

Hence

(11) ⟨π∗g,n(∆(γ, γ′)) | γ, γ′ ∈ Πg,n⟩ ⊆ p,

where p := ρ∗−1(P) ∈ Spec(Ag,n). By (11), we obtain that p ∈ π−1
g,n(Dg,n).

Hence, by [46, Assertion 4.2], either ρ0,p(Πg,n) is abelian or ρ0,p is reducible.
In either case, the dimension of the k(p)-span of ρ0,p(Πg,n) as a k(p)-subspace
of M2(k(p)) is at most 3. Because ρP is a composite of ρ0,p and the embed-
ding of SL2(k(p)) into SL2(k(P)), we deduce that the k(P)-span of ρP(Πg,n)
is a proper subalgebra of M2(k(P)). Hence, by Lemma 4, ρ is not absolutely
irreducible, which is a contradiction. □

Corollary 6. Suppose R is a unital commutative ring. If [ρ1] = [ρ2] for
ρ1, ρ2 ∈ Rep×g,n(R), then there exists an R-algebra automorphism θ of M2(R)
such that

ρ2(γ) = θ(ρ1(γ))

for every γ ∈ Πg,n.

Proof. We start by proving the following claim.
Claim 1.For every ri ∈ R and γi ∈ Πg,n,

m∑
i=1

riρ1(γi) = 0 if and only if

m∑
i=1

riρ2(γi) = 0.
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Proof of Claim 1. By symmetry, it is enough to show only one direction.
By assumption, for every γ ∈ Πg,n, we have tr(ρ1(γ)) = tr(ρ2(γ)). Hence, if∑m

i=1 riρ1(γi) = 0, then for every γ ∈ Πg,n,

0 = tr

(
(

m∑
i=1

riρ1(γi))ρ1(γ)

)
=

m∑
i=1

ri tr(ρ1(γiγ))

=
m∑
i=1

ri tr(ρ2(γiγ)) = tr

(
(

m∑
i=1

riρ2(γi))ρ2(γ)

)
.(12)

Let x2 :=
∑m

i=1 riρ2(γi). Then by (12), for every y in the R-span of ρ2(Πg,n),
we obtain

(13) tr(x2y) = 0.

By Proposition 3, the R-span of ρ2(Πg,n) is M2(R). Hence, by (13), we
deduce that tr(x2eij) = 0 where eij is a 2-by-2 matrix with 1 in the i, j-
entry and 0 in every other entry. This implies that x2 = 0. □

Next, we show that the function ρ1(γ) 7→ ρ2(γ) is well-defined and can be
extended to an R-algebra automorphism of M2(R).

Claim 2. For every ri ∈ R and γi ∈ R, let

θ

( m∑
i=1

riρ1(γi)

)
:=

m∑
i=1

riρ2(γi).

Then θ is a well-defined R-algebra automorphism of M2(R).

Proof of Claim 2. Suppose

m∑
i=1

riρ1(γi) =

m′∑
i=1

r′iρ1(γ
′
i)

for some ri, r
′
i ∈ R and γi, γ

′
i ∈ Πg,n. Then

m∑
i=1

riρ1(γi)−
m′∑
i=1

r′iρ1(γ
′
i) = 0,

and so by Claim 1,

m∑
i=1

riρ2(γi)−
m′∑
i=1

r′iρ2(γ
′
i) = 0.

This shows that θ is a well-defined function. Since the R-span of ρi(Πg,n) is
M2(R), the domain and the image of θ are M2(R). Clearly, θ is an R-module
homomorphism. If

∑m
i=1 riρ1(γi) is in the kernel of θ, then by Claim 1,∑m

i=1 riρ1(γi) = 0. Hence, θ is an R-module automorphism of M2(R).
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Notice that for every ri, r
′
i ∈ R and γi, γ

′
i ∈ Πg,n,

θ

(
(
∑
i

riρ1(γi))(
∑
j

r′jρ1(γ
′
j))

)
= θ

(∑
i,j

(rir
′
j)ρ1(γiγ

′
j)

)
=
∑
i,j

(rir
′
j)ρ2(γiγ

′
j)

=

(∑
i

riρ2(γi)

)(∑
j

r′jρ2(γ
′
j)

)

=θ

(∑
i

riρ1(γi)

)
θ

(∑
j

r′jρ1(γ
′
j)

)
,

and so θ is also a ring homomorphism. Therefore, θ is an R-algebra auto-
morphism of M2(R). □

By Claim 2, we obtain that ρ2(γ) = θ(ρ1(γ)) for every γ ∈ Πg,n and θ is
an R-algebra automorphism of M2(R). □

Next, we give a refinement of a result of Isaacs on the group of R-algebra
automorphism of Md(R) for an arbitrary unital commutative ring R.

Theorem 7 (Isaacs and Rosenberg-Zelinsky). Suppose R is a unital com-
mutative ring, and θ : Md(R) → Md(R) is an R-algebra isomorphism. Then
the following statements hold.

(1) If R is either a unique factorization domain or a local ring, then θ
is an inner automorphism.

(2) The automorphism θd is inner.
(3) Suppose Md ≃ Rd as R-modules implies that M ≃ R as R-modules.

Then θ is an inner automorphism.
(4) There exist an integral extension S of R and g ∈ GLd(S) with the

following properties.
(a) The ring S can be embedded into Md(R).
(b) The product of every entry of g by every entry of g−1 belongs

to R.
(c) For every x ∈ Md(R), θ(x) = gxg−1.

In [28], Isaacs takes a concrete approach to study the group of outer
automorphisms of Md(R). He considers the quotient of the group of R-
algebra automorphisms of Md(R) by the group of inner automorphisms of
Md(R). He calls this group the Skolem-Noether group and denotes it by

SNd(R) := AutR(Md(R))/Inn(Md(R)).

The classical result of Skolem and Noether says that SNd(F ) = 1 for every
field F . Isaacs proves the same result for unique factorization domains. He
proves that SNd(R) is always a d-torsion abelian group, and for a Dedekind
domainD, SNd(D) is isomorphic to the subgroup of d-torsion elements of the
class group of D. In [45], Rosenberg and Zelinsky used projective modules
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and proved many of these results. Here, we use Isaacs’s approach and refine
it a bit to prove part 4 of Theorem 7.

Proof of Theorem 7. For Part 1 the case when R is a UFD, see [28, Corollary
15]; the case when R is a local ring it follows from the Skolem-Noether
theorem (see [39, Theorem 6.2]). Part 2 is proved in [28, Theorem 11]. Part
3 is a consequence of [28, Theorem 16]. Let

Mθ := {y ∈ Md(R) | ∀x ∈ Md(R), yx = θ(x)y},
and similarly define Mθ−1 . Clearly Mθ and Mθ−1 are R-submodules of
Md(R). Let S be the R-subalgebra of Md(R) which is generated by the
union of Mθ and Mθ−1 . By [28, Theorem 2, Lemma 8, and Corollary 9], S
is a unital commutative ring. By [28, Theorem 2], there are ui ∈ Mθ and
vi ∈Mθ−1 such that

(14)

m∑
i=1

uivi = I,

and for every u ∈Mθ and v ∈Mθ−1 , uv ∈ RI. For every integers 1 ≤ i, j ≤ d
and every d-by-d matrix x, let eij(x) be the i, j-entry of x. Then by [28,
Lemma 10], for every integers 1 ≤ i, j ≤ d, there exist uij ∈ Mθ and
vij ∈Mθ−1 such that for all u ∈Mθ and v ∈Mθ−1 ,

(15) uijv = eij(v)I and viju = eij(u)I.

As it is proved in [28, Proof of Theorem 11], the product of the d-by-d
matrices [uij ] ∈ Md(S) and [vij ] ∈ Md(S) is the identity matrix. For the
sake of convenience, we include the proof here:

d∑
k=1

uikvkj =
d∑

k=1

uik

( m∑
l=1

ulvl

)
vkj =

m∑
l=1

d∑
k=1

eik(vl)ekj(ul)I

=
m∑
l=1

eij(vlul)I = eij(
m∑
l=1

ulvl)I = eij(I)I.

This implies that [uij ][vij ] = I in Md(S).
Next, we view ui’s as elements of Md(S) and consider their linear com-

binations with coefficients vi ∈ S. For the sake of clearance, we formulate
this in terms of a base change of Mθ. Let

f :Mθ ⊗R S → Md(S)

be such that f(x⊗s) = sx. Notice that for every y in the image of f , we have
that yx = θ(x)y for all x ∈ Md(R). Next, we show that f(

∑m
i=1 ui ⊗ vi) =

[vij ]. For every integers 1 ≤ i, j ≤ d, we have

eij(f(

m∑
l=1

ul ⊗ vl)) =

m∑
l=1

vleij(ul) =

m∑
l=1

vlulvij = vij .



ORBIT CLOSURE OF THE PURE MCG 23

This shows that f(
∑m

l=1 ul⊗vl) = [vij ] ∈ GLd(S). Hence, for all x ∈ Md(R),

θ(x) = [vij ]x[vij ]
−1 = [vij ]x[uij ].

This proves Parts 4(a) and 4(c). Since uij ∈ Mθ, vrs ∈ Mθ−1 , and the
product of every element of Mθ by every element of Mθ−1 is in RI, Part
4(b) follows.

Since S is a subalgebra of Md(R), by the Cayley-Hamilton theorem, every
element of S satisfies a monic polynomial of degree d with coefficients in R;
in particular, S is integral over R. □

Corollary 8. Suppose R is a unital commutative ring and ρ1, ρ2 are in
Rep×g,n(R). Then [ρ1] = [ρ2] if and only if there exist an integral extension
S of R and g ∈ GL2(S) with the following properties.

(1) The ring S can be embedded into M2(R).
(2) For some c ∈ S× and g′ ∈ GL2(R), g

2 = cg′.
(3) The product of every entry of g by every entry of g−1 is in R.
(4) For all γ ∈ Πg,n, ρ2(γ) = gρ1(γ)g

−1.

Moreover, if either R is a unique factorization domain or every finitely gen-
erated projective R-module is free, then g can be taken from GL2(R).

Proof. If [ρ1] = [ρ2], then by Corollary 6, there is an R-algebra automor-
phism of M2(R) such that for all γ ∈ Πg,n, ρ2(γ) = θ(ρ1(γ)). By The-
orem 7, there exist an integral extension S of R and g ∈ GL2(S) which
satisfy Parts (1), (3), and (4). By Theorem 7, there exists g′ ∈ GL2(R) such
that θ2(x) = g′xg′−1 for all x ∈ M2(R). This implies that g2xg−2 = g′xg′−1

for all x ∈ M2(R), and so Part (2) holds.
If R is a UFD, then by Theorem 7, g can be taken from GL2(R).
To show the final claim, assume that S is an R-module such that

S ⊕ S ≃ R⊕R.

Then S is a direct summand of a free R-module, and so it is a projective
R-module. Moreover, after projecting to one of the S-factors, we obtain that
S can be generated by at most 2 elements. Hence, S is a finitely generated
projective module. Therefore, S ≃ Rk for some non-negative integer k. This
implies that R2k ≃ R2, and so k = 1, which means that S ≃ R. Thus by
Theorem 7, g can be taken from GL2(R).

Conversely, if ρ2(γ) = gρ1(γ)g
−1 for all γ ∈ Πg,n, then

(16) tr(ρ1(γ)) = tr(ρ2(γ)).

Notice that ρi’s are given by ring homomorphisms ρ∗i : Ag,n → R, [ρi]’s are
given by the ring homomorphisms [ρi]

∗ = ρ∗i ◦ π∗g,n : Rg,n → R, and for all
γ ∈ Πg,n,

(17) (ρ∗i ◦ π∗g,n)(tγ) = ρ∗i tr(ρ0(γ)) = tr(ρi(γ)),

where ρ0 ∈ Repg,n(Ag,n) is the generic representation of Πg,n. Since Rg,n is
generated by tγ ’s, by (16) and (17), we obtain that [ρ1] = [ρ2]. □
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Next, we want to get a better description of the set of R-points of Ch×g,n;

this can be interpreted as a moduli point of view of Ch×g,n(R).

Lemma 9. Suppose R is a unital commutative ring and x ∈ Ch×g,n(R).
Then

(1) There exist a faithfully flat extension S of R and ρ ∈ Rep×g,n(S) such
that x = [ρ].

(2) If R is a local unital ring, then S can be chosen to be a finite integral
extension of R which is isomorphic to R[T ]/⟨T 2 − rT + 1⟩ for some
r ∈ R.

(3) If R is a compact DVR and the characteristic of its residue field is
not 2, then S can be chosen to be R.

Proof. Since x ∈ Ch×g,n(R), by Corollary 2, we obtain

⟨∆(γ, γ′)(x) | γ, γ′ ∈ Πg,n⟩ = R.

Hence, there are finitely many pairs γi, γ
′
i’s such that

(18) ⟨∆(γi, γ
′
i)(x) | 1 ≤ i ≤ m⟩ = R.

This implies that the diagonal map from R to the product of the localization
R∆(γi,γ′

i)(x)
of R by ∆(γi, γ

′
i)(x) is an injection; that means

ι : R→
m∏
i=1

R∆(γi,γ′
i)(x)

, ι(r) :=

(
r

1
, . . . ,

r

1

)
is a ring embedding. Moreover, this embedding makes

m∏
i=1

R∆(γi,γ′
i)(x)

a faithfully flat R-algebra. Let xi ∈ Ch×g,n(R∆(γi,γ′
i)(x)

) be the image of x

under the ring homomorphism r 7→ r
1 . In Ri := R∆(γi,γ′

i)(x)
,

∆(γi, γ
′
i)(xi) =

∆(γi, γ
′
i)(x)

1

is invertible. Hence, by [46, Theorem B], in order to realize xi as the trace
of a representation, it is enough to find a ring extension Si of Ri and two
matrices ai and a

′
i in SL2(Si) such that

tγi(xi) = tr(ai), tγ′
i
(xi) = tr(a′i), and tγiγ′

i
(xi) = tr(aia

′
i).

Let Si := Ri[T ]/⟨T 2−tγiγ′
i
(xi)T+1⟩. Then Si is a finite integral extension of

Ri; moreover, Si is a free Ri-module. Let w := T+⟨T 2−tγiγ′
i
(xi)T+1⟩ ∈ Si;

then

(19) w + w−1 = tγiγ′
i
(xi).
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Let ai :=

(
0 −1
1 tγi(xi)

)
and a′i :=

(
tγ′

i
(xi) w

−w−1 0

)
. Notice that

tr(ai) = tγi(xi), tr(a′i) = tγ′
i
(xi), and tr(aia

′
i) = w + w−1 = tγiγ′

i
(xi).

Therefore, by [46, Theorem B], there exists ρi : Πg,n → SL2(Si) such that
for all γ ∈ Πg,n we have

tγ(xi) = tr(ρi(γ)).

This implies that for all γ ∈ Πg,n

ι(tγ(x)) = (tγ(x1), . . . , tγ(xm)) = (tr(ρ1(γ)), . . . , tr(ρm(γ))) = tr(ρ(γ)),

where ρ : Πg,n → SL2(
∏m

i=1 Si) is given by (ρ1(γ), . . . , ρm(γ)). We also
notice that the

⟨∆(γ1, γ
′
1)([ρ]), . . . ,∆(γm, γ

′
m)([ρ])⟩ =

m∏
i=1

Si;

and so ρ is in Rep×g,n(
∏m

i=1 Si). Notice that S :=
∏m

i=1 Si is a free
∏m

i=1Ri-
module as Si is a free Ri-module for every i. Hence, S is faithfully flat
over

∏m
i=1Ri. Because

∏m
i=1Ri is faithfully flat over R, we obtain that S is

faithfully flat over R.
If R is a local ring, then the fact that

⟨∆(γ, γ′)(x) | γ, γ′ ∈ Πg,n⟩ = R

implies that there exists a pair of elements γ, γ′ ∈ Πg,n such that ∆(γ, γ′)(x)
is a unit in R. Then by a similar argument as in the previous case, there exist
a finite integral extension S of R and a representation ρ : Πg,n → SL2(S)
such that

tγ(x) = tr(ρ(γ))

for all γ ∈ Πg,n. This means that x = [ρ]. Because ∆(γ, γ′)([ρ]) is a unit in
S, ρ ∈ Rep×g,n(S).

Finally if R is a compact DVR, then R has a unique maximal ideal m and
R/m is a finite field. By the above argument, there exist γ, γ′ ∈ Πg,n such
that ∆(γ, γ′)(x) ∈ R×. As above, by Theorem [46, Theorem B], in order to
realize x as the trace of a representation ρ ∈ Repg,n(R), it is enough to find
two matrices a, b ∈ SL2(R) such that

(20) tr(a) = tγ(x), tr(b) = tγ′(x), and tr(ab) = tγγ′(x).

Let c1 := tγ(x), c2 := tγ′(x), and c3 := tγγ′(x). Then as in the proof of [36,
Theorem 1],

a :=

(
0 1
−1 c1

)
and b :=

(
u v
z w

)
satisfy (20) if and only if Qc1,c2,c3(−1, z, w) = 0 where

Qc(ξ, η, ζ) := ξ2 + η2 + ζ2 + c1ηζ + c2ξζ + c3ξη.

By [36, Theorem 1], there exist z, w in the finite field R/m such that
Qc(−1, z, w) = 0. Let πm : R → R/m be the natural quotient map. By a
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Hensel-type argument and compactness of R, there exist z, w ∈ R such that
πm(z) = z, πm(w) = w, and Qc(−1, z, w) = 0 if the gradient of Qc(−1, z, w)
is not zero modulo m. Suppose to the contrary that

(21) 2w + c1z − c2 = 0 and 2z + c1w − c3 = 0,

where ci = πm(ci) for all i. By (21), we obtain that

(22) (c21 − 4)z = c1c2 − 2c3 and (c2i − 4)w = c1c3 − 2c2.

Since Qc(−1, z, w) = 0, by (22), we deduce that

(23) 0 = (c21 − 4)2Qc(−1, z, w) = Qc(−(c21 − 4), c1c2 − 2c3, c1c3 − 2c2).

Simplifying (23), we obtain

(24) (c21 − 4)πm(∆(γ, γ′)(x)) = 0.

Because ∆(γ, γ′)(x) ∈ R×, by (24), we have c1 = 2ε where ε = ±1. There-
fore by (21), it follows that c2 = εc3; but this implies that

c21 + c22 + c23 − c1c2c3 − 4 = (2ε)2 + c22 + (εc2)
2 − (2ε)(c2)(εc2)− 4 = 0,

which means πm(∆(γ, γ′)(x)) = 0. This is a contradiction. Hence (21)
cannot hold, which completes the proof. □

We notice that the proof of the last part of Lemma 9 gives us a similar
result for quotients of a compact DVR. In the following proposition, we sum-
marize and show further properties of the D/a-points of the representation
and the character varieties where D is a compact DVR and a is an ideal of
D.

Proposition 10. Suppose D is a compact DVR and the characteristic of
its residue field is not 2. Suppose a is a proper non-zero ideal of D. Let πa
denote all the maps that are induced by the quotient map πa : D → D/a.
Then the following statements hold.

(1) The map πg,n : Rep×g,n(D) → Ch×g,n(D) is surjective.

(2) For all x ∈ Ch×g,n(D), the fiber π−1
g,n(x) is a single GL2(D)-orbit.

(3) The map πa : Rep
×
g,n(D) → Rep×g,n(D/a) is surjective.

(4) The map πa : Ch
×
g,n(D) → Ch×g,n(D/a) is surjective.

We have already proved many of the items of Proposition 10. To prove
the last two parts, we are going to use a Hensel-type argument. We need
the following lemmas.

Lemma 11. Let ω : (SL2)
2g+n → SL2,

ω(x1, y1, . . . , xg, yg, z1, . . . , zn) := [x1, y1] · · · [xg, yg]z1 · · · zn.
Suppose R is a unital commutative ring and R[ε] is the ring of dual numbers
over R; that means R[ε] = R⊕Rε and ε2 = 0. Then for all

a1, b1, . . . , ag, bg, c1, . . . , cn ∈ SL2(R)
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and
X1, Y1, . . . , Xg, Yg, Z1, . . . , Zn ∈ sl2(R),

we have

ω(a1(1 + εX1), . . . , bg(1 + εYg), c1(1 + εZ1), . . . , cn(1 + εZn)) =

ω(a1, . . . , bg, c1, . . . , cn)(1 + ε(

g∑
i=1

Ad(di)(τai,bi(Xi, Yi)) +
n∑

i=1

Ad(ei)(Zi))),

where τa,b(X,Y ) = (Ad(b−1)(X)−X) + (Y −Ad(a−1)(Y )), for all i

di := ([ai+1, bi+1] · · · [ag, bg]c1 · · · cn)−1,

and
ei := (zi+1 · · · zn)−1.

Proof. This is a direct computation and the case of n = 0 is done in [44,
Page 53]. □

Lemma 12. Suppose F is a field and its characteristic is not 2. Suppose g
is an integer which is at least 2, a1, b1, . . . , ag, bg ∈ SL2(F ) and the F -span
of the group ⟨a1, b1, . . . , ag, bg⟩ is M2(F ). Then Ta,b : sl2(F )

2g → sl2(F ),

Ta,b(X1, Y1, . . . , Xg, Yg) :=

g∑
i=1

Ad(di)(τai,bi(Xi, Yi))

is surjective, where τa,b(X,Y ) = (Ad(b−1)(X)−X)+(Y −Ad(a−1)(Y )) and
di := ([ai+1, bi+1] · · · [ag, bg])−1 d for all i.

Proof. Passing to an algebraic closure of F , without loss of generality, we
can and will assume that F is algebraically closed. Hence, every element x in

SL2(F ) has a conjugate that is of the form either

(
α 0
0 α−1

)
(the semisimple

case) or ±
(
1 1
0 1

)
(the unipotent case). Direct computation shows that

(25) Im

(
Ad

(
α 0
0 α−1

)
− I

)
= F

(
0 1
0 0

)
⊕ F

(
0 0
1 0

)
,

and

(26) Im

(
Ad

(
1 1
0 1

)
− I

)
= F

(
0 1
0 0

)
⊕ F

(
1 0
0 −1

)
.

By (25) and (26), for all x ̸= ±1 in SL2(F ), the image of Ad(x) − I is
of dimension 2. Therefore, if Ta,b is not surjective, then there exists a 2-
dimensional subspace V of sl2(F ) such that for all i, either ai = ±1 or

(27) Ad(di)(Im(Ad(a−1
i )− I)) = V,

and similarly either bi = ±1 or

(28) Ad(di)(Im(Ad(b−1
i )− I)) = V.
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Hence, if ai ̸= ±1 and bi ̸= ±1, then

(29) Im(Ad(a−1
i )− I) = Im(Ad(bi)

−1 − I).

Notice that if z ∈ SL2(F ) commutes with x, then

(30) Ad(z)(Im(Ad(x)− I)) = Im(Ad(x)− I).

By (29) and (30), we obtain that the spaces of

Im(Ad(a−1
i )− I) and Im(Ad(bi)

−1 − I)

are invariant under the action of the group ⟨Ad(ai),Ad(bi)⟩.
Claim 1. For all i, either ai = ±1 or V = Im(Ad(ai)− I), and similarly
either bi = ±1 or V = Im(Ad(bi) − I). In particular, V is invariant under
the action by the group

⟨Ad(a1),Ad(b1), . . . ,Ad(ag),Ad(bg)⟩.

Proof of Claim 1. Notice that dg = 1, and so

V = Im(Ad(ag)− I) and V = Im(Ad(bg)− I)

if ag ̸= ±1 and bg ̸= ±1, respectively. Therefore V is invariant under
⟨Ad(ag),Ad(bg)⟩. Therefore V is invariant under dg+1. Hence by (27) and
(28), we obtain that

V = Im(Ad(ag−1)− I) and V = Im(Ad(bg−1)− I)

if ag−1 ̸= ±1 and bg−1 ̸= ±1, respectively. The first part of the claim follows
by an induction argument.

For the second part, we notice that if x = ±1, then Ad(x) = I, and for
all x ∈ SL2(F ), Im(Ad(x)− I) is invariant under the action of Ad(x)±1. □

Claim 2. Suppose x ∈ SL2(F ) and F

(
0 1
0 0

)
⊕ F

(
0 0
1 0

)
is Ad(x)-

invariant. Then there exists β ∈ F× such that either x =

(
β 0
0 β−1

)
or

x =

(
0 β

−β−1 0

)
.

Proof of Claim 2. Notice that(
u v
w t

)(
0 1
0 0

)(
t −v

−w u

)
=

(
−uw u2

−w2 uw

)
∈ F

(
0 1
0 0

)
⊕ F

(
0 0
1 0

)
precisely when uw = 0. By a similar argument, we obtain that

Ad

(
u v
w t

)(
0 0
1 0

)
∈ F

(
0 1
0 0

)
⊕ F

(
0 0
1 0

)
exactly when vt = 0. The claim follows. □

Claim 3. Suppose x ∈ SL2(F ) and F

(
0 1
0 0

)
⊕ F

(
1 0
0 −1

)
is Ad(x)-

invariant. Then x is an upper-triangular matrix.
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Proof of Claim 3. A similar computation as in Claim 2 implies Claim 3. □

Suppose at least one of the ai’s or bi’s is semisimple and not ±1; then after
conjugation, we can and will assume that it is a diagonal matrix. Hence, by
Claim 1, Claim 2, and (25),

⟨a1, b1, . . . , ag, bg⟩ ⊆
{(

β 0
0 β−1

)
| β ∈ F×

}
∪
{(

0 β
−β−1 0

)
| β ∈ F×

}
.

Since the F -span of the group generated by all the ai’s and bi’s is M2(F ),
at least one of the ai’s or bi’s is of the form(

0 β
−β−1 0

)
for some β ∈ F×. Notice that(

0 β
−β−1 0

)(
1 0
0 −1

)(
0 −β
β−1 0

)
−
(
1 0
0 −1

)
= −2

(
1 0
0 −1

)
,

which is not in the F -span of

(
0 1
0 0

)
and

(
0 0
1 0

)
. This is a contradiction.

Therefore, we can and will deduce that all ai’s and bi’s are plus or minus
unipotents. After a conjugation, we can assume that one of them is if the

form ±
(
1 1
0 1

)
. Then by Claim 1 and Claim 3 and (26), all ai’s and bi’s

are upper-triangular. This contradictions the assumption that the F -span
of the group generated by ai’s and bi’s is M2(F ). □

Proof of Proposition 10. Part (1) follows from Part (3) of Lemma 9. Part
(2) follows from Corollary 8. By a similar argument as in the proof of the
third part of Lemma 9, we obtain that πg,n : Rep×g,n(D/a) → Ch×g,n(D/a) is
surjective. Notice that the following is a commutative diagram.

Rep×g,n(D) Rep×g,n(D/a)

Ch×g,n(D) Ch×g,n(D/a)

πa

πg,n πg,n

πa

Since the vertical arrows are surjective, part (4) follows from part (3).
Notice that if n is positive, then Πg,n is a free group of rank 2g + n− 1.

This implies that Repg,n ≃ SL2g+n−1
2 , and so Repg,n(D) is naturally equal to

SL2(D)2g+n−1 and Repg,n(D/a)is naturally equal to SL2(D/a)
2g+n−1. Since

D is a PID, πa : SL2(D) → SL2(D/a) is surjective. Hence,

πa : Repg,n(D) → Repg,n(D/a)

is surjective. If ρ is in Repg,n(D) and πa(ρ) is in Rep×g,n(D/a), then the
D/a-span of the image of πa(Πg,n) is M2(D/a). This implies that

πa(D[ρ(Πg,n)]) = M2(D/a)
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where D[ρ(Πg,n)] is the D-span of the image of ρ. Since D is a local ring,
by Nakayama’s lemma we obtain that D[ρ(Πg,n)] = M2(D). This means
ρ ∈ Rep×g,n(D). Thus, part (4) follows if n is positive.

Since D is a compact DVR, there exist ϖ ∈ D and a positive integer
k such that a = ⟨ϖk⟩ and ⟨ϖ⟩ is the maximal ideal of D. Suppose ρ ∈
Rep×g,n(D/⟨ϖk⟩). By induction, we show that for every integer l ≥ k, there

exists a representation ρl ∈ Rep×g,n(D/⟨ϖl⟩) such that πϖk(ρl) = ρ. Suppose
ρl is given by

(a1, . . . , bg) ∈ SL2(D/⟨ϖl⟩)2g.
Since πϖl : SL2(D) → SL2(D/⟨ϖl⟩) is surjective, there exist ai’s and bi’s in
SL2(D) such that πϖl(ai) = ai and πϖl(bi) = bi for all i. Then

[a1, b1] · · · [ag, bg] = 1 +ϖlz

and πϖ(z) ∈ sl2(D/⟨ϖ⟩). By Lemma 11 and Lemma 12, there exist Xi’s
and Yi’s in sl2(D) such that

[a1(1 +ϖlX1), b1(1 +ϖlY1)] · · · [ag(1 +ϖlXg), bg(1 +ϖlYg)]

is 1 modulo ϖl+1. Notice that πϖl+1(ai(1 +ϖlXi)) and πϖl+1(bi(1 +ϖlYi))
are in SL2(D/⟨ϖl+1⟩) for every i. Hence

(πϖl+1(a1(1 +ϖlX1)), . . . , πϖl+1(bg(1 +ϖlYg)))

gives us a lift of ρl in Repg,n(D/⟨ϖl⟩). By the compactness of D, we obtain

that there exists ρ∞ ∈ Repg,n(D) which is a lift of ρ. Since ρ ∈ Rep×g,n(D/a),
by a similar argument as before, using Nakayama’s lemma we obtain that
ρ∞ is in Rep×g,n(D). □

2.2. Sufficiently Zariski-dense representations. In this article, we are
mainly interested in the action of the pure mapping class group on the
character variety. We notice that the group Aut(Πg,n) of automorphisms of
Πg,n acts on the representation variety Repg,n by Z-scheme automorphisms.
This action induces an action of the group Aut(Πg,n)/Inn(Πg,n) of outer
automorphisms of Πg,n by Z-scheme automorphisms on the character variety
Chg,n. To understand the pure mapping class group, we have to consider a
subgroup of Aut(Πg,n) which preserves the conjugacy classes of γi’s (in the
presentation of Πg,n given in (5)). Let us refer to this subgroup as the pure
automorphism group of Πg,n. Notice that the group of inner automorphisms
is a normal subgroup of PAut(Πg,n). The pure mapping class group of the
surface Σg,n is isomorphic to Γg,n := PAut(Πg,n)/Inn(Πg,n). Notice that the
value of tγi on an Γg,n-orbit is constant, which shows that Γg,n-orbits in the
character variety are subsets of fibers of the morphism t∂Σg,n : Chg,n → An

Z
given by

t∂Σg,n : Chg,n(R) → Rn, t∂Σg,n(x) := (tγ1(x), . . . , tγn(x)).

Later, we define a modified version of relative character varieties.
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Let us observe that if ρ1, ρ2 ∈ Repg,n(R) are in the same PAut(Πg,n)-
orbit, then Im(ρ1) = Im(ρ2). In particular, if one of them is Zariski-dense
in (SL2)R, so is the other one. Moreover, if the image of ρ ∈ Repg,n(R) is

Zariski-dense in (SL2)R, then ρ ∈ Rep×g,n(R). Furthermore, if

πg,n : Rep×g,n(R) → Ch×g.n(R)

is surjective and the fiber π−1
g,n(x) is a single PGL2(R)-orbit, then the image

of one element in π−1
g,n(x) is Zariski-dense in (SL2)R precisely when the image

of every element in ⋃
y∈Γg,n·x

π−1
g,n(y)

is Zariski-dense in (SL2)R. This takes us to another Zariski-open subsets
of the representation and character varieties. The goal of this subsection
is to give concrete open subschemes Rep•g,n and Ch•g,n of Repg,n and Chg,n,
respectively, such that

(1) Rep•g,n(C) consists of representations ρ : Πg,n → SL2(C) that have
Zariski-dense image.

(2) Rep•g,n = π−1
g,n(Ch

•
g,n).

(3) Rep•g,n(Zp) consists of representations ρ : Πg,n → SL2(Zp) that have
dense image with respect to the p-adic topology.

(4) Rep•g,n(Z/pkZ) consists of surjective representations.

We further show that

πg,n : Rep•g,n(Zp) → Ch•g,n(Zp)

and
πg,n : Rep•g,n(Z/pkZ) → Ch•g,n(Z/pkZ)

are surjective.
Our main tool is the classification of finite subgroups of SL2(F ) due to

Dickson (we use Suzuki’s treatment [48, Theorem 6.17]).

Lemma 13. Suppose ρ ∈ Rep×g,n(C). Let G be the closure of Im(ρ) in
(SL2)C. Then one of the following statements hold.

(1) G = (SL2)C.
(2) G is a conjugate of

{diag(a, a−1) | d ∈ C×} ∪ w{diag(a, a−1) | d ∈ C×}

where w =

(
0 1
−1 0

)
.

(3) G is a conjugate to a finite group isomorphic to either a binary
dihedral group, SL2(F3), the double cover of S4, or SL2(F5).

Proof. If dimG = 3, then G = (SL2)C. If dimG = 2, then the connected
component of G is a Borel subgroup of (SL2)C. Because the normalizer of a
Borel subgroup is itself, we deduce that G is a Borel subgroup. This implies
that ρ is not absolutely irreducible, which contradicts the assumption that
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ρ ∈ Rep×g,n(C). If dimG = 1, then the connected component of G is either
a torus or the unipotent radical of a Borel subgroup. In the latter case, G
is in the normalizer of the unipotent radical of a Borel subgroup, and so G
is a subgroup of a Borel subgroup. This contradicts the assumption that
ρ ∈ Rep×g,n(C). Hence, if dimG = 1, then the connected component of G
is a conjugate of the group of diagonal matrices. Because ρ is absolutely
irreducible, G is the full normalizer group of the group of diagonal matrices;
this means the group given in (2). If dimG = 0, then G is a finite subgroup
of SL2(C). Then by [48, Theorem 6.17] and [15, Proposition 3.1], G is a
group given in (3). □

The next lemma gives us group theoretic relations to detect representa-
tions as in the second case of Lemma 13.

Lemma 14. Suppose G is a group which is generated by x1, . . . , xk. Suppose
I is a subset of [1..k] with the following properties.

(1) For all i, j ∈ I and l ̸∈ I, [xixj , xl] = 1 where [a, b] := aba−1b−1.
(2) For all l1, l2 ̸∈ I, [xl1 , xl2 ] = 1.
(3) For all i ∈ I and l ̸∈ I, xixlx

−1
i = x−1

l .
(4) For all i, j, r ∈ I, xr(xixj)x

−1
r = (xixj)

−1.

Then G has a normal abelian subgroup A such that [G : A] ≤ 2.

Proof. Let A be the subgroup generated by {xixj | i, j ∈ I} ∪ {xl | l ̸∈ I}.
Then A is an abelian subgroup of G. Because of the relations given in (3)
and (4), for all i ∈ I, xi normalizes A. Hence, A is a normal subgroup
of G. For all i, j ∈ I, xiA = x−1

j A. Because G is generated by xj ’s and

{xj | j ̸∈ I} is a subset of A, we obtain that G/A is cyclic and it is generated
by xi0A where i0 ∈ I. Since x2i0 ∈ A, we deduce that G/A has at most 2
elements. □

The next lemma explicate the relation between the relations given in
Lemma 14 and the second case of Lemma 13.

Lemma 15. Suppose R is a unital commutative ring and ρ : Πg,n → SL2(R)
is a group homomorphism such that the image of ρ is a subgroup of a con-
jugate of

(31) {diag(a, a−1) | a ∈ R×} ∪ w{diag(a, a−1) | a ∈ R×}

where w =

(
0 1
−1 0

)
. Let xi := ai and xg+i := bi for i ∈ [1..g], and

x2g+j = cj for j ∈ [1..n]. Then there exists a subset I of [1..2g + n] such

that {xi}2g+n
i=1 satisfies the relations given in Lemma 14 with respect to the

subset I.

Proof. Without loss of generality, we can and will assume that the image of
ρ is a subgroup of (31). Let I := {i ∈ [1..2g + n] | ρ(xi) is not diagonal}.
Then for every l1, l2 ̸∈ I, xl1 and xl2 are diagonal, and so [xl1 , xl2 ] = 1. For



ORBIT CLOSURE OF THE PURE MCG 33

every i, j ∈ I, xixj is a diagonal matrix, and so [xixj , xl] = 1 for all l ̸∈ I.
Notice that

w diag(a, a−1) diag(b, b−1) diag(a−1, a)w−1 = diag(b, b−1)−1.

Therefore, for all i ∈ I and l ̸∈ I, xixlx
−1
i = x−1

l , and so for all i, j, r ∈ I,

xr(xixj)x
−1
r = (xixj)

−1.

□

The next lemma has its origin in a work of Burnside. Using this lemma,
group theoretic equations in the absolutely irreducible part of the represen-
tation variety can be translated to equations in the character variety.

Lemma 16. Suppose F is a field, G is a group generated by x1, . . . , xk in
SL2(F ), and the F -span of G is M2(F ). Then

(1) The F -span of

S := {1} ∪ {xi}ki=1 ∪ {xi1xi2}ki1,i2=1 ∪ {xi1xi2xi3}ki1,i2,i3=1

is M2(F ).
(2) The F -linear function

T : M2(F ) → FS , T (x)(s) := tr(xs).

is injective.

Proof. Let V be the F -span of 1 and xi’s. Then

F ⊆ V ⊆ V · V ⊆ V · V · V,
and all of them are F -subspaces of M2(F ). Because dimF M2(F ) = 4, either
V · V · V = M2(F ) or some i the i-fold product of V is the same as the
i + 1-fold product of V . This implies that the i-fold product

∏
i V of V

is invariant under multiplication by xj ’s. Hence,
∏

i V is invariant under
multiplication by G. Because 1 ∈ V , we obtain that G is a subset of

∏
i V .

Therefore the F -span of G is a subset of
∏

i V . Thus
∏

i V = M2(F ). Part
(1) follows.

It is clear that T is an F -linear function. Hence, to show T is injective, it
is enough to discuss why its kernel is trivial. Suppose T (x) = 0; that means
T (x)(s) = 0 for all s ∈ S. This means tr(xs) = 0 for all s ∈ S. By part (1)
and F -linearity of trace, we obtain that tr(xy) = 0 for all y ∈ M2(F ). This
implies that x = 0. □

To a subset R of a free group in 2g + n generators, we associate a closed
subscheme Rep×g,n,R of Rep×g,n such that for every unitary commutative ring

R, ρ ∈ Rep×g,n,R(R) if and only if ρ ∈ Rep×g,n(R) and

∀w ∈ R, w(ρ) = 1.
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Similarly, we define a closed subscheme Ch×g,n;R of Ch×g,n such that x is in

Ch×g,n;R(R) if and only if x ∈ Ch×g,n(R) and

∀w ∈ R, ∀s1, s2, s3 ∈ S, ts1s2s3(x) = tws1s2s3(x),

where S := {1, a1, . . . , ag, b1, . . . , bg, c1, . . . , cn}. Clearly, πg,n induces a mor-
phism from Rep×g,n,R to Ch×g,n;R.

Lemma 17. Suppose R is a subset of the free group that is freely generated
by 2g+n elements. Suppose F is an algebraically closed field whose charac-
teristic is not 2. Suppose D is a compact DVR and the residue field of D is
not of characteristic 2. Suppose a is a proper non-zero ideal of D. Then πg,n
induces surjective maps between the F -points, D-points, and D/a-points of
Rep×g,n,R and Ch×g,n;R. Moreover we have

Rep×g,n(F ) ∩ π−1
g,n(Ch

×
g,n;R(F )) = Rep×g,n,R(F ),

Rep×g,n(D) ∩ π−1
g,n(Ch

×
g,n;R(D)) = Rep×g,n,R(D),

and
Rep×g,n(D/a) ∩ π−1

g,n(Ch
×
g,n;R(D/a)) = Rep×g,n,R(D/a).

Proof. Suppose x ∈ Ch×g,n;R(F ). Then by Lemma 9, Part (2), there exists

ρ ∈ Rep×g,n(F ) such that x = πg,n(ρ). Then by Proposition 3, the F -span of

ρ(Πg,n) is M2(F ). Since πg,n(ρ) = x is in Ch×g,n;R(F ), by Lemma 16, Part

(2), we obtain that w(ρ) = 1 for every w ∈ R. Therefore ρ ∈ Rep×g,n,R(F ).
This argument also implies

Rep×g,n(F ) ∩ π−1
g,n(Ch

×
g,n;R(F )) = Rep×g,n,R(F )

Suppose x ∈ Ch×g,n;R(D). Then by Proposition 10, Part (1), there exists

ρ ∈ Rep×g,n(D) such that πg,n(ρ) = x. Then by Proposition 3, the D-span of
ρ(Πg,n) is M2(D). Let ϖ be a uniformizing element of D; that means ⟨ϖ⟩ is
the maximal ideal of D. Let f := D/⟨ϖ⟩ be the residue field of D. Then the
f-span of πϖ(ρ(Πg,n)) is M2(f). Hence, by Lemma 16, Part (1), the f-span
of

{πϖ(ρ(s1s2s3)) | si ∈ {1, a1, . . . , ag, b1, . . . , bg, c1, . . . , cn}}
is M2(f). Since ⟨ϖ⟩ is the Jacobson radical of D, by Nakayama’s lemma, we
obtain that the D-span of

{ρ(s1s2s3) | si ∈ {1, a1, . . . , ag, b1, . . . , bg, c1, . . . , cn}}
is M2(D). Thus by the virtue of the proof of Lemma 16, Part (2), the
fact that πg,n(ρ) ∈ Ch×g,n;R(D) implies w(ρ) = 1 for every w ∈ R. Hence

ρ ∈ Rep×g,n,R(D). The same argument gives us

Rep×g,n(D) ∩ π−1
g,n(Ch

×
g,n;R(D)) = Rep×g,n,R(D).

A similar argument implies the last claim. □
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Using Lemma 14, Lemma 15, and Lemma 17, we can define closed sub-
schemes of Rep×g,n (and Ch×g,n) which contains all the representations (and
their trace, respectively) whose image is a subgroup of the group given in
the second part of Lemma 13 (this includes finite binary dihedral groups).
So next, we focus on representations with finite image.

Lemma 18. Let G be a group isomorphic to either SL2(F3), a double cover
of S4, or SL2(F5). Let

Fg,n;G := {x ∈ Ch×g,n(C) | x = πg,n(ρ), ρ(Πg,n) ≃ G}.

Then Fg,n;G is a finite subset of Ch×g,n(Z[1/2, ζ60]) which is invariant under
the actions of the automorphism group of Q[ζ60] and the pure mapping class

group Γg,n, where ζ60 = e2πi/60.

Proof. Explicit representations of these groups in SL2(C) go back to works
of Klein; for instance see [15, Proposition 2.1] for such explicit represen-
tations). One can see that these groups have faithful representations in
SL2(Z[1/2, ζ60]). We identify G with a subgroup of SL2(Z[1/2, ζ60]) via this
faithful representation. By [15, Proposition 3.1], if ρ : Πg,n → SL2(C) is
a representation and Im(ρ) ≃ G, then there exists g ∈ GL2(C) such that
Im(ρ) = gGg−1. Hence Fg,n;G ⊆ Ch×g,n(Z[1/2, ζ60]). By the same argument,

we have that for all ρ ∈ π−1
g,n(Fg,n;G) there exists g ∈ GL2(C) such that gρg−1

is in
Epi(Πg,n, G) := {ρ ∈ Hom(Πg,n, G) | ρ is surjective}.

Therefore, Fg,n;G = πg,n(Epi(Πg,n, G)); in particular, Fg,n;G is a finite set
which is invariant under the action of the pure mapping class group (notice
that Epi(πg,n, G) is invariant under the action of PAut(Πg,n)).

For all x ∈ Fg,n;G, there exists ρ ∈ Epi(Πg,n, G) such that x = πg,n(ρ).
Then for every automorphism σ of Q[ζ60], σ(x) = πg,n(σ◦ρ) is in Fg,n;G. □

We obtain the following corollary.

Corollary 19. Let G be a group isomorphic to either SL2(F3), a double
cover of S4, or SL2(F5). Then there exists a closed subscheme F g,n;G of

Ch×g,n such that for every algebraically closed field F of characteristic either
zero or more than 5,

π−1
g,n(F g,n;G(F )) = {ρ ∈ Rep×g,n(F ) | Im(ρ) ≃ G}.

Proof. Let Fg,n;G be the finite set given in Lemma 18. Since it is invariant
under the Galois action, it defines a closed subscheme F g,n;G of Ch×g,n such
that

F g,n;G(C) = F g,n;G(Z[1/2, ζ60]) = Fg,n;G.

We identify G with its copy in SL2(Z[1/2, ζ60]). By [15, Proposition 2.1],
for every field F of characteristic either 0 or at least 7, there exists a ring
homomorphism ιF : Z[1/2, ζ20] → F such that the restriction of the group
homomorphism ιF : SL2(Z[1/2, ζ20]) → SL2(F ) to G is an embedding.
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Suppose ρ : Πg,n → SL2(F ) is a representation such that Im(ρ) ≃ G.
Then by [15, Proposition 3.1], there exists g ∈ SL2(F ) such that

Im(ρ) = gιF (G)g
−1.

Since ιF induces an isomorphism from G to ιF (G), there exists ρ′ in
Epi(Πg,n, G) such that g−1ρg = ιF (ρ

′). Therefore

πg,n(ρ) = πg,n(g
−1ρg) = ιF (πg,n(ρ

′)),

and
πg,n(ρ

′) ∈ Fg,n;G,

where Fg,n;G is the finite set given in Lemma 18. This means that πg,n(ρ) is
in F g,n;G(F ).

Suppose x ∈ F g,n;G(F ). Because F is algebraically closed and its charac-
teristic is more than 5, there exists a ring homomorphism ιF : Z[1/2, ζ20] →
F and x̃ ∈ Fg,n;G such that x = ιF (x̃). Hence there exists a representation
ρ : Πg,n → SL2(Z[1/2, ζ60] such that x̃ = πg,n(ρ) and Im ρ ≃ G. Thus

x = ιF (x̃) = πg,n(ιF (ρ)), ιF (ρ) ∈ Repg,n(Z[1/20, ζ60]), and Im(ρ) ≃ G;

in particular, ι(ρ) is absolutely irreducible. □

Now, we can define the desired subschemes of Rep×g,n and Ch×g,n which
give us the Zariski-dense representations and their trace.

For every subset I of generators

{a1, . . . , ag, b1, . . . , bg, c1, . . . , cn},
let RI be the subset of the free group generated by these elements which
are given in Lemma 14. Let

Rep•g,n := Rep×g,n \ (
⋃
I

Rep×g,n,RI
∪
⋃
G

π−1
g,n(F g,n;G))

as I ranges over all the subgroups of the set of generators and G ranges
over SL2(F3), a double cover of S4, and SL2(F5); this is a scheme-theoretic
difference. Hence Rep•g,n is an open sub-scheme of Rep×g,n. Similarly, let

Ch•g,n := Ch×g,n \ (
⋃
I

Ch×g,n;RI
∪
⋃
G

F g,n;G).

Let us also introduce the concept of a sufficiently Zariski-dense represen-
tation. Suppose R is a unital commutative ring. For every maximal ideal
m of R, let k(m) be an algebraic closure of the residue field k(m) := R/m.
Let πm : R → k(m) be the natural quotient map. We say ρ ∈ Repg,n(R) is
sufficiently Zariski-dense if either

(1) Im(πm(ρ)) is Zariski-dense in (SL2)k(m)
, or

(2) Im(πm(ρ)) contains a copy of SL2(Fp), where k(m) is of characteristic
p.
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Proposition 20 (Sufficiently Zariski-dense representations). Suppose F is
an algebraically closed field of characteristic either zero or at least 7, R is
a unital commutative Z[1/30]-algebra and p is a prime more than 5. Then
the following statements hold.

(1) If F is of characteristic zero, then ρ ∈ Rep•g,n(F ) precisely when
ρ(Πg,n) is Zariski-dense in (SL2)F .

(2) If F is of characteristic p, then ρ ∈ Rep•g,n(F ) precisely when either
ρ(Πg,n) is Zariski-dense in (SL2)F or [ρ(Πg,n), ρ(Πg,n)] contains a
copy of SL2(Fp).

(3) Rep•g,n(R) consists of all the elements of Repg,n(R) which are suffi-
ciently Zariski-dense.

(4) ρ ∈ Rep•g,n(Zp) if and only if ρ(Πg,n) is dense in SL2(Zp) with respect
to the p-adic topology.

(5) For every positive integer k,

Rep•g,n(Z/pkZ) = Epi(Πg,n, SL2(Z/pkZ)).

Proof. (1) Suppose ρ ∈ Rep•g,n(F ) and F is of characteristic zero. Let E
be the subfield of F which is generated by the entries of ρ(ai)’s, ρ(bi)’s
and ρ(ci)’s. Because E is a finitely generated field of characteristic zero, it
can be embedded into C. Let G be the Zariski-closure of Im(ρ) in (SL2)E .
By Lemma 15, GC := G ×E C cannot be the group given in case (2) and
the binary dihedral group in case (3) of Lemma 13. By Corollary 19, GC
cannot be isomorphic to either SL2(F3), a double cover of S4, or SL2(F5).
Therefore by Lemma 13, GC = (SL2)C. Therefore dimG = 3, and so because
F is algebraically close G×E F = (SL2)F .

Conversely if the image of ρ is Zariski-dense in (SL2)F , then ρ is abso-
lutely irreducible, by Lemma 14 ρ is not in Rep×g,n,RI

(F ) for every subset
I of the generating set. Because the image of ρ is not finite, ρ is not in
π−1
g,n(F g,n,G)(F ) for every finite group G.
(2) Suppose ρ ∈ Rep•g,n(F ) and F is of characteristic p > 5. Let G be

the Zariski-closure of Im(ρ) in (SL2)F . If dimG = 3, then G = (SL2)F .
If dimG = 2, then G is a Borel subgroup of (SL2)F . This implies that ρ
is not absolutely irreducible which is a contradiction. If dimG = 1, then
the connected component of G is either the unipotent radical of a Borel
subgroup or a torus. The former is not possible as G is in the normalizer of
its connected component, the normalizer of the unipotent radical of a Borel
subgroup is a Borel subgroup, and image of an irreducible representation
cannot be a subgroup of a Borel subgroup. Hence, the image of ρ is a
subgroup of a conjugate of

{diag(a, a−1) | a ∈ F×} ∪ w{diag(a, a−1) | a ∈ F×},

where w =

(
0 1
−1 0

)
. Then by Lemma 15, ρ ∈ Repg,n;RI

(F ) for some subset

I of the set of generators, which is a contradiction. Thus the image of is a
finite group G. If the order of G and p are relatively prime, then by [48,
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Theorem 6.17] G is isomorphic to either a subgroup of a binary dihedral
group, SL2(F3), a double cover of S4, or SL2(F5). If G is isomorphic to a
subgroup of a dihedral group, then ρ is again in Repg,n;RI

(F ) for some I
which is a contradiction. In other cases, by [15, Proposition 2.1] and [15,
Theorem 3.1], there exists a ring homomorphism ιF : Z[1/2, ζ20] → F and ρ̃
in π−1

g,n(Fn,g;G(Z[1/2, ζ20])) such that

ρ = ιF (ρ̃).

This means ρ ∈ π−1
g,n(Fn,g;G(F )), which is a contradiction. Hence the only

possible remaining case is when p divides the order of G. In this case, by
[48, Theorem 6.17], either [G,G] contains a subgroup isomorphic to SL2(Fp)

or G ≃ (Z/mZ) ⋉ (Z/pZ)d where gcd(p,m) = 1. Let Q be the normal
subgroup of G which is isomorphic to (Z/pZ)d. Then there exists a unique
one-dimensional subspace V of F 2 such that for all x ∈ Q and v ∈ V , xv = v.
Since Q is a normal subgroup of G, V is G-invariant. This is in contradiction
with the irreducibility of ρ. Conversely, if the image of ρ is Zariski-dense in
(SL2)F , then by a similar argument as in the case of characteristic zero we
have ρ ∈ Rep•g,n(F ). If the image of ρ contains a copy of SL2(Fp), then ρ
is absolutely irreducible. By Lemma 14 and the fact that SL2(Fp) does not
have an abelian subgroup of index 2, we obtain that ρ is not in Repg,n,RI

(F )

for every subset I of the generating set. Clearly, ρ is not in π−1
g,n(F g,n,G)(F ).

Hence, ρ ∈ Rep•g,n(F ).
(3) Notice that Rep•g,n is a quasi affine Z-scheme, and so it can be realized

as V (a)\V (b) for some ideals of a ring of polynomials over Z. By Corollary 2,
for every unital commutative ring R, the R-points of V (a) \V (b) consists of

{x ∈ V (a)(R) | ⟨g(x) | g ∈ b⟩ = R}.
Notice that if ⟨g(x) | g ∈ b⟩ is a proper ideal, then for some maximal ideal
m we have

⟨g(πm(x)) | g ∈ b⟩ = 0.

This means for x ∈ V (a)(R), x ∈ (V (a) \V (b))(R) if and only if πm(x) is in
(V (a)\V (b))(k(m)) for every maximal idealm of R. Therefore ρ ∈ Rep•g,n(R)
if and only if ρ ∈ Repg,n(R) and πm(ρ) ∈ Rep•g,n(k(m)) for every maximal
ideal m of R. When R is a Z[1/30]-algebra, the characteristic of every
residue field k(m) is not 2, 3, or 5. By parts (2) and (3), we deduce that
ρ ∈ Repg,n(R) is in Rep•g,n(R) if and only if ρ is sufficiently Zariski-dense.

(4) Suppose ρ ∈ Repg,n(Zp). By part (3), ρ ∈ Rep•g,n(Zp) if and only
if πp(Im(ρ)) contains a copy of SL2(Fp). Hence ρ ∈ Rep•g,n(Zp) precisely
when πp(ρ) ∈ Epi(Πg,n,SL2(Fp)). Notice that if G is a closed subgroup of
SL2(Zp), then G = SL2(Zp) precisely when πp(G) = SL2(Fp). Therefore
πp(ρ) ∈ Epi(Πg,n,SL2(Fp)) if and only if the image of ρ is dense in SL2(Zp).

(5) Suppose ρ ∈ Repg,n(Z/pkZ). By part (3), ρ ∈ Rep•g,n(Z/pkZ) if and

only if πp(Im(ρ)) contains a copy of SL2(Fp). Hence ρ ∈ Rep•g,n(Z/pkZ)
precisely when πp(ρ) ∈ Epi(Πg,n,SL2(Fp)). Notice that if G is a subgroup
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of SL2(Z/pkZ), then G = SL2(Z/pkZ) precisely when πp(G) = SL2(Fp).
Therefore πp(ρ) ∈ Epi(Πg,n,SL2(Fp)) if and only if the image of

ρ ∈ Epi(Πg,n,SL2(Z/pkZ)).
□

It is worth pointing out that in [33], Larsen and Pink describe sufficiently
Zariski-dense finite subgroups of Chevalley groups. Their result can be
used to define an extension of Rep•g,n for representations to other Chevalley
groups.

Proposition 21 (Sufficiently Zariski-dense characters). Suppose F is an
algebraically closed field of characteristic either zero or p > 5, R is a unital
commutative Z[1/30]-algebra, D is a compact DVR and the characteristic of
the residue field of D is more than 5, and a is a proper non-trivial ideal of
D.

(1) π−1
g,n(Ch

•
g,n) = Rep•g,n.

(2) Rep×g,n(R) ∩ π−1
g,n(Ch

•
g,n(R)) = Rep•g,n(R).

(3) πg,n : Rep•g,n(F ) → Ch•g,n(F ) is surjective.
(4) πg,n : Rep•g,n(D) → Ch•g,n(D) is surjective.
(5) πg,n : Rep•g,n(D/a) → Ch•g,n(D/a) is surjective.

Proof. (1) Since π−1
g,n(Ch

×
g,n;RI

) = Rep×g,n,RI
for every I, we have that

Rep•g,n = π−1
g,n(Ch

•
g,n).

(2) By part (1), we have that

Rep×g,n(R) ∩ π−1
g,n(Ch

•
g,n(R)) ⊇ Rep•g,n(R).

Suppose ρ ∈ Rep×g,n(R) \Rep•g,n(R). Then by Proposition 20, Parts (3), (1),

and (2), there exists a maximal ideal m of R such that πm(ρ) ̸∈ Rep•g,n(k(m))

where k(m) is an algebraic closure of the residue field k(m) := R/m. By

Corollary 19 and Lemma 17, we deduce that πg,n(πm(ρ)) ̸∈ Ch•g,n(k(m)).
Hence, πg,n(ρ) is not in Ch•g,n(R).

By part (2), we have that whenever πg,n : Rep×g,n(R) → Ch×g,n(R) is
surjective, so is

πg,n : Rep•g,n(R) → Ch•g,n(R).

Therefore Lemma 9, Part (2), implies part (3), and Proposition 10 implies
parts (4) and (5). □

3. Modified relative character varieties
3.1. Setup, definition, and image under the quotient map. Let us
recall that

Πg,n := ⟨α1, β1, . . . , αg, βg, γ1, . . . , γn | [α1, β1] · · · [αg, βg]γ1 · · · γn⟩,
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and the pure automorphism group PAut(Πg,n) is the subgroup of Aut(Πg,n)
which preserves the conjugacy classes of γi for all i in [1..n]. Hence, for all
θ ∈ PAut(Πg,n), i ∈ [1..n], and ρ ∈ Repg,n(R), we have that

ρ(θ(γi)) = ±1 if ρ(γi) = ±1 and tr(ρ(γi)) = tr(ρ(θ(γi))).

The next lemma shows that for absolutely irreducible representations, as-
signing ±1 to a boundary curve can be detected at the level of character
variety.

Lemma 22. Let R be a unital commutative ring and x ∈ Ch×g,n(R). Suppose

there exist a faithfully flat ring extension R̃0 of R and ρ0 ∈ Repg,n(R̃0) such
that x = πg,n(ρ0) and ρ0(γi) = ±1 for some index i. Then for every ring

extension R̃ of R and every ρ ∈ Repg,n(R̃), if πg,n(ρ) = x, then ρ(γi) = ±1.

Proof. Let S := R̃0 ⊗R R̃,

ι0 : R̃0 → S, ι0(y) := y ⊗ 1 and ι : R̃→ S, ι(y) := 1⊗ y.

Notice that ι0(ρ0), ι(ρ) ∈ Rep×g,n(S) and

πg,n(ι0(ρ0)) = πg,n(ι(ρ)) = ι(x).

Therefore, by Corollary 6, there exists an automorphism θ of M2(S) such
that for all γ ∈ Πg,n,

(32) θ(ι0(ρ0(γ))) = ι(ρ(γ)).

Because ρ0(γi) = ±1, by (32) we obtain ι(ρ(γi)) = ±1. Since R̃0 is faithfully
flat over R, ι is injective. Therefore ρ(γi) = ±1. □

Following the proof of Lemma 9, we show that the condition of ρ(γ) = ±1
for some (and therefore all) lifts of a character x is a Zariski-closed condition
in Ch×g,n.

We start by obtaining a lift of the generic absolutely irreducible character.
Since Rg,n is a Noetherian ring, there are finitely many pairs (λi, λ

′
i) ∈ Π2

g,n

for i ∈ [1..m] such that

(33) ⟨∆(γ, γ′) | γ, γ′ ∈ Πg,n⟩ = ⟨∆(λi, λ
′
i) | i ∈ [1..m]⟩.

Let R̃ :=
∏m

i=1(Rg,n)∆(λi,λ′
i)
. Let

Si := (R∆(λi,λ′
i)
)[T ]/⟨T 2 −

tλiλ′
i

1
T + 1⟩,

and S̃ :=
∏m

i=1 Si. Notice that S̃ is a faithfully flat extension of R̃. Suppose

x0 ∈ Chg,n(R̃) is given by the ring homomorphism

x0 : Rg,n → R̃, x0(r) :=

(
r

1
, . . . ,

r

1

)
.
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As in the proof of Lemma 9, by [46, Theorem B], there exists a representation

ρ0 ∈ Rep×g,n(S̃) such that x0 = πg,n(ρ0); this means there exists a ring
homomorphism ρ0 such that the following is a commutative diagram.

Ag,n S̃

Rg,n R̃

ρ0

π∗
g,n

x0

For a given subset I of the index set [1..n] of the boundary curves and a

collection of signs ϵ := (εi)i∈I , let Jϵ be the ideal of S̃ that is generated by
the entries of ρ0(γi)− εi1 for all i ∈ I. Let Ch×g,n;ϵ be the closed subscheme

of Ch×g,n that is given by the ideal (π∗g,n ◦ ρ0)−1(Jϵ).

Lemma 23. For every collection of signs ϵ := (εi)i∈I , unital commutative
ring B, and x ∈ Ch×g,n(B), x is in Ch×g,n;ϵ(B) if and only if for every ring

extension C of B and every lift ρ ∈ Rep×g,n(C) of x (that means πg,n(ρ) = x)
ρ(γi) = εi1 for all i ∈ I.

Proof. We view x as a ring homomorphism from Rg,n to B. Since x ∈
Ch×g,n(B), the ideal generated by x(∆(λi, λ

′
i))’s is B where (λi, λ

′
i)’s are as

in (33); and so

B → B̃ :=

m∏
i=1

Bx(∆(λi,λ′
i))
, b 7→

(
b

1
, . . . ,

b

1

)
is an embedding. Let R̃ and S̃ be the rings described in the paragraph before
this lemma. The ring homomorphism x induces a ring homomorphism from

R̃ to B̃. Because S̃ is faithfully flat over R̃, we have that

B̃ → S̃ ⊗
R̃
B̃, b̃ 7→ 1⊗ b̃

is an embedding, and faithfully flat. Altogether, we get the following com-
mutative diagram.

Ag,n S̃ S̃ ⊗
R̃
B̃

Rg,n R̃ B̃

ρ0

πg,n

x0

Notice that the first row gives us ρ ∈ Rep×g,n(S̃⊗
R̃
B̃) such that πg,n(ρ) = x.

Moreover, because B̃ is faithfully flat over B and S̃ ⊗
R̃
B̃ is faithfully flat

over B̃, S̃ ⊗
R̃
B̃ is faithfully flat over B.

Notice that x ∈ Chg,n;ϵ(B) precisely when kernel of x contains (πg,n ◦
ρ0)

−1(Jϵ). This holds if and only if kernel of

ρ : Ag,n → S̃ ⊗
R̃
B̃



42 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

contains ρ−1
0 (Jϵ). Hence, viewing ρ as a representation of Πg,n to group

SL2(S̃ ⊗
R̃
B̃), we have ρ(γi) = εi1 for all i ∈ I if and only if x ∈ Ch×g,n;ϵ(B).

By Lemma 22, we obtain the same conclusion for all the lifts of x. □

For a subset I of [1..n] and a collection of signs ϵ := (εi)i∈I , we let Rep
×
g,n;ϵ

be the closed subscheme of Rep×g,n such that for every unital commutative

ring R, Rep×g,n;ϵ(R) can be naturally identified with

{ρ ∈ Rep×g,n(R) | ∀i ∈ I, ρ(γi) = εi1}.
Notice that if I is a proper subset of [1..n], then for every collection of signs
ϵ := (εi)i∈I ,

(34) Rep×g,n;ϵ ≃ Rep×g,n−|I|.

If I = [1..n] and ϵ := (εi)i∈I is a collection of signs such that
∏

i∈I εi =
1, then again (34) holds. If I = [1..n] and ϵ := (εi)i∈I is a collection
of signs such that

∏
i∈I εi = −1, then by Proposition 3 for every unital

commutative ring R, Rep×g,n;ϵ(R) can be naturally identified with the set of

(x1, y1, . . . , xg, yg) ∈ SL2(R)
2g which satisfy the following properties

(35) [x1, y1] · · · [xg, yg] = −1, and R-span of ⟨x1, y1, . . . , xg, yg⟩ = M2(R).

Using (34) and (35), we prove the following proposition.

Proposition 24. Suppose D is a compact DVR and the characteristic of
its residue field is not 2. Suppose a is a proper non-zero ideal of D. Let πa
denote all the maps that are induced by the quotient map πa : D → D/a.
Then the following statements hold.

(1) The map πg,n : Rep×g,n;ϵ(D) → Ch×g,n;ϵ(D) is surjective.

(2) The map πa : Rep
×
g,n;ϵ(D) → Rep×g,n;ϵ(D/a) is surjective.

(3) The map πa : Ch
×
g,n;ϵ(D) → Ch×g,n;ϵ(D/a) is surjective.

Proof. Suppose x ∈ Ch×g,n;ϵ(D). Then, by the first part of Proposition 10,

there exists ρ ∈ Rep×g,n(D) such that x = πg,n(ρ). By Lemma 23, ρ is in

Rep×g,n;ϵ(D) – the first part follows.
The second part follows from (34), (35), and a striaghtforward modifica-

tion of proof of the third part of Proposition 10.
Suppose x ∈ Ch×g,n;ϵ(D/a). Then by the same argument as in the proof of

the third part of Lemma 9, there exists ρ ∈ Rep×g,n(D/a) such that x = [ρ].

By Lemma 23, ρ is in Rep×g,n;ϵ(D/a). By the second part, there exists

ρ ∈ Rep×g,n;ϵ(D) such that ρ = πa(ρ). Altogther, we obtain

x = πa([ρ]) and [ρ] ∈ Ch×g,n;ϵ(D);

this implies the third part. □

For every I ⊆ [1..n], collection of signs (εi)i∈I , and collection of elements
k := (ki)i∈[1..n]\I of a unital commutative ring R (without loss of generality

we can and will assume that R is the ring generated by ki’s), let Ch×g,n;ϵ,k
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be the subscheme of Ch×g,n;ϵ ×Z R which is given by the equation tI(x) = k
where

tI(x) = (tγi(x))i ̸∈I .

We refer to Ch×g,n;ϵ,k as a modified relative character variety of the given

surface. Notice that for every x ∈ Ch×g,n;ϵ,k(B), the orbit Γg,n · x of the pure

mapping class group Γg,n is a subset of Ch×g,n;ϵ,k(B).

In the above setting, let Rep×g,n;ϵ,k be the closed subscheme of Rep×g,n given

by the equations

ρ(γi) = εi1 for all i ∈ I and tr(ρ(γi)) = ki for all i ∈ [1..n] \ I.
Notice that πg,n induces a morphism from Rep×g,n;ϵ,k to Ch×g,n;ϵ,k.

Lemma 25. Suppose R is a unital commutative ring and

πg,n : Rep×g,n(R) → Ch×g,n(R)

is surjective. Suppose ϵ is a collection of signs and k is a collection of el-
ements in R. Then πg,n : Rep×g,n;ϵ,k(R) → Ch×g,n;ϵ,k(R) is surjective. In

particular, if R is either an algebraically closed field whose characteristic is
not 2 or a quotient of a compact DVR whose residue field is not of charac-
teristic 2, then the above map is surjective.

Proof. This is an immediate consequence of Lemma 23, Lemma 9, and
Proposition 10. □

We finish this section by proving a version of parts (2) and (3) of Propo-
sition 24 for modified relative character and representation varieties. We
start by pointing out that

Rep×g,n;ϵ,k(D) → Rep×g,n;ϵ,k(D/a)

is not necessarily surjective.
For a unital commutative ringR and k ∈ R, let Vk be the closed subscheme

of (SL2)R given by the equation trx = k. Notice that this can be viewed as
a relative representation variety of Σ0,2.

Lemma 26. Suppose D is a compact DVR, a is proper ideal of D, and p is
a uniformizing element of D.

(1) The map πp2ℓ : V±2(D) → V±2(D/⟨p2ℓ⟩) is not surjective if ℓ is a
positive integer.

(2) Suppose k ∈ D, c ∈ Vk(D/a), and πp(c) ̸= ±1. Then there exists
c ∈ Vk(D) such that c = πa(c).

Proof. Let c0 := ±1 + pℓπp2ℓ(X0) where X0 = diag(1,−1). Since X0 ∈
sl2(D), c0 ∈ SL2(D/⟨p2ℓ⟩). Hence c0 ∈ V±2(D/⟨p2ℓ⟩). Suppose to the
contrary that there exists c0 ∈ V±2(D) such that πp2ℓ(c0) = c0. Therefore,

±c0 is unipotent. Thus, there exists v ∈ D2 \ pD2 such that c0v = ±v.
Looking both sides of this equality modulo p2ℓ, we obtain that

πpℓ(X0v) = 0.
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As πpℓ(X0) is invertible, we deduce that πpℓ(v) = 0, which is a contradiction
– part (1) follows.

Suppose a = ⟨pℓ0⟩. By induction on ℓ ≥ ℓ0, we show that there exists
cℓ ∈ Vk(D/⟨pℓ⟩) such that cℓ−1 = πpℓ−1(cℓ) and cℓ0 := c.

Since πpℓ : SL2(D) → SL2(D/⟨pℓ⟩) is surjective, there exists c̃ ∈ SL2(D)

such that πpℓ(c̃) = cℓ. Then tr(c̃) = k + pℓe for some e ∈ D. Let

c̃′ := c̃(1 + pℓX) ∈ GL2(D),

for some X ∈ sl2(D). Then

cℓ+1 := πpℓ+1(c̃′) ∈ SL2(D/⟨pℓ+1⟩),
and

(36) tr(cℓ+1)− πpℓ+1(k) = pℓπpℓ+1(e− tr(c̃X)).

By (36), we have that cℓ+1 ∈ Vk(D/⟨pℓ+1⟩) precisely when

(37) tr(πp(c)πp(X)) = πp(e).

Since πp(c) ∈ SL2(D/⟨p⟩) \ {±1}, the linear function

sl2(D/⟨p⟩) → D/⟨p⟩, X → tr(πp(c)X)

is surjective. Hence, there exists X ∈ sl2(D) such that (37) holds. This
shows the existence of the sequence {cℓ}∞ℓ=ℓ0

with the claimed properties.
Let c̃ℓ ∈ SL2(D) be a lift of cℓ. Then {c̃ℓ}∞ℓ=ℓ0

is a Cauchy sequence, and its
limit is a lift of c in Vk(D). □

Proposition 27. Suppose D is a compact DVR and the characteristic of
its residue field is not 2. Suppose a is a proper non-zero ideal of D. Let πa
denote all the maps that are induced by the quotient map πa : D → D/a.

Suppose ϵ = (εi)i∈I ⊆ {±1}|I| and k ∈ Dn−|I|. Suppose

Πg,n = ⟨a1, b1, . . . , ag, bg, c1, . . . , cn | [a1, b1] · · · [ag, bg]c1, . . . cn⟩.
Then the following statements hold.

(1) Suppose ρ ∈ Rep×g,n;ϵ,k(D/a) such that πp(ρ(ci)) ̸= ±1 for all i ̸∈ I.

Then there exists ρ ∈ Rep×g,n;ϵ,k(D) such that

πa(ρ) = ρ.

(2) Suppose x ∈ Ch×g,n;ϵ,k(D/a) such that n(x) = n(πp(x)). Then there

exists x ∈ Ch×g,n;ϵ,k(D) such that πa(x) = x.

Proof of Proposition 27 is based on the following extension of Lemma 12.

Lemma 28. Suppose F is a field and its characteristic is not 2. Let

Π := ⟨a1, b1, . . . , ag, bg, c1, . . . , cn⟩ ⊆ SL2(F ).

Suppose the F -span of the group Π is M2(F ), and ci ̸= ±1 for all i ∈ [1..n].
For i ∈ [1..n], let

τi : sl2(F ) → F, τi(X) := tr(ciX) and Ki := ker τi.
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Then

Ta,b,c : sl2(F )
2g ×

n∏
i=1

Ki → sl2(F ), Ta,b(X,Y) +

n∑
i=1

Ad(ei)(Zi)

is surjective, where Ta,b is as in Lemma 12 and ei := (ci+1 · · · cn)−1 for all
i.

Proof. As in the proof of Lemma 12, if Ta,b,c is not surjective, then there
exists a 2-dimensional subspace V of sl2(F ) such that for all i, either ai = ±1
or

Ad(di)(Im(Ad(a−1
i )− I)) = V,

either bi = ±1 or
Ad(di)(Im(Ad(b−1

i )− I)) = V,

and
Ad(ei)(Ki) = V.

By Claim 1 in the proof of Lemma 12, we obtain that V is invariant under

⟨Ad(a1),Ad(b1), . . . ,Ad(ag),Ad(bg)⟩.
We also notice that

(38) Ad(ei)(Ki) = Ad(ei+1)(Ki+1) which implies, Ki = Ad(ci)(Ki+1).

Because tr(cX) = tr(cAd(g)(X)) for every g ∈ CΠ(c), Ad(ci)
−1(Ki) = Ki.

Hence, by (38), we deduce that Ki = Ki+1 for all i. Therefore, for all i,
Ki = V , and Ad(ei)(V ) = V .

Altogether, we obtain that V is invariant under Ad(Π).
Case 1. There exists i such that either ai ̸= ±1 or bi ̸= ±1.

Proof of Case 1. In this case, by a similar argument as in the proof of
Lemma 12, we get a contradiction. □

Case 2. For all i, ai = ±1 and bi = ±1, and there exists j such that cj
is semisimple.

Proof of Case 2. Without loss of generality, we can and will assume that
F is algebraically closed. After a conjugation i, if needed, we can and will
assume that cj is diagonal. As cj ̸= ±1 and V = Kj , we deduce that
V = Fe12 ⊕ Fe21 where

e12 =

(
0 1
0 0

)
and e21 =

(
0 0
1 0

)
.

Therefore, Ki = V implies that ci is diagonal for all i. This contradicts the
assumption that the F -span of Ad(Π) is M2(F ). □

Case 3. For all i, ai = ±1 and bi = ±1, and for all i, ci is plus or minus
a unipotent.
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Proof. After a conjugation, if needed, we can and will assume that c1 is a
lower-triangular matrix. Therefore V = K1 = Fe12⊕F diag(1,−1). Because
V is Ad(Π)-invariant, by Claim 3 in the proof of Lemma 12, we obtain that
Π consists of upper-triangular matrices. This is a contradiction. □

□

Proof of Proposition 27. Suppose a = ⟨pℓ0⟩. We let ρℓ0 := ρ, and inductively
define a sequence {ρℓ}∞ℓ=ℓ0

such that (1) ρℓ ∈ Rep×g,n;ϵ,k(D/⟨p
ℓ⟩), and (2)

πpℓ(ρℓ+1) = ρℓ, for all ℓ ≥ ℓ0.
Suppose we have already constructed the representations ρℓ0 , . . . , ρℓ. By

part (2) of Proposition 24, there exists ρ̃ℓ ∈ Rep×g,n;ϵ(D) such that

ρℓ = πpℓ(ρ̃ℓ).

Without loss of generality, we can and will assume that I = [m+ 1..n]. Let
αi := ρ̃ℓ(ai), βi := ρ̃ℓ(bi), γi = ρ̃ℓ(ci), and ε :=

∏
i∈I εi. Then these elements

satisfy the following properties:

(1) The k(p)-span of the group

πp(⟨α1, β1, . . . , αg, βg, γ1, . . . , γm⟩)
is M2(k(p)) where k(p) := D/⟨p⟩ – this is obtained using Proposi-
tion 3 and the fact that πp(ρℓ) = πp(ρ) ∈ Rep×g,n(k(p)).

(2) For all i ∈ [1..m], πp(γi) ̸= ±1 – this follows from the assumption
that πp(ρ(ci)) ̸= ±1 for i ̸∈ I and the induction assumption that
ρ = πpℓ0 (ρℓ).

(3) We have [α1, β1] · · · [αg, βg]γ1 · · · γm = ε and for all i ∈ [1..m], there

exists ri ∈ D such that tr(γi) = ki + pℓri.

We show that there exists Xi, Yi, and Zi’s in sl2(D) such that

α′
i := αi(1 + pℓXi), β

′
i := βi(1 + pℓYi), and γ

′
i := γi(1 + pℓZi)

satisfy the following properties:

(1) πpℓ+1([α′
1, β

′
1] · · · [α′

g, β
′
g]γ

′
1 · · · γ′m) = ε, and

(2) πpℓ+1(tr(γ′i)) = πpℓ+1(ki) for all i ∈ [1..m].
By Lemma 11, the first property holds precisely when

(39) T
πp(

−→α ),πp(
−→
β ),πp(

−→γ )
(πp(X), πp(Y), πp(Z)) = 0,

where T
πp(

−→α ),πp(
−→
β ),πp(

−→γ )
is as in Lemma 28, and the second property

holds if and only if

(40) tr(πp(γiZi))) = −πp(ri)
for all i ∈ [1..m].

Because πp(γi) ̸= ±1 for i ∈ [1..m], there exists Z
(0)
i ∈ sl2(D) such that

tr(πp(γiZ
(0)
i ))) = πp(ri).
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Then for every Z ′
i ∈ sl2(D) such that

πp(Z
′
i) ∈ Ki := ker τi,

where
τi : sl2(k(p)) → k(p), τi(Z) := tr(πp(γi)Z),

we have that (40) holds for

Zi := −Z(0)
i + Z ′

i.

Since T
πp(

−→α ),πp(
−→
β ),πp(

−→γ )
is a multi-linear function, (39) holds exactly when

(41)

T
πp(

−→α ),πp(
−→
β ),πp(

−→γ )
(πp(X), πp(Y), πp(Z

′)) = T
πp(

−→α ),πp(
−→
β ),πp(

−→γ )
(0,0, πp(Z

(0))).

By Lemma 28, there exist X,Y ∈ sl2(D)2g and Z′ ∈
∏m

i=1Ki such that (41)
holds. Hence, α′

i, β
′
i, and γ

′
i satisfy the mentioned properties. Therefore the

map

ai 7→ πpℓ+1(α′
i), bi 7→ πpℓ+1(β′i), ci 7→ πpℓ+1(γ′i) for i ∈ [1..m], and ci 7→ εi

for i ∈ [m + 1, n] extends to a representation ρℓ+1 in Rep×g,n;ϵ,k(D/⟨p
ℓ+1⟩);

moreover, πpℓ(ρℓ+1) = ρℓ.

By Proposition 24, for all ℓ, there exists ρ̃ℓ ∈ Rep×g,n;ϵ(D) such that
πpℓ(ρ̃ℓ) = ρℓ. Thus {ρ̃ℓ}ℓ is a Cauchy sequence and its limit ρ is a lift

of ρ which is in Rep×g,n;ϵ,k(D). The first part follows.

By Lemma 25, there exists ρ ∈ Rep×g,n;ϵ,k(D/a) such that x = [ρ]. Since

n(x) = n(πp(x)), by the first part, there exists ρ ∈ Rep×g,n;ϵ,k(D) such that

ρ = πa(ρ). Hence, x = πa([ρ]) and [ρ] ∈ Ch×g,n;ϵ,k(D). The second part

follows. □

Motivated by Proposition 27, we let Cg,n;ϵ,k be the open subscheme of

Ch×g,n;ϵ,k which is given by n(x) equal to the number of components of k. By

Corollary 2, we deduce the following description of the R-points of Cg,n;ϵ,k.

Lemma 29. In the above setting, the following statements hold.

(1) Suppose F is an algebraically closed field and its characteristic is not
2. Then Cg,n;ϵ,k(F ) consists of elements of the form [ρ] where ρ ∈
Rep×g,n(F ), ρ(ci) = εi for all i ∈ I, tr(ρ(ci)) = ki for all i ∈ [1..n]\I,
and ρ(ci) ̸= ±1 for all i ∈ [1..n] \ F .

(2) Suppose D is a compact DVR, p is a uniformizing element of D, and
the characteristic of the residue field k(p) := D/⟨p⟩ is not 2. Then

Cg,n;ϵ,k(D) = {x ∈ Ch×g,n;ϵ,k(D) | πp(x) ∈ Cg,n;ϵ,k(k(p))}.

(3) Suppose D is a compact DVR, p is a uniformizing element of D, and
the characteristic of the residue field k(p) := D/⟨p⟩ is not 2. Then
for every positive integer k

Cg,n;ϵ,k(D/⟨pk⟩) = {x ∈ Ch×g,n;ϵ,k(D/⟨p
k⟩) | πp(x) ∈ Cg,n;ϵ,k(k(p))}.
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By Proposition 27 and Lemma 29, we deduce the following result.

Proposition 30. Suppose D is a compact DVR and a is a proper ideal of
D. Then πa : Cg,n;ϵ,k(D) → Cg,n;ϵ,k(D/a) is surjective.

3.2. Almost equidistribution of the commutator map and product
of trace sets. Suppose F is an algebraically closed field of characteristic
either zero or p > 2, ϵ is a collection of signs, and k is a collection of elements
of F . Let R be the reduced F -scheme such that

R(F ) = Rep×g,n;ϵ,k(F ),

and similarly let C be the reduced F -scheme such that

C(F ) = Ch×g,n;ϵ,k(F ).

In this section, we prove certain properties of SL2(Fq), which is used in
the next section to show R and C are irreducible varieties. We will use
Lemma 25 and show that πg,n induces a dominant morphism πg,n : R→ C.
Hence, proving that R is irreducible implies that C is irreducible.

Theorem 31. In the above setting, let m be the number of components of k.
Then if 3g+m− 3 is positive (this means either g ≥ 2 or g = 1 and m ≥ 1,
or g = 0 and m ≥ 4) and R is not empty, then R and C are irreducible and

dimR = 6g + 2m− 3 and dimC = 6g + 2m− 6.

The case of n = 0 and g ≥ 2 is proved by Rapinchuk, et al, in [44], for
characteristic zero fields. In [34], Liebeck and Shalev used character theory
of finite groups and investigated the representation variety of non-virtually
abelian Fuchsian groups over an algebraically closed field of arbitrary char-
acteristic. In [55], Whang proved that C is irreducible if n ≥ 1, m = n, and
3g + n− 3 > 0. Here, we follow Liebeck-Shalev’s method.

Before we go to the strategy of our proof, let’s remark that most likely the
condition on R being non-empty is not necessary; but for the applications
that we have in mind this result is enough.

Here is our strategy. Let R(k) be the subring of F which is generated by
the coordinates of k. Suppose m is a maximal ideal of R(k) and Fq is a field
extension of R(k)/m. We use character theory of SL2(Fq) and show that

|Repg,n;ϵ,k(Fq)| = qd(g,n,k) ±O(qd(g,n,k)−1)

where d(g, n,k) := 6g + 2m − 3 and m is the number of components of k.
Next, we argue that the dimension of every irreducible component of every
fiber of

Repg,n;ϵ,k → Spec(R(k))

is at least d(g, n,k). Then we use algebraic geometry and the Lang-Weil
estimate on the number of Fq-points of a geometrically irreducible Fq-variety
to finish the proof.

In this section, we focus on the needed results from finite group theory.
To that end, we start by recalling the character table of SL2(Fq). Every
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irreducible representation ρ of a finite group G is uniquely determined up to
conjugation by its trace. Trace χρ of an irreducible representation ρ : G →
GLn(C) is called an irreducible character of G. The set of all the irreducible
characters of G is denoted by Irr(G). By the Peter-Weyl theorem (for finite
groups), one can see that the set of characters form an orthonormal basis
for the space of class functions of G (with respect to the inner product given
by the probability counting measure on G). We will be using character
theory, to use ideas from Fourier analysis and obtain flatness of certain class
functions. This idea had been used before by many authors, for example
see [34, 20, 32, 1]. Let

w : G×G→ G, w(x, y) := [x, y],

and N : G→ C, N(x) := |w−1(x)|. Then N is a class function. Hence

N =
∑

χ∈Irr(G)

⟨χ,N⟩χ.

Notice that

(42) ⟨χ,N⟩ = 1

|G|
∑
x∈G

N(x)χ(x) =
1

|G|
∑

x,y∈G
χ([x, y]).

For every unitary irreducible representation ρ of G and y in G, we have that∑
x∈G

ρ(xyx−1)

commutes with ρ(G), and so it is a scalar matrix. This means for every
y ∈ G, there exists cρ(y) ∈ C such that∑

x∈G
ρ(xyx−1) = cρ(y)Iρ.

Taking the trace of both sides, we obtain that

cρ(y) =
|G|χ(y)
χ(1)

,

where χ := χρ is the character of the representation ρ. Hence∑
x∈G

ρ([x, y]) =
|G|χ(y)
χ(1)

ρ(y)−1,

and so for every y ∈ G, we obtain∑
x∈G

χ([x, y]) =
|G||χ(y)|2

χ(1)
.

Therefore

(43)
∑

x,y∈G
χ([x, y]) =

∑
y∈G

|G||χ(y)|2

χ(1)
=

|G|2

χ(1)
.
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By (42) and (43), we deduce that for every x ∈ G

(44) N(x) = |G|
∑

χ∈Irr(G)

χ(x)

χ(1)
.

This formula goes back to Frobenius, and have been used in the previous
works on the almost equidistribution of (product of) the commutator map,
e.g. see [20, 1, 32].

We also need the almost equidistribution of

µC1 ∗ · · · ∗ µCk

where µCi is the probability counting measure on a normal subset Ci and

f ∗ g(x) :=
∑
y∈G

f(y)g(y−1x)

for every x ∈ G. Let’s recall that for every f ∈ L2(G) and unitary irreducible
representation ρ, the Fourier inverse of f is

f̂(ρ) :=
1

|G|
∑
x∈G

f(x)ρ(x)∗.

It is easy to check that

f̂ ∗ g(ρ) = |G|ĝ(ρ)f̂(ρ).

Notice that if f is a class function, f̂(ρ) commutes with ρ(G), and so it is a
scalar matrix, say

f̂(ρ) = cρ(f)Iρ.

In particular, when fi’s are class functions, we have

(45) cρ(f1 ∗ · · · ∗ fk) = |G|k−1
k∏

i=1

cρ(fi),

and

(46) ⟨χ, f⟩ = tr(f̂(ρ)) = cρ(f)χ(1),

where χ is the character associated with ρ. By (45) and (46), we obtain that

(47) ⟨χ, f1 ∗ · · · ∗ fk⟩ =
(

|G|
χ(1)

)k−1 k∏
i=1

⟨χ, fi⟩

for class functions fi. Notice that for a normal set C, we have

(48) ⟨χ, µC⟩ =
1

|G||C|
∑
x∈C

χ(x).

By (47) and (48), we obtain

(49) ⟨χ, µC1 ∗ · · · ∗ µCk
⟩ = χ(1)

|G|

k∏
i=1

χ(Ci)

χ(1)|Ci|
,
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where χ(C) :=
∑

x∈C χ(x). By (49) and the fact that the convolution of
probability measures is a probability measure, we obtain that

(50) µC1 ∗ · · · ∗ µCk
(x)− 1

|G|
=

∑
χ∈Irr(G)\{1G}

χ(1)

|G|

k∏
i=1

(
χ(Ci)

χ(1)|Ci|

)
χ(x),

where 1G is the trivial character of G.
Our almost equidistribution results rely on (44), (50), and the character

table of SL2(Fq). We recall the character table of SL2(Fq) from [11, Chapter
38.1]; this character table was known to Schur. Suppose q = pn where p
is an odd prime and Fq is a finite field of order q. Let v be a generator of

F×. Let ux :=

(
1 0
x 1

)
for x ∈ Fq. Let d := diag(v, v−1). Notice that the

left multiplication of F×
q2

on Fq2 gives us an embedding of F×
q2

into GL2(Fq).

Moreover, this embedded F×
q2

intersects SL2(Fq) in a cyclic group of order

q+1. Suppose s is a generator of this cyclic subgroup. Then by [11, Chapter
38.1], we have the following theorem.

Theorem 32 (Character table of SL2(Fq)). In the above setting, SL2(Fq)
has exactly q + 4 conjugacy classes

Cl(±1),Cl(±u1),Cl(±uv),Cl(dℓ),Cl(sm)

for 1 ≤ ℓ ≤ (q − 3)/2 and 1 ≤ m ≤ (q − 1)/2. The cardinality of the
conjugacy classes are given by the following table:

g ±1 ±ux dℓ sm

|Cl(g)| 1 q2−1
2 q(q + 1) q(q − 1)

where x is either 1 or v and 1 ≤ ℓ ≤ (q − 3)/2, 1 ≤ m ≤ (q − 1)/2.

Let ε := (−1)(q−1)/2, ζq−1 := e2πi/(q−1), and ζq+1 := e2πi/(q+1). Then the
irreducible characters of SL2(Fq) are given by the following table:

1 −1 u1 uv dℓ sm

1G 1 1 1 1 1 1
ψ q q 0 0 1 −1
χi q + 1 (−1)i(q + 1) 1 1 2Re(ζiℓq−1) 0

θj q − 1 (−1)j(q − 1) −1 −1 0 −2Re(ζjmq+1)

ξ1
q+1
2

ε(q+1)
2

1+
√
εq

2
1−√

εq
2 (−1)ℓ 0

ξ2
q+1
2

ε(q+1)
2

1−√
εq

2
1+

√
εq

2 (−1)ℓ 0

η1
q−1
2 − ε(q−1)

2
−1+

√
εq

2
−1−√

εq
2 0 (−1)m+1

η2
q−1
2 − ε(q−1)

2
−1−√

εq
2

−1+
√
εq

2 0 (−1)m+1

for 1 ≤ i, ℓ ≤ (q − 3)/2 and 1 ≤ j,m ≤ (q − 1)/2. Moreover,

χ(−ux) =
χ(−1)

χ(1)
χ(ux)

for x = 1, v and every irreducible character χ ∈ Irr(SL2(Fq)).
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Next, we prove an almost equidistribution of the commutator map.

Lemma 33. Suppose q is a power of an odd prime p. Let

w : SL2(Fq)× SL2(Fq) → SL2(Fq), w(x, y) := [x, y].

For every x ∈ SL2(Fq), let N(x) := |w−1(x)|. Then for every x ̸= 1, we
have

N(x) = | SL2(Fq)|(1±O(q−1)),

where the implied constant is a fixed positive number. We also have that

N(1) = | SL2(Fq)|(q + 4).

Proof. By (44), we need to find an upper bound for the absolute value of

(51) E(x) :=
∑

χ∈Irr(SL2(Fq))\{1SL2(Fq)}

χ(x)

χ(1)
.

We use the character table of SL2(Fq) to compute (51) for every conjugacy
class, and obtain the following list

x −1 u1 uv dℓ sm

E(x) 0 − 2
q−1 − 2

q−1
1
q +

3(−1)ℓ−1
q+1 −1

q +
1−3(−1)m

q−1

The first claim follows from the above table.
For the second part, let G := SL2(Fq); we have

N(1) =|{(a, b) ∈ G | ab = ba}| =
∑
a∈G

|CG(a)|

=
∑

C∈Cl(G)

∑
a∈C

|G|
|C|

= κ(G)|G|,

where Cl(G) is the set of conjugacy classes of G and κ(G) := |Cl(G)|. Now
the claim follows from the fact that κ(SL2(Fq)) = q + 4. □

Next, for a given vector k := (k1, . . . , kn) ∈ Fn
q , we consider the sets

Ci := {x ∈ SL2(Fq) | tr(x) = ki},
and prove an almost equidistribution of

µC1 ∗ · · · ∗ µCn

where µCi is the probability counting measure on Ci. Notice that if ki ̸= ±2,
then Ci is a single conjugacy class consisting of regular semisimple elements;
that means either Cl(dℓ) for some 1 ≤ ℓ ≤ (q − 3)/2 or Cl(sm) for some
1 ≤ m ≤ (q−1)/2. If ki = ±2, then Ci is the union of three conjugacy classes
Cl(±1), Cl(±u1), and Cl(±uz) (we are using the notation of Theorem 32).
By (50), to obtain such an almost equidistribution, it is enough to control
χ(Ci)/(χ(1)|Ci|). Using the character table of SL2(Fq) given in Theorem 32,
we obtain the following result.
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Lemma 34. In the setting of Theorem 32, suppose that C is either Cl(dℓ)
for some 1 ≤ ℓ ≤ (q − 3)/2, or Cl(sm) for some 1 ≤ m ≤ (q − 1)/2, or

tr−1(2) := {1}∪Cl(u1)∪Cl(uz) or tr−1(−2) := {−1}∪Cl(−u1)∪Cl(−uz).
Then for every χ ∈ Irr(SL2(Fq)) \ {1SL2(Fq)},∣∣∣∣ χ(C)

χ(1)|C|

∣∣∣∣ ≤ 2

q − 1
.

Proof. Notice that, for C = Cl(x), χ(C) = |C|χ(x). We also observe that

χ(tr−1(2))

| tr−1(2)|
=
χ(1) + q2−1

2 (χ(u1) + χ(uv))

q2
,

and

χ(tr−1(−2))

| tr−1(−2)|
=
χ(−1) + q2−1

2 (χ(−u1) + χ(−uv))
q2

=
χ(−1)

χ(1)
· χ(tr

−1(2))

| tr−1(2)|
.

Since |χ(−1)| = |χ(1)|, we obtain that∣∣∣∣χ(tr−1(2))

| tr−1(2)|

∣∣∣∣ = ∣∣∣∣χ(tr−1(−2))

| tr−1(−2)|

∣∣∣∣.
Based on these equations and Theorem 32, we obtain the following table for

| χ(C)
χ(1)|C| |:

Cl(dℓ) Cl(sm) tr−1(2)

ψ 1
q

1
q

1
q2

χi
|2Re(ζiℓq−1)|

q+1 0 1
q

θj 0
|2Re(ζjmq+1)|

q−1
1
q

ξ1,2
2

q+1 0 1
q

η1,2 0 2
q−1

1
q

The claim follows. □

Lemma 35. Suppose k := (k1, . . . , kn) ∈ Fn
q , where q is a power of an odd

prime. Let
Ci := {x ∈ SL2(Fq) | tr(x) = ki}

for all i. Suppose µCi is the probability counting measure on Ci. Then for
n ≥ 3, for all x ∈ SL2(Fq) \ {±1},

µC1 ∗ · · · ∗ µCn(x) =
1

| SL2(Fq)|
(1±O(q−1/2)),

and for n ≥ 4, for all x ∈ SL2(Fq),

µC1 ∗ · · · ∗ µCn(x) =
1

|SL2(Fq)|
(1±O(q−1)).
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Proof. Let G := SL2(Fq). By (50), we have that∣∣∣∣µC1 ∗ · · · ∗ µCn(x)−
1

|G|

∣∣∣∣ = ∣∣∣∣ ∑
χ∈Irr(G)\{1G}

χ(1)

|G|

n∏
i=1

(
χ(Ci)

χ(1)|Ci|

)
χ(x)

∣∣∣∣.
Using the character table, we see that χ(1) ≤ q + 1, |χ(x)| ≤

√
q + 1/2 for

all x ̸= ±1. Hence, by Lemma 34, we obtain that∣∣∣∣ n∏
i=1

(
χ(Ci)

χ(1)|Ci|

)
χ(1)χ(x)

∣∣∣∣ ≪ (
1

q

)n

q
√
q = q−n+(3/2),

for some fixed implied constant. Similarly, we obtain that∣∣∣∣ n∏
i=1

(
χ(Ci)

χ(1)|Ci|

)
χ(1)χ(±1)

∣∣∣∣ ≪ (
1

q

)n

q2 = q−n+2

Notice that |Irr(SL2(Fq))| is the number of conjugacy classes of SL2(Fq),
which is q + 4. Hence, altogether we deduce that∣∣∣∣µC1 ∗ · · · ∗ µCn(x)−

1

|G|

∣∣∣∣ ≪ 1

|G|
q−n+(5/2) ≤ 1

|G|
q−1/2

if n ≥ 3 and x ̸= 1, and∣∣∣∣µC1 ∗ · · · ∗ µCn(x)−
1

|G|

∣∣∣∣ ≪ 1

|G|
q−n+3 ≤ 1

|G|
q−1

if n ≥ 4 and for all x. □

Next we prove the following counting result using Lemmas 33 and 35.

Lemma 36. Suppose k := (k1, . . . , kn) ∈ Fn
q , ε = ±1 where q is a power of

a prime number, and g ≥ 0. Then the number of elements Nq(g, n,k, ε) of

{(a,b, c) ∈ SL2(Fq)
2g+n | [a1, b1] · · · [ag, bg]c1 · · · cn = ε, tr(ci) = ki}

where a = (a1, . . . , ag), b = (b1, . . . , bg), and c = (c1, . . . , cn) is equal to

q6g+2n−3(1 +O(q−1))

if 3g + n − 3 > 0 (this means either g ≥ 2, or g = 1 and n ≥ 1, or g = 0
and n ≥ 4).

Proof. We start with the case of g = 0 and n ≥ 4. By Lemma 35, we have

Nq(0, n,k, ε)∏n
i=1 |Ci|

= µC1 ∗ · · · ∗ µCn(ε) =
1

|SL2(Fq)|
(1±O(q−1)),

where Ci := {x ∈ SL2(Fq) | tr(x) = ki}. We also notice that by Theorem 32,
|Ci| = q2 or q2 ± q; and so |Ci| = q2(1±O(q−1)). Because

|SL2(Fq)| = q(q2 − 1) = q3(1−O(q−2)),

we deduce that

(52) Nq(0, n,k, ε) = q2n−3(1±O(q−1)).
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Next, we obtain a recursive formula for g ≥ 1. For x = (x1, . . . , xg), let
x := (x2, . . . , xg). We also let G := SL2(Fq). Then we have

Nq(g, n,k, ε) =
∑

a,b∈Gg−1,c∈
∏n

i=1 Ci

|w−1(ε([a2, b2] · · · [ag, bg]c1 · · · cn)−1)|

where w : G×G→ G,w(x, y) := [x, y]. By Lemma 33, we obtain that

Nq(g, n,k, ε) =

(
|G|2(g−1)

n∏
i=1

|Ci| −Nq(g − 1, n,k, ε)

)
|G|(1±O(q−1))

+Nq(g − 1, n,k, ε)|G|(q + 4)

=q6g+2n−3(1±O(q−1)) + q4Nq(g − 1, n,k, ε)(1±O(q−1)).(53)

We proceed by induction on g. If

(g, n) ̸∈ {(2, 0), (1, 1), (1, 2), (1, 3)},
then by the induction hypothesis and (52),

Nq(g − 1, n,k, ε) = q6(g−1)+2n−3(1±O(q−1));

and so by (53), we obtain that

Nq(g, n,k, ε) = q6g+2n−3(1±O(q−1)).

By Lemma 33, we also have

Nq(1, 0,∅, ε) = O(q4);

and so by (53), we obtain

Nq(2, 0,∅, ε) = q9(1±O(q−1)).

Notice that because the first n− 1 components uniquely determine the last
one and |Ci| = q2(1±O(q−1)), we have

Nq(0, n,k, ε) ≪ q2n−2.

Hence, by (53), we obtain

Nq(1, n,k, ε) = q2n+3(1±O(q−1)) +O(q2n+2) = q2n+3(1±O(q−1)).

This completes the proof. □

3.3. Geometric irreducibility of the generic fiber of modified rela-
tive character varieties. The main goal of this section is to prove Theo-
rem 31. Let’s recall the setting of Theorem 31. Suppose F is an algebraically
closed field of characteristic either zero or odd. Suppose n and g are non-
negative integers. Suppose I is a subset of [1..n] with m elements. For every
i ∈ [1..n] \ I, εi is either 1 ∈ SL2(F ) or −1 ∈ SL2(F ), and for every i ∈ I,
ki ∈ F . Let ϵ := (εi)i ̸∈I and k := (ki)i∈I . Suppose 3g +m − 3 is positive.
Let R(k) be the subring of F which is generated by ki’s. Let Repg,n;ϵ,k be
the affine R(k)-scheme given by the functor

Repg,n;ϵ,k(A) = {(a,b, c) ∈ Repg,n(A) | ∀i ̸∈ I, ci = εi, ∀i ∈ I, tr(ci) = ki}
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for every R(k)-algebra A. Notice that since εi’s are central, we can reorder
ci’s and assume that I = [1..m]. Then (a,b, c) ∈ Repg,n;ϵ,k(A) precisely
when

[a1, b1] · · · [ag, bg]c1 · · · cm = ε

where ε :=
∏n

i=m+1 εi. Therefore, by Lemma 36, we obtain the following
result.

Lemma 37. In the above setting, suppose m is a maximal ideal of R(k) and
Fq is an extension of the residue field R(k)/m. Then

|Repg,n;ϵ,k(Fq)| = q6g+2m−3(1±O(q−1)).

Proof. By the above discussion, this is a reformulation of Lemma 36. □

Next, using Krull’s Height Theorem, we give a lower bound on the di-
mension of every irreducible component of a fiber of

Repg,n;ϵ,k → Spec(R(k)).

To this end, we recall the following result from commutative algebra.

Lemma 38. Suppose K is a field, A = K[x1, . . . , xD]/⟨r1, . . . , rk⟩, and q is
a minimal prime divisor of ⟨r1, . . . , rk⟩. Let q = q/⟨r1, . . . , rk⟩. Then

dim(A/q) ≥ D − k.

Proof. Notice that

dim(A/q) = dim(K[x1, . . . , xD]/q) = D − ht(q).

Since q is a minimal prime divisor of ⟨r1, . . . , rk⟩, by Krull’s Height Theorem
ht(q) ≤ k. Hence dim(A/q) ≥ D − k. □

Lemma 39. In the above setting, for every p ∈ Spec(R(k)) and every field
extension K of the residue field k(p), every irreducible component of

Repg,n;ϵ,k ×Spec(R(k)) Spec(K)

is of dimension at least 6g + 2m− 3.

Proof. Notice that Repg,n;ϵ,k ×Spec(R(k)) Spec(K) is an affine scheme de-
scribed by a finitely presented K-algebra given by 8g + 4n variables that
are viewed as entries of 2g + n matrices

a1, . . . , ag, b1, . . . , bg, c1, . . . , cn

which are 2-by-2, and the following relations: 2g +m relations for determi-
nants

det a1 = · · · = det ag = det b1 = · · · = det bg = det c1 = · · · = det cm = 1,

4(n−m) relations for ϵ relations

cm+1 = εm+1, . . . , cn = εn,

m relations for the traces given by k

tr(c1) = k1, . . . , tr(cm) = km,
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and 3 relations given by the (1, 1), (1, 2), and (2, 1) entries of the following
equation

a1b1adj(a1)adj(b1) · · · agbgadj(ag)adj(bg)c1 · · · cm = ε,

where adj

(
x y
z t

)
=

(
t −y
−z x

)
and ε :=

∏n
i=m+1 εi; notice that if a 2-by-2

matrix has determinant 1 and shares the same (1, 1), (1, 2), and (2, 1) entries
with ε, then it is ε. Altogether, we have

(2g +m) + 4(n−m) +m+ 3 = 2g + 4n− 2m+ 3

relations. Hence, by Lemma 38, we obtain that every irreducible component
of this scheme is of dimension at least

(8g + 4n)− (2g + 4n− 2m+ 3) = 6g + 2m− 3.

□

Theorem 40. In the above setting suppose 3g+m−3 is positive. Then the
generic fiber of

Repg,n;ε,k → Spec(R(k))

is geometrically irreducible and it is of dimension 6g + 2m− 3.

Proof. Let K be the subfield of F which is generated by ki’s. Then K is
a field of fractions of R(k). By [47, Lemma 33.8.15], there exists a finite
separable extension L of K (which we assume to be a subfield of F ) such
that every irreducible component of

Repg,n;ε,k ×Spec(R(k)) Spec(L)

is geometrically irreducible. Since L/K is a finite separable extension, there
exists c ∈ L such that L = K[c]. Then L is a field of fractions of R(k)[c].
Let

X := Repg,n;ε,k ×Spec(R(k)) Spec(R(k)[c]),

and η be the generic point of Spec(R(k)[c]). Then all the irreducible com-
ponents of the generic fiber Xη are geometrically irreducible. For every

p ∈ Spec(R(k)[c]), let k(p) be the residue field of p and k(p) a separable
closure of k(p). Let i(p) be the number of irreducible components of

X ×Spec(R(k)[c]) Spec(k(p)).

By [47, Lemma 37.27.6], there exists f ∈ R(k)[c] such that for every p in
Spec(R(k)[c][1/f ]), i(p) is the same as i(0). In fact, by the virtue of the

proof of [47, Lemma 37.27.6], there exists f and closed subschemes {Xj}i(0)j=1

of
X ×Spec(R(k)[c]) Spec(R(k)[c][1/f ])

such that for every p ∈ Spec(R(k)[c][1/f ]) and every j,

Xj,p := Xj ×Spec(R(k)[c][1/f ]) k(p)
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is geometrically irreducible and Xj,p’s are distinct irreducible components of

Xp := X ×Spec(R(k)[c][1/f ]) k(p).

Notice that since R[k][c][1/f ] is a finitely generated ring, for every maximal
ideal m of R[k][c][1/f ], the residue field k(m) = R[k][c][1/f ]/m is a finite
field. Notice that R[k][c][1/f ] is a subring of F and the characteristic of F
is either zero or odd. In either case, we can find a maximal ideal m such
that the residue field k(m) is a finite field of odd characteristic. For every
finite field extension Fq of the residue field k(m) and every j, we have

(54) |Xm(Fq)| ≥ |Xj,m(Fq)|.
Because Xj,m is geometrically irreducible, by the Lang-Weil theorem [31]

(55) |Xj,m(Fq)| = qdimXj,m +O(qdimXj,m− 1
2 ).

Notice that Xm(Fq) = Repg,n;ϵ,k(Fq), and so by Lemma 37, (54), and (55),
we obtain

1 = lim
q→∞

|X(Fq)|
q6g+2m−3

≥ lim
q→∞

qdimXj,m +O(qdimXj,m− 1
2 )

q6g+2m−3
.

This implies that dimXj,m ≤ 6g + 2m − 3. By Lemma 38, we have that
dimXj,m ≥ 6g + 2m− 3; and so

(56) dimXj,m = 6g + 2m− 3

for a maximal ideal m of R(k)[c][1/f ] if the residue field k(m) is of odd
characteristic. Hence, for j1 ̸= j2, dim(Xj1,m∩Xj2,m) ≤ 6g+2m−4. Hence,
by [18, Lemma 3.1]

(57) |Xj1,m(Fq) ∩Xj2,m(Fq)| = O(q6g+2m−4)

where the implied constant depends on g, n, ϵ, and k. By (55), (56), and
(57), we obtain that

|Xm(Fq)| = i(0)q6g+2m−3 +O

(
6g + 2m− 7

2

)
;

and so by Lemma 37, we obtain that i(0) = 1. This means Xη is geometri-
cally irreducible, which implies that the generic fiber of

Repg,n;ϵ,k → Spec(R(k))

is geometrically irreducible. By (56) and [47, Lemma 37.30.1], we deduce
that the generic fiber mentioned above is of dimension 6g + 2m − 3, as
well. □

Before we go to the proof of Theorem 31, we show that πg,n induces a
dominant morphism from R to C. This argument is based on the properties
of the coordinate rings of these schemes. We recall some needed notation
from commutative algebra. Suppose A and B are two unital commutative
rings, and f : B → A is a ring homomorphism. Then for an ideal I of B,
the extension of I under f is denoted by Ie and it is the ideal of A which
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is generated by f(I). For an ideal I of A, the contraction of I under f is
f−1(I) and it is denoted by Ic. For an ideal I of A,

V (I) := {p ∈ Spec(A) | I ⊆ p}
is the set of prime divisors of I.

Lemma 41. There is a dominant morphism πg,n : R → C such that for
every ρ ∈ R(F ),

πg,n(ρ) = πg,n(ρ).

Moreover R and C are irreducible.

Proof. Let B := Rg,n ⊗Z F and A := Ag,n ⊗Z F . Then π∗g,n gives us an
F -algebra homomorphisms

f : B → A.

Let I∆ be the ideal of B which is generated by the discriminant ∆(γ, γ′) for
γ, γ′ ∈ Πg,n. Then

Rep×g,n ×Spec(Z) Spec(F ) = Spec(A) \ V (Ie∆).

and
Ch×g,n ×Spec(Z) Spec(F ) = Spec(A) \ V (I∆).

By the definition of the modified relative character variety given in Sec-
tion 3.1 (more specifically, see the paragraph before Lemma 23) there exists
an ideal J := Jϵ,k of A such that

Ch×g,n;ϵ,k ×Spec(R(k)) Spec(F ) = Spec(B/Jc) \ V (I∆ + Jc/Jc),

,
Rep×g,n;ϵ,k ×Spec(R(k)) Spec(F ) = Spec(A/J) \ V (Ie∆ + J/J),

and
Repg,n;ϵ,k ×Spec(R(k)) Spec(F ) = Spec(A/J).

Let A := A/J and B := B/Jc. Notice that f induces an F -algebra homo-
morphism from B to A which is still denoted by f .

By Theorem 40, we obtain that A has a unique minimal prime ideal; this
means there exists q0 ∈ Spec(A) such that for every q ∈ Spec(A), q0 ⊆ q.

We want to show that every prime ideal of B is either a prime divisor of
I∆ := I∆ + J/J or contains qc0.

Notice that by Hilbert’s Nullstellensatz, there exists a natural bijection
between the points of Chg,n;ϵ,k(F ) and maximal ideals of B which are not
in V (I∆ + Jc/Jc) and similarly there exists a bijection between the points
of Repg,n;ϵ,k(F ) and maximal ideal of A that are not in V (Ie∆ + J/J). By
Lemma 25,

πg,n : Rep×g,n;ϵ,k(F ) → Ch×g,n;ϵ,k(F )

is surjective. In the language of maximal ideals, this means every maximal
ideal of B is either a divisor of I∆ or a contraction of a maximal ideal of A.
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Now we are ready to show that every prime ideal of B is a divisor of
qc ∩ I∆. Suppose to the contrary that there exist a prime ideal p of B and
b ∈ qc ∩ I∆ \ p. Since B is a finitely generated F -algebra,

p =
⋂

m∈Max(B)∩V (p)

m.

Hence there exists a maximal divisor m of p which does not contain b. As
b ∈ I∆, we deduce that m is not a divisor of I∆; and so m = nc for some
maximal ideal n of A. Because q0 is the unique minimal prime ideal of A,
q0 ⊆ m0. Therefore qc0 ⊆ nc = m. This implies that b ∈ m which is a
contradiction.

For p ∈ Spec(B) \ V (I∆), we have that p|qc0I∆ and p ∤ I∆; and so p|qc0.
Therefore, we can naturally identify Spec(B) \ V (I∆) with

C := Spec(B/qc0) \ V (I∆ + qc0/q
c
0).

Because q0 is the unique minimal prime ideal of A, we can naturally identify
Spec(A) \ V (I

e
∆) with

R := Spec(A/q0) \ V (I
e
∆ + q0/q0).

The F -algebra homomorphism f induces the F -algebra homomorphism

f : B/qc0 → A/q0.

Altogether, we have that R and C are irreducible F -varieties, and f gives
us a morphism

π : R→ C.

Because every maximal ideal in C is a contraction of a maximal ideal in R
and maximal ideals are dense in C, we obtain that π is a dominant morphism.
Since π is given by the F -algebra homomorphism f , we deduce that, after
the needed identifications, π(ρ) = πg,n(ρ) for every ρ ∈ R(F ). □

Proof of Theorem 31. By Lemma 41, it is only remained to find the dimen-
sion of R and C. By Theorem 40, the generic fiber of

Repg,n;ϵ,k → Spec(R(k))

is geometrically irreducible. Since Repg,n;ϵ,k is a non-empty Zariski-open
subset of Repg,n;ϵ,k, we deduce that

dimRep×g,n;ϵ,k ×Spec(R(k)) Spec(F ) = dimRepg,n;ϵ,k ×Spec(R(k)) Spec(F ).

Hence, by Theorem 40,

dimR = 6g + 2m− 3.

Supposem is a maximal ideal of R(k); since the residue field k(m) := R(k)/m
is a finitely generated ring and it is a field, it is a finite field. We can choose
m in a way that the characteristic of this finite field is not 2. Suppose Fq is
a field extension of k(m). Then, by Lemma 25,

πg,n : Rep×g,n;ϵ,k(Fq) → Ch×g,n;ϵ,k(Fq)
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is surjective. By Lemma 23

π−1
g,n(Ch

×
g,n;ϵ,k(Fq)) = Rep×g,n;ϵ,k(Fq),

where here πg,n is viewed as

πg,n : Rep×g,n(Fq) → Ch×g,n(Fq).

By Proposition 10, for every x ∈ Ch×g,n(Fq), π
−1
g,n(x) is a single PGL2(Fq)-

orbit. Since every element of Rep×g,n(Fq) is an absolutely irreducible repre-
sentation, its stabilizer under the action of PGL2(Fq) is trivial. Altogether
we obtain that

(58) |Ch×g,n;ϵ,k(Fq)| =
|Rep×g,n;ϵ,k(Fq)|
|PGL2(Fq)|

.

By Lemma 41, the generic fibers of

Rep×g,n;ϵ,k → Spec(R(k)) and Ch×g,n;ϵ,k → Spec(R(k))

are geometrically irreducible. Hence, by [47, Lemma 37.27.5], we can choose
m in a way that the fiber over m of both of the above morphisms are ge-
ometrically irreducible. Moreover, by [47, Lemma 37.30.1] we can and will
assume that the dimension of these fibers are the same as the dimension of
their respective generic fibers. Hence, by the Lang-Weil estimate (see [31]),
we obtain

(59) |Rep×g,n;ϵ,k(Fq)| = qdimR(1 +O(q−1/2))

and

(60) |Ch×g,n;ϵ,k(Fq)| = qdimC(1 +O(q−1/2)).

By (58), (59), and (60), we obtain that

dimC = dimR− 3.

Therefore, by Theorem 40, claim follows. □

4. Infinite orbits of a pure mapping class group.

4.1. Notation, background, preliminary results, and highlights of
this section. Let Σg,n be a surface of genus g with n punctures. Then
the pure mapping class group Γg,n := PAut(Πg,n)/Inn(Πg,n) acts on the
set of conjugacy classes of a fundamental group Πg,n of Σg,n. The pure
mapping class group also acts on the character variety Chg,n by scheme
automorphisms; this is the case, because by the Fricke relations tγγ′γ−1 = tγ
in Rg,n for every γ, γ′ ∈ Πg,n, and so the action of the pure automorphism
group PAut(Πg,n) on Rg,n factors through Γg,n.

There is a bijection between the set of non-trivial conjugacy classes of Πg,n

and the set of non-trivial free homotopy classes of oriented closed curves in
Σg,n (see [13, Section 1.2.1]). So sometimes, we label the generators tγ of
Rg,n by non-trivial free homotopy classes of oriented closed curves. Based on
this bijection, we get an action of Γg,n on the set of oriented closed curves up
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to a free homotopy. In fact, the (pure) mapping class group can be defined
as the group of isotopy classes of orientation preserving homeomorphisms
of Σg,n fixing the punctures. Under this identification, we get the same
action on the free homotopy classes of oriented closed curves in Σg,n (see
[52, Lemma 23]).

We are particularly interested in oriented simple closed curves. These
are embedded copies of an oriented circle in Σg,n. Let C be the set of
all oriented simple closed curves up to free homotopy. Given an oriented
simple closed curve a ∈ C, the Dehn twist τa about a is an element of
the pure mapping class group which is given by a homeomorphism of Σg,n

supported on a neighborhood of a. To apply τa, first we cut a small tubular
neighborhood of a, view it as an annulus in a way that the counterclockwise
orientation of the outer circle matches the orientation of a, twist the inner
circle counterclockwise, and then glue back the neighborhood.

By works of Lickorish, Humphries, and Birman (see [13, Theorem 4.9,
Theorem 4.13, Theorem 4.14]), Γg,n is generated by the Dehn twists around
simple curves. For g ≥ 1, the Dehn twists about the simple curves given
in Figure 1 generate Γg,n. For g = 0, using the proof of the Birman exact
sequence, one can show that the Dehn twists about the simple curves which
separate a subset of punctures from the rest generate Γg,n.

Figure 1. Humpheries’ generators

An essential curve is an oriented simple curve which does not bound a disk
or a punctured disk in Σg,n. An essential simple curve a is called separating
if Σg,n \ a contains two connected components; otherwise a is called non-
separating. Let Cns ⊆ C be the subset consisting of non-separating essential
simple closed curves, and Cs be the subset consisting of separating essential
simple closed curves.

For every unital commutative ring R, let

t : Chg,n(R)× C → R, t(x, d) := td(x);

in particular, for every ρ ∈ Repg,n(R) and a ∈ C,
t(πg,n(ρ), a) = tr(ρ(Cla)),

where Cla is the conjugacy class of Πg,n corresponded to a. For every θ in
Γg,n, a ∈ C, and x ∈ Chg,n(R), we have

(61) t(θ · x, θ · a) = t(x, a).
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Let’s also recall that for every θ ∈ Γg,n and a ∈ C,
τθ·a = θτaθ

−1,

and so

(62) t(θ · x, τθ·a(θ · b)) = t(x, τa(b)).

For a and b in C, we let i(a, b) be the geometric intersection number of a
and b. Clearly, for every θ ∈ Γg,n,

i(a, b) = i(θ · a, θ · b).
The topological dynamics of the pure mapping class group on the character
variety has been studied in different contexts, and mostly over R or C.
This means one would like to study the (closure of the) orbit Γg,n · x for
some x ∈ Chg,n(F ), where F is equipped with certain topology. Most of
these works rely on finding simple curves a and b such that {τna x}n∈Z and
{τnb x}n∈Z are unbounded and i(a, b) ≤ 2.

For instance, in [19], to study Schwarzian equations on closed Riemann
surfaces, Gallo, Kapovich, and Marden investigate non-elementray represen-
tations

ρ : Πg,0 → PSL2(C).
As part of their work, they obtain that if ρ ∈ Rep•g,0(C) and ρ(Πg,0) is
an unbounded subgroup of SL2(C), then there are simple curves a and b
such that i(a, b) = 1, |ta([ρ])|, |tb([ρ])| > 2, and the restriction of ρ to the
fundamental group of the handle given by these curves is non-elementary
(that means Zariski-dense and unbounded). In [42], Previte and Xia studied
the closure of Γg,n ·[ρ] where ρ : Πg,n → SU2(C) is a dense representation and
g ≥ 1. In this case, they prove that there exist simple curves a and b such
that i(a, b) = 1 and the image of the restriction of ρ to the fundamental group
of the handle given by a and b is still dense in SU2(C); notice that being
dense in SU2(C) with respect to the Archimedean topology is equivalent
to being dense with respect to the Zariski-topology. In [40] and [3], finite
orbits of Γg,n were classified when g ≥ 1. They prove that if g ≥ 1 and
ρ ∈ Rep•g,n(C), then Γg,n · [ρ] is infinite. The case of g = 0 is more subtle.
Finite Γ0,n-orbits in Ch0.n(C) are in connection with algebraic solutions of
the Painlevé VI differential equations. For this reason, Lisovyy and Tykhyy
studied this problem, and classified all the finite Γ0,4-orbits; in particular,
there exists ρ ∈ Rep•0,4(C) with finite Γ0,4-orbit (see [35]). Here we further
study infinite orbits of Γg,n. The following is one of the main results of this
section.

Proposition 42. Suppose F is an algebraically closed field of characteristic
zero. Suppose g and n are non-negative integers and x ∈ Ch•g,n(F ). Then
the orbit Γg,n ·x of the pure mapping class group Γg,n is finite precisely when
for all essential curves a and b with the geometric intersection number i(a, b)
at most 2 there exists a positive integer k such that

t(x, τka (b)) = t(x, b).
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Although our approach has some similarities with the mentioned previous
works, it has novel aspects as well; for instance, we deal with the case of g = 0
and make use of non-archimedean fields to obtain a non-trivial dynamics on
the projective line. Let us recall that for every prime p there exists a field
Cp with the following properties:

(1) As a field Cp is isomorphic to C; in particular, it is algebraically
closed.

(2) The field Qp of p-adic numbers can be embedded in Cp, and the

algebraic closure Qp of Qp is dense in Cp.
(3) The p-adic norm | · |p uniquely extends to Cp and Cp is a complete

metric space with respect to the metric given by this norm.

We let C0 be the set of complex numbers, and in this section p is either
a prime or 0. The action of SL2(Cp) on the projective line P1(Cp) is often
captured by the Möbuis transformations. We identify P1(Cp) with Cp∪{∞}
via

[x : 1] 7→ x and [1 : 0] 7→ ∞,

for all x ∈ Cp. Through this identification, the action of SL2(Cp) turns to(
a b
c d

)
· x =

ax+ b

cx+ d
.

Every element γ of SL2(Cp) is either a conjugate of ±
(
1 1
0 1

)
or diagonal-

izable. In the first case, the action of γ on P1(Cp) is a conjugate of

x 7→ ±x+ 1.

Such an element is called parabolic. In the second case, the action of γ on
P1(Cp) is a conjugate of x 7→ λ2x where λ is an eigenvalue of x. When
|λ|p > 1, γ is called loxodromic. When |λ|p = 1, γ is called elliptic. For
γ ∈ SL2(Cp), let Mγ := max{|λ|p, |λ|−1

p } where λ±1 are the eigenvalues of
γ. Notice that Mγ > 1 if and only if γ is loxodromic. For γ ∈ SL2(Cp), let

Fγ := {[x : y] ∈ P1(Cp) | γ · [x : y] = [x : y]}.
Notice that [x : y] ∈ Fγ if and only if (x, y) is an eigenvector of γ. Hence
γ ∈ SL2(Cp) is parabolic if and only if |Fγ | = 1; and γ ̸= ±1 is elliptic or
loxodromic precisely when |Fγ | = 2. Notice that being parabolic, elliptic, or
loxodromic, Mγ , and |Fγ | depend only on the conjugacy of the element γ.

For x ∈ Ch•g,n(Cp) and a ∈ Cs(Σg,n), we say that a is x-loxodromic (re-
spectively, elliptic or parabolic) if for some ρ ∈ Rep•(Cp) we have x = [ρ] and
ρ(Cla) consists of loxodromic (respectively, elliptic or parabolic) elements,
where Cla is a conjugacy class of Πg,n corresponded to a. Notice that by
Corollary 8, Theorem 7, and Proposition 21, for every x ∈ Ch•g,n(Cp), there

exists ρ ∈ Rep•g,n(Cp) such that x = [ρ] and the fiber π−1
g,n(x) consists of

GL2(Cp)-conjugates of ρ. Hence, being x-loxodromic, elliptic, or parabolic
do not depend on the choice of a lift ρ ∈ Rep•g,n(Cp) of x.
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Proof of Proposition 42 is based on the following results on unbounded
orbits of Γg,n in Chg,n(Cp).

Lemma 43. Suppose F is a field of characteristic zero, x ∈ Ch•g,n(F ), and
Γg,n · x is infinite. Let x∗ : Rg,n → F be the corresponding ring homomor-
phism and Ax := x∗(Rg,n). Then there exists an embedding Ax ↪→ Cp such
that Γg,n · x is an unbounded subset of Ch•g,n(Cp).

Based on Lemma 43, we turn our attention to unbounded orbits.

Proposition 44. Suppose x ∈ Ch•g,n(Cp) and the orbit Γg,n ·x is unbounded.
Then there exist essential loops a, b such that the following properties hold.

(1) The set {t(x, τna (b)) | n ∈ I} is unbounded for every I ⊆ Z which is
unbounded from both sides.

(2) a is x-loxodromic.
(3) If g > 0, then a and b are non-seperating curves and i(a, b) = 1
(4) If g = 0, then i(a, b) = 2.

Let’s remark that the first property in Proposition 44 implies that the
orbit Γg,n · [ρ] is unbounded. Our last result of this section strengthens the
converse of Proposition 44.

Proposition 45. Suppose ρ ∈ Rep•g,n(Cp). Suppose there exist simple es-
sential loops a and b with the following properties:

(1) ρ(α) is diagonalizable and not torsion, where α ∈ Πg,n is freely ho-
motopic to a.

(2) t([ρ], b) ̸= t([ρ], τa(b)).

Then Γg,n · [ρ] is infinite.

Let’s remark that Proposition 45 only in the case g = 0 is interesting. For
g ≥ 1, by the main result of [3], Γg,n · x is infinite for every x ∈ Ch•g,n(C).

4.2. Multiplication and conjugation by loxodromic elements. In this
section, we prove a few auxiliary results in regard to multiplication and
conjugation by powers of a loxodromic element. Similar computations over
C has been done in the previous related works.

Lemma 46. Suppose α, β ∈ SL2(Cp) is loxodromic. Then the following
statements hold.

(1) If β does not interchange the fixed points of α, then for every positive
M there exists an unbounded interval I of integers such that αnβ is
loxodromic and | tr(αnβ)| > M for all n ∈ I.

(2) If β interchanges the fixed points of α, then β2 = −1 and tr(αnβ) = 0
for all n ∈ Z.

In particular, the subset {tr(αnβ)}n∈Z ⊆ Cp is either {0} or unbounded.

Proof. Without loss of generality, we can and will assume that α is diagonal;
say

α =

(
λ 0
0 λ−1

)
, β =

(
a b
c d

)
,
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with ad− bc = 1 and |λ|p > 1. Notice that in this case

Fα = {0,∞},
and β interchanges these points if and only if a = d = 0 and c = −b−1. In
this case,

β2 = −1 and αnβ =

(
0 λnb

−λ−nb−1 0

)
,

which implies the second part. Next we assume that β does not interchange
the fixed points of α; this means either a ̸= 0 or d ̸= 0. If a ̸= 0, then
limn→+∞ |λna|p = ∞ and limn→+∞ |λ−nd|p = 0. Hence

lim
n→∞

| tr(αnβ)|p = lim
n→∞

|λna+ λ−nd|p = ∞.

If a = 0 and d ̸= 0, then

lim
n→−∞

| tr(αnβ)|p = lim
n→−∞

|λna+ λ−nd|p = lim
n→−∞

|λ−nd|p = ∞.

Notice that if | tr(x)|p > 2, then x is loxodromic. Altogether, part (1)
follows.

If {tr(αnβ)}n∈Z ̸= {0}, then by part (2) β does not interchange the fixed
points of α; and so by part (1), {tr(αnβ)}n∈Z is unbounded. □

Lemma 47. Suppose α, β, γ ∈ SL2(Cp), α is loxodromic, and

|Fα ∩ Fβ| = 1 and Fα ∩ Fβ ∩ Fγ = ∅.
Then the following statements hold.

(1) For n ̸= m ∈ Z, Fγα ∩ Fαnβ ∩ Fαmβ = ∅; in particular, for at most
two values of n ∈ Z, we have Fγα ∩ Fαnβ ̸= ∅.

(2) For at most one value of n ∈ Z, we have that |Fαnβ| = 2 and γα
interchanges these fixed points.

Proof. Suppose to the contrary that there are distinct integers n and m such
that

x ∈ Fγα ∩ Fαnβ ∩ Fαmβ

for some x ∈ P1(Cp). Then x ∈ Fαn−m . Because α is loxodromic, we have
that Fαn−m = Fα. Therefore, α(x) = x. This implies that x ∈ Fα ∩Fβ ∩Fγ ,
which is a contradiction. If Fγα ∩ Fαniβ ̸= ∅ for three distinct integers ni,
then using the fact that |Fγα| ≤ 2 we obtain that

Fγα ∩ Fαniβ ∩ Fαnjβ ̸= ∅
for some i ̸= j which contradicts the first assertion.

To prove the second part, let Fα ∩ Fβ = {x}; and so x ∈ Fαnβ for all
n ∈ Z. Assume in contradiction that there are distinct integers n and m
such that

|Fαnβ| = |Fαmβ| = 2

and γα interchanges those fixed points. Then

Fαnβ = Fαmβ = {x, γα(x)}.
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Hence αnβ(y) = αmβ(y) = y where y := γα(x). This implies that y is
in Fαn−m . Because α is loxodromic, Fαn−m = Fα; and so y ∈ Fα. Since
αmβ(y) = y and α−m(y) = y, we obtain that y ∈ Fβ. This is a contradiction
as y ̸= x and Fα ∩ Fβ = {x}. □

Lemma 48. Suppose α ∈ SL2(Cp) is loxodromic and β ∈ SL2(Cp) \ {±1}.
Then the following statements hold.

(1) αβ = βα if and only if Fα = Fβ.
(2) αβ ̸= −βα.

Proof. Without loss of generality, we can and will assume that

α =

(
λ 0
0 λ−1

)
, β =

(
a b
c d

)
,

with ad− bc = 1 and |λ|p > 1. Then

αβα−1 =

(
a λ2b

λ−2c d

)
.

Hence, if αβα−1 = εβ where ε is either 1 or −1, we obtain that

|b|p(|λ|2p − 1) = |c|p(|λ|−2
p − 1) = 0.

Because |λ|p > 1, we obtain that b = c = 0. This implies that β is diagonal
as well. Hence ε cannot be −1 and Fβ = {0,∞} = Fα. □

The following definition plays an important role in our work.

Definition 49. For γ, α, β ∈ SL2(Cp), (γ;α, β) is called conjugate separa-
ble if the following conditions are satisfied:

(1) γ is loxodromic.
(2) Fγ ∩ Fα ∩ Fβ = ∅.
(3) α, β /∈ C(γ), where C(γ) is the centralizer of γ in SL2(Cp).

This definition will be used later in order to do Dehn twist along a sep-
arating curve which is mapped to a loxodromic element γ. In that case, α
and β will be chosen as the images of simple curves from different sides of
the given simple separating curve. Then conjugate separable triples help us
find many simple curves that are mapped to loxodromic elements in generic
positions.

For γ, α, β ∈ SL2(Cp), let

(63) f(γ;α,β) : Z → Cp, f(γ;α,β)(n) := tr(γnαγ−nβ).

Lemma 50. Suppose γ, α, β ∈ SL2(Cp) and γ is loxodromic. Then the
following statements are equivalent.

(1) (γ;α, β) is not conjugate separable.
(2) f(γ;α,β) is a constant function.
(3) The restriction of f(γ;α,β) to a subset I is bounded, where I is un-

bounded from both sides; that means inf I = −∞, and sup I = ∞.
(4) The restriction of f(γ;α,β) to an infinite subset of integers is constant.
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Proof. ((1)⇒(2)) Case 1. Fγ ∩ Fα ∩ Fβ ̸= ∅; without loss of generality, we
can and will assume that ∞ is in this intersection. Then γ, α, and β are
upper-triangular. Then the diagonal entries of γnαγ−nβ are constant as a
function of n. Hence f(γ;α,β) is a constant function.

Case 2. α ∈ C(γ). In this case, γnαγ−nβ = αβ for all n, and the claim
follows.

Case 3. β ∈ C(γ). In this case,

f(γ;α,β)(n) = tr(γnαγ−nβ) = tr(αγ−nβγn) = tr(αβ).

((2)⇒(3)) This is clear.
((3)⇒(4)) Without loss of generality, we can and will assume that γ is of

the form

(
λ 0
0 λ−1

)
and |λ|p > 1. Suppose

(64) α =

(
a b
c d

)
and β =

(
u v
w x

)
,

Then for all n ∈ Z, we have

(65) f(γ;α,β)(n) = tr(γnαγ−nβ) = (bw)λ2n + (cv)λ−2n + au+ dx.

Since |λ|p > 1,

lim
n→∞

|f(γ;α,β)(n)|p = ∞ unless bw = 0.

Similarly
lim

n→−∞
|f(γ;α,β)(n)|p = ∞ unless cv = 0.

Hence if the restriction of f(γ;α,β) to a doubly unbounded subset of integers
is bounded, then bw = cv = 0. This implies that f(γ;α,β) is a constant
function.

((4)⇒(1)) Suppose f(γ;α,β)(n) = z for all n in an infinite subset I of Z.
Then by (65), for all t ∈ {λ2n | n ∈ I}, we have

(bw)t+ (cv)t−1 + au+ dx− z = 0.

Notice that since |λ|p > 1, {λ2n | n ∈ I} is an infinite subset of Cp. Hence

bw = cv = au+ dx− z = 0.

The equality bw = 0 holds precisely when either 0 ∈ Fα or ∞ ∈ Fβ. Simi-
larly, cv = 0 if and only if ∞ ∈ Fα or 0 ∈ Fβ. So we get four possibilities.

Case 1. Fα = {0,∞} or Fβ = {0,∞}. In this case, either α ∈ C(γ) or
β ∈ C(γ). Therefore (γ;α, β) is not conjugate separable.

Case 2. 0 ∈ Fα ∩ Fβ or ∞ ∈ Fα ∩ Fβ. In this case, Fγ ∩ Fα ∩ Fβ ̸= ∅.
Hence again, (γ;α, β) is not conjugate separable. □

Lemma 51. Suppose α, β, γ ∈ SL2(Cp), γ is loxodromic, and

(66) Fγ ∩ Fα = Fγ ∩ Fβ = ∅.
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Then for every positive number M there exists C := C(M) such that if m
is an integer and |m| > C, then

| tr(γmαγ−mβ)|p > M ;

in particular if the absolute value of m is large enough, then γmαγ−mβ is
loxodromic.

Proof. Without loss of generality, we can and will assume that γ =

(
λ 0
0 λ−1

)
where |λ|p > 1. Suppose α :=

(
a11 a12
a21 a22

)
and β :=

(
b11 b12
b21 b22

)
. Because of

(66), we have that

(67) a12a21b12b21 ̸= 0.

Notice that

(68) tr(γmαγ−mβ) = a12b21λ
2m + a21b12λ

−2m + a11b11 + a22b22,

for every integer m. By (67) and (68), the claim follows. □

Lemma 52. Suppose γ, α ∈ SL2(Cp) and γ is loxodromic. Then for some
x ∈ P1(Cp), γ

mαγ−m(x) is fixed for m’s in an infinite subset of integers if
and only if one of the following statements hold:

(1) x ∈ Fγ ∩ Fα.
(2) Fγ = {x, y} and α(x) = y.

Proof. (⇒) Without loss of generality, we can and will assume that γ =(
λ 0
0 λ−1

)
and |λ|p > 1. Set α =

(
a b
c d

)
. Suppose

x := [x1 : x2], y := [y1 : y2], and γmαγ−m(x) = y

for infinitely many m. Then for infinitely many values of m, we have

(69) y2(ax1 + bx2λ
2m) = y1(dx2 + cx1λ

−2m).

Because λ is not torsion, by (69) we obtain that

(70) cx1y1 = bx2y2 = 0 and ax1y2 = dx2y1.

Case 1. bc ̸= 0. In this case, by (70), x1y1 = x2y2 = 0.
If x1 = 0, then x2 ̸= 0; and so y2 = 0. This implies that y1 ̸= 0. Because

ax1y2 = dx2y1, x1 = 0, and x2y1 ̸= 0, we obtain that d = 0. Altogether, we
deduce that x = [0 : 1] and y = [1 : 0] are fixed points of γ and α(x) = y.

If y1 = 0, then y2 ̸= 0; and so x2 = 0. This implies that x1 ̸= 0. Because
ax1y2 = dx2y1, y1 = 0, and x1y2 ̸= 0, we obtain that a = 0. Altogether, we
deduce that x = [1 : 0] and y = [0 : 1] are fixed points of γ and α(x) = y.

Case 2. b = 0 and c ̸= 0. In this case, ad ̸= 0, and by (70), x1y1 = 0.
If x1 = 0, then x2 ̸= 0. Because ax1y2 = dx2y1, x1 = 0, and dx2 ̸= 0, we
obtain that y1 = 0. Altogether, we deduce that x = [0 : 1] and y = [0 : 1]
are fixed points of γ and α(x) = x. Hence x ∈ Fγ ∩ Fα.
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Case 3. b = c = 0. In this case, α ∈ C(γ) which implies that Fγ ⊆ Fα;
and so x ∈ Fγ ∩ Fα.

(⇐) If x ∈ Fγ ∩ Fα, then for all m ∈ Z, γmαγ−m(x) = x.
If Fγ = {x, y} and α(x) = y, then for all m ∈ Z, γmαγ−m(x) = y. □

Lemma 53. Suppose γ, α, β ∈ SL2(Cp) and (γ;α, β) is conjugate separable.
For all n ∈ Z, let ξn := γnαγ−nβ. Then there exists N ∈ Z such that for
either all n > N or all n < −N the following statements hold.

(1) ξn is loxodromic.
(2) Fξn ∩ Fα = ∅
(3) Fξn ∩ Fβ = ∅.

Proof. By Lemma 50, there exists N such that for either all n > N or
n < −N , |f(γ;α,β)(n)|p > 2. For such n’s, we have | tr ξn|p > 2, which implies
that ξn is loxodromic. Without loss of generality, we can and will assume
that for all n > N , ξn is loxodromic.

Suppose for a strictly increasing sequence {ni}∞i=1 of integers, we have
Fξni

∩ Fα ̸= ∅. Since |Fα| ≤ 2, after passing to a subsequence, we can and
will assume that there exists

x ∈
∞⋂
i=1

Fξni
∩ Fα.

Therefore γniαγ−ni(β(x)) = x for all i. Hence by Lemma 52, we deduce
that either

(71) β(x) ∈ Fγ ∩ Fα

or

(72) Fγ = {β(x), x} and α(β(x)) = x.

If (71) holds, then β(x) = x, which implies that

x ∈ Fγ ∩ Fα ∩ Fβ.

This contradicts the assumption that (γ;α, β) is conjugate separable.
If (72) holds, then because x ∈ Fα, we obtain that β(x) = x. This

contradicts the fact that |Fγ | = 2. Therefore

(73) {n ∈ Z+ | Fξn ∩ Fα ̸= ∅}
is a finite set.

Suppose for a strictly increasing sequence {ni}∞i=1 of integers, we have
Fξni

∩ Fβ ̸= ∅. Since |Fα| ≤ 2, after passing to a subsequence, we can and
will assume that there exists

x ∈
∞⋂
i=1

Fξni
∩ Fβ.

Therefore
γniαγ−ni(β(x)) = γniαγ−ni(x) = x
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for all i. Hence by Lemma 52, we deduce that either

(74) x ∈ Fγ ∩ Fα

or

(75) Fγ = {x, y} and α(x) = y.

But (74) implies that x is fixed by γ, α, and β, which is a contradiction as
(γ;α, β) is conjugate separable. By (75), we obtain that x = y, which is a
contradiction as |Fγ | = 2. This implies that

(76) {n ∈ Z+ | Fξn ∩ Fβ ̸= ∅}
is a finite set. By (73) and (76), we obtain that for large enough n,

Fξn ∩ Fα = Fξn ∩ Fβ = ∅.
□

Lemma 54. Suppose γ, α, β ∈ SL2(Cp) and (γ;α, β) is conjugate separable.
Then the following statements hold.

(1) For every integers m and k, (γ; γmαγ−m, γkβγ−k) is conjugate sep-
arable.

(2) For every α′ ∈ SL2(Cp), either (γ;α′, β) or (γ;αα′, β) is conjugate
separable.

Proof. Notice that for every integers n,m, and k, we have

f(γ;γmαγ−m,γkβγ−k)(n) = f(γ;α,β)(n+m− k).

Hence the first part follows from Lemma 50.
For part (2), we assume to the contrary that there exists α′ such that

neither (γ;α′, β) nor (γ;αα′, β) is conjugate separable. Since (γ;α′, β) is not
conjugate separable, we deduce that either α′ ∈ C(γ) or x ∈ Fγ ∩ Fα′ ∩ Fβ

for some x ∈ P1(Cp).
Case 1. α′ ∈ C(γ). Because (γ;α, β) is conjugate separable, α ̸∈ C(γ).

Therefore αα′ ̸∈ C(γ). Hence, (γ;αα′, β) not being a conjugate separable
implies that there exists

(77) y ∈ Fγ ∩ Fαα′ ∩ Fβ.

Notice that since α′ ∈ C(γ), Fγ ⊆ Fα′ . Thus by (77), we obtain that

y ∈ Fγ ∩ Fα ∩ Fβ,

which contradicts the assumption that (γ;α, β) is conjugate separable.
Case 2. α′ ̸∈ C(γ) and x ∈ Fγ ∩ Fα′ ∩ Fβ for some x ∈ P1(Cp). In this

case, x ̸∈ Fα as Fγ ∩ Fα ∩ Fβ = ∅. Thus αα′(x) = α(x) ̸= x. Because every
element of C(γ) fixes x, we obtain that αα′ ̸∈ C(γ). Hence, (γ;αα′, β) not
being conjugate separable implies that there exists

(78) z ∈ Fγ ∩ Fαα′ ∩ Fβ.
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If x ̸= z, then Fγ ⊆ Fβ. This implies that β ∈ C(γ), which contradicts the
assumption that (γ;α, β) is conjugate separable. So x = z, which implies
that

x ∈ Fγ ∩ Fαα′ ∩ Fα′ ∩ Fβ.

Therefore x ∈ Fγ ∩ Fα ∩ Fβ, which is a contradiction. □

We finish this subsection by the following lemma.

Lemma 55. Suppose γ, α, β ∈ SL2(Cp) and γ is loxodromic. Suppose
(γ;α, β) is conjugate separable. Let ξn := γnαγ−n. Then, there existsM > 0
such that either for all n > M or for all n < −M , (ξnβ; γβ, β) is conjugate
separable.

Proof. By Lemma 53, without loss of generality we can and will assume that
there exists M such that for all n > M

(79) ξnβ is loxodromic, and Fξnβ ∩ Fα = Fξnβ ∩ Fβ = ∅.
By (79), to show (ξnβ; γβ, β) is conjugate separable, it is enough to argue
why γβ ̸∈ C(ξnβ) for large enough n. Suppose to the contrary that there ex-
ists a strictly increasing sequence {ni}∞i=1 of integers such that γβ ∈ C(ξniβ).
Notice that since (γ;α, β) is conjugate separable, β ̸∈ C(γ); in particular,
γβ ̸= ±1, and so |Fγβ| ≤ 2. Hence, γβ ∈ C(ξniβ) implies that Fξniβ

= Fγβ

for all i. Because ξniβ is loxodromic, we obtain that there exist x, y ∈ P1(Cp)
such that

Fξniβ
= Fγβ = {x, y}

for all i. This implies that n 7→ γnαγ−n(β(x)) is constant on the sequence
{ni}∞i=1. Therefore by Lemma 52, we deduce that either

(1) β(x) ∈ Fγ ∩ Fα or
(2) Fγ = {β(x), z} and α(β(x)) = z.

In this first case, using the fact that x ∈ Fγβ, we obtain that

x = γ(β(x)) = β(x);

and so x ∈ Fγ ∩ Fα ∩ Fβ which contradicts the assumption that (γ;α, β) is
conjugate separable.

In the second case, again using x ∈ Fγβ, we obtain that

x = γ(β(x)) = β(x);

this means x ∈ Fβ. Repeating this argument for y, we deduce that

Fγβ ⊆ Fβ.

Because |Fγβ| = 2, we deduce that β ∈ C(γβ). Hence β ∈ C(γ), which
contradicts the assumption that (γ;α, β) is conjugate separable. □
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4.3. Reviewing lifts of Dehn twists acting on the representation
variety. The main goal of this section is to recall some known results in
regard to

(1) morphisms from the representation variety of a surface to a repre-
sentation variety of a subsurface, and

(2) lifts of a Dehn twist acting on the representation variety.

Here, we work with many surfaces that might have the same genus and
number of punctures. In order to emphasize that a given representation
variety Repg,n should be thought of as the representation variety of the
fundamental group of a given surface Σ := Σg,n, we write RepΣ instead of
Repg,n. We use this convention for every topological space X, and let RepX
be the representation variety of the fundamental group π1(X) of X.

Notice that for every continuous map f : Y → X between two path-
connected spaces, we get a group homomorphism f∗ : π1(Y ) → π1(X); this
group homomorphism is not canonical, and it is well-defined only up to an
inner automorphism of π1(X). Then f∗ gives us a Z-scheme morphism

f ♯ : RepX → RepY ,

where for every unital commutative ring A and

ρ ∈ RepX(A) := Hom(π1(X), SL2(A)),

we have
f ♯(ρ) := ρ ◦ f∗ ∈ Hom(π1(Y ), SL2(A)).

If Y1 ∪ Y2 is an open cover of a space X and Y1, Y2, and Y1 ∩ Y2 are path-
connected, then by Van Kampen’s theorem

(80) π1(X) ≃ π1(Y1) ∗π1(Y1∩Y2) π1(Y2).

Hence for every unital commutative ring A, RepX(A) can be naturally iden-
tified with

{(ρ1, ρ2) ∈ RepY1
(A)× RepY2

(A) | ι♯1(ρ1) = ι♯2(ρ2)},
where ιi is the embedding of Y1 ∩ Y2 into Yi. Alternatively, we can say that
RepX is the fiber product

(81) RepX ≃ RepY1
×RepY1∩Y2

RepY2

of RepY1
and RepY2

over RepY1∩Y2
, where the morphisms are induced by the

inclusions Y1 ∩ Y2 ⊆ Yi and Yi ⊆ X.

RepX

RepY1
RepY2

RepY1∩Y2
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Using (81), for every simple essential curve a of a surface Σ, we obtain a
decomposition of RepΣ.

For every oriented simple separating curve a on a surface Σ, Σ\a consists
of two subsurfaces; one is located on the left of a and the other is located
on the right of a (with respect to the orientation of a and the surface). Let
Σ1 and Σ2 be small neighborhoods of these subsurfaces, respectively; then
both of them contain a as a subset. Notice that a is a deformation retract
of Σ1 ∩ Σ2, and so by (80), we have

(82) π1(Σ) ≃ π1(Σ1) ∗⟨a⟩ π1(Σ2).

By (81), we obtain that

(83) RepΣ ≃ RepΣ1
×Repa RepΣ2

.

By (81), for every unital commutative ring A, RepΣ(A) can be naturally
identified with

(84) {(ρ1, ρ2) ∈ RepΣ1
(A)× RepΣ2

(A) | ρ1(a) = ρ2(a)}
For an oriented simple non-separating curve a, let b be an oriented simple
curve such that i(a, b) = 1. Take a small tabular neighborhood of a and
view it as an annulus such that the orientation of a goes counter-clockwise.
Let ε(a, b) be 1 if the direction of b goes from the outer circle towards the
inner circle of this annulus. Otherwise, we set ε(a, b) = −1. Notice that

ε(b, a) = −ε(a, b) and ε(a, b−1) = −1. We let |b| := b−ε(a,b); notice that |b|
depends on the choice of a.

Let U be a small neighborhood of a ∪ b. Let Σ′ be a subsurface of Σ
after removing a small (closed) neighborhood of a. Notice that (the closure
of) Σ′ has two boundary curves a1 and a2 that are two boundaries of the
chosen small closed neighborhood of a; say a1 is on the right of a and a2 is
on the left of a. Let b′ be the intersection of the closure of Σ′ and b, and its
orientation is the same as |b|−1; so b′ starts with a point x1 on a1 and ends
at a point x2 on a2; and we can and will further assume that b′ intersects ai
only at xi (see Figure 2). Then Σ′ is a deformation retract of Σ\a, a∪ b is a
deformation retract of U , and Σ′ ∩U is homotopic to a1 ∪ a2 ∪ b′. Therefore
π1(Σ

′) ≃ π1(Σ \ a), π1(U) is freely generated by a and b (a more precise
way is adjusting a and b by a path which changes the base point from the
intersection of a and b to x1), π1(Σ

′∩U) is freely generated by a1 and b
′a2b′,

where b′ is the same curve as b′ going from x2 to x1. Therefore, by Van
Kampen’s theorem

(85) π1(Σ) ≃ π1(Σ \ a) ∗⟨a1,b′a2b′⟩ ⟨a, b⟩,

where the group homomorphism ⟨a1, b′a2b′⟩ → π1(Σ\a) is given by realizing
a1 and a′2 := b′a2b′ as closed curves in Σ \ a and the group homomorphism

⟨a1, b′a2b′⟩ → ⟨a, b⟩ is given by a1 7→ a and b′a2b′ 7→ |b|−1a|b|. By (85), we
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Figure 2. Decomposition for non-separating curves

obtain that

(86) π1(Σ) ≃
π1(Σ \ a) ∗ ⟨b⟩

N

where N is the normal subgroup generated by a′2 = |b|−1a1|b|. Hence for
every unital commutative ring A, RepΣ(A) can be naturally identified with

(87) {(ρ, β) ∈ RepΣ\a(A)× SL2(A) | ρ(a′2) = βρ(a1)β
−1}.

Suppose a is a separating curve. Then, by (82), we deduce that if
θi ∈ PAut(Σi) and θ1(a) = θ2(a) = a, then we get a well-defined pure
automorphism θ of π1(Σ) such that for all xi ∈ π1(Σi),

θ(ιi∗(xi)) = ιi∗(θi(xi)),

where ιi is the embedding of Σi in Σ. In particular, starting with conjugation
with a on π1(Σ1) and identity on π1(Σ2), we obtain a pure automorphism
τ̃a of π1(Σ). One can see that this is a lift of the Dehn twist τa.

By definition, τ̃a acts on RepΣ1
×RepaRepΣ2

by conjugating the first factor;
that means

(88) τ̃a(ρ1, ρ2) = (cρ1(a) ◦ ρ1, ρ2)
where cρ1(a) is conjugation by ρ1(a).

Next suppose a is a simple non-separating curve and b is another simple
curve such that i(a, b) = 1. Consider the free product π1(Σ \ a) ∗ ⟨b⟩. By
the universal property of free products, we know that there exists an auto-
morphism θ of π1(Σ \ a) ∗ ⟨b⟩ such that the restriction of θ to π1(Σ \ a) is
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identity and θ(|b|) = a1|b|. Notice that

θ(a′2(|b|−1a1|b|)−1) = a′2((a1|b|)−1a1(a1|b|))−1 = a′2(|b|−1a1|b|)−1 ∈ N

where N is the normal subgroup generated by the relation a′2 = |b|−1a1|b|.
Therefore, by (86), θ induces a (pure) automorphism of π1(Σ), which is
denoted by τ̃a;b. Notice that τ̃a;b is a lift of the Dehn twist τa. Suppose c is
another simple loop with i(a, c) = 1. As before, we can will assume that c
intersects a1 and a2 only at x1 and x′2, respectively. Let d be a part of a2
which connects x2 to x′2. As before, let b

′ be a part of |b|−1 which connects
x1 to x2 (and it is a subset of Σ\a). Let c′ be the part of |c| which connects
x′2 to x1 (and it is a subset of Σ \ a. Then b′dc′ is in the image of π1(Σ \ a).
Hence

τ̃a;b(b
′dc′) = τ̃a;c(b

′dc′) = b′dc′.

Notice that b′dc′ with base x1 is homotopic to |b|−1|c|; and so

τ̃a;b(|b|−1|c|) = τ̃a;c(|b|−1|c|) = |b|−1|c|.
This implies that

τ̃a;c(|b|) = τ̃a;c(|c|)|c|−1|b| = a|b| = τ̃a;b(|b|).
Therefore τ̃a;b = τ̃a;c. Now that we showed τ̃a;b does not depend on the
choice of b, we denote it simply by τ̃a. We summarize what have proved in
the next lemma.

Lemma 56. Suppose a is a simple loop which passes through the base point
of π1(Σ). Then there exists τ̃a ∈ PAut(π1(Σ)) such that the following state-
ments hold.

(1) The Dehn twist τa is given by the outer automorphism τ̃aInn(π1(Σ)).
(2) For every g in the image of π1(Σ \ a), τ̃a(g) = g.
(3) If b is a simple curve which intersection a only at the base point and

i(a, b) = 1, then τ̃a(|b|) = a|b|.
After identifying RepΣ(A) by the set given in (87), the action of τ̃a, as in

Lemma 56, on RepΣ(A) is given by

(89) τ̃a(ρ, β) = (ρ, ρ(a1)β).

We refer the reader to [25, Section 4] for more details on the action of the
lifts of Dehn twists on the character variety.

4.4. Optimal generators and an affine embedding of a character
variety. The main goal of this section is to recall the definition of an optimal
generating set of Πg,n := π1(Σg,n), show its existence, and use it to give an
embedding of Chg,n to an affine space where the component morphisms are
given by ta’s where a’s are simple closed curves of Σg,n.

A standard sequence

{α1, β1, . . . , αg, βg, γ1, . . . , γn}
of generating closed curves of Σg,n is called an optimal sequence of generators
if they satisfy the following statements.
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(1) Each closed curve in the sequence is simple.
(2) Every two distinct curves in the sequence intersect exactly once at

the base point.
(3) If w1, . . . , wk are distinct elements of this sequence and they appear

in the same cyclic ordering, then w1 . . . wk is homotopic to a simple
curve.

One can see an example of an optimal sequence of generators in Figure 3. In

Figure 3. Optimal sequence of generators

[25, Section 2.2], the existence of an optimal sequence for n > 0 is discussed,
and another visualization is given. In Figure 3, one can see a collection
of directed radii of a circle; in [3], this collection is referred to as a loop
configuration.

We should, however, warn the reader that the provided optimal sequence
of generators satisfy the following relation

[α1, β
−1
1 ] · · · [αg, β

−1
g ]γ1 · · · γn = 1.

But this does not cause any issue in our arguments.
We use the existence of an optimal sequence of generators to prove the

following lemma.
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Lemma 57. There exists a finite set F consisting of simple closed curves
such that the coordinate ring Rg,n of Chg,n is generated by {ta}a∈F , and ev-
ery element of F is either non-separating or separates a subset of punctures
from the rest of the surface.

A result similar to this lemma is proved by Goldman and Xia (see [25,
Theorem 2.1]) in the context of relative SU2(C)-character varieties.

Proof Lemma 57. Let {w1, . . . , w2g+n} be the optimal sequence of genera-
tors given in Figure 3. Then, by [46, Proposition 3.2], Rg,n is generated
by

{twi1
···wim

| i1 < · · · < im}.
If wi1 ’s is non-seperating, then wi1 · · ·wm is a non-separating simple curve.
If wi1 is separating, then all the wij ’s are curves around punctures; in this
case wi1 · · ·wim is a separating simple curve which separates a subset of
punctures from the rest of the surface. □

4.5. Unbounded pure MCG orbits: proof of Proposition 44. Since
Γg,n · [ρ] is unbounded, by Lemma 57

{(ta(θ · [ρ]))a∈F | θ ∈ Γg,n}
is an unbounded subset of CF

p . Hence, there exists a0 ∈ F such that

(90) {t(θ · [ρ], a0) | θ ∈ Γg,n}
is an unbounded subset of Cp. Therefore, we obtain the following.

A special twister. For some θ̃ ∈ PAut(Πg,n), we have that

(1) |t(θ−1 · [ρ], a0)| > 2, where θ := θ̃Inn(Πg,n) ∈ Γg,n; in particular, a0
is [θ̃−1 · ρ]-loxodromic.

(2) t(θ−1 · [ρ], a0) ̸∈ {tr((θ−1 · ρ)(γi1 · · · γik) | 1 ≤ i1 < · · · < ik ≤ n},
where

{α1, β1, . . . , αg, βg, γ1, . . . , γn}
is an optimal sequence of generators.

The next lemma is the key to finish the proof of this proposition.

Lemma 58. Suppose ρ ∈ Rep•g,n(F ). Suppose ρ(α) is loxodromic where α
is freely homotopic to a simple curve a0 in F . Suppose

tr(ρ(α)) ̸= tr(ρ(γi1 · · · γik))
for every 1 ≤ i1 < · · · < ik ≤ n. Then the following statements holds.

(1) There exists a simple closed curve b such that i(a0, b) ≤ 2 and for
every I ⊆ Z which is unbounded from both sides

{t([ρ], τma0(b)) | m ∈ I}
is unbounded.
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(2) If g > 0, then there exist a, b ∈ C such that i(a, b) = 1, a is [ρ]-
loxodromic,

t([ρ], a) ̸∈ {tr(ρ(γi1 · · · γik)) | 1 ≤ i1 < · · · < ik ≤ n},
and for every I ⊆ Z which is unbounded from both sides

{t([ρ], τma (b)) | m ∈ I}
is unbounded.

(3) If g = 0, then there exists a curve b ∈ C such that i(a0, b) = 2 and
for every I ⊆ Z which is unbounded from both sides

{t([ρ], τma0(b)) | m ∈ I}
is unbounded.

Proof. Case 1. a0 is non-separating.
By [13, Section 1.3.1], Γg,n acts transitively on the set of non-separating

curves; therefore, without loss of generality, we can and will assume that a0
is freely homotopic to α1 and by (61) there exists ρ′ ∈ PAut(Πg,n) · ρ such
that ρ′(α1) is loxodromic.

Claim. There exists b ∈ C such that

(91) i(α1, b) = 1 and {t([ρ′], τmα1
(b)) | m ∈ I} is unbounded,

for every I ⊆ Z which is unbounded from both sides.

Proof of Claim. We proceed by contradiction. Notice that since

{α1, β1, . . . , αg, βg, γ1, . . . , γn}
is an optimal sequence of generators, for every

(92) ω ∈ {1, α2, β2, . . . , αg, βg, γ1, . . . , γn}
β1ω is freely homotopic to a simple essential curve, and we also notice that
i(α1, β1ω) = 1. By the contrary assumption, we obtain that for some I ⊆ Z
which is unbounded from both sides

(93) {tr(ρ′(αm
1 β1ω)) | m ∈ I} is a bounded set.

Since ρ′(α1) is loxodromic, by (93) and Lemma 46, we deduce that

(94) ρ′(β1ω)(Fρ′(α1)) = Fρ′(α1)

for every ω in (92). Therefore, the image ρ′(Πg,n) of ρ′ is a subgroup of
the stabilizer of Fρ′(α1). On the other hand, since ρ′ is in the Γg,n-orbit of
ρ, ρ ∈ Rep•g,n(Cp), and the characteristic of Cp is zero, by Proposition 20,
ρ′(Πg,n) is Zariski-dense in (SL2)Cp . This contradicts the result that ρ

′(Πg,n)
stabilizes Fρ′(α1). □

By Claim, there exists θ ∈ Γg,n, and a simple essential curve b such that

i(α1, b) = 1, (θ̃−1 · ρ)(α1) is loxodromic, where θ̃ ∈ PAut(Πg,n) is a lift of θ,
and for every I ⊆ Z which is unbounded from both sides

{t(θ−1 · [ρ], τmα1
(b)) | m ∈ I}
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is unbounded. By (61) and (62), we obtain that i(θ · α1, θ · b) = 1 and

{t([ρ], τmθ·α1
(θ · b)) | m ∈ I}

is unbounded, which completes the proof of Case 1.
Case 2. a0 is separating.
The separating curves in F separate a subset of punctures from the rest

of the surface. Without loss of generality, we can and will assume that a0 is
freely homotopic to a := γn−k · · · γn for some k.

Claim. There exists b ∈ C such that i(a0, b) = 2 and

{t([ρ], τma0(b)) | m ∈ I}
is unbounded for every I ⊆ Z which is unbounded from both sides. Moreover,
if g > 0, then b can be chosen to be a non-separating curve.

Proof of Claim. We proceed by contradiction. Notice that for every

(95) ω1 ∈ {1, α1, β1, . . . , αg, βg} ∪ {1, γ1, . . . , γn−k−1}
and

(96) ω2 ∈ {γn−k, . . . , γn},
the closed curve ω1ω2 is freely homotopic to a simple closed curve ω and
i(a0, ω) = 2; moreover if g > 0, then we choose ω1 only from

(97) ω1 ∈ {1, α1, β1, . . . , αg, βg} ∪ {1, γ1, . . . , γn−k−1};
and so in this case, ω is a non-separating curve. Notice that for every
integerm, τma0(ω) is freely homotopic to amω1a

−mω2. Therefore, the contrary
assumption implies that for some I ⊆ Z which is unbounded from both sides

(98) {tr(ρ(amω1a
−mω2)) | m ∈ I}

is bounded. By Lemma 50, we obtain that (ρ(a); ρ(ω1), ρ(ω2)) is not conju-
gate separate. Since ρ(a) is loxodromic, we deduce that either

(99) Fρ(a) ∩ Fρ(ω1) ∩ Fρ(ω2) ̸= ∅, or ρ(ω1) ∈ C(ρ(a)) or ρ(ω2) ∈ C(ρ(a))

Case 2.a. There exists ω2 as in (96) such that Fρ(a) ∩ Fρ(ω2) = ∅.
In this case, by (99), we obtain that ρ(ω1) ∈ C(ρ(a)) for every ω1. Let’s

recall that, if g > 0, we choose ω1 only from

{α1, β1, . . . , αg, βg} ∪ {1, γ1, . . . , γn−k−1};
but in either case the group generated by the possible ω1’s is

⟨α1, β1, . . . , αg, βg, γ1, . . . , γn−k−1⟩.
Because ρ(a) is loxodromic, C(ρ(a)) is abelian. Hence, by the above discus-
sion

ρ(⟨α1, β1, . . . , αg, βg, γ1, . . . , γn−k−1⟩)
is an abelian group, which implies that

tr(ρ(a)) = tr(ρ(γ1 · · · γn−k−1)).

This contradicts the assumption.
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Case 2.b. Fρ′(a) ∩
⋂k

i=0 Fρ′(γn−i) ̸= ∅.
In this case, after a conjugation in SL2(Cp), if necessary, we can and will

assume that the group generated by

ρ(γn−k), . . . , ρ(γn)

is upper-triangular. Therefore,

tr(ρ(a)) = tr(ρ(γn−k · · · γn)),
which contradicts the assumption.

Case 2.c. The remaining case: Fρ(a) ∩ Fρ(ω2) ̸= ∅ for every ω2 as in

(96), and Fρ(a) ∩
⋂k

i=0 Fρ(γn−i) = ∅.
Since ρ(a) is loxodromic, after a conjugation in SL2(Cp), if necessary,

we can and will assume that ρ(a) is diagonal and Fρ(a) = {0,∞}. By the
assumption of this case, we deduce that there exist integers i, j ∈ [n− k, n]
such that

(100) Fρ(a) ∩ Fρ(γi) = {0} and Fρ(a) ∩ Fρ(γj) = {∞}
Without loss of generality, we can and will assume that i < j. Then for
every ω1 as in (95), ω1γiγj is freely homotopic to a simple essential curve
c, i(a, c) = 2, and c is non-separating if g > 0. Therefore, by the contrary
assumption, for some I ⊆ Z which is unbounded from both sides

{t([ρ], τma0(c)) | m ∈ I}
is bounded. Hence, by Lemma 50, we obtain that (ρ(a); ρ(ω1), ρ(γiγj)) is
not conjugate separate. Because ρ(a) is loxodromic, we deduce that either
(101)
Fρ(a) ∩ Fρ(ω1) ∩ Fρ(γiγj) ̸= ∅, or ρ(ω1) ∈ C(ρ(a)), or ρ(γiγj) ∈ C(ρ(a)).

By (100), we obtain that

(102) Fρ(a) ∩ Fρ(γiγj) = ∅.

By (101) and (102), it follows that

ρ(ω1) ∈ C(ρ(a))

for every ω1 as in (95). Hence, the group generated by

{ρ(α1), ρ(β1), . . . , ρ(αg), ρ(βg), ρ(γ1), . . . , ρ(γn−k−1)}
is abelian. Hence, again

tr(ρ(a)) = tr(ρ(γ1 · · · γn−k−1))

which contradicts the assumption. □

By the previous Claim, if g = 0, we are done. If g = 0, then the curve
b given in Claim is non-separating. Therefore, by the previous claim for
arbitrarily large m, b′ := τma0(b) is a non-separating [ρ]-loxodromic curve and

t([ρ], τma0(b)) ̸∈ {tr(ρ(γi1 · · · γik)) | 1 ≤ i1 < · · · < ik ≤ n}.
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Hence by the Claim in Case 1, there exists b′′ ∈ C such that

i(b′, b′′) = 1 and {t([ρ], τmb′ (b′′)) | m ∈ I} is unbounded,

for every I ⊆ Z which is unbounded from both sides. This finishes proof of
Lemma 58. □

Applying Lemma 58 for θ̃−1 · ρ ∈ Rep•g,n(F ) and α given in the special
twister paragraph (right before Lemma 58), we obtain that, if g > 0, then
there exist simple closed curves a and b such that i(a, b) = 1 (in which case
a and b are non-separating), a is [ρ]-loxodromic, and for every I ⊆ Z which
is unbounded from both sides

{t([θ̃−1 · ρ], τma (b)) | m ∈ I}
is unbounded, and if g = 0, then there exist a pair of curves (a, b) such that
i(a, b) = 2 and for every I ⊆ Z which is unbounded from both sides

{t([θ̃−1 · ρ], τma (b)) | m ∈ I}
is unbounded.

Hence, we can finish the proof of Proposition 44, using (61) and (62).

4.6. Infinite MCG orbits: proof of Proposition 42 and Lemma 43.
Suppose Γg,n · x is infinite for some x ∈ Ch•g,n(F ). Suppose to the contrary
that for every pair of simple curves a, b with i(a, b) ≤ 2, there exists a
positive integer k such that

(103) t(x, τka (b)) = t(x, b);

let k(a, b) be the smallest positive integer with this property. This means

k : {(a, b) ∈ C × C | i(a, b) ≤ 2} → Z+

is a well-defined function such that (103) holds for k := k(a, b). Notice that
i(a, τka (b)) = i(a, b), and so we can define the following sequence:

k1 := k(a, b), and ki+1 := ki + k(a, τkia (b))

for every i ∈ Z+. Then k1 < k2 < · · · and

t(x, τkia (b)) = t(x, b)

for every i. Repeating the same argument for the pair of simple curves a
and b where a is the same curve as a with an opposite orientation, we obtain
Ia,b ⊆ Z which is unbounded from both sides and

(104) t(x, τka (b)) = t(x, b)

for all k ∈ Ia,b.

By Proposition 21, there exists ρ ∈ Rep•g,n(F ) such that x = [ρ].
By Selberg’s lemma, ρ(Πg,n) has a normal torsion-free subgroup Λ of

finite-index. Suppose [ρ(Πg,n) : Λ] = r. If g ∈ ρ(Πg,n) is torsion, then
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gr ∈ Λ is torsion. Because Λ is torsion-free, we deduce that gr = 1. This
implies that if g ∈ ρ(Πg,n) and

tr(g) ̸∈ {ζ + ζ−1 | ζ ∈ F , ζ2r = 1},
then the eigenvalues of g in F are not roots of unity.

Since Γg,n · [ρ] is infinite, by Lemma 57,

{(ta(θ · [ρ])a∈F | θ ∈ Γg,n}
is an infinite set. Hence, by (61), there exists a0 ∈ F such that

(105) {t([ρ], θ · a0) | θ ∈ Γg,n}
is infinite. In particular, there exists θ0 ∈ Γg,n such that t([ρ], θ0 · a0) is not
in

(106) {ζ+ζ−1 | ζ ∈ F , ζ2r = 1}∪{tr(ρ(γi1 · · · γik)) | 1 ≤ i1 < · · · < ik ≤ n},
where {α1, β1, . . . , αg, βg, γ1, . . . , γn} is an optimal sequence of generators.

By the above discussion (based on Selberg’s lemma), the eigenvalues of ρ(θ̃0 ·
α) are not roots of unity, where θ̃0 ∈ PAut(Πg,n) is a lift of θ0 and α ∈ Πg,n

is an element which is freely homotopic to a0. Let Aρ be the subring of F
which is generated by the entries of the matrices

ρ(α1), ρ(β1), . . . , ρ(αg), ρ(βg), ρ(γ1), . . . , ρ(γn),

and λ± where λ is an eigenvalue of ρ(θ̃0 ·α). By [49, Lemma 4.1], Aρ can be
embedded into Cp for some p such that |λ|p ̸= 1. Without loss of generality,

we can and will assume that |λ|p > 1. Hence (θ̃−1
0 · ρ)(α) is loxodromic;

and so by (106), and Lemma 58, we deduce that there exists a simple closed
curve b such that i(a0, b) ≤ 2 and for every I ⊆ Z which is unbounded from
both sides

{t(θ−1
0 · [ρ], τma0(b)) | m ∈ I}

is unbounded. By (61) and (62), we deduce that i(θ0 · a, θ0 · b) ≤ 2 and

{t([ρ], τmθ0·a0(θ0 · b)) | m ∈ I}
is unbounded. This contradicts the existence of Iθ0·a,θ0·b given in (104).

We also notice that along the way, we have proved Lemma 43.
The converse is clear.

4.7. A criterion to get an infinite orbit: proof of Proposition 45.
Let ρ∗ : Ag,n → C be the ring homomorphisms associated to ρ ∈ Repg,n(C).
Let λ ∈ C be an eigenvalue of ρ(a); and let D := ρ∗(Ag,n)[λ]. Then D is a
finitely generated subring of C, and λ is not a root of unity. Therefore by
[49, Lemma 4.1], there exists an embedding D ↪→ Cp (for some p) such that
|λ|p ̸= 1. This means we can and will view ρ as a representation to SL2(Cp),
and ρ(α) is loxodromic.

Suppose i(a, b) = k. Since t([ρ], b) ̸= t([ρ], τa(b)), k is positive.
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Claim 1.There exists fa,b(t) ∈ C[t, t−1] such that the t±1-degrees of f are
at most k, and for every integer m

t([ρ], τma (b)) = fa,b(λ
m).

Proof of Claim 1. Case 1. k is even.
Suppose x0, . . . , xk−1 are points of intersections of a and b. We order xi’s

in a way that, for every i ∈ Z/kZ, there are no points of intersection between
xi and xi+1 as we move on b along its orientation. Let χi be the subcurve of
b which connects xi to xi+1 in the direction of b. Let ξi be the subcurve of a
which connects xi to x0 and the orientation of ξi is in the opposite direction
of a. We assume that b is going to the right of a. Then b is freely homotopic
to

(107) χ0χ1 · · ·χk−1 ≃ (χ0ξ0)(ξ0χ1ξ1)(ξ1χ2ξ2) · · · (ξk−1χk)

Notice that χi is on the left of a precisely when i is odd. Hence, by (107),
τma (b) is freely homotopic to

(108) (χ0ξ0)a
m(ξ0χ1ξ1)a

−m(ξ1χ2ξ2) · · · (ξk−2χk−1ξk−1)a
m(ξk−1χk)a

−m.

By (108), we obtained that there are matrices xi, yi ∈ SL2(Cp) such that for
every integer m,

(109) t([ρ], τma (b)) = tr(x1ρ(α)
my1ρ(α)

−m · · ·xk/2ρ(α)myk/2ρ(α)−m).

Without loss of generality, after a conjugation, we can and will assume
that ρ(α) is equal diag(λ, λ−1). Then by (109), we obtain that there exists
fa,b(t) ∈ Cp[t, t

−1] such that the t±1-degrees of f are at most k and

(110) t([ρ], τma (b)) = fa,b(λ
m)

for every integer m.
Case 2. k is odd.
The argument for this case is almost identical to the previous case. The

only difference is that this time
(111)

t([ρ], τma (b)) = tr(x1ρ(α)
my1ρ(α)

−m · · · y(k−1)/2ρ(α)
−mx(k+1)/2ρ(α)

m)

for some xi, yi ∈ SL2(Cp). So again the claim follows. □

Claim 2. Suppose f(t) ∈ Cp[t, t
−1] is a non-constant function, λ ∈ Cp

and |λ|p > 1. Then for every I ⊆ Z which is unbounded from both sides,

{f(λm) | m ∈ I}
is unbounded.

Proof of Claim 2. Suppose f(t) =
∑n

i=−m cit
i for some non-negative inte-

gers m and n and ci ∈ Cp. Suppose c−mcn ̸= 0. Since f is not constant
either m is positive or n is positive. Without loss of generality, we can and
will assume that n is positive. Then for large enough k,

|cnλnk|p > 2(m+ n)|ciλik|p
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for every i ∈ [−m,n). This implies that

|f(λk)|p >
|cnλnk|p

2
,

which implies that limk→∞ |f(λk)|p = ∞. □

By Claim 1 and Claim 2, we obtain that if fa,b(1) ̸= fa,b(0), then

{t([ρ], τma (b)) | m ∈ Z} = {fa,b(m) | m ∈ Z}
is unbounded; in particular, Γg,n · [ρ] is infinite.

5. Finding simple loops which parametrize a given orbit
closure.

We study the orbits of a pure MCG by induction on the parameters g
and n of a surface. For x ∈ Ch•g,n(Cp), the orbit Γg,n · x is investigated by
finding a simple curve a such that a is x-loxodromic, τma · x is infinite, and
the restriction of x to the connected components of Σ \ a are still Zariski-
dense and have infinite pure MCG orbits (if possible). To make sure that
these restrictions are still Zariski-dense, we find two elements α and β of
the fundamental groups of these sub-surfaces such that the group generated
by ρx(α) and ρx(β) contains a non-commutative free subgroup, where ρx is
a representation such that [ρx] = x. An essential step in this strategy is
finding a pair of simple loops a and b such that

(1) a and b are x-loxodromic,
(2) {t(x, τma (b))}m∈I and {t(x, τmb (a))}m∈I are unbounded for every sub-

set I ⊆ Z which is unbounded from both sides.

Moreover, a and b satisfy one of the following properties:

(1) Handle. i(a, b) = 1; in particular, a and b are non-separating loops;
in this case, we say that (a, b) is an x-handle.

(2) Torso. i(a, b) = 2, and a and b are separating loops; in this case, we
say that (a, b) is an x-torso. (See figure 4, and notice that in each
case a small neighborhood of a ∪ b is a deformation retract of the
given surface.)

After finding an x-handle or torso, we improve them further; for instance, in
the case of a handle, we find a handle such that the boundary of the handle
is x-loxodromic if possible. Notice that if x ∈ Ch•g,n(Cp), by Lemma 23, for
a lift ρx ∈ Rep•(Cp) of x,

∂xΣ := {γi | ρx(γi) ̸= ±1}
does not depend on a choice of ρx and only depends on x, where γi’s are
part of an optimal sequence of generators that go around punctures. We
refer to n(x) := |∂x(Σ)| as the x-puncture number.
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Figure 4. Topological handle and torso

5.1. Finding a handle or a torso. The main goal of this section is to
prove the following lemma.

Lemma 59. Suppose g and n are non-negative integers. Suppose x is in
Ch•g,n(Cp) and Γg,n · x is unbounded. Then for every M > 0, there exist two
simple essential curves a and b such that (a, b) is an x-handle if g > 0 and
(a, b) is an x-torso if g = 0. Moreover, |t(x, a)|p and |t(x, b)|p are more than
M .

Proof. Let ρx ∈ Rep•g,n(Cp) be a lift of x. Suppose a and b are the simple
loops that are given by Proposition 44.

Case 1. g > 0. In this case, i(a, b) = 1.
Claim 1. If i(a′, b′) = 1 and a′ and b′ are x-loxodromic, then

{t(x, τma′ (b′))}m∈I

is unbounded for every I ⊆ Z which is unbounded from both sides.

Proof of Claim 1. Suppose γa′ , γb′ ∈ Πg,n are freely homotopic to a′ and b′,
respectively. Then γma′ γb′ is freely homotopic to τma′ (b

′); hence

(112) t(x, τma′ (b
′)) = tr(ρx(γ

m
a′ γb′))

for every integer m. Thus the claim follows by Lemma 46 and (112). □

Because {t(x, τma (b))}m∈Z is unbounded, we deduce that for large enough
m, either τma (b) or τ−m

a (b) is x-loxodromic. Applying Claim 1 to the pair
(τma (b), a), we deduce that (τma (b), a) is an x-handle. Let b′ := τma (b) and
a′ := a. Then |t(x, τkb′(a′))|p can get arbitrarily large, and (b′, τkb′(a

′)) forms
an x-handle. So altogether, we get an x-handle (a′′, b′′) such that |t(x, a′′)|p
and |t(x, b′′)| are arbitrarily large. This completes the proof in Case 1.

Case 2. g = 0.
In this case, i(a, b) = 2. Let d1, d2, d3, and d4 be the boundary curves of

the topological torso given by the pair (a, b) (see Figure 4); the torso can be
viewed as a neighborhood of a ∪ b. Let α, β, and δi’s be elements of Πg,n
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which are freely homotopic to a, b, and di’s, respectively. We can and will
choose these elements, the indexing, and their orientations in a way that

α = δ1δ2 = (δ3δ4)
−1 and β = δ2δ3 = (δ4δ1)

−1;

and for every integer m,

(113) τma (b) ≃ αmδ2α
−mδ3 and τmb (a) ≃ β−mδ1β

mδ2,

where ≃ means freely homotopic (see Figure 5).

Figure 5. Curves associated with a torso.

Choose m ∈ Z in a way that |t(x, τma (b))|p > max{M, 2}; and in partic-
ular, τma (b) is x-loxodromic. Let τ̃a ∈ PAut(Πg,n) be the lift of τa that is
described in (88). Then

(114) τ̃ma (δ1) = αmδ1α
−m, τ̃ma (δ2) = αmδ2α

−m,

and

(115) τ̃ma (δ3) = δ3, τ̃ma (δ4) = δ4.

By Lemma 50, (113), and because

{t(x, τma (b))}m∈Z

is unbounded, we obtain that (ρx(α); ρx(δ2), ρx(δ3)) is conjugate separable.
Hence, by Lemma 55, for every m in an unbounded interval of integers,

(ρx(τ̃
m
a (β)); ρx(αδ3), ρx(δ3))

is conjugate separable. This implies that

(ρx(τ̃
m
a (β)); ρx(δ

−1
3 ), ρx(δ

−1
4 ))

is conjugate separable. This means that for every I ⊆ Z which is unbounded
from both sides

{tr(ρx(τ̃ma (β))kρx(δ
−1
3 )ρx(τ̃

m
a (β))−kρx(δ

−1
4 ))}k∈I

is unbounded, and so

(116) {tr(ρx(τ̃ma (β)kδ−1
3 τ̃ma (β)−kδ−1

4 ))}k∈I
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is unbounded. Because similar to (114) and (115), we have

τ̃kb (δi) = βkδiβ
−k for i = 2, 3 and τ̃kb (δi) = δi for i = 1, 4,

we obtain that

τ̃ma (τ̃kb (α)) =τ̃
m
a (δ−1

4 βkδ−1
3 β−k)

=δ−1
4 τ̃ma (β)kδ−1

3 τ̃ma (β)−k.(117)

By (116) and (117), we deduce that for every m in some unbounded interval
of integers,

{t(x, τma (τkb (a)))}k∈I
is unbounded if I ⊆ Z is unbounded from both sides. Notice that

τkτma (b)(a) = τma (τkb (τ
−m
a (a))) = τma (τkb (a))).

Therefore, for every m in some unbounded interval,

{t(x, τkτma (b)(a))}k∈I
is unbounded if I ⊆ Z is unbounded from both sides. This implies that
(a, τma (b)) is an x-torso as

i(a, τma (b)) = i(τma (a), τma (b)) = i(a, b) = 2.

By the above argument, we can make |t(x, τma (b))|p arbitrarily large. Re-
peating this argument, we can replace a with another element in Γg,n ·a and
get an x-torso (a′, b′) such that |t(x, a′)|p and |t(x, b′)|p are arbitrarily large.
This finishes the proof. □

5.2. Finding an x-handle with x-loxodromic boundary. The main
goal of this section is to prove Propositions 60 and 61, which give us a
handle with extra properties.

We start by finding an x-handle which is in an x-general position. This
will be done in three steps. In the first two steps, we make sure that a and
b are in an x-general position with respect to each other. This means for
every lift ρx ∈ Rep•g,n(Cp) of x,

Fρx(ã)∩Fρx (̃b)
= ∅, ρx(ã)Fρx (̃b)

∩F
ρx (̃b)

= ∅, and ρx(̃b)Fρx(ã)∩Fρx(ã) = ∅,

where ã and b̃ are elements of Πg,n that are obtained by connecting the
intersection point of a and b to the base point of Πg,n. In the third step, we
make sure that F

ρx (̃b)
and F

ρx (̃b)
avoid a certain given finite set. In the final

step, we find an x-handle with an x-loxodromic boundary curve.

Proposition 60. Suppose g is a positive integer and n is a non-negative
integer. Suppose x is in Ch•g,n(Cp) and 3(g − 1) + n(x) > 2. Then there
exists an x-handle (a, b) in an x-general position such that

(1) |t(x, a)|p and |t(x, b)|p are more than M , and
(2) |t(x, c(a, b))|p > M where c(a, b) is the boundary curve of a small

neighborhood of a∪b (alternatively, we can say c(a, b) is the boundary
curve of the topological handle given by (a, b), see Figure 4).
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The remaining case of g = 1 and n(x) = 2 is almost covered in the next
proposition. In the appendix, we will provide an interesting orbit of the
pure automorphism group of Π1,2 in Rep1,2(Cp) which justifies the need for
the extra restriction given in the next proposition.

Proposition 61. Suppose x is in Ch•1,n(Cp) and n(x) = 2. Then either
there exists an x-handle (a, b) in x-general position such that

(1) |t(x, a)|p and |t(x, b)|p are more than M , and
(2) |t(x, c(a, b))|p > M where c(a, b) is the boundary curve of a small

neighborhood of a∪b (alternatively, we can say c(a, b) is the boundary
curve of the topological handle given by (a, b), see Figure 4),

or there exists a pure automorphism θ̃ and α, β, ω ∈ SL2(Cp), such that

(1) α and β are loxodromic,
(2) Fα ∩ Fβ = αFβ ∩ Fβ = βFα ∩ Fα = ∅.
(3) (ωα)β(ωα)−1 = β−1 and (βω)α(βω)−1 = α−1.

(4) ρ(a1) = α and ρ(b1) = β where ρ := θ̃ · ρx and ρx ∈ Rep1,n(Cp) is a
lift of x.

(5) for some i ̸= j, ρ(ci) = ω, ρ(cj) = ±ω, and ρ(ck) = ±1 if k ̸= i, j.

It is worth pointing out that for every homeomorphism θ of the surface and
every pair (a, b) of simple curves that intersect at one point with i(a, b) = 1,
c(θ(a), θ(b)) and θ(c(a, b)) are freely homotopic.

Let’s also remark why the concept of x-handle in an x-general position
only depends on x, a, and b, for x ∈ Ch•g,n(Cp). Recall that, for x ∈
Ch•g,n(Cp), we say (a, b) is an x-handle in an x-general position if (a, b) is
an x-handle and for some lift ρx ∈ Rep•g,n(Cp) of x the following holds:

(1) Fρx(ã) ∩ Fρx (̃b)
= ∅,

(2) ρx(ã)Fρx (̃b)
∩ F

ρx (̃b)
= ∅, and

(3) ρx(̃b)Fρx(ã) ∩ Fρx(ã) = ∅,

where ã = rar, b̃ = rbr, where r is a simple path connecting the based point
of the fundamental group Πg,n to the point of intersection of a and b. It is
important to point out that this definition does not depend on the choice
of ρx and r. Suppose ρ′x is another lift of x and r′ is another simple path
connecting the based point of the fundamental group to the point of the
intersection of a and b. Then

ã′ = (r′r)ã(r′r)−1 and ρ′x is a conjugate of ρx

where ã′ = r′ar′ and b̃ = r′br′. Hence, (ρx(ã), ρx(̃b)) is a simultaneous

conjugate of (ρ′x(ã
′), ρ′x(b̃

′)); this implies that the concept of x-general only
depends on x, a, and b. It is worth mentioning that an x-handle (a, b) is in
an x-general position precisely when

Fρx(ã) ∩ Fρx([ã,̃b−1])
= F

ρx (̃b)
∩ F

ρx([ã,̃b−1])
= ∅.
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Throughout this proof, we use certain lifts of a grid of Dehn twists. Sup-
pose

a1, b1, . . . , ag, bg, c1, . . . , cn
is the optimal sequence of generators given in Figure 3. Notice that because
ε(a1, b1) = −1, by Lemma 56, we have that

τ̃a−1
1
(b1) = a−1

1 b1 and τ̃a−1
1
(z) = z for all z ∈ {a1, a2, b2, . . . , ag, bg, c1, . . . , cn}

defines an element of PAut(Πg,n) which is a lift of the Dehn twist τa1 ∈ Γg,n.

Similarly, ε(b−1
1 , a−1

1 ) = 1 and by Lemma 56, we have that

τ̃b−1
1
(a1) = a1b1 and τ̃b−1

1
(z) = z for all z ∈ {b1, a2, b2, . . . , ag, bg, c1, . . . , cn}

defines an element of PAut(Πg,n) which is a lift of the Dehn twist τb1 ∈ Γg,n.
Then for every integers m and k, we have

τ̃k
b−1
1
τ̃m
a−1
1
(a1) = a1b

k
1, τ̃k

b−1
1
τ̃m
a−1
1
(b1) = (a1b

k
1)

−mb1 and τ̃k
b−1
1
τ̃m
a−1
1
(z) = z

for all z ∈ {a2, b2, . . . , ag, bg, c1, . . . , cn}. Let θ̃m,k := τ̃k
b−1
1

τ̃−m

a−1
1

and

(118) θm,k := θ̃m,k Inn(Πg,n) ∈ Γg,n.

Lemma 62. Suppose g and n are non-negative integers. Suppose x is in
Ch•g,n(Cp). Then there exists an x-handle (a, b) such that Fρx(ã)∩Fρx (̃b)

= ∅
where ã, b̃ ∈ Πg,n are obtained by connecting the intersection point of a and
b to the base point of the fundamental group and ρx ∈ Rep•g,n(Cp) is a lift of
x.

Proof. Suppose ρx ∈ Repg,n(Cp)
• is a lift of x. By Lemma 59, there exists

an x-handle (a, b). By [13, Section 1.3.1], there exists θ ∈ Γg,n such that
θ · a = a1 and θ · b = b1, where

a1, b1, . . . , ag, bg, c1, . . . , cn

is an optimal sequence of generators. Let x′ := θ · x; then by (61) and (62),
(a1, b1) is an x′-handle, and it is enough to find a desired x′-handle. So
without loss of generality, we can and will assume that a = a1 and b = b1.

Notice that b1z is homotopic to a simple curve for every z = w1w2 where
w1 < w2 are in

{a2 < b2 < · · · < ag < bg < c1 < · · · < cn}.
For every integer k, let

αk := αβk.

Notice that i(θm,k(a1), θm,k(b1z)) = 1,

(119) t(x, θm,k(a1)) = tr(αk) and t(x, θm,k(b1z)) = tr(αm
k βωz)),

and

(120) ρx(θ̃m,k(a1)) = αk and ρx(θ̃m,k(b1z)) = αm
k βωz.
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We find a desired handle by applying θm,k’s to the pair (a1, b1z) of simple
curves. In view of (119), (120), and the above discussion, the assertion of
the Lemma 62 follows from the next claim.

Claim. For every positive number M , there exist integers m and k, such
that for either z = 1 or z = w1w2 for some w1 < w2 in

{1 < a2 < b2 < · · · < ag < bg < c1 < · · · < cn},
αk and αm

k βωz are loxodromic,

| tr(αk)|p > M and | tr(αm
k βωz)|p > M

and
Fαk

∩ Fαm
k βωz = ∅.

Proof of Claim. Because (a1, b1) is an x-handle,

{t(x, τkb1(a1))}k∈Z
is unbounded. Hence, for every positive number M and either k ≫M 1 or
k ≪M (−1), we have that | tr(αk)|p > M ; and in particular αk is loxodromic.
Let I := Iα,β,M be the set of k’s such that αk is loxodromic and | tr(αk)|p >
M . Then, by the above argument, I is unbounded.

Notice that
Fαk

∩ Fαm
k βωz = Fαk

∩ Fβωz ;

and so if for some k ∈ I, a choice of z, and an integer m,

Fαk
∩ Fαm

k βωz ̸= ∅,
then there exists

(121) pk ∈ Fαk
∩ Fβωz .

If for a given z, (121) holds for all k ∈ I, then there exist an unbounded
sequence {ki}∞i=1 of integers and a point p such that

(122) p ∈ Fβωz ∩
∞⋂
i=1

Fαki
.

Therefore, αβki(p) = p for all i; and so βki(p) = α−1(p). Because β is
loxodromic, limi→∞ βki(p) exists and it is in Fβ. Hence,

(123) α−1(p) ∈ Fβ and α−1(p) = p.

By (122) and (123), we deduce that

(124) p ∈ Fα ∩ Fβ ∩ Fωz .

So we have to avoid (124), in order to get disjoint sets of fixed points by αk

and αm
k βωz. Besides making certain that Fαk

and Fαm
k βωz are disjoint, we

have to ensure that αm
k βωz is loxodromic. Notice that by Lemma 46, for

k ∈ I and a subset J ⊆ Z which is unbounded from both sides,

{tr(αm
k βωz)}m∈J



92 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

is unbounded if and only if βωz does not swap the fixed points of αk. We
show these in an case-by-case consideration.

Case 1. If |Fα ∩ Fβ| = 0, then clearly (124) cannot hold and β does not
swap the fixed points of α. Hence, z = 1 satisfies the needed properties.

Case 2. If |Fα ∩ Fβ| = 1, then Fα ∩ Fβ = {p} for some p. Because ρx
is a Zariski-dense representation, there exists z such that ωz does not fix p.
Hence, (124) cannot hold for this z.

If βωz swaps the fixed points of αβk for some k ∈ I, then

(125) Fαβk = {p, βωz(p)}.
Notice that for distinct k1, k2 ∈ I, if

q ∈ Fαβk1 ∩ Fαβk2 ,

then q is a fixed point of βk2−k1 . Because β is loxodromic, we obtain that
q is a fixed point of β; and so it is a common fixed point of α and β. This
means for every distinct integers k1, k2 ∈ I,

Fαβk1 ∩ Fαβk2 = {p}.
Hence, (125) can hold for at most one k ∈ I. Hence, this z satisfies the
needed properties.

Case 3. If |Fα ∩Fβ| = 2, then Fα ∩Fβ = {p1, p2} for some pi’s. Because
ρx is Zariski-dense, there exist

w1, w2, w3 ∈ {a2, b2, . . . , ag, bg, c1, . . . , cn}
such that pi ̸∈ Fωwi

for i = 1, 2, and

{ωw3(p1), ωw3(p2)} ≠ {p1, p2}.
If neither z = w1 nor z = w2 satisfy the needed properties, then for i = 1, 2
either ωwi fixes p3−i or swaps p1 and p2.

Case 3-a. For i = 1, 2, ωwi does not swap p1 and p2.
In this case,

p1 ∈ Fωw2
, and p2 ∈ Fωw1

;

and so

ωw1ωw2(p1) = ωw1(p1) ̸= p1 and ωw1ωw2(p2) ̸= ωw1(p2) = p2.

Moreover, because ωw1(p2) = p2, we have

ωw1ωw2(p1) = ωw1(p1) ̸= ωw1(p2) = p2.

Therefore for z = w1w2, we have

Fα ∩ Fβ ∩ Fωz = ∅
and ωz does not swap p1 and p2. This implies that βωz does not swap pi’s,
either.

Notice that by symmetry, we can and will assume that w1 < w2. Hence,
the claim follows.

Case 3-b. ωw1 swaps p1 and p2.



ORBIT CLOSURE OF THE PURE MCG 93

If z = w3 does not satisfy the needed properties, then |Fωw3
∩{p1, p2}| = 1.

Without loss of generality, we can and will assume that

ωw3(p1) = p1 and ωw3(p2) ̸= p2.

Then
ωw1ωw3(p1) = p2 and ωw1ωw3(p2) ̸= ωw1(p2) = p1.

Notice that the first equality implies that

ωw1ωw3(p2) ̸= p2.

Hence z = w1w3 satisfies the needed properties if w1 < w3.
Similarly, we have

ωw3ωw1(p1) = ωw3(p2) ̸= p2 and ωw3ωw1(p2) = ωw3(p1) = p1.

This time the second equality implies that

ωw3ωw1(p1) ̸= p1.

Hence z = w3w1 satisfies the needed properties if w3 < w1. This covers all
the possible cases. □

Now by the above Claim and Claim 1 in the proof of Lemma 59, Lemma 62
follows. □

By Lemma 62 and (61), after changing the original representation by an
element of PAut(Πg,n), we can and will assume that (a1, b1) is an x-handle
and

(126) Fρx(a1) ∩ Fρx(b1) = ∅.

Lemma 63. Suppose {a1, b1, . . . , ag, bg, c1, . . . , cn} is an optimal sequence of
generators, x ∈ Ch•g,n(Cp), and (a1, b1) is an x-handle. Let ρx ∈ Rep•g,n(Cp)
be a lift of x, α := ρx(a1), and β := ρx(b1). Suppose

Fα ∩ Fβ = ∅.
Suppose F is a finite subset of P1(Cp) and M is a positive integer. Then, for
some unbounded interval I := I(α, β, F,M) of integers, the following holds.
For every k ∈ I, there exists an unbounded interval Jk := J(α, β, F,M, k)
of integers such that for every m ∈ Jk,

| tr(αk)|p > M, | tr(αm
k β)|p > M, Fαk

∩ Fαm
k β = ∅,

and
Fαk

∩ F = Fαm
k β ∩ F = αkFαm

k β ∩ F = ∅,
where αk := αβk.

Proof. Since (a1, b1) is an x-handle and t(x, τkb1(a1)) = tr(αk), we have that
there exists an unbounded interval I of integers such that | tr(αk)|p > M
and αk is loxodromic for every k ∈ I.

Claim 1. In the above setting for distinct k1, k2 ∈ I, Fαk1
∩ Fαk2

= ∅.
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Proof of Claim 1. Suppose p ∈ Fαk1
∩ Fαk2

. Then p ∈ Fβk1−k2 ; and as β is
loxodromic, we obtain that p ∈ Fβ. Because p ∈ Fβ ∩ Fαβk , we deduce that
p ∈ Fβ ∩ Fα, which is a contradiction. □

Since β is loxodromic, for every k ∈ I there exists an unbounded subset
of integers Jk such that | tr(αm

k β)|p > M and αm
k β is loxodromic for every

m ∈ Jk.
Claim 2. In the above setting, for every k ∈ I and distinct m1,m2 ∈ Jk,

Fα
m1
k β ∩ Fα

m2
k β = ∅.

Proof of Claim 2. Suppose p ∈ Fα
m1
k β ∩ Fα

m2
k β. Then p is in F

α
m1−m2
k

. As

αk is loxodromic, p ∈ Fαk
. Hence, p ∈ Fαk

∩ Fα
m1
k β; and so p ∈ Fαk

∩ Fβ.

Thus, p ∈ Fα ∩ Fβ, which is a contradiction. □

By Claim 1 and 2, we deduce that Fαk
∩ F = ∅ except for finitely many

k ∈ I, and for every such k ∈ I, we have

Fαm
k β ∩ F = αkFαm

k β ∩ F = ∅
except for finitely many m ∈ Jk. □

Lemma 64. Suppose {a1, b1, . . . , ag, bg, c1, . . . , cn} is an optimal sequence of
generators, x ∈ Ch•g,n(Cp), and (a1, b1) is an x-handle. Let ρx ∈ Rep•g,n(Cp)
be a lift of x, α := ρx(a1), and β := ρx(b1). Suppose

Fα ∩ Fβ = ∅.
Suppose F is a finite subset of P1(Cp) and M is a positive integer. Then, for
some unbounded interval I ′ := I ′(α, β, F,M) of integers, the following holds.
For every k ∈ I ′, there exists an unbounded interval J ′

k := J ′(α, β, F,M) of
integers such that for every m ∈ J ′

k,

| tr(αk)|p > M, | tr(αm
k β)|p > M, Fαk

∩ Fαm
k β = ∅,

Fαk
∩ F = Fαm

k β ∩ F = αkFαm
k β ∩ F = ∅,

and
αkFαm

k β ∩ Fαm
k β = ∅ and (αm

k β)Fαk
∩ Fαk

= ∅.

Proof. First, we notice that if p ∈ γFλ ∩ Fλ, then

(127) p ∈ F[γ,λ−1] and γ−1(p) ∈ F[λ,γ−1].

Next, we mention that for every integers k and m, we have

(128) [αk, (α
m
k β)

−1] = [α, β−1].

By (127) and (128), we obtain that if p ∈ αkFαm
k β ∩ Fαm

k β, then

(129) p ∈ Fαm
k β ∩ F[αk,(α

m
k β)−1] = Fαm

k β ∩ F[α,β−1].

Similarly, if p ∈ (αm
k β)Fαk

∩ Fαk
, then

(130) (αm
k β)

−1(p) ∈ Fαk
∩ F[αk,(α

m
k β)−1] = Fαk

∩ F[α,β−1].
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By (130), we obtain that

I ′ := I(α, β, F ∪ F[α,β−1],M) and J ′
k := Jk(α, β, F ∪ F[α,β−1],M)

satisfy all the mentioned properties. □

The following is a summary of what we have proved so far based on
Lemmas 62-64.

Corollary 65. Suppose x ∈ Ch•g,n(Cp), and

a1, b1, . . . , ag, bg, c1, . . . , cn

is an optimal sequence of generators given in Figure 3. Suppose M is a
positive number and F is a finite subset of

⟨a2, b2, . . . , ag, bg, c1, . . . , cn⟩.
Then there exists θ ∈ Γg,n such that (a1, b1) is a θ(x)-handle in a θ(x)-

general position, |t(a1, θ(x))|p > M , |t(b1, θ(x))| > M , ρθ(x)(a
−1
1 b1) is loxo-

dromic and the norm of its trace is at least M , and for every w ∈ F , either
ρθ(x)(w) = ±1 or

Fρθ(x)(a1)∩Fρθ(x)(w) = Fρθ(x)(b1)∩Fρθ(x)(w) = ρθ(x)(a1)Fρθ(x)(b1)∩Fρθ(x)(w) = ∅,

where ρθ(x) ∈ Rep•g,n(Cp) is a lift of θ(x).

Proof. First, using Lemmas 59 and 62, we find ϕ ∈ Γg,n such that (a1, b1)
is a ϕ(x)-handle and Fρϕ(x)(a1) ∩Fρϕ(x)(b1) = ∅, where ρϕ(x) is a lift of ϕ(x).

Let
F ′ :=

⋃
w∈F

Fρϕ(x)(w).

Then, by Lemma 64, there exist a pair of integers (k,m) such that (a1, b1) is a
θ−1
k,m(ϕ(x))-handle in a θ−1

k,m(ϕ(x))-general position, |t(a1, θ−1
k,m(ϕ(x)))|p > M ,

|t(b1, θ−1
k,m(ϕ(x)))|p > M , | tr(θ̃k,m(a−1

1 b1)|p > M ,

F
θ̃−1
k,m(ρϕ(x))(a1)

∩ F ′ = F
θ̃−1
k,m(ρϕ(x))(b1)

∩ F ′ = ∅,

and
θ̃−1
k,m(ρϕ(x)))(a1)Fθ̃−1

k,m(ρϕ(x)))(b1)
∩ F ′ = ∅.

Because θ̃k,m(w) = w for all w ∈ F , we have that

F
θ̃−1
k,m(ρϕ(x))(w)

= Fρϕ(x)(w) ⊆ F ′;

the claim follows. □

Next, we start working towards finding a θ ∈ Γg,n such that (a1, b1) is a
θ(x)-handle with a θ(x)-loxodromic boundary curve.
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Lemma 66. Suppose α, β ∈ SL2(Cp) are loxodromic,

Fα ∩ Fβ = ∅, and αFβ ∩ Fβ = ∅.
Suppose ω1, ω2 ∈ SL2(Cp), for i = 1, 2

Fβ ∩ Fωi = ∅ and αFβ ∩ Fω−1
2 ω1

= ∅.

Then for every positive integer M , there exists an unbounded interval I of
integers (depending on α, β, ωi’s and M) such that the following holds. For
some i = 1 or i = 2, every k ∈ I, and every integer m,

| tr(αk)|p > M and | tr([αk, (βk,mωi)
−1])|p > M,

where αk := αβk and βk,m := αm
k β.

Proof. After conjugation, we can and will assume that

β =

(
λ 0
0 λ−1

)
and α =

(
a11 a12
a21 a22,

)
where |λ|p > 1. Because Fα ∩ Fβ = ∅ and αFβ ∩ Fβ = ∅, we deduce that
aij ̸= 0 for every 1 ≤ i, j ≤ 2. For every k,

tr(αk) = tr(αβk) = a11λ
k + a22λ

−k.

As aii ̸= 0 and |λ|p > 1, we obtain that if |k| is large enough,

| tr(αk)|p > M,

and αk is loxodromic. Notice that for every m and every i = 1, 2

[αk, (βk,mωi)
−1] =αkω

−1
i β−1α−m

k α−1
k αm

k βωi

=αβkω−1
i β−1β−kα−1βωi.

Therefore, we have

tr([αk, (βk,mωi)
−1]) = tr(βk(βωi)

−1β−k(α−1(βωi)α))

=f(β;(βωi)−1,α−1(βωi)α)(k).

By Lemma 50, we deduce that there exists an unbounded interval I of
integers such that for all k ∈ I we have | tr([αk, (βk,mωi)

−1])|p > M , if
(β; (βωi)

−1, α−1(βωi)α) is conjugate separable.
Suppose to the contrary that for i = 1, 2, (β; (βωi)

−1, α−1(βωi)α) is not
conjugate separable. This means for i = 1, 2 either

(131) Fβ ∩ Fβωi
∩ Fα−1(βωi)α = ∅,

or

(132) βωi ∈ CSL2(Cp)(β),

or

(133) α−1(βωi)α ∈ CSL2(Cp)(β).

Notice that Fβ ∩ Fβωi
= Fβ ∩ Fωi = ∅. So (131) cannot hold.
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If (132) holds for i, then ωi ∈ CSL2(Cp)(β). Hence, Fβ ⊆ Fωi , which cannot
hold.

If (133) holds for i = 1, 2, then

βω1, βω2 ∈ αCSL2(Cp)(β)α
−1;

and so
ω−1
2 ω1 ∈ αCSL2(Cp)(β)α

−1.

Hence,
αFβ ⊆ Fω−1

2 ω1
,

which cannot hold. This completes the proof. □

Lemma 67. Suppose α, β ∈ SL2(Cp) are loxodromic,

Fα ∩ Fβ = ∅, and αFβ ∩ Fβ = ∅.

For every integer k, let αk := αβk. Suppose ω ∈ SL2(Cp) and βω inter-
changes the fixed points of αk1 and αk2 for distinct integers k1, k2 such that
αk1 and αk2 are loxodromic. Then βω interchanges the fixed points of αk if
αk is loxodromic, and

(134) (βω)α(βω)−1 = α−1 and (ωα)β(ωα)−1 = β−1.

Proof. Notice that βω swaps the fixed points of αk if and only if

(βω)αk(βω)
−1 = α−1

k .

Therefore

α−1
k2

=(βω)αk2(βω)
−1

=(βω)αk1(βω)
−1(βω)βk2−k1(βω)−1

=α−1
k1

(βω)βk2−k1(βω)−1.

Hence
β−(k2−k1) = (α−1βω)βk2−k1(α−1βω)−1.

This implies that (α−1βω) swaps the fixed points of βk2−k1 ; and so α−1βω
swaps the fixed points of β, which implies

(135) (α−1βω)β(α−1βω)−1 = β−1,

and

(136) α−1βωα−1βω = −1.

By (136) and βωβω = −1, we deduce that

(137) (βω)(α)(βω)−1 = α−1,

which means βω interchanges the fixed points of α as well. Next notice that
α−1βω = βωα; and so by (135), we deduce

(βωα)β(βωα)−1 = β−1.

Hence
(ωα)β(ωα)−1 = β−1.
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For every integer k, we have

(βω)αk(βω)
−1 =(βω)α(βω)−1((βω)β(βω))−k

=α−1(αβα−1)−k = β−kα−1 = α−1
k .

Hence if αk is loxodromic, then βω interchanges the fixed points of αk. □

Lemma 68. Suppose α, β ∈ SL2(Cp) are loxodromic,

Fα ∩ Fβ = ∅, and αFβ ∩ Fβ = ∅.
Suppose ω1, ω2 ∈ SL2(Cp). Then at least one of the following statements
holds.

(1) ω−1
2 ω1 ∈ CSL2(Cp)(α).

(2) Except for one value of k, if αk is loxodromic. βω1 does not inter-
change the fixed points of αk.

(3) Except for one value of k, if αk is loxodromic, βω2 does not inter-
change the fixed points of αk.

Proof. We proceed by contradiction. By the contrary assumption, for i =
1, 2, there are at least two integers ki1 and ki2 such that αki1 and αki2 are
loxodromic and βωi interchanges the fixed points of αkij for j = 1, 2. Then
by Lemma 67, we have

(βωi)α(βωi)
−1 = α−1.

Hence, (βω2)
−1(βω1) = ω−1

2 ω1 commutes with α, which is a contradiction.
□

Corollary 69. Suppose α, β ∈ SL2(Cp) are loxodromic,

Fα ∩ Fβ = ∅, and αFβ ∩ Fβ = ∅.
Suppose ω1, ω2 ∈ SL2(Cp) such that

(Fα ∪ Fβ ∪ αFβ) ∩ (Fω1 ∪ Fω2 ∪ Fω−1
2 ω1

∪ Fω1ω2) = ∅.

Then for every positive number M , there exist an unbounded interval I of
integers and ω ∈ {ω1, ω2, ω1ω2} such that the following statements hold.

(1) For every k ∈ I and every integer m, αk and [αk, βk,mω] are lox-

odromic, where αk := αβk and βk,m := αm
k β; moreover, we have

| tr(αk)|p > M and | tr([αk, βk,mω])|p > M .
(2) For every k ∈ I, there exists an unbounded interval of integers Jk

such that for every m ∈ Jk, we have that βk,mω is loxodromic and
| tr(βk,mω)|p > M .

Proof. We can apply Lemma 66 for α, β, and every two elements chosen
from {ω1, ω2, ω1ω2}. This implies that for at least two of the elements in
this set the following property holds:

There exists an unbounded interval I of integers such that for every k ∈ I
and every integer m, αk and [αk, βk,mω] are loxodromic and

| tr(αk)|p > M and | tr([αk, βk,mω])|p > M.
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Applying Lemma 68 to these two elements of {ω1, ω2, ω1ω2}, we obtain that
one of them, say ω, has the extra property that for every k ∈ I, βω does
not interchange the fixed points of αk. Hence, by Lemma 46, for all k ∈ I,
there exists an unbounded interval Jk of integers such that for all m ∈ Jk,
βk,mω is loxodromic and | tr(βk,mω)|p > M . This completes the proof. □

The following is an important consequence and a major step on proving
Proposition 60 (obtaining an x-handle with an x-loxodromic boundary).

Corollary 70. Suppose a1, b1, . . . , ag, bg, c1, . . . , cn is the optimal sequence
of generators given in Figure 3. Suppose x ∈ Ch•g,n(Cp) and (a1, b1) is an
x-handle. Suppose ρx ∈ Rep•g,n(Cp) is a lift of x. Let α := ρx(a1) and
β := ρx(b1). Suppose

Fα ∩ Fβ = ∅, and αFβ ∩ Fβ = ∅.
Suppose for every word z of length at most two in

⟨a±1
2 , b±1

2 , . . . , a±1
g , b±1

g , c±1
1 , . . . , c±1

n ⟩,
we have that either ρx(z) = ±1 or

(Fα ∪ Fβ ∪ αFβ) ∩ Fρx(z) = ∅.
Suppose there exists z1 < z2 ∈ {a2 < b2 < · · · < ag < bg < c1 < · · · < cn}
such that

±1 ̸∈ {ρx(z1), ρx(z2), ρx(z1)ρx(z2), ρx(z2)−1ρx(z1)}.
Then for every positive number M , there exists an unbounded interval I of
integers and z ∈ {z1, z2, z1z2} such that the following statements hold.

(1) For all k ∈ I and m ∈ Z, ρx(a1bk1) and ρx([a1b
k
1, (a1b

k
1)

mb1z]) are
loxodromic, and

| tr(ρx(a1bk1))|p > M and | tr(ρx([a1bk1, (a1bk1)mb1z]))|p > M.

(2) For all k ∈ I, there exists an unbounded interval Jk of integers such
that for every m ∈ Jk, ρx((a1b

k
1)

mb1z) is loxodromic and

| tr(ρx((a1bk1)mb1z))|p > M.

Proof. This is an immediate consequence of Corollary69. □

Proof of Proposition 60 and Proposition 61. By Corollary 65, there exists a

pure automorphism ϕ̃ of Πg,n such that (a1, b1) is a ϕ(x)-handle in an ϕ(x)-

general position, where ϕ ∈ Γg,n is given by ϕ̃, ϕ̃(ρx)(a
−1
1 b1) is loxodromic,

and for every word z of length at most 2 in

⟨a±1
2 , b±1

2 , . . . , a±1
g , b±1

g , c±1
1 , . . . , c±1

n ⟩,

either ϕ̃(ρx)(z) = ±1 or

(138) (F
ϕ̃(ρx)(a1)

∪ F
ϕ̃(ρx)(b1)

∪ ϕ̃(ρx)(a1)Fϕ̃(ρx)(b1)
) ∩ ϕ̃(ρx)(z) = ∅.
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After changing x to ϕ(x), we can and will assume that (a1, b1) is an x-handle

in an x-general position, and (138) holds for ϕ̃ = id.
Case 1. There exist z1 < z2 ∈ {a2 < b2 < · · · < ag < bg < c1 < · · · < cn}

such that
±1 ̸∈ {ρx(z1), ρx(z2), ρz(z1z2), ρx(z−1

2 z1)}.

Proof of Case 1. In this case, by Corollary 70, there exist a pair of integers
(k,m) and z ∈ {z1, z2, z1z2} such that

(139) θ̃−1
k,m(ρx)(a1), θ̃

−1
k,m(ρx)(b1z), and θ̃

−1
k,m(ρx)([a1, b1z]) are loxodromic,

and the norm of their traces are at least M . Notice that b1z is homotopic to
a simple curve d ∈ Πg,n with the following properties ε(a1, d) = ε(a1, b1) and
i(a1, d) = 1. Then there exists a homeomorphism of the surface which fix the
boundaries of the surface, a1 to a1 and b1 to d; in particular, the base point
is sent to itself and the boundary curve c(a1, b1) of a small neighborhood
of a1 ∪ b1 is freely homotopic to the boundary curve c(a1, d) of a small

neighborhood of a1 ∪ d. Let θ̃′ be the induced pure automorphism of this

homeomorphism. Let θ̃ := θ̃′−1θ̃−1
k,m and θ ∈ Γg,n be the induced element.

Then by (139), we obtain that (a1, b1) is θ(x)-handle and c(a1, b1) is θ(x)-
loxodromic; moreover,

|t(a1, θ(x))|p, |t(b1, θ(x))|p, |t(c(a1, b1), θ(x))|p > M.

This finishes our proof in Case 1. □

Case 2. For every z1 < z2 ∈ {a2 < b2 < · · · < ag < bg < c1 < · · · < cn},
we have

±1 ∈ {ρx(z1), ρx(z2), ρx(z1z2), ρx(z−1
2 z1)},

and g ≥ 2.

Proof of Case 2. In this case, there exists ω ∈ SL2(Cp) such that
(140)

{ρx(a2), ρx(b2), . . . , ρx(ag), ρx(bg), ρx(c1), . . . , ρx(cn)} ⊆ {±1,±ω±1}.
This implies that ±1 ∈ {ρx(a2), ρx(b2), ρx(a2b±1

2 )}. Notice that because

[a2, b
−1
2 ] = [b2, b

−1
2 a−1

2 b2] = [a2b
±1
2 , b−1

2 ],

there exist pure automorphisms which send every z in the optimal sequence
of generators besides a2 and b2 to itself and the pair (a2, b2) is sent to either
(b2, b

−1
2 a−1

2 b2) or (a2b
±1
2 , b2). Applying this automorphism to ρx, if needed,

we can and will assume that ρx(a2) = ±1. Notice that this automorphism
does not change a1 and b1; and so still (138) holds, and one can see that
(140) still holds as well. Let α := ρx(a1) and β := ρx(b1). Notice that α, β,
and α−1β are loxodromic, and

(141) Fα ∩ Fβ = αFβ ∩ Fβ = βFα ∩ Fα = ∅.
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Let θ̃ be a pure automorphism of Πg,n which is given by the following
equations

θ̃(a1) :=(a1a2)
−1a1(a1a2)

θ̃(a2) :=(a1a2)
−1a2(a1a2)

θ̃(b1) :=(a1a2)
−1b1[a

−1
1 , a−1

2 ]

θ̃(b2) :=(a1a2)
−1b2

θ̃(z) :=z if z ∈ {a3, b3, . . . , ag, bg, c1, . . . , cn}
Notice that

θ̃([a1, b
−1
1 ][a2, b

−1
2 ]) = [a1, b

−1
1 ][a2, b

−1
2 ],

and so θ̃ does define an automorphism of Πg,n. It is worth to point out that

a2a1 is homotopic to a simple curve d and θ̃ is a lift of the Dehn twist τd.
We have that

ρx(θ̃(a1)) =α, ρx(θ̃(b1)) = α−1β,

ρx(θ̃(b2)) ∈α−1⟨ω⟩,(142)

ρx(θ̃(z)) ∈⟨ω⟩,

for z ∈ {a2, a3, b3, . . . , ag, bg, c1, . . . , cn}. Let’s recall that α and α−1β are
loxodromic, and we have

Fα ∩ Fα−1β = Fα ∩ Fβ = ∅.
Hence, by Lemma 64, there exists a pair of integers (k,m) such that (a1, b1)
is a θ−1

k,m(θ−1(x))-handle in a θ−1
k,m(θ−1(x))-general position,

(θ̃−1
k,mθ̃

−1(ρx))(b2) ∈ α−1⟨ω⟩,
and

(θ̃−1
k,mθ̃

−1(ρx))(z) ∈ ⟨ω⟩,
for z ∈ {a2, a3, b3, . . . , ag, bg, c1, . . . , cn}. Notice that by (140), [α, β−1] is in
⟨ω⟩. Hence,
(143) Fω ⊆ F[α,β−1].

Because βFα ∩ Fα = ∅, we obtain that Fα ∩ F[α,β−1] = ∅. Hence, by (143),
α ̸∈ ⟨ω⟩. Therefore,

α−1⟨ω⟩ ∩ ⟨ω⟩ = ∅.
Thus there are two possibilities: either there is no ω′ in SL2(Cp) such that
for all z in {a2, b2, . . . , ag, bg, c1, . . . , cn}

(θ̃−1
k,mθ̃

−1(ρx))(z) ∈ {±1,±ω′±1}

or for all z ∈ {a2, a3, b3, . . . , ag, bg, c1, . . . , cn}

(θ̃−1
k,mθ̃

−1(ρx))(z) = ±1.
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If the first scenario, we can apply Case 1, and we get the desired pure
automorphism.

In the second scenario, we have

(θ̃−1
k,mθ̃

−1(ρx))([a2, b
−1
2 ] · · · [ag, b−1

g ]c1 · · · cn) = ±1,

which implies that

(θ̃−1
k,mθ̃

−1(ρx))([a1, b
−1
1 ]) = ±1.

This is a contradiction, as (a1, b1) is in a θ−1
k,m(θ−1(x))-general position. □

Case 3. For every z1 < z2 ∈ {a2 < b2 < · · · < ag < bg < c1 < · · · < cn},
we have

±1 ∈ {ρx(z1), ρx(z2), ρx(z1z2), ρx(z−1
2 z1)},

g = 1.

Proof of Case 3. In this case, there exists ω ∈ SL2(Cp) such that for every
1 ≤ i ≤ n, ρx(ci) ∈ {±1,±ω±1}, and n(x) > 1, which means there exist
distinct integers i, j such that ρx(ci) ̸= ±1 and ρx(cj) ̸= ±1. Hence, ω ̸= ±1,

ρx(ci) = ±ω, ρx(cj) = ±ω±1, and ρx([a1, b
−1
1 ]) ∈ ⟨ω⟩; in particular,

Fω ⊆ F[α,β−1],

where α := ρx(a1) and β := ρx(b1). The next claim helps us rearrange the
order of ci’s without changing the values of ρx.

Claim 1. For every permutation σ, there exists an automorphism θσ of
the free group ⟨x1, . . . , xn⟩ such that θσ(xi) is in the conjugacy class of xσ(i)
for very i, and

θσ(x1 · · ·xn) = x1 · · ·xn.

Proof of Claim 1. It is enough to prove the claim for transpositions. It is
easy to see that the following map on the set of generators can be extended
to an automorphism of the free group which satisfies the claimed properties
for σ := (i j) where i < j:

θσ(xl) :=xl for l ∈ [1, i) ∪ (j, n],

θσ(xi) :=xj ,

θσ(xl) :=x
−1
j xlxj for l ∈ (i, j),

θσ(xj) :=(xi+1 · · ·xj)−1xi(xi+1 · · ·xj).
□

Next, we present a concrete lift of the Dehn twist τd, where d is a simple
loop which is freely homotopic to b1c1 . . . ck.

Claim 2. Suppose k is a positive integer and k < n. Then the following
map on the sequence of optimal generators

{a1, b1, c1, . . . , cn}
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of Π1,n given in Figure 3 can be extended to a pure automorphism ϕk of
Π1,n:

a1 7→a1b1c1 · · · ck
b1 7→(c1 · · · ck)−1b1(c1 · · · ck)
ci 7→(b1c1 · · · ck)−1ci(b1c1 · · · ck) if 1 ≤ i ≤ k

cj 7→cj if k < j ≤ n.

Proof of Claim 2. Let c := c1 · · · ck and c′ := ck+1 · · · cn. Notice that

[a1b1c, c
−1b−1

1 c](b1c)
−1c1(b1c) · · · (b1c)−1ck(b1c) · ck+1 · · · cn

=(a1b1c)(c
−1b−1

1 c)(c−1b−1
1 a−1

1 )(c−1b1c)(b1c)
−1c(b1c)c

′

=[a1, b
−1
1 ]cc′.

Hence, the above map can be extended to a group endomorphism of Πg,n.
Notice that

(c−1b1c)(b1c)
−1c1(b1c) · · · (b1c)−1ck(b1c) = b1c

is in the image of this endomorphism. As c−1b1c is also in the image, we
deduce that c is in the image. Therefore, b1 and a1 are also in the image. We
deduce that this is surjective endomorphism. As Π1,n is a finitely generated
linear group, every surjective endomorphism of Π1,n is an automorphism.

Clearly ci is sent to an element in the conjugacy class of ci for every i,
and so ϕk is a pure automorphism. □

Case 3-a. In the setting of Case 3, suppose there exist ω ∈ SL2(Cp)\{±1}
and indices i < j such that ρx(ci) = ω and ρx(cj) = ±ω−1.

Proof of Case 3-a. Using Claim 1, we can and will reorder the indices, and
assume that ρx(c1) = ω and ρx(c2) = ±ω−1. Let ϕ2 be the pure automor-
phism given in Claim 2. Then

ρx(θ̃k,m(ϕ2(a1))) =αkβk,m = βk,m+1,

ρx(θ̃k,m(ϕ2(b1))) =βk,m,

ρx(θ̃k,m(ϕ2(c1))) =β
−1
k,mωβk,m,

ρx(θ̃k,m(ϕ2(c2))) =± β−1
k,mω

−1βk,m,

ρx(θ̃k,m(ϕ2(cj))) =ρx(cj) for all j > 2,

where αk := αβk and βk,m := αm
k β. By Lemma 63, there exist a pair of

integers (k,m) such that αk, βk,m, and βk,m+1 are loxodromic,

Fαk
∩ Fβk,m+1

= αkFβk,m+1
∩ Fβk,m+1

= ∅,
and

Fαk
∩ Fω = Fβk,m

∩ Fω = Fβk,m+1
∩ Fω = ∅.
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We also notice that because Fα ∩ Fβ = ∅,

[α, β−1]ρx(c1) · · · ρx(cn) = 1,

ρx(c1) = ω, and ρx(c2) = ±ω−1, we have that ρx(cj) ̸= ±1, for some j > 2;
therefore ρx(cj) = ±ω±1 for some j > 2. Because Fβk,m

∩ Fω = ∅ and βk,m
is loxodromic,

β−1
k,mωβk,m ̸= ±ω±1.

Therefore, θ̃−1
k,m(ϕ−1

2 (ρx)) satisfies the conditions of Case 1. Thus Case 3-a

follows. □

Case 3-b. In the setting of Case 3, suppose there exist ω ∈ SL2(Cp)\{±1}
and an integer r ≥ 3 such that ρx(ci) = ±ω for every 1 ≤ i ≤ r and
ρx(ci) = ±1 for every i > r.

Proof of Case 3-b. For i = 1, 2, 3, let ϕi be the pure automorphism given in
Claim 2. Then

ρx(θ̃k,m(ϕi(a1))) =± αkβk,mω
i,

ρx(θ̃k,m(ϕi(b1))) =ω
−iβk,mω

i,

ρx(θ̃k,m(ϕi(cj))) =± (βk,mω
i)−1ω(βk,mω

i) for 1 ≤ j ≤ i,

ρx(θ̃k,m(ϕi(cj))) =ρx(cj) for all j > i,

If ω3 = ±1, then r > 3 as [α, β−1] = ±ω−r and [α, β−1] ̸= ±1. Hence,

θ̃−1
k,m(ϕ−1

3 (ρx)) satisfies the conditions of Case 1, and Case 3-b follows. There-

fore, without loss of generality, we can and will assume that

±1 ̸∈ {±ω,±ω2,±ω3}.
Now, by the virtue of the proof of Case 1 applied for z1 = c1 and z2 := c2c3,
we deduce that there exists a pure automorphism ϕ such that (a1, b1) is a
ϕ(x)-handle and c(a1, b1) is ϕ(x)-loxodromic, and

|t(a1, ϕ(x))|p, |t(b1, ϕ(x))|p, |t(c(a1, b1), ϕ(x))|p > M.

This finishes our proof in Case 3-b. This also completes proof of Proposi-
tion 60. □

Case 3-c. In the setting of Case 3, suppose ρx(c1) = ω, ρx(c2) = ±ω
where ω ∈ SL2(Cp) \ {±1}, and ρx(ci) = ±1 for all i > 2.

Proof of Case 3-c. Let ϕ be the pure automorphism of Π1,n which is given
by the following assignments on the set of generators.

ϕ(a1) =a1,

ϕ(b1) =b1c1,

ϕ(c1) =(c−1
1 b−1

1 a1b1)c1(c
−1
1 b−1

1 a1b1)
−1

ϕ(ci) =ci if i > 1.
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To see why ϕ defines a pure automorphism of Π1,n, first one can check that

[ϕ(a1), ϕ(b1)
−1]ϕ(c1) · · ·ϕ(cn) = 1 and ϕ(c−1

1 b−1
1 a1b1) = c−1

1 b−1
1 a1b1.

Hence, ϕ is a well-defined endomorphism, and c−1
1 b−1

1 a1b1 is in its image.
Therefore, c1; and so all the rest of the generators are in its image, which
means ϕ is an epimorphism. As Π1,n is a Hopfian group, we obtain that ϕ
is a (pure) automorphism of Π1,n.

Then for every pair of integers k and m, we obtain

ρx(θ̃k,m(ϕ(a1))) =αk,

ρx(θ̃k,m(ϕ(b1))) =βk,mω.

Following the proof of Lemma 66, we obtain that either there exists an
unbounded subset of integers I such that for every k ∈ I and every integer
m, αk and [αk, (βk,mω)

−1] are loxodromic, and their traces has norm at least
M , or

(144) βω ∈ αCSL2(Cp)(β)α
−1.

On the other hand, we have

(145) [α, β−1]ω2 = ±1.

By (145), we deduce that

(146) α−1βωα = ±βα−1ω−1α.

If (144) holds, then

(147) α−1βωα ∈ CSL2(Cp)(β).

By (146) and (147), we obtain that

α−1ω−1α ∈ CSL2(Cp)(β).

Therefore , by (147), we have that

α−1βα ∈ CSL2(Cp)(β),

which is a contradiction as αFβ ∩ Fβ = ∅.
Altogether, we showed that there exists an unbounded integer interval I

such that for all k ∈ I and integer m, αk and [αk, (βk,mω)
−1] are loxodromic

with large norms.
Since βk,mω = αm

k βω and αk is loxodromic for every k ∈ I, by Lemma 46
we have that {βk,mω}m is an unbounded set precisely when βω does not
interchange the fixed points of αk. By Lemma 67, if βω interchanges the
fixed point of αk1 and αk2 for two distinct values k1 and k2 in I, then

(148) (βω)α(βω)−1 = α−1 and (ωα)β(ωα)−1 = β−1.

By (148), we obtain that in this scenario, the second possibility in the state-
ment of Case 3-c holds. So without loss of generality, we can and will assume
that at most for one value k ∈ I, βω interchanges the fixed points of Fαk

.
Then for all except possibly one k in I, there exists an unbounded interval
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Jk such that for all m ∈ Jk, αkβk,mω is loxodromic, and its trace is more
than M . Hence, for all k ∈ I and m ∈ Jk, αk, βk,mω, and [αk, (βk,mω)

−1]
are loxodromic and their norms are at least M . □

Case 3-c completes proof of Case 3. □

Case 3 covers the only remaining cases and finishes proof of both propo-
sitions. □

5.3. Finding an x-torso at an x-generic position with extra par-
titioning properties. The main goal of this section is to prove Proposi-
tion 71 which gives an x-torso with additional properties.

Similar to the case of handles, we start by finding an x-torso at an x-
general position.

For an x-torso (a, b), we can and will assume that (a, b) are as in Figure 5.
Let r be a simple path connecting the base point of Πg,n to the center point

in Figure 5. Let ã := rar, b̃ := rbr, and d̃i := rdir where di’s are the curves
going around the punctures. After reordering a and b and changing their
orientation, if needed, we can and will assume that

(149) ã = d̃1d̃2 = (d̃3d̃4)
−1 and b̃ = d̃2d̃3 = (d̃4d̃1)

−1.

We refer to an x-torso which satisfies (149) as an x-torso in the standard
form. For x ∈ Ch•0,n(Cp), we say an x-torso (a, b) is in an x-general position
if

(150) Fρx(ã) ∩ Fρx(d̃i)
= F

ρx (̃b)
∩ F

ρx(d̃i)
= ∅

for every i ∈ [1..4]. Notice that the conditions given in (150) do not depend
on the choices of the lift ρx and the path r; and so it only depends on x,
a, and b. After finding an x-torso in an x-general position, we find an x-
loxodromic simple loop c in one of the connected components of Σ \ a such
that ρx(ã) and ρx(c̃) do not have a common fixed point where c̃ is freely
homotopic to c (in the closure of) the connected component of Σ \ a which
contains c. Altogether, we obtain the following proposition.

Proposition 71. Suppose x ∈ Ch•0,n(Cp) and the orbit Γ0,n ·x is unbounded.
Then the following statements hold.

(1) There exists an x-torso (a, b) which is at an x-generic position.
(2) Suppose (a, b) is given in the previous part. Suppose Σ′ is a connected

component of Σ0,n \ a and |∂xΣ′Σ
′| > 3, where xΣ′ is the restriction

of x to Σ′. Then, there exist θ ∈ Γ0,n and a pair of simple curves
(c, d) in Σ′ such that the following holds.
(a) We have that (θ · x)Σ′ is in Ch•Σ′(Cp), where (θ · x)Σ′ is the

restriction of θ · x to Σ′.
(b) We have that (a, b) is a θ · x-torso at a θ · x-generic position,

and c is θ · x-loxodromic.



ORBIT CLOSURE OF THE PURE MCG 107

(c) We have that i(c, d) = 2, and the set {t(θ · x, τkc (d))}k is un-
bounded; in particular, the orbit Γ(Σ′) · ((θ · x)Σ′) is unbounded
where Γ(Σ′) is the pure maping class group of Σ′

Lemma 72. Suppose x ∈ Ch•0,n(Cp) and (a, b) is an x-torso and M is a
positive number. Then there exists an x-torso (a′, b′) in an x-general position
such that |t(x, a′)|p, |t(x, b′)|p > M .

Proof. Suppose d̃i’s give the standard form of the torso (a, b) (see (149)).
Let {c1, . . . , cn} be the sequence of optimal generators given in Figure 3. Let

Ij be the subset of [1..n] such that for all i ∈ Ij the simple curve d̃j goes
around the i-th puncture; in particular, we can and will assume that

d̃j =
∏
i∈Ij

ci,

where the product is taken with the ordering is given by

c1 < · · · < cn.

By Claim 1 in Case 3 of the proof of Propositions 60 and 61, we can and
will rearrange the indexing of the punctures and assume that

I1 = {1, . . . , k1}, I2 = {k1 + 1, . . . , k2}, I3 = {k2 + 1, . . . , k3},
and

I4 = {k3 + 1, . . . , n}.
Notice, that the following defines a lift of the Dehn twist τa:

τ̃a(ci) =acia
−1, for all i ∈ [1..k2],

τ̃a(ci) =ci, otherwise,

and the following gives us a lift of the Dehn twist τb:

τ̃b(ci) =bcib
−1, for all i ∈ [k1 + 1..k3],

τ̃b(ci) =ci, otherwise.

In particular, we have

τ̃ma (a) =a, τ̃ma (b) = amd̃2a
−md̃3,

τ̃ma (d̃1) =a
md̃1a

−m, τ̃ma (d̃2) = amd̃2a
−m, τ̃ma (d̃3) = d̃3, τ̃

m
a (d̃4) = d̃4,(151)

τ̃b(b) =b, τ̃mb (a) = d̃1b
md̃2b

−m,

τ̃mb (d̃2) =b
md̃2b

−m, τ̃mb (d̃3) = bmd̃3b
−m, τ̃mb (d̃1) = d̃1, τ̃

m
b (d̃4) = d̃4,

for every integer m.

Let ρx be a lift of x, α := ρx(a), β := ρx(b), and δi := ρx(d̃i) for i ∈ [1..4].
By (151) and Lemma 50, (α; δ2, δ3) and (β; δ1, δ2) are conjugate separable.
For every integer m, let

βm := ρx(τ̃
m
a (b)) = αmδ2α

−mδ3.
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By Lemma 53, there exists an unbounded interval of integers I such that
for every m ∈ I, βm is loxodromic, and

(152) Fβm ∩ Fδ2 = Fβm ∩ Fδ3 = ∅;

we can further assume that | tr(βm)|p is arbitrarily large. By (151), in order
to have βm in a general position, we have to make sure that

(153) Fβm ∩ Fαmδ1α−m = Fβm ∩ Fαmδ2α−m = Fβm ∩ Fδ3 = Fβm ∩ Fδ4 = ∅.
We argue why (153) holds for m’s in an unbounded subinterval of I.

Suppose for an infinite subset of I, Fβm ∩ Fαmδ1α−m ̸= ∅. Then for
infinitely many m’s

δ2α
−mδ3α

m(x) = δ1(x) = x.

Then, by Lemma 52, either

(154) x ∈ Fα ∩ Fδ3 ∩ Fδ1 ∩ Fδ2 ,

or

(155) Fα = {x, δ3(x)} and δ2(δ3(x)) = x.

Because (α; δ2, δ3) is conjugate separable, (154) is not possible. If (155)
holds, applying δ1 to both sides of δ2(δ3(x)) = x, we obtain

δ1(δ2(δ3(x))) = δ1(x) = x, which implies δ3(x) = x

as δ1δ2 = α and δ3(x) ∈ Fα. Hence, x ∈ Fα ∩ Fδ2 ∩ Fδ3 , which is a con-
tradiction as (α; δ2, δ3) is conjugate separable. Altogether, we deduce that
after passing to an infinite subinterval of I, we can and will assume that for
every m ∈ I,

(156) Fβm ∩ Fαmδ1α−m = ∅.
Next, suppose for an infinite subset of I, Fβm ∩ Fαmδ2α−m ̸= ∅. Then for
infinitely many m’s

δ2α
−mδ3α

m(x) = δ2(x) = x.

Then, by Lemma 52, either

x ∈ Fα ∩ Fδ3 ∩ Fδ2 ,

or
Fα = {x, δ3(x)} and δ2(δ3(x)) = x.

In both cases, we obtain that Fα ∩ Fδ2 ∩ Fδ3 ̸= ∅, which contradicts the
fact that (α; δ2, δ3) is conjugate separable. Hence, passing to an unbounded
subinterval of I, we can and will assume that for all m ∈ I,

(157) Fβm ∩ Fαmδ2α−m = ∅.
Finally, suppose for an finite subset of I, Fβm ∩Fδ4 ̸= ∅. Then for infinitely
many m’s in I,

(158) αmδ2α
−mδ3(x) = δ4(x) = x.
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Then, by Lemma 52, we deduce that either

(159) δ3(x) ∈ Fα ∩ Fδ2

or

(160) Fα = {δ3(x), δ2(δ3(x))}.
By (158) and (159), we deduce that x ∈ Fα ∩ Fδ2 ∩ Fδ3 which contradicts
the fact that (α; δ2, δ3) is conjugate separable.

By (158) and (160), we obtain that

δ2(δ3(x)) = x.

As δ4(x) = x, we deduce that

δ2(δ3(δ4(x))) = x;

and so δ1(x) = x. Because α = δ1δ2 and α(x) = x, we conclude that
x ∈ Fα ∩ Fδ2 ∩ Fδ3 . Again, this contradicts the fact that (α; δ2, δ3) is conju-
gate separable. Altogether, we obtain that after passing to an unbounded
subinterval of I, we can and will assume for all m ∈ I, (153) holds. In par-
ticular, we deduce that (βm;αmδ1α

−m, αmδ2α
−m) is conjugate separable for

all m ∈ I. We also notice that by Part (1) of Lemma 54, (α;αmδ2α
−m, δ3) is

conjugate separable. Hence, changing x to τ−m
a (x), we can and will assume

that (a, b) is an x-torso and

Fβ ∩ Fδi = ∅
for all i = 1..4. Next, by a similar argument, we can find an integer k such
that αk := ρx(τ̃

k
b (a)) is loxodromic with arbitrarily large norm and

Fαk
∩ F

ρx(τ̃kb (d̃i))
= ∅

for all i = 1..4. Notice, that
τ̃kb (b) = b,

and ρx(τ̃
k
b (d̃i)) is a β-power conjugate of δi. Hence, we still have

Fρx(τ̃kb (b))
∩ F

ρx(τ̃kb (d̃i))
= ∅,

for all i = 1..4. Altogether, we obtain an element γ of the pure mapping
class group such that (a, b) is an γ(x)-torso in an γ(x)-general position,
and moreover, we have |t(γ(x), a)|p, |t(γ(x), b)|p > M . This finishes the
proof. □

The following lemma about torsos at general positions is quite useful.

Lemma 73. Suppose x ∈ Ch•0,n(Cp) and (a, b) is an x-torso at an x-general
position. Suppose M is a positive number. Then for every integer m with
large enough absolute (τmb (a), b) is an x-torso in an x-general position, and
|t(x, τmb (a))|p > M.



110 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Proof. We assume that d̃i’s give us the standard form of the torso (a, b) (see

(149) and Figure 5). Let δi := ρx(d̃i) for all i’s, α := ρx(a), and β := ρx(b),
where ρx is a lift of x. Because (a, b) is an x-torso in an x-general position,

(161) Fα ∩ Fδi = Fβ ∩ Fδi = ∅
for all i’s.

Notice that for all integers m, we have

αm := ρx(τ̃
m
b (a)) = δ1β

mδ2β
−m.

Therefore by Lemma 51, if the absolute value of m is large enough, then

|t(x, τmb (a))|p = | tr(αm)|p > M.

By Lemma 52, if Fαm ∩ Fδi ̸= ∅ for infinitely many m’s, then there exists
x ∈ Fδi ∩ Fβ, which contradicts (161). Hence, if the absolute value of m is
large enough, then Fαm ∩ Fδi = ∅ for all i’s.

If Fαm ∩ Fβmδiβ−m ̸= ∅ for infinitely many m’s, then there exists x in
Fβ−mδ1βmδ2 ∩ Fδi for infinitely many m’s. Then, by lemma 52, we obtain
that either

δ2(x) ∈ Fβ ∩ Fδ1 ,

or
Fβ = {δ2(x), δ1(δ2(x))}.

The latter is not possible because of (161). If the former holds, we have
δ1(δ2(x)) = x. This implies that x is in Fβ ∩ Fδi which contradicts (161).

We also notice that

Fβ ∩ Fδi = Fβ ∩ Fβmδiβ−m = ∅
for all i’s and m’s. Altogether, we deduce that (τmb (a), b) is an x-torso in
an x-general position for every integer m with large absolute values. This
finishes the proof. □

Suppose a and b are two oriented simple loops, i(a, b) = 2, and x and
y are the intersection points of a and b. Notice that the orientations of a,
b, and the surface give us positive determinant at one of the intersection
points and negative at the other. Suppose at x, we are getting a negative
determinant, and at y, we are getting a positive determinant. Let a1 be the
part of a which goes from x to y, and a2 be the part which goes from y
to x. Similarly define b1 and b2. Then d1 := a1b1, d2 := b1a2, d3 := a2b2,
and d4 := b2a1 are simple loops based at x, and they are homotopic to the
curves given in Figure 5. Notice that a ≃ d1d2, b ≃ d2d3, and d1d2d3d4 is
trivial. We refer to di’s as the standard partitioning of the topological torso
(a, b). Notice that d1d3 (with the marked starting point) is homotopic to a
simple curve.

Lemma 74 (Torso-Dicotomy). Suppose ρ ∈ Rep0,4(Cp) and (a, b) is a [ρ]-
torso in a [ρ]-general position. Suppose (d1, d2, d3, d4) is the standard par-
titioning of (a, b), and they are based at the point q. Let c be a simple loop
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based at q which is homotopic to d1d3. Let S := {(a, b), (a, c), (b, c)}. Let
Π0,4 be the fundamental group based at q. Then one of the following state-
ments hold.

(1) There exists θ ∈ PAut(Π0,4) such that:
(a) For all (a′, b′) ∈ S, (a′, b′) is an [θ · ρ]-torso in an [θ · ρ]-general

position.
(b) There exists (a′, b′) ∈ S such that F(θ·ρ)(a′) ∩ F(θ·ρ)(b′) = ∅.

(2) The group generated by ρ(di)’s is a subgroup of an infinite dihedral
group, Fρ(a) = Fρ(b) = Fρ(c) and tr(ρ(di)) = 0 for all i.

Proof. Let α := ρ(a), β := ρ(b), γ := ρ(c), and δi := ρ(di) for all i ∈ [1..4].
Because (a, b) is a [ρ]-torso in a [ρ]-general position, we have that

(162) Fα ∩ Fδi = ∅ and Fβ ∩ Fδi = ∅.
By (162) and Lemma 51, for every integer m with large enough absolute
value

(163) | tr(αmδiα
−mδ3)|p > M

for i = 1, 2; in particular, βm := αmδ2α
−mδ3 and γm := αmδ1α

−mδ3 are
loxodromic if |m| is large enough. Notice that

βm = ρ(τ̃ma (b)) and γm = ρ(τ̃ma (c)),

where τ̃a is a lift of the Dehn twist τa is given by τ̃a(di) = adia
−1 for i = 1, 2

and τ̃a(di) = di for i = 3, 4. By Lemma 73, we have that if |m| is large
enough and i ∈ [1..4], then

(164) Fβm ∩ Fτ̃ma (di) = ∅.
Next, we prove a similar result for γm. By Lemma 52, if Fγm ∩ Fδi ̸= ∅ for
infinitely many values of m, then there exists x ∈ Fδi such that

δ3(x) ∈ Fα and δ1(δ3(x)) = x ∈ Fα.

This implies that x ∈ Fα ∩ Fδi which is a contradiction.
If Fγm ∩ Fαmδiα−m ̸= ∅ for infinitely many m’s, then

Fδ1α−mδ3αm ∩ Fδi ̸= ∅
for infinitely many m’s. By Lemma 52, we obtain that there exists x ∈
Fδi ∩ Fα which is a contradiction.

Altogether, we deduce that if |m| is large enough, then for all (a′, b′) ∈ S,
(a′, b′) is [τ̃ma ·ρ]-torso in a [τ̃ma ·ρ]-general position. Changing ρ to τ̃ma ·ρ, we
can and will assume that all (a′, b′) ∈ S are [ρ]-torso in [ρ]-general position.

We will apply powers of τ̃a, τ̃b, and τ̃c, where τ̃b(di) = di for i = 1, 4, and
τ̃b(di) = bdib

−1 for i = 2, 3, and τ̃c(di) = di for i = 1, 3, and

τ̃c(d2) = (d−1
1 cd1)d2(d

−1
1 c−1d1), and τ̃c(d4) = cd4c

−1.
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Notice that

τ̃c(d1d2d3d4) =(d1)((d
−1
1 cd1)d2(d

−1
1 c−1d1))(d3)(cd4c

−1)

=cd1d2d
−1
1 d−1

3 d−1
1 d1d3d1d3d4c

−1

=c(d1d2d3d4)c
−1,

and so τ̃c is a pure automorphism; and it is a lift of the Dehn twist τc. Hence,
by Lemma 73, for every integer m with large enough absolute value, for all
(a′, b′) ∈ S, and e ∈ {a, b, c}, (a′, b′) is a [τ̃me · ρ]-torso in an [τ̃me · ρ]-general
position. Suppose Part(1-b) does not hold. Then for every integer m with
large enough absolute value, we have

(165a) Fαmδ2α−mδ3 ∩ Fα ̸= ∅, Fαmδ1α−mδ3 ∩ Fα ̸= ∅,

(165b) Fδ1βmδ2β−m ∩ Fβ ̸= ∅, Fδ1βmδ3β−m ∩ Fβ ̸= ∅,

(165c) Fγm(δ1δ2δ
−1
1 )γ−mδ1

∩ Fγ ̸= ∅ and,

Fδ−1
1 γmδ1δ2δ

−1
1 γ−m+1 ∩ Fγ ̸= ∅.

By (165a), Lemma 52, β = δ2δ3, and γ = δ1δ3, we deduce that there exist
xab, xac such that

(166) Fα = {xab, δ3(xab)} xab ∈ Fα ∩ Fβ, and

(167) Fα = {xac, δ3(xac)}, xac ∈ Fα ∩ Fγ .

By (165b), Lemma 52, α = δ1δ2 and γ = δ1δ3, we obtain that there exist
xba, xbc such that

(168) Fβ = {xba, δ2(xba)} xba ∈ Fα ∩ Fβ, and

(169) Fβ = {xbc, δ3(xbc)}, xbc ∈ Fβ ∩ Fγ .

By (165c), Lemma 52, and α = δ1δ2, we obtain that there exist xca, xcb such
that

(170) Fγ = {xca, δ1(xca)} xca ∈ Fα ∩ Fγ , and

(171) Fγ ⊇ {xcb, δ1δ2δ−1
1 (xcb)}, xcb ∈ Fγ ∩ Fδ2δ

−1
1
.

Case 1. The sets Fα, Fβ, and Fγ are pairwise distinct, and

Fα ∩ Fβ ∩ Fγ = ∅.

Proof of Case 1. In this case, by (166), (168), and Fα ̸= Fβ, we have xab =
xba; similarly, by (167), (170), and Fα ̸= Fγ , we obtain xac = xca. Because
Fα ∩ Fβ ∩ Fγ = ∅, xab ̸∈ Fγ and xac ̸∈ Fβ. Hence, by (166) and (167), we
have xac = δ3(xab) and xab = δ3(xac). By (169), (166), and Fα ̸= Fβ, we
deduce that xab = δ3(xbc). Notice that

xab = δ3(xac) = δ3(xbc)
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implies that xac = xbc, and so

xac = xbc ∈ Fα ∩ Fβ ∩ Fγ ,

which is a contradiction. So Case 1 cannot happen. □

Case 2. Suppose Fα ∩ Fβ ∩ Fγ = {x} and Fα ̸= Fβ.

Proof of Case 2. In this case, by (166) and (168), xab = xba = x; and so
Fα = {x, δ3(x)} and Fβ = {x, δ2(x)}. Because Fα ̸= Fβ, δ3(x) ̸∈ Fβ;
therefore, by (169), we deduce that xbc ̸= x. Hence, δ3(xbc) = x. Thus
Fγ = {x, δ−1

3 (x)} and Fβ = {x, δ−1
3 (x)}. This implies that

δ−1
3 (x) = γ(δ−1

3 (x)) = δ1(x) and δ1(δ3(x)) = γ(x) = x,

which implies that δ1 interchanges the fixed points of β and γ. Hence,
δ1 is in the infinite dihedral group D which stabilizes the set Fβ = Fγ .

Using δ3 = δ−1
1 γ, we deduce that δ3 ∈ D, and then δ2 = βδ−1

3 implies
δ2 ∈ D. Therefore α = δ1δ2 ∈ D. As α is loxodromic and in D, we obtain
that Fα = Fβ. This is a contradiction, which shows that Case 2 cannot
occure. □

Case 3. Suppose Fα ∩ Fβ ∩ Fγ = {x} and Fα ̸= Fβm for infinitely many
integers m, where βm := αmδ2α

−mδ3.

Proof of Case 3. As we have mentioned earlier, for every integer m with
large enough absolute value, (a, b) is a [τma · ρ]-torso in a [τma · ρ]-general po-
sition. The representaion τma · ρ sends a, b, and c to α, βm, and γm :=
αmδ1α

−mδ3, respectively. Assuming Part (1-b) of the Torso-Dichotomy
(Lemma 74) does not hold for ρ, we deduce that it does not hold for τ̃ma · ρ.
Hence, the Case 1 does not hold for the triple (α, βm, γm) if the absolute
value of m is large enough; this means

Fα ∩ Fβm ∩ Fγm ̸= ∅
if |m| is large enough. We also have that Case 2 cannot happen for the triple
(α, βm, γm); this means either

|Fα ∩ Fβm ∩ Fγm | ≥ 2

or
Fα = Fβm .

In either case, we obtain that Fα = Fβm if |m| is large enough. This contra-
dicts the assumption of Case 3. □

Case 4. Suppose Fα ∩ Fβ ∩ Fγ = {x} and Fα ̸= Fγm for infinitely many
integers m, where γm := αmδ1α

−mδ3.

Proof. Similar to Case 3, we can show that this case is not possible, either.
□

Case 5. Suppose Fα = Fβm = Fγm for infinitely many integers m, where
βm := αmδ2α

−mδ3 and γm := αmδ1α
−mδ3.
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Proof. By assumption, we deduce that, for infinitely many m’s, we have

(172) αmδiα
−mδ3 ∈ CSL2(Cp)(α)

for i = 1, 2. The next Claim enables us to make use of (172).
Claim. Suppose α ∈ SL2(Cp) is loxodromic and δ, δ′ ∈ SL2(Cp). If for

two distinct values of m, we have

(173) αmδα−mδ′ ∈ CSL2(Cp)(α),

then δ and δ′ stabilize the set Fα.

Proof of Claim. Suppose (173) holds for m ∈ {k, ℓ} and k ̸= ℓ. Then, for
m ∈ {k, ℓ},

δα−mδ′α = αδα−mδ′.

Hence,

(δα−kδ′α)(δα−ℓδ′α)−1 = δαℓ−kδ−1 =

(αδα−kδ′)(αδα−ℓδ′)−1 = αδαℓ−kδ−1α−1.

Therefore, δ−1αδ ∈ CSL2(Cp)(α
ℓ−k). Because α is loxodromic and ℓ ̸= k, we

deduce that δ−1αδ ∈ CSL2(Cp)(α); and so Fδ−1αδ = Fα. Thus, we conclude
δ(Fα) = Fα.

Because δ−1αδ commutes with α and δα−kδ′α = αδα−kδ′, we obtain that

α−kδ′α = (δ−1αδ)α−kδ′ = α−k(δ−1αδ)δ′,

and so
α = δ′−1δ−1αδδ′.

Hence, δδ′(Fα) = Fα. As δ(Fα) = Fα, we conclude that δ′(Fα) = Fα, which
finishes proof of the Claim. □

By the above Claim and (172), we obtain that δ1, δ2, and δ3 are in the
stabilizer of Fα; moreover as Fδi ∩ Fα = ∅, we deduce that δ2i = −1. Hence
Part (2) of the Torso-Dichotomy (Lemma 74) holds. □

The following is the only remaining case.
Case 6. Suppose Fα = Fβ = Fγ .

Proof of Case 6. Suppose Fα = {x, y}. Then by (166), (168), and (170), for
every i = 1..3, we have that either δi(x) = y or δi(y) = x. Then, without
loss of generality, we can and will assume that there exist i < j such that
δi(x) = y and δj(x) = y. Hence, δ−1

i (δj(x)) = x. Because δiδj ∈ {α, β, γ},
we also have that δi(δj(x)) = x. Then, we conclude that δi is in the stabilzer
group D associated with {x, y}. As i < 3, we have that δiδ3 is in {α, β, γ};
and so δiδ3 ∈ D. Thus, δ3 ∈ D. Because δkδ3 ∈ D for k = 1, 2 and δ3 ∈ D,
we deduce that δ1, δ2, δ3 ∈ D. Therefore, Part (2) of the Torso-Dichotomoy
(Lemma 74) holds. □
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We have exhaused all the possible cases. In all the cases, we either showed
that the considered case is not possible or proved that one of the parts of
the Torso-Dichotomoy holds. □

Based on the Torso-Dichotomy Lemma (Lemma 74), we find an x-torso
in an x-very general position. We say an x-torso (a, b) is at an x-generic
position if the following statement holds: suppose (d1, d2, d3, d4) is the stan-
dard partitioning of (a, b), and they are based at the point p. Let e be a

simple path which connects the base point of Π0,n to p. Let d̃i := edie,

ã := eae, and b̃ := ebe. Let ρx be a lift of x. Let α := ρx(ã), β := ρx(̃b), and

δi := ρx(d̃i). Then
Fα ∩ Fδi = Fα ∩ Fβ = ∅,

for i = 1..4. Notice that, for x ∈ Ch•0,n(Cp), this concept does not depend
on the choice of e or ρx and only depends on (a, b) and x.

Lemma 75. Suppose x ∈ Ch•0,n(Cp) and there exists an x-torso. Then there
exists an x-torso (a, b) which is at an x-generic position.

Proof. By Lemma 72, there exists an x-torso (a, b) which is at an x-general
position. Suppose (d1, d2, d3, d4) is its standard partition and they are based
at the point q. Let e be the path connecting the base point of Π0,n to q. Let

ã := eae, b̃ := ebe, and d̃i := edie for all i = 1..4. By the Torso-Dichotomy
lemma (Lemma 74), if there is no x-torso at an x-generic position, then

the group generated by ρx(ã) and ρx(̃b) stabilizes the set Fρx(ã) and ρx(d̃i)’s
interchange the points in Fρx(ã). Because x ∈ Ch0,n(Cp), by Proposition 20
and Proposition 21, there exists ci such that ρx(ci) does not stabilize Fρx(ã)

where c1, . . . , cn is an optimal sequence of generators. As in the proof of

Lemma 72, we can and will reorder the punctures and assume that d̃1, d̃2, d̃3,

and d̃4 go around the punctures {1, . . . , k1}, {k1+1, . . . , k2}, {k2+1, . . . , k3},
and {k3 + 1, . . . , n}, respectively; moreover, without loss of generality, we

can and will assume that ρx(c1) does not stabilize Fρx(ã). Notice that c1d̃2
is homotopic to a simple loop, say g. Let Σ′ be a neighborhood of b ∪ g;
notice that Σ′ is homeomorphic to a sphere with 4 punctures. We can and

will include the base point of Πg,n in Σ′. Let α := ρx(ã), β := ρx(̃b),

δi := ρx(d̃i) for all i = 1..4, and γj := ρx(cj) for all j = 1..n. Then after a
conjugation, we can and will assume that α and β are diagonal, δi swaps ∞
and 0, and γ1 is not in the stabilizer of {0,∞}. The restriction of ρx to the
fundamental group Π′ of Σ′ is generated by γ1, δ2, and β. The Cp-points of
the Zariski-closure of the group generated by δ2 and β in (SL2)Cp is{(

λ 0
0 λ−1

)
| λ ∈ C×

p

}
∪
{(

0 λ
−λ−1 0

)
| λ ∈ C×

p

}
.

Because γ1 is not in this group, the group generated by γ1, δ2, and β is
Zariski-dense in (SL2)Cp . Hence, the restriction ρx|Π′ is in Rep•0,4(Cp) (after
identifying Rep•Σ′ with Rep•0,4). Since Fβ ∩ Fδ2 = ∅ and γ1 ̸∈ CSL2(Cp)(β),
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(β; γ1, δ2) is separable conjugate. Therefore, {t(x, τmb (g))}m∈Z is unbounded.
Hence, by Lemma 59, there exists an x-torso in Σ′. Thus, by Lemma 72,
there exists an x-torso at an x-general position in Σ′. By the Torso-Dichotomy
Lemma (Lemma 74) and the fact that the restriction of ρx to Π′ is Zariski-
dense, we deduce that there exists an x-torso at an x-generic position in Σ′.
This finishes the proof. □

Proof of Proposition 71. By Lemma 75, there exists an x-torso at an x-

generic position, and part (1) follows. We assume that d̃i’s give us the
standard partition of the torso (a, b) (see (149) and Figure 5).

As in the proof of Lemma 72, we can and will reorder the punctures

and assume that d̃i goes around the punctures {1, . . . , k1}, {k1 +1, . . . , k2},
{k2 + 1, . . . , k3}, and {k3 + 1, . . . , n}, respectively; moreover, in each range,
we start with punctures that are in ∂xΣ. Without loss of generality, we can
and will assume that Σ′ is the subsurface which contains the punctures 1
through k2, and ρx(c1) ̸= ±1 and ρx(c2) ̸= ±1, where ρx is a lift of x. Notice
that c−1

1 a = c2 · · · ck2 is homotopic to a simple loop, say a′; moreover, (a′, b)
forms a topological torso. Similarly, we have that

c1d̃2 = c1ck1+1 · · · ck2
is homotopic to a simple loop, say a′′; moreover (a′′, b) forms a topological
torso.

Because (a, b) is an x-torso in an x-general position, (β; δ1, δ2) is conjugate
separating, and

(174) Fβ ∩ Fδ1 = Fβ ∩ Fδ2 = ∅,

where β := ρx(b) and δi := ρx(d̃i) for i = 1, 2. By (174), we obtain that
either (β; γ−1

1 δ1, δ2) or (β; γ1, δ2) is conjugate separating. By Lemma 55,
for every m in an unbounded interval, either (α′

m;βδ2, δ2) or (α
′′
m;βδ2, δ2) is

conjugate separating, where

α′
m := βmγ−1

1 δ1β
−mδ2

and
α′′
m := βmγ1β

−mδ2.

Moreover, we have that if a point x is in Fα′
m
(respectively Fα′′

m
) for infinitely

many m’s, then by Lemma 52 and (174), we have that

(175) Fβ = {x, δ2(x)} and x ∈ Fγ−1
1 α, (resp. x ∈ Fγ1δ2 .)

Because Fα ∩Fβ = ∅, x cannot be in both Fγ−1
1 α and Fγ1 ; this implies that

either for |m| ≫ 1, x ̸∈ Fα′
m

or for |m| ≫ 1, x ̸∈ Fα′′
m
.

If for x ̸= x′ we have x ∈ Fα′
m

for infinitely many m’s and x′ ∈ Fα′′
k
for

infinitely k’s, then by (175) we have that
(176)

Fβ = {x, x′}, δ2(x) = x′, δ2(x
′) = x, γ−1

1 α(x) = x, and γ1δ2(x
′) = x′.
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By (176), we obtain that

(177) δ1(x
′) = γ1(γ

−1
1 δ1)(δ2(x)) = γ1(x) = γ1(δ2(x

′)) = x′.

By (176) and (177), we deduce that x′ ∈ Fβ ∩ Fδ1 , which contradicts (174).
By the above discussion, we deduce that for every finite subset of P1(Cp),

either

(178) ∀|m| ≫ 1, Fα′
m
∩ F = ∅, or ∀|m| ≫ 1, Fα′′

m
∩ F = ∅

Notice that

ρx(τ̃
m
b (a′)) = βmγ−1

1 δ1β
−mδ2 = α′

m, ρx(τ̃
m
b (d̃2)) = δ2,

and
ρx(τ̃

m
b (a′′)) = βmγ1β

−mδ2 = α′′
m, ρx(τ̃

m
b (d̃2)) = δ2,

where τ̃b(ci) = ci for i ∈ [k1+1, k2] and τ̃b(ci) = bcib
−1 for i ∈ [1, k1]∪ [k3, n]

gives us a lift of the Dehn twist τb.
Next, we point out that by Lemma 73, for every m with large enough

absolute value, (a, b) is a τmb ·x-torso at a τmb ·x-general position. Moreover,
if for infinitely many m’s

Fρx(τ̃mb (a)) ∩ Fρx(b)) ̸= ∅,
then for infinitely many m’s

(179) Fδ1βmδ2β−m ∩ Fβ ̸= ∅.
By Lemma 52, if (179) holds for infinitely many m’s, then Fβ ∩ Fδ1δ2 ̸= ∅;
but this is a contradiction as α = δ1δ2 and (a, b) is at an x-generic position.

Claim 1. If γ1 ̸= ±δ1, then the following statements hold.

(1) We have
Fρx(τ̃mb (a′)) ∩ Fρx(τ̃mb (a)) = ∅

and
Fρx(τ̃mb (a′′)) ∩ Fρx(τ̃mb (a)) = ∅

for m’s with large enough absolute value.
(2) There exists c ∈ {a′, a′′}, such that for m in an unbounded interval

ρx(τ̃
m
b (c)) is loxodromic and

{t(x, τkτmb (c)(d̃1))}k∈Z
is unbounded.

Proof of Claim 1. Let δ′1 be either γ1 or γ−1
1 δ1. Then

ρx(τ̃
m
b (a′)) = δ′1β

mδ2β
−m and ρx(τ̃

m
b (a′′)) = δ′1β

mδ2β
−m

for the right choice of δ′. We also notice that

ρx(τ̃
m
b (a)) = δ1β

mδ2β
−m.

Therefore the contrary assumption implies that for infinite many m’s there
exists

xm ∈ Fδ1βmδ2β−m ∩ Fδ′1β
mδ2β−m .
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Hence, xm ∈ Fδ′−1
1 δ1

. By assumption, δ′−1
1 δ ̸= ±1. This implies that for

infinitely many m’s, xm’s are the same point, say x. Then x is in Fδ1βmδ2β−m

for infinitely many m’s. Hence, by Lemma 52,

x ∈ Fβ ∩ Fδ1δ2 = Fβ ∩ Fα,

which is a contradiction. This implies Part (1).
Let F := Fδ2 ∪ Fγ1 ∪ Fγ−1

1 δ1
; notice that F is a finite set. By (178), there

exists c ∈ {a′, a′′} such that

(180) Fρx(τ̃mb (c)) ∩ F = ∅

form’s with large enough absolute value. In particular, ρx(c)δ
−1
2 is not in the

centralizer of β, which implies that (β; ρx(c)δ
−1
2 , δ2) is conjugate separating.

Hence, there exists an unbounded interval I such that for all m ∈ I,

ξm := βmρx(c)δ
−1
2 β−mδ2 = ρx(τ̃

m
b (c))

is loxodromic. By (180), we obtain that, for |m| ≫ 1,

Fξm ∩ Fτ̃mb (c1) = Fξm ∩ F
τ̃mb (c−1

1 d̃1)
= ∅.

Hence (ξm; τ̃mb (c−1
1 d̃1), τ̃

m
b (c1)) is conjugate separating for m’s in some un-

bounded interval. Because

t(x, τkτmb (c)(d̃1)) = tr(γ1ξ
k
mγ

−1
1 δ1ξ

−k
m ),

by Lemma 50, we deduce that Part (2) holds. □

Claim 2. Suppose there exists i ∈ [1..k1] such that ρx(ci) ̸∈ {±1,±δ1},
where ρx is a lift of x. Then there exists a pure automorphism θ̃ such that
the following statements hold.

(1) The pair (a, b) is a [θ̃ · ρx]-torso at a [θ̃ · ρx]-generic position.
(2) We have

F
(θ̃·ρx)(a′i)

∩ F
(θ̃·ρx)(a) = F

(θ̃·ρx)(a′′i )
∩ F

(θ̃·ρx)(a) = ∅,

where a′i is a simple loop which goes around the punctures labelled by

[1..k2] \ {i}
and a′′i is a simple loop which goes around the punctures labelled by
{i} ∪ [k1 + 1..k2].

(3) There exists c ∈ {a′i, a′′i } such that (θ̃ · ρx)(c) is loxodromic, and

{t(x, τk
θ̂(c)

(d̃1))}k

is unbounded, where θ̂ is a homeomorphism which induces θ̃.

Proof of Claim 2. By Claim 1 in Case 3 of proof of Propositions 60, there
exists an automorphism σ̃ such that (1) σ̃(c1) = ci, σ̃(cj) = cj for all j > i,
σ̃(ci) is a conjugate of c1, and σ̃(cj) is a conjugate of cj for all 1 < j < i,

and (2) σ̃(c1 · · · ck1) = c1 · · · ck1 . Notice that σ̃(d̃j) = d̃j for all 1 ≤ j ≤ 4,
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and so σ̃(a) = a and σ̃(b) = b. We also have σ̃(a′) = c−1
i a and σ̃(a′′) = cid̃2

which are homotopic to simple loops a′i and a
′′
i , respectively. Moreover, a′i

and a′′i satisfy the properties mentioned in the statement of Claim 2.
Consider the representation ρ′ := ρx ◦ σ̃, and notice that ρ′ ∈ Rep•0,n(Cp),

ρ′(a) = α, ρ′(b) = β, ρ′(d̃j) = δj ,

for 1 ≤ j ≤ 4, and ρ′(c1) = ρ(ci) ̸= ±δ1. Hence, by Claim 1, there exists a
pure automorphism ϕ such that (a, b) is a [ϕ−1 ·ρ′]-torso at a [ϕ−1 ·ρ′]-generic
position, for some c ∈ {a′, a′′}, ρ′(ϕ(c)) is loxodromic,

{t([ρ′], τkϕ(c)(d̃1))}k
is unbounded, and

(181) Fρ′(ϕ(a)) ∩ Fρ′(ϕ(a′)) = Fρ′(ϕ(a)) ∩ Fρ′(ϕ(a′′)) = ∅.

Let θ̃ := σ̃ϕσ̃−1. Notice that because the group of pure automorphisms

is a normal subgroup of the group of automorphisms of Π0,n, θ̃ is a pure
automorphism. By (103), (61), and (62), we have

t([ρ′], τkϕ(c)(d̃1)) = t(x, τk
θ̃(σ̃(c))

(σ̃(d̃1))) = t(x, τk
θ̃(ci)

(d̃1)),

where ci ∈ {a′i, a′′i }.
By (181), we obtain that

F
θ̃(a)

∩ F
θ̃(a′i)

= F
θ̃(a)

∩ F
θ̃(a′′i )

= ∅.

This finishes proof of Claim 2. □

Claim 3. Suppose γi ∈ {±1,±δ1} for all i ∈ [1..k1]. Let a′′2 be as in
Claim 2. Then, γ1 = ±γ2 = ±δ1, and for every integer m with large enough
absolute value (a, b) is a τma′′2

· x-torso at a τma′′2
· x-generic position, and

(τ̃ma′′2
· ρx)(c1) ̸∈ {±1,±(τ̃ma′′2

· ρx)(d̃1)}

where ρx is a lift of x and τ̃a′′2 is a lift of τa′′2 .

Proof Claim 3. First, notice that it is necessary and sufficient to show the
above claim only for one choice of ρx and τ̃a′′2 . Next, we point out that by
assumption γ1 and γ2 are not ±1. Now, we point out that the following
gives us a lift of the Dehn twist τa′′2 :

τ̃a′′2 (ci) =(a′′2c
−1
2 d̃−1

2 )ci(a
′′
2c

−1
2 d̃−1

2 )−1 for all i ∈ [3..k1],

τ̃a′′2 (ci) =a
′′
2cia

′′
2
−1

for all i ∈ {2} ∪ [k1 + 1..k2]

τ̃a′′2 (ci) =ci otherwise.
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Notice that

τ̃a′′2 (c1 · · · cn) =

(c1)(a
′′
2c2a

′′
2
−1

)(a′′2c
−1
2 d̃−1

2 )c3 · · · ck1(a′′2c
−1
2 d̃−1

2 )−1(a′′2 d̃2a
′′
2
−1

)ck2+1 · · · cn
=c1(c2d̃2)d̃

−1
2 c−1

2 c−1
1 d̃1(c

−1
2 d̃−1

2 )−1d̃2(c2d̃2)
−1d̃3d̃4

=d̃1d̃2d̃3d̃4 = c1 · · · cn,
which implies that τ̃a′′ gives us an automorphism. It is easy to check that
τ̃a′′ is a lift of the Dehn twist τa′′ . Because γ2 = ±δ1, we have

ρx(c2) = ±ρx(d̃1) and ρx(a
′′
2) = ±ρx(a).

Hence

(182a) ρx(τ̃
m
a′′2
(a)) = ρx(τ̃

m
a′′2
((d̃3d̃4)

−1)) = ρx((d̃3d̃4)
−1) = ρx(a) = α,

(182b) ρx(τ̃
m
a′′2
(b)) = ρx(τ̃

m
a′′2
(d̃2d̃3)) = ρx(a

′′
2
m
d̃2a

′′
2
−m

d̃3) = αmδ2α
−mδ3,

(182c) ρx(τ̃
m
a′′2
(c1)) = ±δ1,

ρx(τ̃
m
a′′2
(d̃1)) =ρx(τ̃

m
a′′2
((d̃2d̃3d̃4)

−1)) = ρx((a
′′
2
m
d̃2a

′′
2
−m

d̃3d̃4)
−1)

=ρx((d̃3d̃4)
−1a′′2

m
d̃−1
2 a′′2

−m
) = ρx(d̃1d̃2a

′′
2
m
d̃−1
2 a′′2

−m
)(182d)

=δ1δ2α
mδ−1

2 α−m.

By (182a), (182b), (182c), (182d), and the assumptions that α is loxodromic
and Fα ∩ Fδ2 , we deduce that for every non-zero integer m,

ρx(τ̃
m
a′′2
(c1)) ̸= ρx(τ̃

m
a′′2
(d̃1)).

We also have that

(183) ρx(τ̃
m
a′′2
(d̃2)) = αmδ2α

−m, ρx(τ̃
m
a′′2
(d̃3)) = δ3, and ρx(τ̃

m
a′′2
(d̃4)) = δ4.

By (182a), (182b), (182d), and (183), we deduce that applying ρx to

τ̃ma′′2
(a, b, d̃1, d̃2, d̃3, d̃4)

we obtain

αm :=α, βm :=αmδ2α
−mδ3,

δ1,m :=δ1δ2α
mδ−1

2 α−m, δ2,m :=αmδ2α
−m,

δ3,m :=δ3, δ4,m :=δ4.

Because (a, b) is an x-torso and at an x-generic position, we have that
(α; δ2, δ3) and (β; δ1, δ2) are conjugate separating, and

(184) Fα ∩ Fδj = Fβ ∩ Fδj = Fα ∩ Fβ = ∅,
for j ∈ [1..4]. By (184) and Lemma 51, for every integer with large enough
absolute value, βm is loxodromic. Clearly, for all m,

Fαm ∩ Fδj,m = ∅
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for j ∈ [2..4]. Suppose for infinitely many m’s, Fαm ∩ Fδ1,m ̸= ∅. Then by
Lemma 52, Fα ∩ Fδ2 ̸= ∅, which contradicts (184).

By Lemma 52, if for infinitely many m’s and j ∈ [3..4], Fβm ∩ Fδj,m ̸= ∅,
then Fα ∩ Fδ2δ3 ̸= ∅ which contradicts (184) – notice that β = δ2δ3.

Suppose for infinitely many m’s, Fβm ∩ Fδ2,m ̸= ∅; because Fβm ∩ Fδ2,m

is a subset of Fδ3 , by Lemma 52, we obtain that Fα ∩ Fδ2δ3 ̸= ∅ which
contradicts (184) – notice that β = δ2δ3.

Suppose for infinitely many m’s, Fβm ∩ Fδ1,m ̸= ∅. Because δ1,mβm =
δ1δ2δ3, we obtain that Fβm ∩ Fδ1,m ⊆ Fδ1δ2δ3 . Hence, by Lemma 52, we
deduce that Fα ∩ Fδ2δ3 ̸= ∅, which contradicts (184).

Finally, suppose for infinitely many m’s, Fαm ∩ Fβm ̸= ∅. Then as above
by Lemma 52, we deduce that Fα ∩ Fβ ̸= ∅, which contradicts (184).

Altogether, we have that (a, b) is a τma′′2
· x-torso and at a τma′′2

· x-generic
position for every integer m with large enough absolute value. This finishes
proof of Claim 3. □

By Claims 1-3, there exists a pure automorphism θ̃ and a pair of sim-
ple loops c and d in the fundamental group of Σ′ such that the following
statements hold.

(1) The pair (a, b) is a [θ̃ · ρx]-torso and at a [θ̃ · ρx]-generic position.

(2) We have that γ := (θ̃ · ρx)(c) is loxodromic, i(c, d) = 2, and

(185) {t([θ̃ · ρx], τkc (d))}k
is unbounded.

(3) We have that

(186) F
(θ̃·ρx)(c) ∩ F(θ̃·ρx)(a) = ∅.

Let Γ(Σ′) be the pure mapping class group of Σ′, x′ := [θ̃ · ρx], and x′Σ′ be
the restriction of x′ to Σ′. Then, by (185), we have that Γ(Σ′) · x′Σ′ is an

unbounded subset of ChΣ′(Cp). By (186) and the elements (θ̃ · ρx)(a) and

(θ̃ · ρx)(c) being loxodromic, we deduce that x′Σ′ ∈ Ch•Σ′(Cp). This finishes
our proof. □

5.4. Finding a special pants decomposition and linking curves. In
this section, we put together all the results that we have proved about the
existence of handles and torsos, and find an x-generic coordinate system for
the modified relative character variety of x.

To formulate the main result of this section, we need the following nota-
tion.

Let’s recall that, for x ∈ Ch•g,n(Cp), there exists a subset ∂xΣg,n of the
boundary curves {ci}ni=1 and εj(x) = ±1 for every cj ̸∈ ∂xΣg,n such that for
every lift ρx ∈ Rep•g,n(Cp) of x,

ρx(cj) = εj(x)
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if cj ̸∈ ∂xΣg,n and ρx(cj) ̸= ±1 if cj ∈ ∂xΣg,n. We call

ε(x) :=
∏

cj ̸∈∂xΣg,n

εj(x)

the boundary sign of x, and we let n(x) := |∂xΣ|.
For a finite subset w of Πg,n and every unital commutative ring A, let

Cw(A) := {x ∈ Chg,n(A) | ∀w ∈ w, tw(x) = 0}.
Notice that, by the Cayley-Hamilton theorem, for ρ ∈ Repg,n(A), [ρ] is in

Cw(A) if and only if then ρ(w)2 = −1.
For a finite subset w of Πg,n and ϵ := {εj}j∈Jϵ where Jϵ ⊆ [1..n] and

εj = ±1, we let

C•
w,ϵ(A) := Cw(A) ∩ {x ∈ Ch•g,n(A) | ∂xΣ = [1..n] \ Jϵ,∀j ∈ Jϵ, εj(x) = εj}.
For {j1 < j2} ⊆ [1..n] and a subset w of

Πg,2 = ⟨a1, b1, . . . , ag, bg, c1, c2⟩,

we let w(j1,j2) be the set of elements in

Πg,n = ⟨a1, b1, . . . , ag, bg, c1, . . . , cn⟩,
consisting of words where c1 and c2 is replaced with cj1 and cj2 , respectively.

For a given ϵ := {εi}i∈Jϵ with [1..n]\Jϵ = {j1, j2} and a subset w of Πg,1,
we let

C•
w,ϵ(A) := C•

w(j1,j2),ϵ
(A).

The exceptional points of Ch•1,n(Cp) are described by the following subsets
of Π1,2:

v1 :={ac1, abc1, bc1},
v2 :={ab, b, ac1},(187)

v3 :={a, b, abc1},
v4 :={a, ab, bc1}.

For a positive integer n ≥ 2, we let S1 be the set of all signed vectors ϵ :=
{εj}j∈Jε , where Jε ranges over all the subsets of the form [1..n] \ {j1 < j2}.
The exceptional subset of Ch•1,n(Cp) is given by

E1(Cp) :=
⋃
ϵ∈S1

4⋃
j=1

C•
vj ,ϵ(Cp).

Notice that for every x ∈ E1(Cp) and n(x) = 2.
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The exceptional points of Ch•2,n(Cp) are described by the following subsets
of Π2,1:

w1 :={a1, a1b1, b1b2, b1a2, b1a2b2},
w2 :={a1, b1, a1b1b2, a1b1a2, a1b1a2b2},
w3 :={b1, a1b1, a1b2, a1a2, a1a2b2},(188)

w4 :={b2, a2b2, b1a2, a1a2, a1b1a2},
w5 :={a2, b2, a1a2b2, b1a2b2, a1b1a2b2},
w6 :={a2, a2b2, a1b2, b1b2, a1b1b2}.

Let S2 be the set of all signed vectors ϵ := {εj}nj=1 such that
∏n

j=1 εj = −1.

The exceptional subset of Ch•2,n(Cp) is given by

E2(Cp) :=
⋃
ϵ∈S2

6⋃
j=1

C•
wj ,ϵ(Cp).

Notice that for every x ∈ E2(Cp), n(x) = 0 and ε(x) = −1.

Proposition 76. Suppose 3g + n(x) > 3, x ∈ Ch•g,n(Cp) and Γg,n · x is
unbounded. Suppose x ̸∈ E1(Cp)∪E2(Cp). Then there exist simple essential
curves

a1, . . . , a2(3g+n(x)−3)

such that the following properties hold.

(1) For every i ∈ [1..g], (a2i−1, a2i) is an x-handle at an x-general po-
sition, and for i ∈ [1..(g − 1)] the boundary curve c(a2i−1, a2i) is
x-loxodromic.

(2) For every i ∈ [(g + 1)..(3g + n(x)− 3)], (a2i−1, a2i) is an x-torso at
an x-generic position.

(3) The collection of simple curves {a2i−1}3g+n(x)−3
i=1 gives us an x-pants

decomposition; that means for every connected component Σ′ of

Σ \ (∪3g+n(x)−3
j=1 a2i−1),

the genus of Σ′ is zero and the number n(x|Σ′) of the x-boundary
curves of Σ′ is 3. In particular, a2i−1’s are pairwise disjoint.

(4) For every i ∈ [(g + 1)..(3g + n(x)− 3)] and j > 2i, i(a2i−1, aj) = 0.

In particular, if (g, n(x), ε(x)) ̸∈ {(1, 2,±1), (2, 0,−1)}, then a collection of
simple essential curves with the above properties exists.

Lemma 77. Suppose γ, γ′ ∈ SL2(Cp) are loxodromic and Fγ ∩ Fγ′ = ∅.
Then ⟨γ, γ′⟩ is Zariski-dense in (SL2)Cp.

Proof. Because γ is loxodromic, the Zariski-closure of ⟨γ⟩ is a torus subgroup
T of (SL2)Cp . Hence, the Zariski-closure G of ⟨γ, γ′⟩ contains T. This implies
that G is either a Borel subgroup, the normalizer of T, or (SL2)Cp . If G is a

Borel subgroup, then there exists x ∈ P1(Cp) which is fixed by γ and γ′. This
contradicts the assumption that Fγ ∩ Fγ′ = ∅. If G is the normalizer of T,
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then T is the unique torus in G. Hence, the Zariski-closure of ⟨γ′⟩ is also T.
This implies that γ′ ∈ T(Cp), and so Fγ′ = Fγ , which is a contradiction. □

Remark 78. If γ, γ′ ∈ SL2(Cp) are loxodromic and Fγ ∩ Fγ′ = ∅, then
using a ping-pong argument one can show that for every large enough positive
integers m and n, γn and γ′m freely generate a free subgroup of SL2(Cp),
and so it is Zariski-dense.

Proof of Proposition 76. We proceed by induction on 3g + n(x). In the
base case of 3g + n(x) = 4, the pair (g, n(x)) is either (1, 1) or (0, 4). If
(g, n(x)) = (1, 1), then by Corollary 65, there exists an x-handle at an x-
general position. If (g, n(x)) = (0, 4), then by Proposition 71, there exists
an x-torso at an x-generic position. The base of induction follows.

If g > 0 and 3g + n(x) ≥ 5, then by Proposition 60 and Proposition 61,
one of the following statements hold.

(1) Either there exists an x-handle (a1, a2) at an x-general position such
that

(189) |t(x, a1)|p, |t(x, a2)|p, |t(x, c(a1, a2))|p >
∏

c∈∂xΣ
|(2t(x, c)|p),

(2) or, g = 1 and there exist a pure automorphism θ̃ and i ̸= j such that

ρ := θ̃ · ρx satisfies the following properties:

ρ(a) = α, ρ(b) = β, ρ(ci) = ω, ρ(cj) = ±ω, and ρ(ck) = ±1 if k ̸= i, j,

where
(ωα)2 = (βω)2 = (αβω)2 = −1.

The second statement, however, cannot hold as x ̸∈ E1(Cp).
Let ρx : Πg,n → SL2(Cp) be a lift of x. Without loss of generality, we can

and will assume that the intersection of a1 and a2 is the base point of Πg,n.
Then ρx(ai) is loxodromic for i = 1, 2, and

(190) Fρx(a2)ρx(a1)ρx(a2)−1 ∩ Fρx(a1) = ρx(a2)Fρx(a1) ∩ Fρx(a1) = ∅.
Let Σ′ := Σ \ a1, and x′ := x|Σ′ be the restriction of x to Σ′. Let’s recall
that the embedding of Σ′ into Σ induces a group homomorphism from a
fundamental group of Σ′ to a fundamental group of Σ. Using this group
homomorphism, we get the restriction morphisms from RepΣ to RepΣ′ and
from ChΣ to ChΣ′ .

Notice that Σ′ is of genus g− 1 and n(x′) = n(x)+ 2. The new boundary
curves of Σ′ are the two sides of the curve a1. Let a1,l and a1,r be the sides
of a1. Suppose the base point p0 of the fundamental group of Σ′ is the base
point of Σ which is on a1,r, and connect the copy of this based point on a1,l
to p0 along a2, and still denote it by a1,l. Then, by (87),

ρx′(a1,r) = ρx(a1) and ρx′(a1,l) = ρx(a2)
−1ρx(a1)ρx(a2).

Then by Lemma 77 and (190), x′ ∈ Ch•Σ′(Cp).
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Let c(a1, a2) be the boundary curve of the topological handle given by
(a1, a2). Then Σ′ \ c(a1, a2) has two connected components. One of them is
a pair of pants with boundary curves given by a1l, a1r, and c := c(a1, a2);
let’s denote the other connected component by Σ′′.

For every simple curve e in Σ′′, after choosing a suitable orientation for e,
a1e is homotopic to a simple curve d := d(e) and i(d, c) = 2. Notice that for
every integer m, τmc (e) is freely homotopic to cma1c

−me. Hence, by (50),

{t(x, τmc (d))}m∈Z

is bounded if and only if (ρx(c); ρx(a1), ρx(e)) is not conjugate separating.
Because ρx(c) is loxodromic and Fρx(c)∩Fρx(a1) = ∅, (ρx(c); ρx(a1), ρx(e)) is
not conjugate separating precisely when ρx(e) is in the centralizer of ρx(c).
Hence, if ΓΣ′ · x′ is bounded where ΓΣ′ is the pure mapping class group of
Σ′, then for all simple curves e in Σ′′, ρx(e) is in the centralizer of ρx(c).
This implies that

ρx(c) = ±
∏

c′∈∂xΣ
ρx(c

′);

and so
|t(x, c)|p ≤

∏
c′∈∂xΣ

(2|t(x, c′)|p),

which contradicts (189). Altogether, we have that x′ ∈ Ch•Σ′(Cp) and ΓΣ′ ·x′
is unbounded. Notice that as n(x′) ≥ 2, x′ ̸∈ E2(Cp). So, if we show
x′ ̸∈ E1(Cp), then we can apply the induction hypothesis to x′. In this case,
by the induction hypothesis for x′, we obtain simple essential curves

a3, . . . , a2(3g+n(x)−3)

in Σ′ which satisfy the properties given in the statement of Proposition 76.
Therefore, a1, . . . , a2(3g+n(x)−3) satisfy the desired properties.

Hence, for g > 0, it remains to show that x′ is not in E1(Cp). Sup-
pose to the contrary that x′ ∈ E1(Cp). Then g = 2 and n(x) = 0. Sup-
pose (x1, y1, x2, y2, z1, . . . , zn) is a set of optimal generators of a fundamental
group of Σ. Then, after changing x to another point in ΓΣ ·x, we can and will
assume that a1 = x2 and a2 = y2. Then the embedding of a fundamental
group of Σ′ is given by

{x1, y1, x2, y−1
2 x−1

2 y2, z1, . . . , zn}.
Let a := x1, b := y1, c1 := x2, and c2 := y−1

2 x−1
2 y2. Notice that we have

ρx′(zi) = ±1 for all i. Let
n∏

i=1

ρx′(zi) = ε.

Let αi := ρx(xi) and βi := ρx(yi) for i = 1, 2. Then

ρx′(a) = α1, ρx′(b) = β1, ρx′(c1) = α2, ρx′(c2) = β−1
2 α−1

2 β2,
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α2, β2, and [α2, β
−1
2 ] are loxodromic,

(191) Fα2 ∩ Fβ2 = Fα2β2α
−1
2

∩ Fβ2 = Fα2 ∩ Fβ2α2β
−1
2

= ∅,

and

(192) [α1, β
−1
1 ][α2, β

−1
2 ] = ε.

Because x′ ∈ E1(Cp), there exists j = 1..4 such that for every

w := w(a, b, c1) ∈ vj ,

where vj is given as in (187), we have

(193) ρx′(w)2 = −1.

Next, one-by-one, we show that none of the j’s in [1..4] can work.
Case 1. j = 1.
In this case, we have (α1α2)

2 = (α1β1α2)
2 = (β1α2)

2 = −1. The first two
equalities imply that

(α2α1)β1(α2α1)
−1 = β−1

1 .

This, together with (β1α2)
2 = −1, implies that

α1β
−1
1 α−1

1 β1α2 =α
−1
2 · (α2α1)β

−1
1 · α−1

1 β1α2

=α−1
2 · β1(α2α1) · α−1

1 β1α2

=α−1
2 (β1α2)(β1α2)

=− α−1
2 .(194)

By (192) and (194), we obtain that

β−1
2 α2β2 = −εα−1

2 ,

which contradicts (191).
Case 2. j = 2.
In this case, we have (α1β1)

2 = β21 = (α1α2)
2 = −1. The first two

equalities imply that β1α1β
−1
1 = α−1

1 . Hence, by (192), we obtain

(195) ε = [α1, β
−1
1 ][α2, β

−1
2 ] = α2

1α2β
−1
2 α−1

2 β2.

By (195) and (α1α2)
2 = −1, we deduce that

(196) (α1α2β
−1
2 )α−1

2 (α1α2β
−1
2 )−1 = −εα2.

By (196) and the fact that α2 is loxodromic, we deduce that

(197) ε = −1 and (α1α2β
−1
2 )2 = −1.

Since (α1α2)
2 = −1, by (197), we have

(198) (α1α2β2)
2 = −1.

By (196), (197), and (α1α2)
2 = −1, we also obtain that

β−1
2 α−1

2 β2 = (α1α2)
−1α2(α1α2) = (α1α2)α2(α1α2)

−1 = α1α2α
−1
1 .
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Hence (β2α1)
−1α−1

2 (β2α1) = α2. Because α2 is loxodromic, we deduce that

(199) (α1β2)
2 = −1.

By (198) and (199), we deduce that x is in C•
w3,ϵ(Cp) and ε(x) = −1. Hence,

x ∈ E2(Cp), which is a contradiction.
Case 3. j = 3.
In this case, we have α2

1 = β21 = (α1β1α2)
2 = −1. By the first and the

third equations, we obtain that α1(β1α2)α
−1
1 = (β1α2)

−1. Hence, by (192)
and β21 = −1, we deduce that

εβ−1
2 α2β2 =α1β

−1
1 α−1

1 (β1α2)

=α1β
−1
1 (β1α2)

−1α−1
1

=− (α1β1)α
−1
2 (α1β1)

−1.(200)

Because α2 is loxodromic, by (200), we obtain that

(201) ε = −1 and (β2α1β1)
2 = −1.

Using (200), (201), and α2
2 = −1, we deduce that

(202) (β2α1β1α2)
2 = −1.

By (201) and (202), we deduce that x is in C•
w2,ε(Cp) and ε(x) = −1. Hence,

x ∈ E2(Cp), which is a contradiction.
Case 4. j = 4.
In this case, we have α2

1 = (α1β1)
2 = (β1α2)

2 = −1. By the first two

equation, we deduce that α1β1α
−1
1 = β−1

1 . Hence, by(192), we obtain that

(203) ε = α1β
−1
1 α−1

1 β1α2β
−1
2 α−1

2 β2 = β21α2β
−1
2 α−1

2 β2.

By (203) and (β1α2)
2 = −1, we deduce that

(204) β−1
2 α−1

2 β2 = −εβ1α2β
−1
1 .

Because α2 is loxodromic, by (204), we obtain that

(205) ε = −1 and (β2β1)
2 = −1.

By (204), (205), and (β1β2)
2 = −1, we deduce that

(206) (β2β1α2)
2 = −1.

By (205) and (206), we deduce that x is in C•
w1,ε(Cp) and ε(x) = −1. Hence,

x ∈ E2(Cp), which is a contradiction.
This completes the proof if g > 0. Next, we consider the case g = 0 and

n(x) > 4. By Proposition 71, there exists an x-torso (a, b) which is at an
x-generic position. Suppose Σ′ and Σ′′ are connected components of Σ \ a.
Let xΣ′ and xΣ′′ be the restrictions of x to Σ′ and Σ′′, respectively. Then

n(xΣ′) + n(xΣ′′) = n(x) + 2 ≥ 7.

Hence, either n(xΣ′) ≥ 4 or n(xΣ′′) ≥ 4. Without loss of generality, we can
and will assume that n(xΣ′) ≥ 4. Then, by Proposition 71, after changing
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(a, b) by an element of the pure mapping class group, we obtain a pair (a′, b′)
with the following properties.

(1) The pair (a′, b′) is an x-torso at an x-generic position.
(2) For one of the connected components Σ′ of Σ \ a, the restriction xΣ′

of x to Σ′ is in Ch•Σ′(Cp).
(3) The orbit Γ(Σ′) · xΣ′ is unbounded.

Applying the induction hypothesis to xΣ′ , we obtain an x-torso (a′1, a
′
2) at

an x-general position such that one of the connected components Σ
′
of Σ\a′1

is a subset of Σ′ \ a′1 and it is an x-pants; that means n(x
Σ

′) = 3 where x
Σ

′

is the restriction of x to Σ
′
. Let Σ

′′
be the other connected component of

Σ \ a1. Then
n(x

Σ
′′) = n(x) + 2− n(x

Σ
′) = n(x)− 1 ≥ 4.

By Proposition 71, there exists an element θ of pure mapping class group
such that (a1, a2) := (θ · a′1, θ · a′2) satisfies the following properties.

(1) The pair (a1, a2) is an x-torso at an x-generic position.
(2) The restriction x

Σ
′′ is in Ch•

Σ
′′(Cp).

(3) The orbit Γ(Σ
′′
) · x

Σ
′′ is unbounded.

Therefore, we can and will apply the induction hypothesis to x
Σ

′′ . Then,
using n(x

Σ
′′) + 1 = n(x), we obtain simple curves

a3, . . . , a2(n(x)−3)

such that the following properties hold.

(1) For every i ∈ [2..(n(x)−3)], (a2i−1, a2i) is an x-torso at an x-generic
position.

(2) The collection of simple curves {a2i−1}n(x)−3
i=2 gives us an x-pants

decomposition of Σ′′.

Thus {ai}2(n(x)−3)
i=1 satisfies all the desired properties. This finishes the proof.

□

6. An open subset of a modified relative character variety in
the closure of an orbit.

6.1. Analytic extension of powers of a Dehn twist. The main goal of
this section is to prove the following propositions.

Proposition 79 (The real case). Let a be an essential simple close curve
in the surface Σg,n, and let

Y0 := {[ρ] ∈ Ch•g,n(R) | ρ : Πg,n → SU2(C)}.
Then there exists a function

θa : (R/2πZ)× Y0 → Y0

which satisfies the following properties.
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(1) For [ρ] ∈ Y0, the function r 7→ θa(r, [ρ]) is an analytic function from
R/2πZ to Y0.

(2) For [ρ] ∈ Y0, the function r 7→ θa(r, [ρ]) is a flow; that means

θa(r1 + r2, [ρ]) = θa(r1, θa(r2, [ρ]))

for every r1, r2 ∈ R/2πZ.
(3) For every [ρ] ∈ Y0, there exist a positive integer d0 := d0(a, [ρ]) and

ϑ0 := ϑ0(a, [ρ]) ∈ R/2πZ such that for every integer m,

τd0ma · [ρ] = θa(mϑ0, [ρ]).

(4) For every ρ : Πg,n → SU2(C) with dense image,

θa((R/2πZ)× {[ρ]}) ⊆ ⟨τa⟩ · [ρ].

Proposition 80 (The p-adic case). Let a be an essential simple close curve
in the surface Σg,n, and let

Yp := {[ρ] ∈ Ch•g,n(Qp) | ρ : Πg,n → SL2(Zp)}.
Then there exists a function

θa : Zp × Yp → Yp

which satisfies the following properties.

(1) For x ∈ Yp, the function r 7→ θa(r, x) is an analytic function from
Zp to Yp.

(2) For x ∈ Yp, the function r 7→ θa(r, x) is a flow; that means

θa(r1 + r2, x) = θa(r1, θa(r2, x))

for every r1, r2 ∈ R.
(3) For every x ∈ Yp, there exist a positive integer d0 := d0(p) such that

for every integer m,

τd0ma · x = θa(m,x).

(4) For every x ∈ Yp,

θa(R× {x}) ⊆ ⟨τa⟩ · x.
(5) We have that Ch•g,n(Zp) ⊆ Yp, and for all x ∈ Ch•g,n(Zp) and all

r ∈ Zp, θa(r, x) ∈ Ch•g,n(Zp).

Remark 81. These flows are almost the same as the Hamiltonian flows
used by Goldman in [22] and by Goldman and Xia in [25].

Proof of Proposition 79 and Proposition 80. Suppose G is either SU2(C) or
SL2(Zp). Notice that using Proposition 20, we can deduce that the closure
of the image of ρ in SL2(Zp) is an open subgroup. So in either case of real
or p-adic, we should study the action of a lift of the Dehn twist τa on group
homomorphisms ρ : Π → G whose image is dense in an open subgroup.
To this end, we split the proof into two cases depending on whether a is a
separating or a non-separating curve.
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Case 1. Suppose a is a separating curve.
In this case, Σ \ a is a disjoint union of two surfaces. Let Σ1 and Σ2 be

small neighborhoods of these surfaces in Σ. Suppose p0 be a point on a and
let Π, Π1, and Π2 be the fundamental groups based at p0 of Σ, Σ1, and Σ2,
respectively. Then

Π ≃ Π1 ∗⟨a⟩ Π2.

Hence, the set of group homomorphisms from Π to G can naturally be
identified with the set of pair (ρ1, ρ2) of group homomorphisms from Πi to
G such that ρ1(a) = ρ2(a).

As discussed in Section 4.3, a lift τ̃a of the Dehn twist τa in the group of
pure automorphisms is given by τ̃a(e) = aea−1 for all e ∈ Π1 and τ̃a(e) = e
for all e ∈ Π2. Hence, if ρ is given by the pair (ρ1, ρ2), then τ̃a · ρ is in
bijection with the pair (cρ1(a) ◦ ρ1, ρ2).

Subcase 1.a. G = SU2(C).
In this case, ρ1(a) is similar to a matrix of the form diag(exp(iϑ), exp(−iϑ))

for some ϑ ∈ R/2πZ. If ϑ has finite order in R/2πZ, we let d0 be the order
of ϑ, ϑ0 := 0, and

θa(r, [ρ]) = [ρ],

for all r ∈ R/2πZ. Then clearly all the declared properties hold.
If ϑ has infinite order, we let d0 := 1 and ϑ0 := ϑ. Suppose

ρ(a) = u diag(exp(iϑ), exp(−iϑ))u−1 = exp(ϑudiag(i,−i)u−1),

and let
ar := exp(rudiag(i,−i)u−1)

for every r ∈ R/2πZ. Notice that [ar, ρ(a)] = 1 for all r ∈ R/2πZ. Hence,
the pair of representations (car ◦ρ1, ρ2) gives us a representation of Π1∗⟨a⟩Π2.
Therefore, it corresponds to a representation ρr of Π. We let

θa(r, [ρ]) := [ρr].

Clearly θa is analytic as a function of r.
Because for all r ∈ R/2πZ, ρr(a) = ρ(a) and ar1+r2 = ar1ar2 , the second

part holds.
The third part holds based on the fact that ρ(a) = aϑ0 and r 7→ ar is a

group homomorphism.
The last part follows from the fact that {mϑ0}m∈Z is dense in R/2πZ as

ϑ0 has infinite order in R/2πZ.
We also notice that ar is in the closure of the image of ρ1. Hence, the

closure of the image of car ◦ ρ1 is the same as the closure of the image of ρ1.
Because the closure of the image of ρr is the closure of the group generated
by the closures of the images of car ◦ ρ1 and ρ2, we obtain that the closure
of the image of ρr is always G. Thus θa(r, [ρ]) is in X for all r ∈ R/2πZ.

Subcase 1.b. When G = SL2(Zp).
In this case, let d0 := | SL2(Fp)| if p is odd and d0 := |SL2(Z/4Z)| if p = 2.

Then, for all y ∈ SL2(Zp), y
d0 is in the kernel K of the residue map modulo
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pkp where kp = 1 if p is odd and 2 if p = 2. Notice that

log : K → pkpsl2(Zp), log(1 + z) :=

∞∑
i=1

(−1)i−1 z
i

i

is a well-defined analytic function and it is the inverse of the analytic function

exp : pkpsl2(Zp) → K, exp(z) :=
∞∑
i=0

zi

i!
.

For every r ∈ Zp, let

gr := exp(r log(ρ(a)d0)).

Then [ρ(a), gr] = 1 for all r ∈ Zp, and so the pair of representations

(cgr ◦ ρ1, ρ2)
gives us a representation of Π1 ∗⟨a⟩Π2. Therefore, it corresponds to a repre-
sentation ρr of Π. We let

θa(r, [ρ]) := [ρr].

As r 7→ gr is analytic, θa is analytic as a function of r.
Because for all r ∈ Zp, ρr(a) = ρ(a) and r 7→ gr is a group homomorphism,

the second part holds.
The third part holds as ρ(a)d0 = g1 and the map r 7→ gr is a group

homomorphism.
The last part follows from the fact that Z is dense in Zp.
By a similar argument as in the last paragraph in the proof of Subcase

1.a., we have that θa(r, [ρ]) ∈ Ch•g,n(Zp) for all r ∈ Zp.
Case 2. Suppose a is a non-separating curve.
A small closed neighborhood of a can be parametrized by a continuous

function ϕ : [−2, 2] × (R/Z) → Σ such that {0} × (R/Z) parametrizes a.
Let a1 be the curve parametrized by {−2} × (R/Z) and a2 be the curve
parametrized by {2} × (R/Z). Let Σ′ := Σ \ ϕ([−1, 1]× (R/Z)).

Let p−0 := ϕ(−2, 0) and p+0 := ϕ(2, 0). Since a is non-separating, we can
and will assume that Σ′ is connected. Thus, there exists a simple path b′

which connects p−0 to p+0 in Σ′; moreover, we can and will assume that b′

does not intersect ϕ((−2, 2) × (R/Z)). Then the concatenation b of b′ and
ϕ([−2, 2] × {0}) is a simple curve in Σ and i(a, b) = 1. Let Π and Π′ be
the fundamental groups of Σ and Σ′ based at p−0 , respectively. Then, as
discussed in Section 4.3, the set of group homomorphisms from Π to G can
be naturally identified with

{(ρ′, g) | ρ′ ∈ Hom(Π′, G), g ∈ G, ρ′(a′2) = g−1ρ′(a1)g},

where a′2 = b
′
a2b

′. By Lemma 56 and (89), we have that τa ·[ρ] gets identified
with the pair (ρ′, ρ′(a1)g) if ρ is identified with (ρ′, g).

Subcase 2.a. G = SU2(C).
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In this case, for some ϑ ∈ R/2πZ and u ∈ SU2(C),
ρ′(a1) = udiag(exp(iϑ), exp(−iϑ))u−1.

If ϑ is in 2πQ/2πZ, then we let d0 be the order of ϑ, ϑ0 := 0, and

θa(r, [ρ]) := [ρ],

for all r ∈ R/2πZ. Then, clearly all the declared properties hold.
If ϑ ̸∈ 2πQ/2πZ, we let d0 := 1 and ϑ0 := ϑ. We let

gr := udiag(exp(ir), exp(−ir))u−1 = exp(r u diag(exp(i), exp(−i))u−1),

for all r ∈ R/2πZ. Notice that [gr, ρ
′(a1)] = 1 for all r ∈ R/2πZ. Hence,

ρ′(a2) = g−1ρ′(a1)g = (grg)
−1ρ′(a1)(grg).

Therefore, the pair (ρ′, grg) corresponds to a group homomorphism ρr from
Π to G. We let

θa(r, [ρ]) := [ρr].

Clearly θa is analytic as a function of r.
Because for all r ∈ R/2πZ, the restriction of ρr to Π′ is ρ′ and r 7→ gr is

a group homomorphism, the second part follows.
The third part holds as ρ′(a1) = gϑ0 and r 7→ gr is a group homomor-

phism.
The last part follows from the fact that {mϑ0}m∈Z is dense in R/2πZ as

ϑ0 ̸∈ 2πQ/2πZ.
We notice that gr is in the closure of the image of ρ′. On the other hand,

the closure of the image of ρr is the closure of the group generated by grg
and the closure of the image of ρ′. Hence, the closure of the image of ρr is
the closure of the image of ρ for all r ∈ R/2πZ. Therefore, θa(r, [ρ]) ∈ X for
all r ∈ R/2πZ.

Subcase 2.b. G = SL2(Zp).
We follow a similar line of argument as in Subcase 1.b. Let d0 := |SL2(Fp)|

if p is odd and d0 := | SL2(Z/4Z)| if p = 2. For r ∈ Zp, let

gr := exp(r log(ρ′(a1)
d0)).

Notice that [gr, ρ
′(a1)] = 1 for all r ∈ Zp. Hence,

ρ′(a2) = g−1ρ′(a1)g = (grg)
−1ρ′(a1)(grg).

Therefore, the pair (ρ′, grg) corresponds to a group homomorphism ρr from
Π to G. We let

θa(r, [ρ]) := [ρr].

Clearly, θa is analytic as a function of r.
Because for all r ∈ Zp the restriction of ρr to Π′ is ρ′ and r 7→ gr is a

group homomorphism, the second part follows.
The third part holds as ρ′(a1)

d0 = g1 and r 7→ gr is a group homomor-
phism.

The last part follows from the fact that Z is dense in Zp.
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By a similar argument as in the last paragraph in the proof of Subcase
2.a., we have that the closure of the image of ρr is the same as the closure of
the image of ρ for all r ∈ Zp. Hence, θa(r, [ρ]) ∈ Yp for all r ∈ Zp. We also
notice that by Proposition 21 and Proposition 20, x ∈ Ch•g,n(Zp) precisely
when x = [ρ] and ρ : Πg,n → SL2(Zp) is a group homomorphism with a
dense image. In this case, by the above argument, the image of ρr is dense
in SL2(Zp) for all r ∈ Zp. Therefore θa(r, [ρ]) ∈ Ch•g,n(Zp) for all r ∈ Zp. □

6.2. An open set in the closure of a pure mapping class group
orbit. In order to treat the real and the p-adic cases at the same time, we
let S0 := R/2πZ in the real case (the real case is referred to by having p = 0)
and Sp := Zp in the p-adic case. Let R0 := R and Rp := Zp for p > 0. We
let G0 := SU2(C) for the real case and Gp := SL2(Zp) for the p-adic case.
We set

Yg,n;p := {[ρ] | ρ ∈ Hom(Πg,n, Gp), Im(ρ) is an open subgroup of Gp},
and

Xg,n;p := {[ρ] | ρ ∈ Hom(Πg,n, Gp), Im(ρ) = Gp}.
Then by Propositions 79 and 80, for every essential curve a in Σg,n, we
obtain a function θa : Sp × Yg,n;p → Yg,n;p with the properties listed in the
mentioned propositions; in particular, θa(Sp ×Xg,n;p) = Xg,n;p.

For every m-tuple a := (a1, . . . , am) of essential curves of a surface Σg,n,
let

Θa : Sm
p × Yg,n;p → Yg,n;p,

be given by

Θa(r, [ρ]) := θa1(r1, θa2(· · · (rm−1, θam(rm, [ρ])) · · · )),
where r := (r1, . . . , rm). By the fourth parts of Propositions 79 and 80, we
obtain that

(207) Θa(S
m
p × {[ρ]}) ⊆ Γg,n · [ρ],

and by the first parts, we have that Θa is analytic with respect to each
component of r.

Let’s recall that by Lemma 23, there exist a subset I([ρ]) of [1..n] and a
sign vector ϵ([ρ]) which only depend on [ρ] such that

ρ(ci) = εi1

for all i ∈ I([ρ]) (here {c1, . . . , cn} ⊆ Πg,n is part of a fixed set of optimal
generators which gives us the curves around the punctures), and ρ(cj) = ±1
if and only if j ∈ I([ρ]). In this case, we let n([ρ]) := n − |I([ρ])| and
∂[ρ]Σ := [1..n] \ I([ρ]). We let

k([ρ]) := (t([ρ], ci))i∈∂xΣ.

Since [ρ] is in
Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Rp),
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and this is a closed subset of Ch×g,n(Qp) which is invariant under the action
of the pure mapping class group Γg,n, by (207), we have

(208) Θa(S
m
p × {[ρ]}) ⊆ Γg,n · [ρ] ⊆ Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Rp).

For ρ ∈ Yg,n;p, let d([ρ]) := 2(3g + n([ρ]) − 3). Recall that, by Theo-
rem 31, Ch×g,n;ϵ([ρ]),k([ρ]) has a geometrically irreducible generic fiber and it

is of dimension d([ρ]).
For [ρ] ∈ Yg,n;p, let

(209) Y[ρ] := Yg,n;p ∩ (Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Rp))

be the part of the smallest modified relative character variety containing [ρ],
which is in Yg,n;p. Similarly, we define X[ρ].

For a pair of d([ρ])-tuples (a,b) of simple essential curves, we let

Ta,[ρ] : S
d([ρ])
p → Y[ρ], Ta,[ρ](r) := Θa(r, [ρ]),

and

Pa,b,[ρ] : S
d([ρ])
p → Rd([ρ])

p , (t(Ta,[ρ](r), b1), . . . , t(Ta,[ρ](r), bd([ρ]))).

Notice that Pa,b,[ρ] is the composite of Ta,[ρ] and the restriction of

tb : Chg,n(Rp) → Rd([ρ])
p , tb(x) := (t(x, b1), . . . , t(x, bd([ρ])))

to Y[ρ].
The main result of this section is the following theorem.

Theorem 82. In the above setting, suppose ρ : Πg,n → Gp is a group
homomorphism whose image is dense in an open subgroup of Gp. Suppose
[ρ] ̸∈ E1(Cp) ∪E2(Cp), Γg,n · [ρ] is infinite, and 3g + n([ρ]) > 3. Then there
exist a pair (a,b) of d([ρ])-tuple of simple essential curves such that the
following properties hold.

(1) The derivative dPa,b,[ρ]

∣∣∣∣
r=0

is invertible.

(2) There are open subsets U and V of S
d([ρ])
p and

Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Rp),

respectively, such that the restriction of Ta,[ρ] to U induces a home-
omorphism between U and V .

(3) The map tb induces a homeomorphism between an open subset of

Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Rp)

and an open subset of R
d([ρ])
p .

We start by introducing an analytic function for every pair of simple
curves, and proving a lemma.
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Suppose a and b are simple essential curves, and ρ : Πg,n → Gp is a group
homomorphism with a dense image. Let Cp be C if p = 0 and Zp if p > 0.
Let

ga,b,[ρ] : Sp → Cp, ga,b,[ρ](r) := t(θa(r, [ρ]), b).

Notice that ga,b,[ρ] is a (real or p-adic) analytic function. These functions
can be viewed as components of θa(r, [ρ]) in certain coordinate system of
the character variety Chg,n(Cp) – tracing the evolution of [ρ] on the analytic
curve given by the Dehn twist about a. Let ϑ0 be as in Proposition 79 and
ϑp = 1 if p ̸= 0.

Lemma 83. In the above setting, suppose ρ : Πg,n → Gp is a group ho-
momorphism with a dense image. Suppose a and b are two simple essential
curves, and θ ∈ Γg,n. Then

ga,b,[ρ] = gθ·a,θ·b,θ·[ρ].

Proof. Let dp be the parameter d0 given by Propositions 79 and 80. Then,
by Propositions 79 and 80, and (61), for every r ∈ Zϑp and simple essential
curves a and b

(210) ga,b,[ρ](r) = t(τ
dpr/ϑp
a · [ρ], b) = t([ρ], τ

−dpr/ϑp
a (b)).

Hence, by (62), we obtain that, for all r ∈ Zϑp,

ga,b,[ρ](r) = t([ρ], τ
−dpr/ϑp
a (b)) = t(θ · [ρ], τ−dpr/ϑp

θ·a (θ · b)) = gθ·a,θ·b,θ·[ρ](r).

Therefore by part four of Proposition 79 and 80, ga,b,[ρ] = gθ·a,θ·b,θ·[ρ]. □

Lemma 84. In the above setting, suppose ρ : Πg,n → Gp is a group ho-
momorphism with a dense image. Suppose a and b are two simple essential
curves, and m ∈ Z. Then for all r ∈ Sp,

ga,b,[ρ](r +mϑp) = g
a,τ

−dpm
a (b),[ρ]

(r);

in particular,

dga,b,[ρ]

dr

∣∣∣∣
r=mϑp

=
dg

a,τ
−dpm
a (b),[ρ]

dr

∣∣∣∣
r=0

.

Proof. By part 2 of Propositions 79 and 80, we have

(211) ga,b,[ρ](r +mϑp) = t(b, θa(r +mϑp, [ρ])) = t(b, θa(mϑp, θa(r, [ρ]))).

By (211) and part 3 of Propositions 79 and 80, we obtain that

(212) ga,b,[ρ](r +mϑp) = t(b, θa(mϑp, θa(r, [ρ]))) = t(b, τ
dpm
a · θa(r, [ρ]))).

By (212) and (61), we deduce

(213) ga,b,[ρ](r +mϑp) = t(τ
−dpm
a (b), θa(r, [ρ])) = g

a,τ
−dpm
a (b),[ρ]

(r).

Evaluating the differential of both sides of (213) at r = 0, we finish the
proof. □
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Lemma 85. In the above setting, suppose ρ : Πg,n → Gp is a group homo-
morphism whose image is dense in an open subgroup of Gp. Suppose the
ring generated by the entries of the elements of the image of ρ is embedded
in Cℓ in a way that Γg,n · [ρ] is unbounded in Chg,n(Cℓ). Then the following
statements hold.

(1) Suppose (a, b) is a [ρ]-handle. Suppose the intersection of a and b is
the base point of Πg,n. Let α := ρ(a) and β := ρ(|b|). Then there
exists Xα ∈ LieGp such that

ga,b,[ρ](r) = tr(exp(−rXα)β)

for all r ∈ Sp, and exp(ϑpXα) = αdp.
(2) Suppose (a, b) is a [ρ]-torso. Suppose a and b are given as in Figure 5,

and di’s are the given curves in Figure 5 which are freely homotopic
to the boundary curves of a small neighborhood of a∪b (the topological
torso given by (a, b)). Suppose the intersection of a and b given at
the center of Figure 5 is the base point of Πg,n. Let δi := ρ(di),
α := ρ(a), and β := ρ(b). Then there exist Xα, Xβ ∈ LieGp such
that

ga,b,[ρ](r) = tr(exp(−rXα)δ2 exp(rXα)δ3),

gb,a,[ρ](r) = tr(exp(rXβ)δ1 exp(−rXβ)δ2),

αdp = exp(ϑpXα) and β
dp = exp(ϑpXβ).

Proof. By Lemma 56, (113), and part 3 of Propositions 79 and 80, we obtain
that for every m ∈ Z,

(214) ga,b,[ρ](mϑp) = tr(ρ(τ̃
−dpm
a (b))) =

{
tr(α−dpmβ) if handle,

tr(α−dpmδ2α
dpmδ3) if torso.

Based on the description of dp and ϑp given in the proof of Propositions 79
and 80, there exists Xα ∈ LieGp such that

(215) αdpm = exp(mϑpXα),

for all m ∈ Z. Since Sp → Gp, r 7→ exp(rXα) is a well-defined analytic
function, by (214), (215), and part 4 of Propositions 79 and 80, we conclude
that

ga,b,[ρ](r) =

{
tr(exp(−rXα)β) if handle,

tr(exp(−rXα)δ2 exp(rXα)δ3) if torso.

The remaining case follows by a similar argument. □

The following is an immediate corollary of Lemma 85.

Corollary 86. In the setting of Lemma 85, we have

dga,b,[ρ]

dr

∣∣∣∣
r=0

=

{
tr(−Xαβ) if (a, b) is a handle,

tr(−Xαδ2δ3 + δ2Xαδ3) if (a, b) is a torso.



ORBIT CLOSURE OF THE PURE MCG 137

Lemma 87. In the above setting, suppose ρ : Πg,n → Gp is a group ho-
momorphism with a dense image. Suppose a and b are two simple essential
curves and i(a, b) = 0. Then ga,b,[ρ] is a constant function. In particular,

dga,b,[ρ]

dr
= 0.

Proof. If i(a, b) = 0, then by (210) and part four of Propositions 79 and 80,
ga,b,[ρ] is a constant function. □

Lemma 88. In the setting of Lemma 85, if (a, b) is either a [ρ]-handle or
a [ρ]-torso, then either

dga,b,[ρ]

dr

∣∣∣∣
r=0

̸= 0 and
dg

a,τ
−dp
a (b),[ρ]

dr

∣∣∣∣
r=0

̸= 0.

Proof. Let α := ρ(a) and β := ρ(b). Let’s recall that the positive integer
dp and ϑp ∈ Sp are chosen in a way that αdp = exp(ϑpXα) for some Xα ∈
LieGp; moreover, if p > 0, then Xα ∈ pkpsl2(Zp) (kp is 2 if p = 2 and one
otherwise) and ϑp = 1. Since α ∈ SL2(Cℓ) is loxodromic, the eigenvalues of
α in Cp are non-torsion and distinct. Therefore, the eigenvalues ±µ of Xα

in Cp are distinct; moreover, if p = 0, then µ = i, and if p > 0, then µ is
integral over Zp and its norm is small enough so that exp(µ) is well-defined.
Hence, there exists g ∈ SL2(Cp) such that

Xα = g diag(µ,−µ)g−1 and αdp = g diag(exp(ϑpµ), exp(−ϑpµ))g−1.

Thus, by Lemma 85, we have

(216) ga,b,[ρ](r) =

{
c1 exp(rµ) + c−1 exp(−rµ) if handle,

c2 exp(2rµ) + c0 + c−2 exp(−2rµ) if torso,

for some ci ∈ Cp. Hence,

(217)
dga,b,[ρ]

dr

∣∣∣∣
r=r0

=

{
µc1 exp(µr0)− µc−1 exp(−µr0) if handle,

2µc2 exp(2µr0)− 2µc−2 exp(−2µr0) if torso.

Notice that if p = 0, then µ = i, and so exp(rµ) is a well-defined element
of C. By (217), we obtain that if the derivative of ga,b,[ρ] is zero at 0 and
ϑp, then ga,b,[ρ] is a constant function. Since (a, b) is either a [ρ]-handle or
a [ρ]-torso, ga,b,[ρ] is not a constant function. Thus, by Lemma 84, we can
finish the proof. □

Lemma 89. In the setting of Lemma 85, if (a, b) is either a [ρ]-handle
at [ρ]-general position or a [ρ]-torso at [ρ]-general position, then for every
integer m with large enough absolute value, either

dga,b,[ρ]

dr

∣∣∣∣
r=0

̸= 0 or
dgτ−m

b (a),b,[ρ]

dr

∣∣∣∣
r=0

̸= 0.
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Proof. By Lemma 83, for all m ∈ Z,
(218) gτ−m

b (a),b,[ρ](r) = ga,b,τmb ·[ρ](r).

Case 1. The handle case.

Proof of Case 1. Without loss of generality, we can and will assume that
|b| = b. Let α := ρ(a) and β := ρ(b), and τ̃b be the lift given in Lemma 56
of the Dehn twist τb. Then

(219) (τ̃mb · ρ)(a) = αβm and (τ̃mb · ρ)(b) = β.

Because (a, b) is a [ρ]-handle at a [ρ]-general position, by Lemma 66, αβm is
a loxodromic element of SL2(Cℓ) if the absolute value of m is large enough.
By a similar argument as in the proof of Lemma 88, for every m such that
αβm is loxodromic in SL2(Cℓ) there exist Xm ∈ LieGp such that

(αβm)dp = exp(ϑpXm).

By Corollary 86, (218), and (219), we obtain

(220)
dgτ−m

b (a),b,[ρ]

dr

∣∣∣∣
r=0

= tr(−Xmβ).

By the contrary assumption, we deduce that

(221) tr(X0β) = tr(Xmiβ) = 0

for a sequence of integers {mi}∞i=1 such that {|mi|}∞i=1 is strictly increasing.
Since β ∈ SL2(Cℓ) is loxodromic, β has non-torsion, distinct eigenvalues λ±1

in Cp. Hence, there exists g ∈ SL2(Cp) such that

gβg−1 = diag(λ, λ−1).

Let Ym := gXmg
−1 for every integer m for which Xm is defined. Then

(222) tr(Y0 diag(λ, λ
−1)) = tr(Ymi diag(λ, λ

−1)) = tr(Y0) = tr(Tmi) = 0,

for all i. Because λ ̸= λ−1, by (222), we obtain that

(223) Ym =

(
0 um
vm 0

)
for every m ∈ {0} ∪ {mi}∞i=1. Notice that

(224) (αβm)dp = exp(Xm) =
∞∑
k=0

Xk
m

k!
= g

( ∞∑
k=0

Y k
m

k!

)
g−1.

Because αβmi ∈ SL2(Cℓ) is loxodromic, its eigenvalues in Cp are distinct and

non-torsion. Therefore, the eigenvalues of (αβmi)dp are distinct. Hence, by
(224), we deduce that umvm ̸= 0 for all m ∈ {0} ∪ {mi}∞i=1. Notice that
Y 2k
m is a scalar matrix for every non-negative integer k. Hence, by (224), we

have

(225) L((α′ diag(λm, λ−m))dp) = 0,
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where L(

(
s11 s12
s21 s22

)
) := s11 − s22.

Claim. Suppose s ∈ SL2(Cp) has distinct non-torsion eigenvalues µ±1
s .

Then, there exists C ∈ Cp such that L(sk) = C(µks − µ−k
s ) for all k ∈ Z.

Moreover, if L(sm) = 0 for some non-zero integer m, then L(sk) = 0 for all
k ∈ Z.

Proof of Claim. For s ∈ SL2(Cp), the sequence m 7→ L(sm) satisfies the
following linear recursive formula

(226) L(sm+2) = tr(s)L(sm+1)− L(sm).

As the zeros of T 2 − tr(s)T + 1 are the eigenvalues µ±1, they are distinct.
Hence, by (226), we have

(227) L(sm) = Cµms + C ′µ−m
s .

Because L(s0) = 0, by (227), we obtain that

(228) L(sm) = C(µms − µ−m
s ).

By (228) and the assumption that µs is not a root of unity, we deduce that
if L(sm) = 0 for some m ̸= 0, then L(sk) = 0 for all k ∈ Z. □

For all i, αβmi is loxodromic in SL2(Cℓ), and so its eigenvalues are distinct
non-torsion in Cp. Hence, by Claim and (225), we deduce that

(229) L(α′ diag(λm, λ−m)) = 0

for all m ∈ {0} ∪ {mi}∞i=1. By (229), we obtain that the diagonal entries of
α′ are zero. Therefore, α′2 = −1, which contradicts the assumption that α
is a loxodromic element of SL2(Cℓ). □

Case 2. The torso case.

Proof of Case 2. Let (d1, d2, d3, d4) be the standard partitioning of the topo-
logical torso (a, b) (see the discussion before Lemma 74). Let α := ρ(a),
β := ρ(b), and δi := ρ(di) for all 1 ≤ i ≤ 4. Suppose τ̃b is the lift of the
Dehn twist τb given in (151). Then

(τ̃mb · ρ)(a) =δ1β−mδ2β
m,

(τ̃mb · ρ)(d2) =β−mδ2β
m, and(230)

(τ̃mb · ρ)(d3) =β−mδ3β
m.

Since (a, b) is a [ρ]-torso at a [ρ]-general position, by Lemma 73 for every in-
teger m with large enough absolute value αm := δ1β

−mδ2β
m is a loxodromic

element of SL2(Cℓ). As in the proof of Case 1, for every m such that αm is
loxodromic in SL2(Cℓ), there exists Xm ∈ LieGp such that

α
dp
m = exp(ϑpXm).
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By Corollary 86, (218), and (230), we obtain

dgτ−m
b (a),b,[ρ]

dr

∣∣∣∣
r=0

=tr(−Xmβ
−mδ2δ3β

m + β−mδ2β
mXmβ

−mδ3β
m)

= tr(−X ′
mδ2δ3 + δ2X

′
mδ3),(231)

where X ′
m := βmXmβ

−m. The contrary assumption implies that there ex-
ists a sequence {mi}∞i=0 of integers such that m0 = 0, {|mi|}∞i=0 is strictly
increasing, and for all m ∈ {mi}∞i=0,

(232) tr(−X ′
mδ2δ3 + δ2X

′
mδ3) = tr((Ad(δ2)− 1)(X ′

m)β), and

(233) tr((Ad(δ2)− 1)(X ′
m)) = 0.

Since β is loxodromic in SL2(Cℓ), there exists g ∈ SL2(Cp) such that g−1βg =
diag(λ, λ−1) where λ ∈ Cp is not a root of unity. Therefore, by (232) and
(233), we obtain that the diagonal entries of g−1(Ad(δ2)− 1)(X ′

m)g are zero
for all m ∈ {mi}∞i=0. Let δ′i := g−1δig for all i ∈ [1..4] and X ′′

m := g−1X ′
mg.

So far, we have proved that

(234) (Ad(δ′2)− 1)(X ′′
m) ∈ Cp

(
0 1
0 0

)
⊕ Cp

(
0 0
1 0

)
,

for all m ∈ {mi}∞i=0. Let

V := Im(Ad(δ′2)− 1) ∩
(
Cp

(
0 1
0 0

)
⊕ Cp

(
0 0
1 0

))
.

Claim 1. dimV ≤ 1.

Proof of Claim 1. Suppose to the contrary that dimV > 1. Then

(235) (Ad(δ′2)− 1)(Y1) =

(
0 1
0 0

)
and (Ad(δ′2)− 1)(Y2) =

(
0 0
1 0

)
for some Y1, Y2 ∈ M2(Cp). By (235), we obtain that

δ′2Y1 − Y1δ
′
2 =

(
0 1
0 0

)
δ′2,(236)

δ′2Y2 − Y2δ
′
2 =

(
0 0
1 0

)
δ′2.

Taking trace of both sides of the equations given in (236), we deduce that
δ′2 is a diagonal matrix. Hence, δ2 commutes with β. This contradicts that
(a, b) is at a [ρ]-torso. □

By Claim 1 and (234), we obtain that there exist Z ∈ sl2(Cp) such that

(237) (Ad(δ′2)− 1)(X ′′
m) ∈ CpZ

for all m ∈ {mj}∞j=0.
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Claim 2. Suppose K : M2(Cp) → M(Cp) is a linear map and K(1) = 0.
Then for every x ∈ sl2(Cp) and every non-negative integer m, we have

K(xm) =

{
0 if m is even,

det(x)(m−1)/2K(x) if m is odd.

Proof of Claim 2. By the Cayley-Hamilton theorem, x2−det(x) = 0. Hence
x2k = det(x)k and x2k+1 = det(x)kx for all non-negative integer k. Applying
K to these equations, the claim follows. □

By Claim 2 applied to K = Ad(δ′2)− 1, (234), (237), and

exp(ϑpX
′′
m) = g−1βmα

dp
mβ

−mg,

we deduce that

(238) δ′2(g
−1βmα

dp
mβ

−mg)δ′2
−1 − g−1βmα

dp
mβ

−mg = cm

(
0 s1
s2 0

)
for all m ∈ {mi}∞i=0 and some cm, s1, s2 ∈ Cp (si’s do not depend on m). By
(238), we obtain

(239) δ′2(β
′mδ′1β

′−mδ′2)
dpδ′2

−1 − (β′mδ′1β
′−mδ′2)

dp = cm

(
0 s1
s2 0

)
for all m ∈ {mi}∞i=0. Let L(

(
s11 s12
s21 s22

)
) := s11 − s22. Then, by (239), we

obtain that

(240) L(δ′2(β
′mδ′1β

′−mδ′2)
dpδ′2

−1
) = L((β′mδ′1β

′−mδ′2)
dp).

Let µ±1
m be the eigenvalues of β′mδ′1β

′−mδ′2 in Cp. Notice that because
β′mδ′1β

′−mδ′2 is loxodromic in SL2(Cℓ) for all m ∈ {mi}∞i=0, µm is not a
root of unity. Thus, by Claim given in Case 1, there exist Cm, C

′
m ∈ Cp such

that

L(δ′2(β
′mδ′1β

′−mδ′2)
kδ′2

−1
) =Cm(µkm − µ−k

m ),

L((β′
m
δ′1β

′−mδ′2)
k) =C ′

m(µkm − µ−k
m ).(241)

Because µm is not a root of unity for m ∈ {mi}∞i=1, by (240) and (241), we
deduce that Cm = C ′

m, and so

(242) L(δ′2(β
′mδ′1β

′−mδ′2)
kδ′2

−1
) = L((β′mδ′1β

′−mδ′2)
k),

for all integers k. Since

tr(δ′2(β
′mδ′1β

′−mδ′2)
kδ′2

−1
) = tr((β′mδ′1β

′−mδ′2)
k),

by (242), we deduce that

(243) δ′2(β
′mδ′1β

′−mδ′2)
kδ′2

−1− (β′mδ′1β
′−mδ′2)

k ∈ Cp

(
0 1
0 0

)
⊕Cp

(
0 0
1 0

)
,

for all integers k. Applying (243) for k = 1, we deduce that
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δ′2

(
λm 0
0 λ−m

)
δ′1

(
λ−m 0
0 λm

)
−
(
λm 0
0 λ−m

)
δ′1

(
λ−m 0
0 λm

)
δ′2

=

(
0 s1,m

s2,m 0

)
.(244)

Suppose δ′1 =

(
f11 f12
f21 f22

)
and δ′2 =

(
g11 g12
g21 g22

)
. Then, by (244), we have

that for all m ∈ {mi}∞i=0, the (1, 1)-entry of the following matrix is zero:

(245)

(
g11 g12
g21 g22

)(
f11 λ2mf12

λ−2mf21 f22

)
−
(

f11 λ2mf12
λ−2mf21 f22

)(
g11 g12
g21 g22

)
.

Therefore,

(246) g12f21λ
−2m = f12g21λ

2m

for all m ∈ {mi}∞i=0. Because λ is not a root of unity, by (246), we deduce
that

g12f21 = f21g21 = 0.

Hence for some i = 1, 2, δ′i has a common eigenvector with β′. Therefore,
for some i = 1, 2, δi has a common eigenvector with β, which contradicts
the assumption that (a, b) is a [ρ]-torso at a [ρ]-general position. □

□

Proof of Theorem 82. Let d := d([ρ]) for simplicity. Observe that for every
d-tuple a of simple essential curves and 1 ≤ i ≤ d, we have

Ta,[ρ](rei) = θai(r, [ρ]),

where ei is a d-tuple with 1 in its i-th component and zero everywhere else.
Hence, for every pair (a,b) of d-tuple of simple essential curves

Pa,b,[ρ](rei) = (gai,b1,[ρ](r), . . . , gai,bd,[ρ]).

Therefore, we deduce that the (i, j)-entry of dPa,b,[ρ]

∣∣∣∣
r=0

is
dgaj,bi,[ρ]

dr

∣∣∣∣
r=0

. For

simplicity, let’s denote the transpose of this matrix by Da,b. To show the
first part, we have to find a and b such that Da,b is invertible.

Since the image of ρ is dense in Gp, [ρ] ∈ Ch•g,n(Cp). Because Γg,n · [ρ] is
infinite, by Lemma 43 there exists a place ℓ of Q such that [ρ] can be viewed
as an element of Chg,n(Cℓ) and Γg,n · [ρ] is unbounded in Chg,n(Cℓ). Because
[ρ] ̸∈ E1(Cp) ∪ E2(Cp), we also have that [ρ] ̸∈ E1(Cℓ) ∪ E2(Cℓ). Hence, by
Proposition 76, there exists a d([ρ])-tuple

a′ := (a′1, . . . , a
′
d([ρ]))

of simple essential curves such that the properties stated in Proposition 76
are satisfied – notice that here we are viewing [ρ] as an element of Ch•g,n(Cℓ).

Let ai := a′2i−1 for i ∈ [1..(d([ρ])/2)]. For every j ∈ [1..(d([ρ])/2)], the
pair (a′2j−1, a

′
2j) is either a [ρ]-handle at [ρ]-general position or a [ρ]-torso at
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[ρ]-generic position. Hence, by Lemma 88, for every j ∈ [1..(d([ρ])/2)] there
exists

bj ∈ {a′2j , τ
−dp
a′2j−1

(a′2j)},

such that

(247)
dgaj ,bj ,[ρ]

dr

∣∣∣∣
r=0

̸= 0.

By Lemma 89, we obtain that for every j ∈ [1..(d([ρ])/2)] there exists

ad([ρ])−j+1 ∈ {τma′2j (a
′
2j−1) | m ∈ Z},

such that

(248)
dgad([ρ])−j+1,bd([ρ])−j+1,[ρ]

dr

∣∣∣∣
r=0

̸= 0,

where bd([ρ])−j+1 := a′2j−1.

Claim. i(ai, bj) = 0 if i < j.

Proof of Claim. For i ≤ d([ρ])/2 and j > d([ρ])/2, we have that

ai, bj ∈ {a′1, a′3, . . . , a′d([ρ])−1},

and a′2k−1’s are pairwise disjoint. For i ≤ d([ρ])/2, ai = a′2i−1, and

i(a′2i−1, a
′
k) = 0

if k > 2i. Hence, for every integer m and index j > i, we have

i(ai, τ
m
a′2j−1

(a′2j)) = 0.

This means i(ai, bj) = 0 if j > i and i, j ≤ d([ρ])/2.
If i > d([ρ])/2, then

ai ∈ {τma′
2(d([ρ])−i+1)

(a′2(d([ρ])−i+1)−1) | m ∈ Z}.

For every j > i, bj = a′2(d([ρ])−j+1)−1. Thus

i(ai, bj) = 0,

and the claim follows. □

By the above Claim and Lemma 87, Da,b is a lower-triangular matrix.
By (247) and (248), the diagonal entries of Da,b are non-zero. Hence, Da,b

is invertible.
To show the second part, we notice that by [4, 5.8.10,5.8.11], the Rp-

analytic dimension of Ch×g,n;ϵ([ρ]),k([ρ])(Qp) is the same as dimC where C is

the irreducible variety given in Theorem 31. Hence, by the first part and the

chain rule, dTa,[ρ]

∣∣∣∣
r=0

is invertible. Therefore, by [4, 5.7.6.] (the implicit

function theorem), the claim follows.
The last part is another consequence of the first part and the implicit

function theorem. □



144 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

7. Density of orbits.

In this section, we prove all the major theorems on the characterization of
the closure of orbits of the pure mapping class group in a character variety.

7.1. Density in the sense of Zariski-topology. The main goal of this
section is to prove the following theorem.

Theorem 90. Suppose F is an algebraically closed field of characteristic
zero, x ∈ Ch•g,n(F ), 3g + n(x) > 3, x ̸∈ E1(F ) ∪ E2(F ), and Γg,n · x is
infinite. Let ϵ(x) and k(x) be the vectors describing boundary curves: the
ones which are mapped to ±1 and the values of t(x, cj) at other boundary
curves cj, respectively (see the beginning of Section 6.2). Let Cg,n;ϵ(x),k(x) be

the unique reduced F -scheme such that Cg,n;ϵ(x),k(x)(F ) = Chg,n;ϵ(x),k(x)(F ).
Then Γg,n · x is Zariski-dense in Cg,n;ϵ(x),k(x).

The following is an immediate consequence of Theorem 90.

Corollary 91. Suppose F is an algebraically closed field of characteristic
zero, x ∈ Ch•g,n(F ). Then Γg,n · x is dense in Cg,n;ϵ(x),k(x) if one of the
following conditions hold:

(1) g ≥ 3.
(2) g = 2 and either n(x) > 1 or the product of the components of ϵ(x)

is not −1.
(3) g = 1, n(x) ̸= 2 and n(x) > 0.

Proof. Under the given assumptions, x ̸∈ E1(F ) ∪ E2(F ). In all the given
cases, g > 0 and the Euler characteristic is negative. Hence, by the main
results of [3, 40], Γg,n·x is infinite. Hence, the claim follows from Theorem 90.

□

Proof of Theorem 90. By Proposition 21, there exists a group homomor-
phism ρ : Πg,n → SL2(F ) with a Zariski-dense image such that x = [ρ].
Notice that ρ gives us a ring homomorphism from Ag,n to F where Ag,n

is the coordinate ring of Repg,n. Let Aρ be the image of this ring homo-
morphism. So Aρ is a finitely generated integral domain of characteristic
zero. Suppose S is a generating set of Aρ as a ring. Let K := S′−1Aρ

where S′ := Z \ {0}. Then K is a finitely generated Q-algebra. Hence, by
[2, Lemma 3.1], there exist a prime p > 5 and an embedding ι : K → Qp

such that ι(S) ⊆ Zp. Therefore, ι induces an embedding of Aρ into Zp. The
composite of ι : Aρ ↪→ Zp and the ring homomorphism given by ρ which
is from Ag,n to Aρ provides us a group homomorphism which we still call
ρ such that ρ : Πg,n → SL2(Zp) and its image is Zariski-dense in (SL2)Qp .
Hence, the closure of the image of ρ in SL2(Zp) is an open subgroup – this
means [ρ] ∈ Yg,n;p. Therefore, by (208) and the second part of Theorem 82,
we deduce that there is an open subset V of

Ch×g,n;ϵ([ρ]),k([ρ])(Qp) ∩ Chg,n(Zp)
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which is in the closure (with respect to the p-adic topology) of Γg,n · [ρ].
Notice that V is a subset of the Zariski-closure of Γg,n · [ρ] in

Ch×g,n;ϵ([ρ]),k([ρ])(Qp).

Let C ′ be the reduced form of the closure of Γg,n · [ρ] in
Ch×g,n;ϵ([ρ]),k([ρ]) ×Spec(R(k)) Spec(Qp).

Because V ⊆ C ′(Qp) and the analytic dimension of V is d([ρ]), we obtain
that dimC ′ ×SpecQp Spec(Cp) is at least d([ρ]). Let C

′′ be the reduced form
of

Ch×g,n;ϵ([ρ]),k([ρ]) ×Spec(R(k)) Spec(R(k)),

where R(k) ⊆ Cp is the algebraic closure of R(k) in Cp. Then, by Theo-
rem 31, C ′′ is irreducible and it is of dimension d([ρ]). Because

C ′ ×SpecQp Spec(Cp) ⊆ C ′′ ×
SpecR(k)

Spec(Cp),

they have the same dimension, and C ′′ is irreducible, we deduce that they
are equal. Therefore Γg,n · [ρ] is Zariski-dense in C ′′. After another base
change to Spec(F ), the claim follows. □

7.2. Density in the SU2(C)-relative character varieties. In this sec-
tion, we prove the following theorem.

Theorem 92. Suppose ρ : Πg,n → SU2(C) is a group homomorphism with
a dense image, 3g+n([ρ]) > 3, [ρ] ̸∈ E1(C)∪E2(C), and Γg,n · [ρ] is infinite.
Let X[ρ] be as in the paragraph as (209). Then Γg,n · [ρ] is dense in X[ρ].

Proof. By (208) and Theorem 82, there exists an open subset U of X[ρ] in

Γg,n · [ρ]. On the other hand, by [25], the natural Borel measure on X[ρ]

is finite, and it is Γg,n-ergodic. Hence, as the characteristic function of

Γg,n · [ρ] is Γg,n-invariant and it is non-zero on the non-empty open set U ,
it is 1 almost everywhere. The complement of this closed set should have
measure zero with respect to a Borel measure, and so Γg,n · [ρ] is dense in
X[ρ]. □

The following is an immediate consequence of Theorem 92.

Corollary 93. Suppose ρ : Πg,n → SU2(C) is a group homomorphism with a
dense image. Then Γg,n ·[ρ] is dense in X[ρ] if one of the following conditions
hold:

(1) g ≥ 3.
(2) g = 2 and either n(x) > 0 or the product of the components of ϵ(x)

is not −1.
(3) g = 1, n(x) ̸= 2 and n(x) > 0.
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Proof. Under the given assumptions, x ̸∈ E1(F ) ∪ E2(F ). In all the given
cases, g > 0 and the Euler characteristic is negative. Hence, by the main
results of [3, 40], Γg,n·x is infinite. Hence, the claim follows from Theorem 92.

□

Remark 94. (1) In [41, 42], Previte and Xia worked on understand-
ing the orbit closure Γg,n · [ρ] in the above setting. Altogether, they
claimed that if g > 0, then Γg,n · [ρ] is dense in X[ρ]. This claim,
however, is not always correct as it is showed in Appendices A and
B. We will see that it is important to avoid the exceptional sets
E1(C) and E2(C). Corollary 93 provides us with the correct version
of their result. Our proof is different from theirs, even in the case of
the one-punctured torus.

(2) In [43], Previte and Xia showed the existence of a representation
ρ : Π0,4 → SU2(C) with a dense image such that |Γg,n · [ρ]| = 2. So
it is important to impose the condition that the orbit is infinite.

(3) Theorem 92 gives an answer to a problem posed by Goldman in the
case G = SU2(C) (see [23, Problem 2.7]). This special case was
singled out right after the mentioned problem in the same article.

7.3. Finitely many orbit closures in C•
g,n;ϵ,k(Zp) when g is positive.

In this section, we further investigate the closure of Γg,n-orbits in Ch•g,n(Zp).
Notice that n(x) = n(γ · x) for all γ ∈ Γg,n, and so Cg,n;ϵ,k(Zp) is invariant
under the action of Γg,n. The following is the main result of this section.

Theorem 95. Suppose p is a prime, g is a positive integer, n is a non-
negative integer, k ∈ Zn

p , and ϵ := (εi)i ∈ {±1}m. Suppose one of the
following conditions hold:

(1) g ≥ 3.
(2) g = 2 and either n > 0 or

∏m
i=1 εi ̸= −1.

(3) g = 1 and n ̸= 2.

Then there are finitely many open and closed subsets {Oi}Ni=1 of

C•
g,n+m;ϵ,k(Zp) := Cg,n+m;ϵ,k(Zp) ∩ Ch•g,n+m(Zp)

such that

C•
g,n+m;ϵ,k(Zp) =

N⋃
i=1

Oi,

and for all x ∈ C•
g,n+m;ϵ,k(Zp), there exists i such that

Γg,n+m · x = Oi.

Proof. By Proposition 21, for every x ∈ C•
g,n+m;ϵ,k(Zp), there exists ρ :

Πg,n+m → SL2(Zp) with a dense image such that x = [ρ]. Because of the
given conditions on g, n, ϵ, and k, [ρ] is not in E1(Cp)∪E2(Cp). Since g > 0
and image of ρ is dense in SL2(Zp), by the main results of [3, 40], Γg,n+m · [ρ]
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is infinite. Hence, by Theorem 82, Γg,n+m · [ρ] contains a neighborhood Ux

of x in Ch•g,n+m;ϵ,k(Zp). Therefore,

C•
g,n+m;ϵ,k(Zp) =

⋃
x

Ux

is an open covering.

Lemma 96. Suppose D is a compact DVR, a, b are ideals in D[x1, . . . , xr],
and W := V (a) \ V (b), where V (a) and V (b) are the closed subschemes of
Spec(D[x1, . . . , xr]) that are given by the prime divisors of a and b, respec-
tively. Then W (D) is a compact set.

Proof. By Corollary 2, W (D) can be naturally identified with

WD := {s ∈ Dr | ∀f ∈ a, f(s) = 0, and ⟨g(s) | g ∈ b⟩ = D}.
Since D[x1, . . . , xr] is Noetherian, there are g1, . . . , gt ∈ b such that

b = ⟨g1, . . . , gt⟩.
Then for every sequence {si}∞i=1 of points in WD, we have

f(si) = 0 and ⟨g1(si), . . . , gt(si)⟩ = D,

for all f ∈ a.
Because Dr is compact, after passing to a subsequence, if needed, we

can and will assume that limi→∞ si = s for some s ∈ Dr. Clearly for
all f ∈ a, f(s) = limi→∞ f(si) = 0, and for all large enough i and all j,
gj(s)− gj(si) ∈ m where m is the unique maximal ideal of D. Hence, for all
large enough i,

⟨g1(s), . . . , gt(s)⟩+m = ⟨g1(si), . . . , gt(si)⟩+m = D.

Therefore by Nakayama’s lemma

⟨g1(s), . . . , gt(s)⟩ = D.

Altogether, we obtain s ∈WD. Thus WD is compact. □

By Lemma 96, C•
g,n+m;ϵ,k(Zp) is compact. Because {Ux}x is an open

cover of C•
g,n+m;ϵ,k(Zp), we deduce that there exists finitely many points

x1, . . . , xN in C•
g,n+m;ϵ,k(Zp) such that

(249) C•
g,n+m;ϵ,k(Zp) =

N⋃
i=1

Γg,n+m · xi.

We also notice that for all x ∈ Γg,n+m · xi, Ux is a subset of

Γg,n+m · x ⊆ Γg,n+m · xi.
Hence, Γg,n+m · xi is an open subset as well.
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Lemma 97. Suppose x, y ∈ C•
g,n+m;ϵ,k(Zp). Let

πk : C•
g,n+m;ϵ,k(Zp) → Cg,n+m;ϵ,k(Z/pkZ)

be the map induced by the ring homomorphism πk : Zp → Z/pkZ of the

residue modulo pk. Suppose

(250) y ∈ π−1
k (πk(x)) ⊆ Γg,n+m · x.

Then
Γg,n+m · x = Γg,n+m · y.

Proof. Notice that for every positive integer k′ ≥ k,

(251) πk′(Γg,n+m · x) = Γg,n+m · πk′(x).
By (250) and (251), we deduce that πk′(y) is in the same Γg,n+m-orbit as
πk′(x). Hence, for every k

′ ≥ k,

πk′(x) ∈ πk′(Γg,n+m · y).
Thus x ∈ Γg,n+m · y, which implies that

Γg,n+m · x ⊆ Γg,n+m · y.
By (250), we obtain the other side of the inclusion. □

Since Γg,n+m · xi is open for all i ∈ [1..N ], there exists a positive integer
k such that

(252) π−1
k (πk(xi)) ⊆ Γg,n+m · xi

for all i ∈ [1..N ]. Because of (249), for every y ∈ C•
g,n+m;ϵ,k(Zp), there exists

i such that

(253) πk(y) ∈ Γg,n+m · πk(xi).
By (252), (253), and Lemma 97, we obtain that

Γg,n+m · y = Γg,n+m · xi.
Hence Oi := Γg,n+m · xi’s satisfy the claimed properties. □

7.4. Stability of the number of orbits in the mod pk-tower. An im-
portant consequence of Theorem 95 and Lemma 97 is the stability of the
number of certain Γg,n+m-orbits in the tower of Z/pkZ-points of C•

g,n+m;ϵ,k.
We let

C•
g,n+m;ϵ,k(Z/pkZ) := Cg,n+m;ϵ,k(Z/pkZ) ∩ Ch•g,n+m(Z/pkZ),

and
C•
g,n+m;ϵ,k(Zp) := Cg,n+m;ϵ,k(Zp) ∩ Ch•g,n+m(Zp).

We investigate the numberNg,n;ϵ,k(k) of Γg,n+m-orbits in Ch•g,n+m;ϵ,k(Z/pkZ).
We show that this number, in general, might go to infinity as k tends to in-
finity. We prove, however, that the number Ng,n;ϵ,k(k) of Γg,n+m-orbits in

C•
g,n+m;ϵ,k(Z/pkZ) is stable for large enough k. In addition, we show that
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all the Γg,n+m-orbits in C•
g,n+m;ϵ,k(Z/pkZ) have the same size up to a factor

which does not depend on k.

Theorem 98. Suppose p is a prime, g is a positive integer, n is a non-
negative integer, k ∈ Zn

p , and ϵ := (εi)i ∈ {±1}m. Suppose one of the
following conditions hold:

(1) g ≥ 3.
(2) g = 2 and either n > 0 or

∏m
i=1 εi ̸= −1.

(3) g = 1 and n ̸= 2.

Then there exist a positive integer k0 := k0(g, n, ϵ,k, p) and a real number
c0 := c0(g, n, ϵ,k, p) ≥ 1 such that for all k ≥ k0, the following statements
hold.

(1) Ng,n;ϵ,k(k) = Ng,n;ϵ,k(k0).

(2) For every x ∈ C•
g,n+m;ϵ,k(Z/pkZ),

c−1
0 pdk ≤ |Γg,n+m · x| ≤ c0p

dk,

where d = 2(3g + n− 3).

Proof. By Theorem 95, there exists a finite set {Oi}Ni=1 consisting of open
and closed subsets of C•

g,n+m;ϵ,k(Zp) such that every closure of Γg,n+m-orbit

in C•
g,n+m;ϵ,k(Zp) is one of Oi’s.

By Proposition 30 and Proposition 21, for every x ∈ C•
g,n+m;ϵ,k(Z/pkZ)

there exists
x ∈ C•

g,n+m;ϵ,k(Zp)

such that x = πpk(x). Then Γg,n+m · x = Oi0 for some i0 ∈ [1..N ]. Hence,

Γg,n+m · x = πpk(Oi0).

Therefore, Ng,n+m;ϵ,k ≤ N .
By Theorem 82, for every i ∈ [1..N ], there exists a d-tuple (b1, . . . , bd) of

simple closed curves, a positive integer k0, and x0 ∈ Zd
p such that

tb(Oi) ⊇ pk0Zd
p + x0,

where tb(y) := (t(y, b1), . . . , t(y, bd)). Hence

|Γg,n+m · x| = |πpk(Oi0)| ≥ |πpk(tb(Oi0))| ≥ p−k0dpkd.

By Theorem 82 and Lemma 96, Cg,n+m;ϵ,k(Zp) is a compact p-adic ana-
lytic variety of pure dimension d. Hence, it is covered by finitely many open
subsets that are isomorphic to pk0Zd

p for some positive integer k0. By Propo-

sition 30, |Cg,n+m;ϵ,k(Z/pkZ)| is the same as the number of disjoint balls of

radius 1/pk in |Cg,n+m;ϵ,k(Zp)| (with respect to the usual p-adic metric on
the p-adic charts). Therefore,

|Cg,n+m;ϵ,k(Z/pkZ)| ≤ C0p
dk,

where C0 is a positive number depending on g, n, ϵ,k, and p. □
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Corollary 99. For every t ∈ Zp, there exist a positive integer N0 := N0(p, t)
and a real number c0 := c0(p, t) such that for all positive integers k such that
the following statements hold.

(1) The number of Γ1,1-orbits in Ch•1,1;t(Z/pkZ) is N0.

(2) For every Γ1,1-orbit O in Ch•1,1;t(Z/pkZ), we have

c−1
0 p2k ≤ |O| ≤ c0p

2k.

Proof. This follows from Theorem 98 and the fact that C1,1;t = Ch×1,1;t. □

7.5. Connection with Markoff triples. In this section, we recall the
connection between Markoff triples and a relative character variety of one-
punctured torus. Then, we formulate a consequence of Corollary 99 in the
context of Markoff triples. For many primes, our result on Markoff triples
can be improved based on works of Bourgain, Gamburd, and Sarnak [5,
6] and Chen [8] (on Z/pZ-points) and works in progress by Meiri, Puder,
Sarnak, and the first author.

If (a, b, c) is an optimal set of generators of a one-punctured torus Σ1,1,
then Fricke showed that the coordinate ring R1,1 of Ch1,1 is Z[ta, tb, tab]
and ta, tb, and tab are algebraically independent over Q. Using the Fricke
identities, we have

t[a,b] = t2a + t2b + t2ab − tatbtab − 2.

Hence, Ch×1,1;−2 can be embedded in the affine schemeM given by the equa-
tion

x2 + y2 + z2 = xyz.

Suppose R is a unital commutative ring and 2 ∈ R×. If t[a,b](x) = −2 for
some x ∈ Ch1,1(R), then

∆(a, b)(x) = t[a,b](x)− 2 = −4 ∈ R×.

Hence, x ∈ Ch×1,1;−2(R). Therefore

(254) Ch×1,1;−2 ×Z Z[1/2] ≃M ×Z Z[1/2].
Let A1,1 be the coordinate ring of Rep1,1, and suppose I1,1 is an ideal of
A1,1[1/30] such that

Rep•1,1 = Spec(A1,1[1/30]) \ V (I1,1).

Let
ρ0 : Π1,1 → SL2(A1,1)

be the generic representation. Then, by Proposition 20, p ∈ Rep•1,1 if and
only if

ρ0,p := πp(ρ0) : Π1,1 → SL2(A1,1/p)

is sufficiently Zariski-dense. Let A1,1;−2 be the quotient of A1,1 which is
given by the equation tr([ρ0(a), ρ0(b)]) = −2. Then p is in Rep•1,1;−2 if and
only if ρ0,p is sufficiently Zariski-dense and

tr([ρ0,p(a), ρ0,p(b)]) = −2.
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Because A1,1;−2 is a finitely generated ring, every prime ideal is the inter-
section of its maximal divisors. Hence, p is in Rep•1,1;−2 if and only if for
every maximal divisor m of p, ρ0,m is sufficiently Zariski-dense and

tr([ρ0,m(a), ρ0,m(b)]) = −2.

Lemma 100. Suppose F is a field whose characteristic is not 2, 3, or 5.
Suppose ρ : Π1,1 → SL2(F ) is a group homomorphism. Suppose the F -span
of the image Im(ρ) is M2(F ), and

(255) tr([ρ(a), ρ(b)]) = −2.

Then ρ is not sufficiently Zariski-dense if and only if

tr(ρ(a)) = tr(ρ(b)) = tr(ρ(ab)) = 0.

Proof. Let α := ρ(a) and β := ρ(b). By (255), we obtain that [α, β] is minus
a unipotent.

(⇒) First, we use a proof by contradiction to show that [α, β] = −1.
Case 1. The field F is of characteristic zero.
Let F be an algebraically closure of F . Let G be the Zariski-closure of the

image Im(ρ) of ρ in (SL2)F . Then, G contains a one-dimensional unipotent
subgroup. Hence, G is either (SL2)F or a subgroup of a Borel subgroup.
Since the F -span of Im(ρ) is M2(F ), G cannot be contained in a Borel
subgroup. Therefore G = (SL2)F . Hence, ρ is sufficiently Zariski-dense,
which is a contradiction.

Case 2. The field F is of characteristic p > 5.
In this case, Im(ρ) contains an element of order p and its F -span is M2(F ).

Thus, by [48, Theorem 6.17], Im(ρ) contains a copy of SL2(Fp). Therefore,
ρ is sufficiently Zariski-dense, which is a contradiction.

Altogether, we have αβ = −βα. Hence,
tr(αβ) = − tr(βα) = − tr(αβ).

As the characteristic of F is not 2, we deduce tr(αβ) = 0. By αβ = −βα,
we also have αβα−1 = −β and −α = βαβ−1. Thus, 2 tr(α) = 2 tr(β) = 0,
which implies that tr(α) = tr(β) = 0.

(⇐) Because tr(α) = tr(β) = tr(αβ) = 0, by the Cayley-Hamilton theo-
rem, we have that

α2 = β2 = (αβ)2 = −1.

Hence
αβ = −(αβ)−1 = −β−1α−1 = −βα.

□

By (254), the closed subscheme of Rep1,1 given by Spec(A1,1;−2) is a

subset of Rep×1,1;−2. Hence, by Lemma 100, p is in Rep•1,1;−2 precisely when
for every maximal divisor m of p,

tr([ρ0,m(a), ρ0,m(b)]) = −2

and either tr(ρ0,m(a)) ̸= 0, tr(ρ0,m(b)) ̸= 0, or ρ0,m(ab)) ̸= 0.
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Thus by (254), we deduce the following result.

Proposition 101. Let M• be the quasi-affine scheme

Spec(Z[x, y, z]/⟨x2 + y2 + z2 − xyz⟩) \ V (⟨x, y, z⟩).
Then

Ch•1,1;−2 ×Z Z[1/30] ≃M• ×Z Z[1/30].

We callM := Spec(Z[x, y, z]/⟨x2+y2+z2−xyz⟩) theMarkoff scheme, and
we refer toM• as the primitive Markoff scheme. Notice that by Corollary 2,
there is a natural bijection between M•(R) and

{(u, v, w) ∈ R3 | u2 + v2 + w2 = uvw, ⟨u, v, w⟩ = R}.
Markoff studied the integer solutions of a closely related equation

x2 + y2 + z2 = 3xyz.

If we set M := Spec(Z[x, y, z]/⟨x2 + y2 + z2 − 3xyz⟩) (and similarly, define
M•), then one can see that x 7→ x

3 , y 7→ y
3 , and z 7→

x
3 induces isomorphisms

M×Z Z[1/3] ≃M ×Z Z[1/3] and M• ×Z Z[1/3] ≃M• ×Z Z[1/3].
Notice that Γ1,1 is generated by the Dehn twists τa and τb. Using the lifts
τ̃a and τ̃b of these Dehn twists given in Lemma 56 and equations

tab−1 = tatb − tab and tab2 = tabtb − ta

which are obtained by the Fricke relations, we deduce that the action of Γ1,1

on M is given by

θ1 : (x, y, z) 7→ (x, xy − z, y) and θ2 : (x, y, z) 7→ (z, y, yz − x).

Notice that ab is freely homotopic to τa(b), and

ττa(b) = τaτbτ
−1
a .

Direct computation shows that ττa(b) acts on M via

θ1θ2θ
−1
1 : (x, y, z) 7→ (xz − y, x, z).

Let Λ be the subgroup of Aut(M•) which is generated by θ1, θ2, the group
of permutations of x, y, and z, and x 7→ −x, y 7→ −y, z 7→ z. Notice that
⟨θ1, θ2⟩ is a subgroup of index 12 in Λ. Markoff proved that Λ acts transi-
tively on M•(Z). Hence, the image of

πk : M•(Z) → M•(Z/kZ)
is the Λ-orbit of (1, 1, 1). Thus the strong approximation property of M• is
equivalent to the transitivity of the action of Λ on M•(Z/kZ).

Notice that M•×ZZ[1/30] ≃ Ch•1,1;−2×ZZ[1/30], and so if gcd(k, 30) = 1,
then there is a Γ1,1-equivariant bijection

(256) M•(Z/kZ) ≃ Ch•1,1;−2(Z/kZ).
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Corollary 102 (Markoff triples). Suppose p > 5 is a prime and M• is as
above. Then there exists N0 := N0(p) and a real number c0 := c0(p) such
that the following statements hold.

(1) The number of Λ-orbits in M•(Z/pmZ) is at most N0.
(2) For every Λ-orbit O in M•(Z/pmZ), we have

c−1
0 p2m ≤ |O| ≤ c0p

2m.

Proof. This is an immediate consequence of Corollary 99 and (256). □

In a forthcoming work, Meiri, Puder, Sarnak and the first author prove the
transitivity of the action of Λ on M•(Z/kZ) for a large family of composite
moduli.

7.6. Orbit closures in C•
0,n;ϵ,k(Zp). In this section, we investigate the clo-

sure of Γ0,n-orbits in C•
0,n;ϵ,k(Zp). The main issue in the case of g = 0 is

the existence of finite Γ0,n-orbits in C•
0,n;ϵ,k(Zp). Because of the connection

with the algebraic solutions of the general Painlevé VI differential equations,
classifying all the finite Γ0,n-orbits has been studied. In [35], Lisovyy and
Tykhyy gave a classification of finite Γ0,4-orbits, and based on this work,
Tykhyy classified finite Γ0,5-orbits (see [51]). Recently, in [30], Lam, Lan-
desman, and Litt used a work of Corlette and Simpson [9] and Katz’s middle
convolution functor (see[29]) and classified (most of) finite Γ0,n-orbits. Here,

we use these mentioned results and describe the Zariski-closure Chfin0,n of

{x ∈ Ch•0,n(C) | |Γ0,n · x| <∞}
in Chg,n. We set

Ch∗0,n := Ch•0,n \ Chfin0,n,
and similarly define Ch∗0,n;ϵ,k and C0,n;ϵ,k, and prove an analogue of Theo-
rem 95 for C∗

0,n;ϵ,k(Zp).

Theorem 103. Suppose p is a prime, n is an integer more than 3, k ∈ Zn
p ,

and ϵ := (εi)i ∈ {±1}m. Then there are finitely many open and closed
subsets {Oi}Ni=1 of C∗

0,n+m;ϵ,k(Zp) such that

C∗
0,n+m;ϵ,k(Zp) =

N⋃
i=1

Oi,

and for all x ∈ C∗
0,n+m;ϵ,k(Zp), there exists i such that

Γ0,n+m · x = Oi.

Proof. The same argument as in the proof of Theorem 95 works here, and
no modification is needed. □

Next, we summarize some consequences of the mentioned results on clas-
sification of finite Γ0,n-orbits.
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Proposition 104. Suppose c1, c2, c3, c4 is an optimal generating set of Π0,4.
Let ti := tci ∈ R0,4, wX := t1t2 + t3t4, wY := t1t3 + t2t4, wZ := t1t4 + t2t3,
and

w4 := t21 + t22 + t23 + t24 + t1t2t3t4.

Let V denote the closed subschemes of Ch0,4 and Spec(Z[t1, t2, t3, t4]) that
are given by V (⟨wX , wY , wZ , w4⟩). Then the following statements hold.

(1) The morphism

t∂Σ0,4 : (Chfin0,4 \ V )×Z Z[1/2] → A4
Z[1/2] \ V

is quasi-finite.
(2) We have V ⊆ Chfin0,4 and

V (C) =
⋃
k

Ch0,4;k(C),

where k ranges in the finite set

{(0, 0, 0, 0), (2ε0, 2ε0ε1, 2ε0ε2,−2ε0ε1ε2) | εi = ±1}.
(3) There is a number N such that for every

k ∈ C \ {(0, 0, 0, 0), (2ε0, 2ε0ε1, 2ε0ε2,−2ε0ε1ε2) | εi = ±1},
we have

|Ch0,4;k(C) ∩ Chfin0,4(C)| ≤ N.

Proof. By [27, Theorem 4.3], R0,4 is isomorphic to

Z[t1, t2, t3, t4, X, Y, Z]/⟨X2+Y 2+Z2+XY Z−wXX−wY Y −wZZ+(w4−4)⟩
where the isomorphism is given by

tci 7→ ti, tc2c3 7→ X, tc1c3 7→ Y, and tc2c3 7→ Z,

for i = 1..4. Based on this, Ch0,4(C) is viewed as a closed subset of C7 via
the map

ι(p) := (t1(p), t2(p), t3(p), t4(p), X(p), Y (p), Z(p));

and the projection to the first 6 components is a 2-to-1 map.
Viewing Ch0,4(C) as a subset of C7 via ι, t∂Σ0,4 turns to the projection

to the first 4 components.
By [35, Lemma 39, Theorem 1], for p ∈ Ch0,4(C), if the Γ0,4-orbit Γ0,4 · p

is finite, then ι(p) is a point in the closed subscheme of Ch0,4 which is given
by either the following ideals or the ideals obtained from them by permuting
the variables X, Y , and Z and making some admissible sign changes.

(1) The ideal a1 generated by

2X + Y Z − wX , 2Y +XZ − wY , 2Z +XY − wZ ,

and
2XY Z +X2 + Y 2 + Z2 + 4− w4.

(2) a2 := ⟨X2 − wXX + w4 − 4, Y, Z, wY , wZ⟩.
(3) a3 := ⟨X − 1, Z, Y − wY , wX − 2, wZ − wY , w4 − 5⟩.
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(4) a4 := ⟨Y − 1, Z − 1, X −wX +2, wY −wX , wZ −wX , w4− 3(X +2)⟩.
(5) a5 := ⟨wX , wY , xZ , w4⟩.
(6) A finite list of ideals mi that are of the form⋂

σ∈Gal(ki/Q)

⟨X−σ(xi), Y−σ(yi), Z−σ(zi), wX−σ(ωX), wY −σ(ωY ), wZ−σ(ωZ)⟩,

where ki is in {Q[ζ6],Q[ζ8],Q[ζ10],Q[ζ14]} and

xi, yi, zi, ωX , ωY , ωZ ∈ ki.

Moreover, by the aforementioned result, if ι(p) is in

4⋃
i=1

V (ai)(C) ∪
⋃
j

V (mj)(C),

then Γ0,4 · p is finite.
For every unital commutative ring A and α, β ∈ A×, we have that

X := α+ α−1, Y := β + β−1, Z := −((αβε) + (αβε)−1),

where ε = ±1, and wX = wY = wZ = w4 = 0 give us a point in V (a5)(A).
This point has a finite Γ0,4-orbit precisely when α and β are torsion. So, we
are giving a morphism from GL1×GL1 to the subscheme defined by a1 and
the torsion points of GL1(A)×GL1(A) are mapped to the points with finite
Γ0,4-orbits. It is easy to see that the image of torsion points of C× × C× is
Zariski-dense in V (a5)(C).

Altogether, we deduce that the Zariski-closure of the points p ∈ Ch0,4(C)
that have finite Γ0,4-orbit is given by the intersection of ideals ai’s, mj ’s,
τ(ai)’s, and τ(mi), where τ is an element of a finite subgroup of automor-
phisms of R0,4 given by permutations and admissible sign changes. In par-

ticular, V ⊆ Chfin0,4.
Notice that the following are integral ring homomorphisms

Z[1/2][wX , wY , wZ , w4] → R0,4[1/2]/a1[1/2],

Z[wX , wY , wZ , w4] → R0,4/τ(aj), and Z[wX , wY , wZ , w4] → R0,4/τ(mj),

for all j ≤ 4 and τ as above. This implies the first part.
Direct computation shows that for p ∈ Ch0,4(F ), where F is a field of

characteristic different from 2, wX(p) = wY (p) = wZ(p) = w4(p) = 0 pre-
cisely when (t1(p), t2(p), t3(p), t4(p)) is in

{(0, 0, 0, 0), (2ε0, 2ε0ε1, 2ε0ε2,−2ε0ε1ε2) | εi = ±1}.
This completes the proof of part (2). The last part follows either from parts
(1) and (2), or directly from [35, Theorem 1]. □

Proposition 105. There exists a positive integer N such that for all k ∈ C5,

(257) |C•
0,5;k(C) ∩ Chfin0,5(C)| ≤ N.
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Proof. By [51, Table 9], we have that

|C0,5;k(C) ∩ Chfin0,5(C)| ≤ N.

unless k = (0, 0, ζn+ζ
−1
n , 0, 0) up to a permutation of the components where

ζn is an n-th root of unity; this exceptional case is given in the second row
of the cited table.

Let

γ1 := ω, γ2 := ω−1αx+y, γ3 := αx, γ4 := ωαy−z, γ5 := ω−1αz,

where ω :=

(
0 1
−1 0

)
and αx := diag(e2πix, e−2πix). Then γ1γ2γ3γ4γ5 = 1,

and the trace of the representation ρ : Π0,5 → SL2(C) given by γi’s matches
the second row of [51, Table 9]. Notice that ρ is an absolutely irreducible
representation and its image is solvable. Hence

[ρ] ∈ Ch×0,5(C) \ Ch
•
0,5(C).

This shows that (257) always holds. □

By [30, Corollary 1.1.8], we have that every point in C•
0,n;k(C) has an

infinite Γ0,n-orbit if n ≥ 7 and ki ̸∈ {ζ + ζ−1 | ζ ∈ C× is torsion} for some
i. It is likely that based on this result, one could prove that if n ≥ 7 and
ki ̸∈ {ζ + ζ−1 | ζ ∈ C× is torsion} for some i, then

(258) C•
0,n;k(C) ∩ Chfin0,n(C) = ∅.

Indeed, it is plausible that (258) would hold for n ≥ 7 and no additional con-
dition on k. In either case, we would get a sharper version of Theorem 103.

8. Appendix. Families of exceptional representations.

In this section, we present exceptional families of representations for Π1,2

and Π2,1. Based on these families, we show that there are dense SU2(C)-
representations ρ of Π1,2 and Π2,1 such that the mapping class group orbit of
[ρ] is not dense in the corresponding relative character varieties in Ch1,2(R)
and Ch2,1(R), respectively. This shows that [42, Theorem 1.4] due to Previte
and Xia is false for these cases. These examples also show why it is essential
to avoid the exceptional families given by E1 and E2 in various theorems in
this article.

8.1. Defining certain closed subsets of representation variety. For
non-negative integers g and n, and ε = ±1, let

Rg,n,ε(A) :=

{
Repg,n(A) if ε = 1

{ρ ∈ Repg,n+1(A) | ρ(cn+1) = −1} if ε = −1.

Let n(ε) := (1− ε)/2. For a subset w of Πg,n+n(ε), we let

R
(ε)
w (A) := {ρ ∈ Rg,n,ε(A) | ∀w ∈ w, ρ(w)2 = −1}.
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For two subsets w and w′ of Πg,n+n(ε), we say

w ∼ w′ if R
(ε)
w (A) = R

(ε)
w′ (A),

for all unital commutative rings A. Clearly, ∼ defines an equivalence relation
on the power of set of Πg,n+n(ε). The equivalence class of a subset w is

denoted by [w]. Because the set R
(ε)
w (A) only depends on [w], we can and

will sometimes denote it by R
(ε)
[w](A). Notice that if w is a subset of Πg,n+n(ε)

and
w′ = {gwwg−1

w | w ∈ w},
where w 7→ gw is a function from w to Πg,n+n(ε), then [w′] = [w]. It is also
clear that if [w1] = [w′

1] and [w2] = [w′
2], then [w1 ∪w2] = [w′

1 ∪w′
2] as

R
(ε)
w∪w′(A) = R

(ε)
w (A) ∩R(ε)

w′ (A),

for every subsets w,w′ of Πg,n+n(ε). For every pure automorphism θ̃ of
Πg,n+n(ε), every unital commutative ring A, and w ⊆ Πg,n+n(ε), we have

(259) ρ ∈ R
(ε)
w (A) if and only if θ̃ · ρ ∈ R

(ε)

θ̃(w)
(A).

To see this, it is enough to notice that for all w ∈ w,

(θ̃ · ρ)(θ̃(w))2 = ρ(w)2 = −1.

Therefore, for all θ̃ ∈ PAut(Πg,n+n(ε)), we have that

[w] = [w′] if and only if [θ̃(w)] = [θ̃(w′)].

Because for every inner automorphism cg, [cg(w)] = [w], we obtain that the
pure mapping class group Γg,n+n(ε) acts on the set of equivalence classes

{[w] | w ⊆ Πg,n+n(ε)}.
We also define the following partial ordering on this set:

[w] ⪯ [w′] if R
(ε)
w (A) ⊆ R

(ε)
w′ (A),

for every unital commutative ring A. Clearly, ⪯ is a partial ordering, and
by (259), this partial ordering is preserved under the action of Γg,n+n(ε).

It is worth pointing out that for a representation ρ : Πg,n(ε) → SL2(A),

we have ρ(w)2 = −1 precisely when tw([ρ]) = 0. So, one can define a closed

subscheme C
(ε)
w of Ch×g,n(ε) given by {tw}w∈w and the boundary condition,

and then for every ρ ∈ R
(ε)
w (A) we have [ρ] ∈ C

(ε)
w (A).

Starting with [w], we can consider the Γg,n+n(ε)-orbit of [w]. The main
results of the next sections are to provide finite Γg,n+n(ε)-orbits under this
action for (g, n, ε) = (1, 2, 1) and (g, n, ε) = (2, 0,−1).

Having such finite orbits help us find orbits of the mapping class group in
the character varieties for (g, n) = (1, 2) or (2, 1) which have small closures
with respect to various topologies.

The following lemma is useful in understanding orbits of Γg,n+n(ε).
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Lemma 106. In the above notation, for all w,w′ ∈ Πg,n+n(ε) and k ∈ Z,
we have

[{w,w′w}] = [{w′kw,w′k+1w}].

Proof. For every unital commutative ring A, ρ is in R
(ε)

{w′kw,w′k+1w}(A) pre-

cisely when

(260) ρ(w′kw)2 = ρ(w′k+1w)2 = −1.

Let ω := ρ(w) and ω′ := ρ(w′). If (260) holds, then

ω′kωω′kω = ω′k+1ωω′k+1ω which implies ωω′ω−1 = ω′.(261)

By (261), we deduce that

(262) −1 = ω′kωω′kω = ω′kω′−kω2 = ω2.

By (261) and (262), we obtain that

(263) (ω′ω)2 = ω2 = −1.

By (263), we deduce that for every integer k,

[{w′kw,w′k+1w}] ⪯ [{w,w′w}].

Next, we assume that ρ is in R
(ε)
{w,w′w}(A) and let ω := ρ(w) and ω′ := ρ(w′).

Then ω2 = (ω′ω)2 = −1, and so ωω′ω−1 = ω′−1. Therefore, for all integer
k,

(ω′kω)2 = ω′kωω′kω = ω′kω′−kω2 = −1.

This implies that [{w,w′w}] ⪯ [{w′kw,w′k+1w}] for every integer k. This
completes the proof. □

8.2. The case of a two-holed torus.

8.2.1. Notation and generating pure automorphisms. Notice that Π1,2 is
given by the following presentation

⟨a, b, c, c′ | [a, b−1]cc′ = 1⟩.
This implies that Π1,2 is freely generated by a, b, and c. Based on this, we
can and will identify Rep1,2(A) with SL2(A)

3 for every unital commutative
ring A.

By [13, Theorem 4.14], the Dehn twists about the simple loops homotopic
with a1, b1, and c2a1 generate the pure mapping class group Γ1,2 where
a1, b1, c1, c2 is the optimal sequence of generators given in Figure 3 (see
Figure 1). The following automorphisms of the free group ⟨a, b, c⟩ are lifts
of these Dehn twists:

(264) τ1(a, b, c) := (a, ab, c), τ2(a, b, c) := (ab−1, b, c),

and
τ3(a, b, c) := (a, bd−1, dcd−1) where d := c−1b−1ab.
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The first two are clearly lifts of the Dehn twists τa1 and τb1 . By the proof
of Case 3-c in the proof of Propositions 60 and 61, we deduce that τ3 is an
automorphism. Clearly, τ3(c) is sent to a conjugate of c. Next, notice that

τ3(d) = (dc−1d−1)(db−1)(a)(bd−1) = d(c−1b−1ab)d−1 = d.

Hence,

τ3([a, b
−1]c) = τ3(ab

−1a−1bc) = τ3(ad
−1) = ad−1 = [a, b−1]c,

which implies that τ3(c
′) = c′. Therefore, τ3 is a pure automorphism of Π1,2.

Notice that the last Dehn twist in the generating set given in Figure 1 do
not change a, c, and c′ (up to freely homotopic relation), and sends b to a
curve which is freely homotopic to b(c′a)−1 = bd−1. Hence, τ3 is a lift of
this Dehn twist. This implies that

PAut(Π1,2) = Γ̃1,2Inn(Π1,2), where Γ̃1,2 := ⟨τ1, τ2, τ3⟩.

8.2.2. Defining exceptional families of representations. The exceptional fam-

ilies of representations of Π1,2 are given by R
(1)
vi , where

v1 :={ac, bc, abc}, v2 :={ab, b, ac},(265)

v3 :={a, b, abc}, v4 :={a, ab, bc}.

Proposition 107. In the above setting, O := {[v1], . . . , [v4]} is an Γ1,2-
orbit, and τj’s permute [vi]’s according to the following graph:

[v1] [v2] [v3] [v4]
τ±1
3

τ±1
1

τ±1
2

τ±1
2

τ±1
3

τ±1
1

τ±1
1

τ±1
2

τ±1
3

τ±1
1

τ±1
2

τ±1
3

Proof. Because the group Γ1,2 is generated by the outer automorphisms
given by τj ’, it is necessary and sufficient to show that [vi]’s are permuted
according to the given diagram. This will be done on a case-by-case con-
sideration. In each case, instead of showing τ±1

j ([vi]) = [vk] for the claimed

k := k(i, j) , we only show that

[vi] ⪯ τ±1
j [vk].

This, however, is sufficient as every edge in the diagram has the same label
in both directions, and ⪯ is a Γ1,2-invariant partial ordering.

For ρ ∈ Rep1,2(A), suppose ρ(a, b, c) = (α, β, γ) ∈ SL2(A)
3. We go

through the cases, and assuming that ρ ∈ R
(1)
vi (A), we show that ρ is in

R
(1)

τ±1
j [vk]

(A).

Case ([v1], τ
±1
1 ): in this case, we have to show that

(266) [{ac, bc, abc}] = [{ac, aεbc, aεabc}]
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for ε = ±1. By Lemma 106, we have

[{bc, abc}] = [{aεbc, aεabc}],
and so (266) follows.

Case ([v1], τ
±1
2 ): in this case, we have to show that

(267) [{ac, bc, abc}] = [{abεc, bc, abεbc}].
Notice that we can cyclically change the words, and so by Lemma 106, we
obtain

[{ac, abc}] = [{ca, bca}] = [{bεca, bεbca}] = [{abεc, abεbc}].
The (267) follows.

Case ([v1], τ
±1
3 ): in this case, we have to show that

(268) [{ac, bc, abc}] ⪯ [{abd−ε, bd−ε, adεcd−ε}],
where d := c−1b−1ab and ε ∈ {±1}. Let δ := ρ(d) = γ−1β−1αβ. Notice that
because (γα)2 = (γαβ)2 and (βγ)2 = (αβγ)2, we have

(269) (γα)β(γα)−1 = β−1 and (βγ)α(βγ)−1 = α−1.

By the second equation in (269), we have

(270) δ = γ−1β−1αβ = (βγ)−1αβ = α−1(βγ)−1β = α−1γ−1 = (γα)−1.

By (270), we deduce that δ−1 = −δ, and so it is enough to prove (268) for
ε = 1.

By (269) and ρ ∈ R
(1)
[v1]

(A), we have

(αβδ−1)2 =(α(βγ)α)2 = (βγ)2 = −1,

(βδ−1)2 =(βγα)2 = −1,

(αδ−1γδ)2 =(α(γα)−1γ(γα))2 = (γα)2 = −1.

(271)

By (271), (268) follows.
Case ([v2], τ

±1
1 ): in this case, we have to show that

(272) [{ab, b, ac}] = [{aaεb, aεb, ac}],
where ε ∈ {±1}. By Lemma 106, we have

[{ab, b}] = [{aεab, aεb}],
which implies (272).

Case ([v2], τ
±1
2 ): in this case, we have to show that

(273) [{ab, b, ac}] ⪯ [{abε, b, abεbc}],
where ε ∈ {±1}.

Since β2 = −1, it is enough to show (273) for ε = 1. Notice that
(αβ2γ)2 = (αγ)2 = −1, and so (273) follows.

Case ([v2], τ
±1
3 ): in this case, we have to show that

(274) [{ab, b, ac}] ⪯ [{adεcd−ε, bcd−ε, abcd−ε}],
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where d = c−1b−1ab and ε ∈ {±1}.
Because (αβ)2 = α2, αβα−1 = β−1. Hence,

(275) δ = γ−1β−1αβ = γ−1α−1,

which implies that δ2 = −1. Thus, it is enough to prove (274) for ε = −1.
We have

(αδ−1γδ)2 =(α(αγ)α−1)2 = −1,

(βγδ)2 =(βα−1)2 = −1,

(αβγδ)2 =(αβα−1)2 = −1.

(276)

By (276), (274) follows.
Case ([v3], τ

±1
1 ): in this case, we have to show that

(277) [{a, b, abc}] ⪯ [{a, aaεb, aεbc}].
Notice that since α2 = −1, it is enough to show (277) for ε = 1. We have
(α2β)2 = β2 = −1, and (277) follows.

Case ([v3], τ
±1
2 ): in this case, we have to show that

(278) [{a, b, abc}] ⪯ [{a, b, ab−εc}],
where ε = ±1. As β2 = −1, it is enough to prove (278) for ε = −1, which is
clear.

Case ([v3], τ
±1
3 ): in this case, we have to show that

(279) [(a, b, abc)] ⪯ [(a, bd−ε, abcd−ε)],

where d = c−1b−1ab and ε ∈ {±1}. Let δ := ρ(d). Then

βδ−1 =α−1βγ = −αβγ,
αβγδ−1 =αβγβ−1α−1βγ = (αβγ)β−1(αβγ)−1,

βδ =βγ−1β−1αβ = β(αβγ)−1β−1,

αβγδ =ααβ = −β.

(280)

By (280), (279) follows.
Case ([v4], τ

±1
1 ): in this case, we have to show that

(281) [(a, ab, bc)] ⪯ [(a, aεb, aaεbc)],

where ε ∈ {±1}. Since α2 = −1, it is enough to prove (281) for ε = 1. Then
α2βγ = −βγ, and (281) follows.

Case ([v4], τ
±1
2 ): in this case, we have to show that

(282) [(a, ab, bc)] = [(ab−ε, ab−εb, bc)],

where ε ∈ {±1}. By Lemma 106, we have

[(a, ab)] = [(ab−ε, ab−εb)],

and so (282) holds.
Case ([v4], τ

±1
3 ): in this case, we have to show that

(283) [(a, ab, bc)] ⪯ [(a, abd−ε, bcd−ε)],
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where d = c−1b−1ab and ε ∈ {±1}. Let δ := ρ(d). Then

αβδ−1 =βγ,

βγδ−1 =βγβ−1α−1βγ = −(βγ)(αβ)−1(βγ)−1,

αβδ =αβγ−1β−1αβ = −(αβ)(βγ)−1(αβ)−1,

βγδ =αβ.

(284)

By (284), (283) follows. This completes the proof. □

8.2.3. Dense exceptional representations. Here, we provide (topological) gen-
erating sets {α, β, ξ} of SL2(A) for various rings A or SU2(C) such that

α2 = β2 = ξ2 = −1.

Such a generating set give us a representation in R
(1)
[v3]

(A) where [v3] is an

in the previous section. Then by Proposition 107, we obtain a point in
Ch•1,2(A) with Γ1,2-orbit not dense in the corresponding relative character
variety.

Proposition 108. There exist ρ0 : Π1,2 → SL2(Z) and ρ1 : Π1,2 → SU2(C)
such that the following holds.

(1) Represetations ρi’s are in R
(1)
[v3]

(C).
(2) For every prime ℓ ̸= 3, the representation ρ0 is in Rep•1,2(Zℓ), and

the group ρ0(Π1,2) is dense in SL2(
∏

p̸=3 Zp).

(3) The representation ρ1 is in Rep•1,2(C), and the group ρ1(Π1,2) is
dense in SU2(C).

We start with the following lemma.

Lemma 109. There exists a unique subgroup of SL2(Z) which is normal
and is of index 3. Moreover, this normal subgroup N satisfies the following
properties.

(1) The subgroup N contains the principal congruence subgroup SL2(Z)[3]
where SL2(Z)[3] is the kernel of the residue map modulo 3 from
SL2(Z) to SL2(Z/3Z).

(2) There exist α, β, ξ ∈ N such that N is generated by α, β, and ξ, and
α2 = β2 = ξ2 = −1.

Proof. Let j :=

(
0 1
−1 0

)
and y :=

(
0 −1
1 −1

)
. Then j2 = −1 and y3 = 1. It

is well-known that j and y generate SL2(Z) and PSL2(Z) is freely generated
by ±j and ±y; in particular, PSL2(Z) ≃ ⟨a, b | a2, b3⟩. Let

α := j, β := yjy−1, and ξ := y2jy−2.

Clearly α2 = β2 = ξ2 = −1. Let N be the subgroup generated by α, β, and
ξ. Notice that

y{j, yjy−1, y2jy−2}y−1 = {j, yjy−1, y2jy−2}
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as y3 = 1. Hence, j and y are in the normalizer of N . This implies that N
is a normal subgroup of SL2(Z). So N is the normal subgroup generated by
j. This means

SL2(Z)
N

≃ SL2(Z)/{±1}
N/{±1}

≃ ⟨a, b | a2, b3, a⟩ ≃ Z/3Z.

On the other hand, if M is a normal subgroup and SL2(Z)/M has order 3,
then every element of order 4 is in M ; in particular, x ∈ M , which implies
that N ⊆ M , and so M = N . This shows there exists a unique normal
subgroup of index 3 in SL2(Z).

The residue map modulo 3 is an epimorphism to SL2(Z/3Z). Therefore,
SL2(Z)

SL2(Z)[3]
≃ SL2(Z/3Z).

It is well-known that SL2(Z/3Z) is isomorphic to A4 and A4 has a normal
subgroup of index 3. Hence, SL2(Z) has a normal subgroup of index 3
which contains SL2(Z)[3]. We have proved that N is the unique such normal
subgroup. Hence, N contains SL2(Z)[3]. This finishes the proof. □

By the strong approximation property of SL2(Z), we have that SL2(Z)
is dense in SL2(Ẑ) where Ẑ :=

∏
p Zp as p-ranges over all the primes. By

Lemma 109, the given normal subgroup N is a congruence subgroup of index

3; hence, the closure of N in SL2(Ẑ) is an open normal subgroup of index
3. By Lemma 109, we also see that N is dense in SL2(

∏
p ̸=3 Zp). Therefore,

we conclude the following corollary.

Corollary 110. There exist α, β, ξ ∈ SL2(Z) such that ⟨α, β, ξ⟩ is dense in
SL2(

∏
p ̸=3 Zp) and α

2 = β2 = ξ2 = −1.

Next, we prove a similar result for the compact Lie group SU2(C). We
start by recalling some well-known basic facts about SU2(C). Let

X := {x ∈ SU2(C) | x2 = −1}.
It is clear that x ∈ SU2(C) if and only if the minimal polynomial of x is
T 2 + 1, and the latter holds precisely when tr(x) = 0. It is easy to see that
x ∈ SU2(C) has trace zero if and only if it is of the form(

ia b+ ci
−b+ ci −ia

)
where (a, b, c) is a point in the unit sphere S2.

So we get a homeomorphism ϕ0 : X → S2.
Notice that SU2(C) acts on X by conjugation. It is well-known that there

exists a surjective (algebraic) group homomorphism ι : SU2(C) → SO3(R)
such that

(1) The homeomorphism ϕ0 is ι-equivariant; that means we have

ϕ0(uxu
−1) = ι(u)(ϕ0(x)),

for every u ∈ SU2(C) and x ∈ X.
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(2) The surjective group homomorphism ι is a central isogeny and its
kernel is {±1}; and so SU2(C) is a double cover of SO3(R).

A direct computation shows that ι(j) is a π-rotation about the z-axis, where

j :=

(
0 1
−1 0

)
. Because SU2(C) acts transitively on X, we obtain that, for

every x ∈ X, ι(x) is a π-rotation about some axis. This also implies that,
conversely, if ι(u) is a π-rotation about an axis, then u ∈ X. If ι(xi) is a
π-rotation about ℓi for i = 1, 2, then ι(x1) ◦ ι(x2) is a 2θ- rotation about the
axis ℓ where ℓ the unique line passing through the origin which is orthogonal
to ℓ1 and ℓ2 and θ is the angle between ℓ1 and ℓ2.

Lemma 111. There exist α, β, ξ ∈ SU2(C) such that ⟨α, β, ξ⟩ is dense in
SU2(C) and α2 = β2 = ξ2 = −1.

Proof. Take three lines ℓ1, ℓ2, ℓ3 passing through the origin. Let θi be the
angle between ℓ1 and ℓi for i = 2, 3. We choose ℓi’s in a way that (1) they
are not coplanar, and (2) the quotient θi/π is irrational for i = 2, 3. Let
ri be the π-rotation about ℓi. Then the closure of the group generated by
r1, r2, r3 contains all the rotations about ℓ12 and ℓ13, where ℓ1i is the unique
line passing through the origin and orthogonal to both ℓ1 and ℓi. Because ℓ12
and ℓ13 are distinct, we get two distinct connected 1-dimensional subgroups
of SO3(R). This implies that the closure of the group generated by these
two groups is the entire SO3(R). Therefore, the group generated by ri’s is
dense in SO3(R). By the discussion prior to this lemma, there exist xi’s in
SU2(C) such that x2i = −1 and ι(xi) = ri. As ι : SU2(C) → SO3(R) is a
connected, double cover and ⟨r1, r2, r3⟩ is dense in SO3(R), we deduce that
⟨x1, x2, x3⟩ is dense in SU2(C). □

Proof of Proposition 108. By Corollary 110, there exist α, β, ξ ∈ SL2(Z)
such that

(285) α2 = β2 = ξ2 = −1,

and the group generated by α, β, and ξ is dense in SL2(
∏

p̸=3 Zp). Recall
that

Π1,2 ≃ ⟨a, b, c1, c2 | [a, b−1]c1c2⟩.
Therefore, the following assignments define a representation of Π1,2:

ρ0(a) := α, ρ0(b) := β, ρ0(c1) := (αβ)−1ξ,

and
ρ0(c2) := ([ρ0(a), ρ0(b)

−1]ρ0(c1))
−1.

By (285), we have that ρ0 is in R
(1)
[v3]

(C). By Proposition 20, we obtain that

ρ0 satisfies all the mentioned properties in part (2).
By Lemma 111, there exist α, β, ξ ∈ SU2(C) such that

(286) α2 = β2 = ξ2 = −1



ORBIT CLOSURE OF THE PURE MCG 165

and the group generated by α, β, and ξ is dense in SU2(C). Similar to the
previous case, we can define ρ1 : Π1,2 → SU2(C) which satisfies all the
mentioned properties. □

8.3. The case of a one-holed surface of genus two. In this section, we
will provide an orbit of Γ2,1 in Ch2,1(Cp) which is not Zariski-dense in its
corresponding modified relative character variety. The representations that
are lifts of the characters in these orbits assign −1 to the boundary curve,
and they can be chosen to be Zariski-dense in SL2(Cp) or SU2(C).

8.3.1. Notation and generating pure automorphisms. Notice that Π2,1 is
given by the following presentation

⟨a1, b1, a2, b2, c | [a1, b−1
1 ][a2, b

−1
2 ]c = 1⟩.

This implies that Π2,1 is freely generated by a1, b1, a2, and b2. We will focus
on representations of Π2,1 that send c to −1; such representation can get
identified with elements of

R(A) := {(α1, β1, α2, β2) ∈ SL2(A)
4 | [α1, β

−1
1 ][α2, β

−1
2 ] = −1}.

For ρ ∈ R(A) and w ∈ Π2,1, we let ρ(w) ∈ SL2(A) be the evaluation of
w at ρ. By [13, Theorem 4.14] (see Figure 1), the Dehn twists about the
simple loops homotopic with a1, b1, a2, b2, and b

−1
2 a−1

2 b2a1 generate the pure
mapping class group Γ2,1 where a1, b1, a2, and b2 is the optimal sequence of
generators given in Figure 3. The following automorphisms of Π2,1 are lifts
of these Dehn twists:

τ1(a1, b1, a2, b2) :=(a1, a1b1, a2, b2), τ2(a1, b1, a2, b2) := (a1b1, b1, a2, b2),

τ3(a1, b1, a2, b2) :=(a1, b1, a2, a2b2), τ4(a1, b1, a2, b2) := (a1, b1, a2b2, b2),

τ5(a1, b1, a2, b2) :=(a1, b1x
−1, xa2x

−1, xb2),

where x := b−1
2 a−1

2 b2a1. We have that

τi([a1, b
−1
1 ][a2, b

−1
2 ]) = [a1, b

−1
1 ][a2, b

−1
2 ]

for i = 1, 2, 3, 4, and

τ5([a1, b
−1
1 ][a2, b

−1
2 ]) = (a1a

−1
2 )[a2, b

−1
2 ][a1, b

−1
1 ](a1a

−1
2 )−1,

which implies that τi’s are pure automorphisms.
We notice that for every integer k,

τk1 (a1, b1, a2, b2) :=(a1, a
k
1b1, a2, b2), τ

k
2 (a1, b1, a2, b2) := (a1b

k
1, b1, a2, b2),

τk3 (a1, b1, a2, b2) :=(a1, b1, a2, a
k
2b2), τ

k
4 (a1, b1, a2, b2) := (a1, b1, a2b

k
2, b2),

τk5 (a1, b1, a2, b2) :=(a1, b1x
−k, xka2x

−k, xkb2),

where x = b−1
2 a−1

2 b2a1. The last equation follows from

τ5(x) = (b2x
−1)(xa−1

2 x−1)(xb2)(a1) = x.



166 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Let Γ̃2,1 := ⟨τ1, τ2, τ3, τ4, τ5⟩. Then

PAut(Π2,1) = Γ̃2,1Inn(Π2,1).

8.3.2. Defining exceptional families of representations. The exceptional rep-

resentations o Π2,1 are given by R
(−1)
[wi]

, where

w1 :={a1, a1b1, b1b2, b1a2, b1a2b2},
w2 :={a1, b1, a1b1b2, a1b1a2, a1b1a2b2},
w3 :={b1, a1b1, a1b2, a1a2, a1a2b2},
w4 :={b2, a2b2, b1a2, a1a2, a1b1a2},
w5 :={a2, b2, a1a2b2, b1a2b2, a1b1a2b2},
w6 :={a2, a2b2, a1b2, b1b2, a1b1b2}.

Proposition 112. In the above setting, O := {[w1], . . . , [w6]} is an Γ2,1-
orbit, and τj’s permute [wi]’s according to the following graph:

(287) [w1] [w2] [w3] [w4] [w5] [w6]
τ±1
1

τ±1
i ,i ̸=1

τ±1
2

τ±1
1

τ±1
i ,i ̸=1,2

τ±1
5

τ±1
2

τ±1
i ,i ̸=2,5

τ±1
4

τ±1
5

τ±1
i ,i ̸=4,5

τ±1
3

τ±1
4

τ±1
i ,i ̸=3,4

τ±1
3

τ±1
i ,i ̸=3

.

Proof. Because the group Γ2,1 is generated by the outer automorphisms
given by τj ’s, it is necessary and sufficient to show that [wi]’s are permuted
according to the given diagram. This will be done on a case-by-case consid-
eration. In each case, instead of showing τ±1

j ([wi]) = [wk] (for the claimed

k := k(i, j)), we only show that

τ±1
j ([wi]) ⪯ [wk].

This, however, is sufficient as every edge in (287) in both directions is labelled
by the same automorphism.

Let’s also point out that Π2,1 is freely generated by a1, b1, a2, b2, and so the
function ai 7→ a3−i and bi 7→ b3−i for i = 1, 2 extends to an automorphism
σ of Π2,1; moreover

σ(c−1) = σ([a1, b
−1
1 ][a2, b

−1
2 ]) = [a2, b

−1
2 ][a1, b

−1
1 ]

is a conjugate of c−1. Hence, σ is a pure automorphism of Π2,1. Notice that

σ[wj ] = [w7−j ]

for all j = 1..6. This follows from observing that for every w ∈ wj , the word
σ(w) is a cyclic permutation of a word in w7−j . Direct computation shows
that

σ ◦ τ1 ◦ σ = τ3, σ ◦ τ2 ◦ σ = τ4, and σ
2 = id.

Therefore if we prove the claim for i = 1..4 and j = 1..3, then for i = 1..4
and ℓ = 4..6, we obtain

τi([wℓ]) = σ(τi±2([w7−ℓ])) = σ([wk]) = w7−k
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for the claimed k. Using this observation, we will be checking the claimed
τi([wj ]) = wk for (i, j)’s in

{(i, j) | 1 ≤ i ≤ 4, 1 ≤ j ≤ 3} ∪ {(5, j) | 1 ≤ j ≤ 6}.
We go through all the pairs in the above set. In each case, we identify
ρ ∈ R(A) with (α1, β1, α2, β2) ∈ SL2(A)

4. For ε = ±1,

τ ε1 ([w1]) = [{a1, a1aε1b1, aε1b1b2, aε1b1a2, aε1b1a2b2}].

So if ρ ∈ R
(−1)
τε1 ([w1])

(A), then α2
1 = −1. Hence, αε

1 = α1. Therefore,

τ ε1 ([w1]) = [{a1, b1, a1b1b2, a1b1a2, a1b1a2b2}] = [w2].

Next, we consider (i, j) = (1, 2). For ε = ±1, we have

τ ε2 ([w1]) = [{a1bε1, a1bε1b1, b1b2, b1a2, b1a2b2}].

So if ρ ∈ R
(−1)
τ2([w1])

(A), then β21 = −1, which implies βε1 = β1. Hence,

τ ε2 ([w1]) = [{a1b1, a1, b1b2, b1a2, b1a2b2}] = [w1].

Now, we consider the case (i, j) = (1, 3). For ε = ±1, we have

τ ε3 ([w1]) = [{a1, a1b1, b1aε2b2, b1a2, b1a2aε2b2}].
By Lemma 106, we have that

τ ε3 ([w1]) = [{a1, a1b1, b1a2b2, b1a2, b1b2}] = [w1].

For the case (i, j) = (1, 4), we have

τ ε4 ([w1]) = [{a1, a1b1, b1b2, b1a2bε2, b1a2bε2b2}].
By Lemma 106, we obtain that

τ ε4 ([w1]) = [{a1, a1b1, b1b2, b1a2b2, b1a2}] = [w1].

Next, we consider the case (i, j) = (1, 5). For ε = ±1, we have that
τ ε5 ([w1]) is equal to

[{a1, a1(b1x−ε), (b1x
−ε)(xεb2), (b1x

−ε)(xεa2x
−ε), (b1x

−ε)(xεa2x
−ε)(xεb2)}]

=[{a1, a1b1x−ε, b1b2, b1a2x
−ε, b1a2b2}],

where x = b−1
2 a−1

2 b2a1. Suppose ρ ∈ R
(−1)
τ5([w1])

(A), and let χ := ρ(x). Then

β1β2β1β2 = β1α2β2β1α2β2,

which implies that
(β2β1)α2(β2β1)

−1 = α2.

Hence,

χ =β−1
2 α−1

2 β2α1 = β−1
2 α−1

2 (β2β1)β
−1
1 α1

=β−1
2 (β2β1)α2β

−1
1 α1 = β1α2β

−1
1 α1.(288)
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For ε = 1, we start by noticing that β1α2χ
−1 = β1α2α

−1
1 β1α

−1
2 β−1

1 is a

conjugate of α−1
1 β. Because α2

1 = −1, we deduce that

(α1β1)
2 = −1.

Because (α1β1)
2 = (α1β1χ

−1)2 = −1, we obtain that

(α1β1)χ(α1β1)
−1 = χ−1.

Therefore

(289) (α1β1χ)
2 = (α1β1)

2 = −1.

By (288) and α2
1 = −1, we deduce that

α1β1χ = −α1β1(β1α2)β
−1
1 α−1

1 .

Hence, by (289), we obtain that (β1α2)
2 = −1. Altogether, we deduce for

ε = 1,
α2
1 = (β1β2)

2 = (β1α2β2)
2 = (α1β1)

2 = (β1α2)
2 = −1.

This means

(290) τ5([w1]) ⪯ [w1].

For ε = −1, we start by noticing that using (288) and α2
1 = −1 we have

α1β1χ = α1β1β1α2β
−1
1 α1 = −(α1β1)(β1α2)(α1β1)

−1.

Hence (β1α2)
2 = −1. As (β1α2χ)

2 = −1, we have (β1α2)χ(β1α2)
−1 = χ−1.

Hence
(β1α2χ

−1)2 = −1.

Notice that

β1α2χ
−1 = β1α2α

−1
1 β1α

−1
2 β−1

1 = (β1α2)(α
−1
1 β1)(β1α2)

−1.

Hence, (α−1
1 β1)

2 = −1; because we also have α2
1 = −1, it follows that

(α1β1)
2 = −1. Altogether, we have

α2
1 = (β1β2)

2 = (β1α2β2)
2 = (β1α2)

2 = (α1β1)
2 = −1,

and so

(291) τ−1
5 ([w1]) ⪯ [w1].

By (290) and (291), we obtain τ±1
5 ([w1]) = [w1]. This completes the study

of the vertex [w1].
Next, we consider the case of (i, j) = (2, 2). For ε = ±1, we have

τ ε2 ([w2]) =[{a1bε1, b1, a1bε1b1b2, a1bε1b1a2, a1bε1b1a2b2}]
=[{a1b1, b1, a1b2, a1a2, a1a2b2}] = [w3].

For (i, j) = (2, 3) and ε = ±1, we have

τ ε3 ([w2]) = [{a1, b1, a1b1aε2b2, a1b1a2, a1b1a2aε2b2}].
By Lemma 106, we obtain that

τ ε3 ([w2]) = [{a1, b1, a1b1a2b2, a1b1a2, a1b1b2}] = [w2].
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For (i, j) = (2, 4) and ε = ±1, we have

τ±1
4 ([w2]) = [{a1, b1, a1b1b2, a1b1a2bε2, a1b1a2bε2b2}].

By Lemma 106, we deduce that

τ±1
4 ([w2]) = [{a1, b1, a1b1b2, a1b1a2b2, a1b1a2}] = [w2].

For (i, j) = (2, 5) and ε = ±1, we have that

τ ε5 ([w2]) = [{a1, b1x−ε, a1b1b2, a1b1a2x
−ε, a1b1a2b2}],

where x = b−1
2 a−1

2 b2a1. Suppose ρ ∈ R
(−1)
τε5 ([w2])

(A), and let χ := ρ(x). Then

by (α1β1β2)
2 = (α1β1α2β2)

2 = −1, we obtain that

(β2α1β1)α2(β2α1β1)
−1 = α−1

2 .

Hence

χ =β−1
2 α−1

2 β2α1 = β−1
2 α−1

2 (β2α1β1)β
−1
1

=β−1
2 (β2α1β1)α2β

−1
1 = α1β1α2β

−1
1 .(292)

By (292), for ε = 1, we have

α1β1α2χ
−ε = (α1β1α2)β1(α1β1α2)

−1;

and so β21 = −1. This implies that for ε = 1,

β1χ
−ε = β1β1(α1β1α2)

−1 = (α1β1α2)
−1.

Hence, in this case (α1β1α2)
2 = −1. Altogether, we obtain

α2
1 = β21 = (α1β1β2)

2 = (α1β1α2)
2 = (α1β1α2β2)

2 = −1.

This means

(293) τ5([w2]) ⪯ [w2].

By (292), for ε = −1, we have

β1χ
−ε = β1χ = β1α1β1α2β

−1
1 .

Hence (α1β1α2)
2 = −1. Therefore, by (292), we have

α1β1α2χ = (α1β1α2)(α1β1α2)β
−1
1 = −β−1

1 .

Thus β21 = −1. Altogether, we obtain that

(294) τ−1
5 ([w2]) ⪯ [w2].

By (293) and (294), we deduce that

τ±1
5 ([w2]) = [w2].

Next, we consider the case (i, j) = (3, 1). For ε = ±1, we have

τ ε1 ([w3]) = [{aε1b1, a1aε1b1, a1b2, a1a2, a1a2b2}].
By Lemma 106, we obtain that

τ ε1 ([w3]) = [w3].
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For the case (i, j) = (3, 3) and ε = ±1, we have

τ ε3 ([w3]) = [{b1, a1b1, a1aε2b2, a1a2, a1a2aε2b2}].
By Lemma 106, we obtain that

τ ε3 ([w3]) = [{b1, a1b1, a1a2b2, a1a2, a1b2}] = [w3].

For the case (i, j) = (3, 4) and ε = ±1, we have

τ ε4 ([w3]) = [{b1, a1b1, a1b2, a1a2bε2, a1a2bε2b2}].
By Lemma 106, we obtain that

τ ε4 ([w3]) = [{b1, a1b1, a1b2, a1a2b2, a1a2}] = [w3].

The case (i, j) = (3, 5) is the most tricky part of the proof. Let ε = ±1
and

a′i := τ ε5 (ai), b
′
i := τ ε5 (bi),

for i = 1, 2. Let x = b−1
2 a−1

2 b2a1 and recall that

τ ε5 (x) = x.

Clearly, we have

τ ε5 ([w3]) = [{b′1, a′1b′1, a′1b′2, a′1a′2, a′1a′2b′2}].

Suppose ρ ∈ R
(−1)
τε5 ([w3])

(A). Let α′
i := ρ(a′i), β

′
i := ρ(bi) for i = 1, 2, and

χ := ρ(x).
Because (β′2α

′
1)

2 = (α′
2β

′
2α

′
1)

2 = −1, we have

(β′2α
′
1)α

′
2(β

′
2α

′
1)

−1 = α′−1
2 .

This implies that

(295) χ = β′−1
2 α′−1

2 β′2α
′
1 = β′−1

2 β′2α
′
1α

′
2 = α′

1α
′
2.

Hence, χ2 = −1, and so χε = ±χ. By (295) and (α′
1α

′
2β

′
2)

2 = −1, we obtain
that

−1 = (α′
1α

′
2β

′
2)

2 = (χχεβ2)
2 = β22 .

By (295) and (α′
1β

′
2)

2 = −1, we deduce that

−1 = (α′
1β

′
2)

2 =(α1χ
εβ2)

2 = (α1χ
−1β2)

2

=(α1α
−1
1 β−1

2 α2β2β2)
2

=β−1
2 (α2β2)

2β2;

and so
(α2β2)

2 = −1.

Because −1 = β′21 = (β1χ
−ε)2 and χ2 = −1, we deduce that

(296) χβ1χ
−1 = β−1

1 .
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By (295), χ2 = −1, and (296), we have

−1 = (α′
1β

′
1)

2 =(χα′−1
2 β1χ

−ε)2

=(χχεα−1
2 χ−εχ−εβ−1

1 )2

=(α−1
2 β−1

1 )2.

Hence (β1α2)
2 = −1.

Because β22 = (α2β2)
2 = −1, we have

β2α2β
−1
2 = α−1

2 .

Therefore,
χ = β−1

2 α−1
2 β2α1 = β−1

2 β2α2α1.

Hence, χ2 = −1 implies
(α1α2)

2 = −1.

Since β′21 = χ2 = −1 and χ = α2α1, we deduce that

−1 = (β1χ
−ε)2 = (β1χ)

2 = (β1α2α1)
2.

Altogether, we have proved that

β22 = (α1α2)
2 = (β1α2)

2 = (α2β2)
2 = (α1β1α2)

2 = −1.

This implies that ρ ∈ R
(−1)
[w4]

(A), and so

τ±1
5 ([w3]) ⪯ [w4].

Only the following three cases are remained: (i, j) = (4, 5), (5, 5), and (6, 5).
The analysis of the case (4, 5) is very similar to the analysis of the case (3, 5).
Let a′i := τ ε5 (ai) and b

′
i := τ ε5 (bi) for i = 1, 2 where ε = ±1. Then

τ ε5 ([w4]) = {b′2, a′2b′2, b′1a′2, a′1a′2, a′1b′1a′2}.
Recall that τ ε5 (x) = x where x = b−1

2 a−1
2 b2a1. Suppose ρ ∈ Rτε5 ([w4])(A),

and let α′
i := ρ(a′i), β

′
i := ρ(b′i) for i = 1, 2, and χ := ρ(x). Because

β′22 = (α′
2β

′
2)

2 = −1, we have

β′2α
′
2β

′−1
2 = α′−1

2 .

Hence

(297) χ = β′−1
2 α′1

2 β
′
2α

′
1 = α′

2α
′
1.

By (297) and (α′
1α

′
2)

2 = −1, we obtain that

χ2 = −1; and so χε = ±χ.
By (β′1α

′
2α

′
1)

2 = −1, χ2 = −1 and (297), we obtain that

−1 = (β′1α
′
2α

′
1)

2 = (β1χ
εχ)2 = β21 .

Because (β′1α
′
2)

2 = −1, β21 = −1, χ2 = −1, and (297), we deduce that

−1 = (β′1χα
′−1
1 )2 = (β1χ

−εχα−1
1 )2 = (β−1

1 α−1
1 )2.

Hence, we have
(α1β1)

2 = −1.



172 ALIREZA SALEHI GOLSEFIDY AND NATTALIE TAMAM

Because (β′2α
′
2)

2 = −1, we have

(χεβ2χ
εα2χ

−ε)2 = −1.

Hence, by χ2 = −1, we deduce that

−1 = (β2χα2)
2 = (β2β

−1
2 α−1

2 β2α1α2)
2 = α−1

2 (β2α1)
2α2,

which implies that
(β2α1)

2 = −1.

Since β′22 = −1, β′2 = χεβ2, and χ
2 = −1, we obtain that

χβ2χ
−1 = β−1

2 .

Thus using β22 = −1, we have

(β−1
2 α−1

2 β2α1)β2 = β−1
2 (β−1

2 α−1
2 β2α1),

and so
tr(α−1

2 β2α1) = − tr(α−1
2 β2α1).

Therefore, tr(α−1
2 β2α1) = 0, which by the Cayley-Hamilton theorem implies

that
(α−1

2 β2α1)
2 = −1.

As (β2α1)
2 = (α−1

2 β2α1)
2 = −1, we deduce that

(β2α1)α2(β2α1)
−1 = α−1

2 .

Thus
(β2α1α2)

2 = −1;

moreover
χ = β−1

2 α−1
2 (β2α1) = β−1

2 (β2α1)α2 = α1α2.

As χ2 = −1, we deduce that

(α1α2)
2 = −1.

Altogether, we have proved that

β21 = (α1β1)
2 = (α1β2)

2 = (α1α2)
2 = (α1α2β2)

2 = −1.

This means ρ ∈ R
(−1)
[w3]

(A), and so

τ±1
5 ([w4]) ⪯ [w3].

For the case (i, j) = (5, 5) and ε = ±1, we have

τ ε5 ([w5]) =[{xεa2x−ε, xεb2, a1x
εa2b2, b1a2b2, a1b1a2b2}]

=[{a2, xεb2, a1xεa2b2, b1a2b2, a1b1a2b2}]

where x = b−1
2 a−1

2 b2a1. Let ρ ∈ R
(−1)
τε5 ([w5])

(A) and χ := ρ(x). For ε = 1,

(χεβ2)
−1 = −1 and α2

2 = −1 imply

−1 = (β−1
2 α−1

2 β2α1β2)
2 = β−1

2 (α2β2α1)
2β2;

and so
(α1α2β2)

2 = −1.
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Because (α2β2α1)
2 = (χα2β2α1)

2 = −1, we have

(α2β2α1)χ(α2β2α1)
−1 = χ−1.

Hence using (χα2β2α1)
2 = −1 and α2

2 = −1, we obtain

−1 =(α2β2α1χ
−1)2

=(α2β2α1α
−1
1 β−1

2 α2β2)
2

=β22 .

Altogether, we have

α2
2 = β22 = (α1α2β2)

2 = (β1α2β2)
2 = (α1β1α2β2)

2 = −1,

which means ρ ∈ R
(−1)
[w5]

(A). Hence,

(298) τ5([w5]) ⪯ [w5].

For ε = −1, (α1χ
εα2β2)

2 = −1 and α2
2 = 1 imply

−1 =(α1α
−1
1 β−1

2 α2β2α2β2)
2

=β−1
2 (α2β2α2)

2β2

=(α2β2)
−1β22(α2β2).

Hence
β22 = −1.

Using β22 = −1 and (χεβ2)
2 = −1, we obtain that

β2χβ
−1
2 = χ−1.

Hence,

−1 =(β2χ)
2 = (β2β

−1
2 α−1

2 β2α1)
2

=(α−1
2 β2α1)

2 = (α2β2α1)
2.

Therefore
(α1α2β2)

2 = −1.

Altogether, we have

α2
2 = β22 = (α1α2β2)

2 = (β1α2β2)
2 = (α1β1α2β2)

2 = −1,

which implies that

(299) τ−1
5 ([w5]) ⪯ [w5].

By (298) and (299), we deduce that

τ±1
5 ([w5]) = [w5].

The last case is (i, j) = (5, 6). For ε = ±1, we have

τ ε5 ([w6]) =[{xεa2x−ε, xεa2b2, a1x
εb2, b1b2, a1b1b2}]

=[{a2, xεa2b2, a1xεb2, b1b2, a1b1b2}],
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where x = b−1
2 a−1

2 b2a1. Suppose ρ ∈ R
(−1)
τε5 ([w6])

(A) and let χ := ρ(x). If ε = 1,

then (χεα2β2)
2 = −1 implies that

−1 =(χα2β2)
2 = (β−1

2 α−1
2 β2α1α2β2)

2

=β−1
2 α−1

2 (β2α1)
2α2β2;

and so
(α1β2)

2 = −1.

Because (β2α1)
2 = −1 and (χβ2α1)

2 = −1, we have

(β2α1)χ(β2α1)
−1 = χ−1.

Hence

−1 =(χβ2α1)
2 = (β2α1χ

−1)2

=(β2α1α
−1
1 β−1

2 α2β2)
2

=(α2β2)
2.

Altogether, we have

α2
2 = (β1β2)

2 = (α1β2)
2 = (α2β2)

2 = (α1β1β2)
2 = −1.

This implies that

(300) τ5([w6]) ⪯ [w6].

For ε = −1, let ρ ∈ R
(−1)

τ−1
5 ([w6])

(A) and χ := τ−1
5 ([w6])(x). Then by

(χ−1β2α1)
2 = −1, we deduce that

−1 =(α−1
1 β−1

2 α2β2β2α1)
2

=α−1
1 β−1

2 (α2β2)
2β2α1;

and so
(α2β2)

2 = −1.

By (α2β2)
2 = −1 and (χ−1α2β2)

2 = −1, we obtain that

(α2β2)χ(α2β2)
−1 = χ−1.

Therefore, by (χ−1α2β2)
2 = −1, we obtain that

−1 =(χ−1α2β2)
2 = (α2β2χ)

2

=(α2β2β
−1
2 α−1

2 β2α1)
2

=(β2α1)
2.

Altogether, we have

α2
2 = (β1β2)

2 = (α1β1β2)
2 = (α2β2)

2 = (β2α1)
2 = −1.

This implies that

(301) τ−1
5 ([w6]) ⪯ [w6].
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By (300) and (301), we obtain

τ±1
5 ([w6]) = [w6].

This finishes the proof. □

8.3.3. Dense exceptional representations of Π2,1. The goal of this section is
to prove the following result.

Proposition 113. (1) For every i = 1..6, there exists ρ : Π2,1 → SU2(C)
such that ρ ∈ R

(−1)
[wi]

(C) and the image of ρ is dense in SU2(C) with

respect to the Hausdorff topology.
(2) For every i = 1..6 and prime p > 3, there exists

ρ ∈ R
(−1)
[wi]

(Zp) ∩ Rep•2,1(Zp).

We start with the following lemma, which roughly says that the conditions
on the words w ∈ w1 imply the boundary condition.

Lemma 114. Suppose j = 1..6 and ρ : Π2,1 → SL2(A) is a representation
such that for all w ∈ wj, ρ(w)

2 = −1. Then ρ(c) = −1; that means

ρ ∈ R
(−1)
[wj ]

(A).

Proof. Suppose j = 1. Let αi := ρ(ai) and βi := ρ(bi) for i = 1, 2. Then
α2
1 = (α1β1)

2 implies that

(302) α1β1α
−1
1 = β−1

1 ,

and similarly, (β1α2)
2 = (β1α2β2)

2 implies that

(303) α2β
−1
2 α−1

2 = β−1
1 β2β1.

By (302), we have

(304) [α1, β
−1
1 ] = β21 .

By (303) and (β1β2)
2 = −1, we deduce that

(305) [α2, β
−1
2 ] = β−1

1 β2β1β2 = β−2
1 (β1β2)

2 = −β−2
1 .

By (304) and (305), we deduce that ρ(c) = −1. This completes the proof
for j = 1.

For an arbitrary j, by Proposition 112, there exists a pure automorphism

θ̃ such that (θ̃ · ρ)(w)2 = −1 for every w ∈ w1. Hence, (θ̃ · ρ)(c) = −1. Since

θ̃ is a pure automorphism, (θ̃ · ρ)(c) and ρ(c) are conjugate of each other,
and so ρ(c) = −1. This completes the proof. □

Lemma 115. A subgroup G of SL2(A) has a generating set α1, α2, β1, β2
such that

w(α1, β1, α2, β2)
2 = −1

for all w ∈ w1 if and only if G has a generating set {τi}5i=1 such that τ2i = −1
for all i = 1..5 and

τ1τ2τ3τ4τ5 = 1.
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Proof. (⇒) Let τ1 := β1α2, τ2 := β1α2β2, τ3 := (β1β2)
−1, τ4 := α1, and

τ5 := α1β1. Then, we have τ2i = −1 and

τ1τ2τ3τ4τ5 =(β1α2)(β1α2β2)(β1β2)
−1α1(α1β1)

=(β1α2)
2β2β

−1
2 β−1

1 α2
1β1 = 1.

One can see that ⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩.
(⇐) Let α1 := τ4, β1 := τ−1

4 τ5, α2 := τ−1
5 τ4τ1, and β2 := τ−1

1 τ2. Then,
we have

α2
1 =τ

2
4 = −1,

(α1β1)
2 =(τ4τ

−1
4 τ5)

2 = τ25 = −1,

(β1β2)
2 =(τ−1

4 τ5τ
−1
1 τ2)

2 = (τ4τ5τ1τ2)
2 = τ−2

3 = −1,

(β1α2)
2 =(τ−1

4 τ5τ
−1
5 τ4τ1)

2 = τ21 = −1,

(β1α2β2)
2 =(τ−1

4 τ5τ
−1
5 τ4τ1τ

−1
1 τ2)

2 = τ22 = −1.

One can see that ⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩. This completes the
proof. □

Lemma 116. For every element α of SU2(C), there are τ, τ ′ ∈ SU2(C) such
that τ2 = τ ′2 = −1 and α = ττ ′.

Proof. Let ι : SU2(C) → SO3(R) be the central isogeny described in the
discussion after Corollary 110. Let α := ι(α). Then α is a θ-rotation about
an axis ℓ which passes through the origin. Suppose ℓ1 and ℓ2 are two lines
which pass through the origin, are orthogonal to ℓ, and the angle from ℓ1 to
ℓ2 is θ/2. Let τ and τ ′ be the π-rotations about ℓ1 and ℓ2, respectively. Then
α = τ ′τ . The isogeny ι is surjective, and so there are τ and τ ′ in SU2(C)
such that ι(τ) = τ and ι(τ ′) = τ ′. By the discussion after Corollary 110, we
have τ2 = (±τ ′)2 = −1, and α = (±τ ′)τ . This completes the proof. □

Lemma 117. There is {τi}5i=1 ⊆ SU2(C) such that τ2i = −1 for all i,
τ1τ2τ3τ4τ5 = 1, and the subgroup generated by τi’s is dense in SU2(C).

Proof. By Lemma 111, there are τ1, τ2, τ3 ∈ SU2(C) such that τ2i = −1 for
i = 1, 2, 3 and ⟨τ1, τ2, τ3⟩ is dense in SU2(C). By Lemma 116, there are
τ4, τ5 ∈ SU2(C) such that τ24 = τ25 = −1 and τ4τ5 = (τ1τ2τ3)

−1. Hence τi’s
satisfy the desired properties. □

To show that SL2(Zp) has a dense subgroup similar to the one provided
for SU2(C) in Lemma 117, we start with the following two lemmas. The first
one is well-known, and it is included for the sake of the reader’s convenience.

Lemma 118. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and ϖ ∈ D generates the maximal ideal of D. Suppose
a, b ∈ D and a2 − 4b ̸∈ ⟨ϖ⟩. Then for every c ∈ D×, there exist x, y ∈ D
such that

(306) x2 + axy + by2 = c.
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Proof. Notice that 2 ∈ D× as the characteristic of the residue field k :=
D/⟨ϖ⟩ is not 2, and
(307) x2 + axy + by2 = z2 − dy2,

where z := x − (a/2)y and d := (a2 − 4b)/2. In the residue field k :=
D/⟨ϖ⟩, there are exactly (|k|+1)/2 perfect squares, and so by the pigeonhole
principle and (307), there are z0, y0 ∈ D such that

z20 − dy20 ≡ c (mod ϖ).

By induction on ℓ, we show that there exist zℓ, yℓ ∈ D such that

zℓ ≡ zℓ−1 (mod ϖℓ),

yℓ ≡ yℓ−1 (mod ϖℓ),

z2ℓ − dy2ℓ ≡ c (mod ϖℓ+1).

(308)

Suppose we have already found {zi}ℓ−1
i=0 and {yi}ℓ−1

i=0 which satisfy (308). Let

zℓ := zℓ−1 +ϖℓtz and yℓ := yℓ−1 +ϖℓty. Then, for ℓ ≥ 1,

(309) z2ℓ−dy2ℓ−c ≡ z2ℓ−1−dy2ℓ−1−c+2ϖℓzℓ−1tz−2dϖℓyℓ−1ty (mod ϖℓ+1).

By the induction hypothesis, z2ℓ−1 − dy2ℓ−1 − c = ϖℓrℓ−1 for some rℓ−1 ∈ D.
Hence, by (309), (308) has a solution if for some tz, ty ∈ D, we have

(310) rℓ−1 + 2zℓ−1tz − 2dyℓ−1ty ≡ 0 (mod ϖ).

By (308) and the assumption c ∈ D×, we deduce that either zℓ−1 ∈ D× or
yℓ−1 ∈ D×. As 2 ∈ D×, we obtain that (310) has a solution in D. This
completes the proof of the induction step.

By (308), the limits y := limℓ→∞ yℓ and z := limℓ→∞ zℓ exist, and we have
z2 − dy2 = c. Hence, x := z + (a/2)y and y give us a solution of (306). □

Lemma 119. Suppose D is a compact DVR, its residue field is of char-
acteristic p > 2, and ϖ ∈ D generates the maximal ideal of D. Let

α :=

(
a11 a12
a21 a22

)
∈ SL2(D). Then there are τ, τ ′ ∈ SL2(D) such that

τ2 = τ ′2 = −1 and α = ττ ′ if

a12a21, (trα)
2 − 4 ̸∈ ⟨ϖ⟩.

Proof. Notice that for every τ ∈ SL2(D), we have τ2 = −1 if and only if
tr(τ) = 0. So there exist τ, τ ′ ∈ SL2(D) such that α = ττ ′ and τ2 = τ ′2 = −1
if and only if there exist x, y, z ∈ D such that

(311) x2 + yz = −1 and tr

(
α

(
x y
z −x

))
= 0.

Since a12, a21 ̸∈ ⟨ϖ⟩, a12, a21 ∈ D×. Hence, (311) has a solution precisely
when, for some x, y ∈ D,

(312) x2 + a−1
12 (a22 − a11)xy − a−1

12 a21y
2 = −1.
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By Lemma 118, (312) has a solution in D if

(313) (a−1
12 (a22 − a11))

2 + 4a−1
12 a21 ̸≡ 0 (mod ϖ).

After multiplying the left side by a212 and using the fact that

1 = detα = a11a22 − a12a21,

we obtain that (313) holds if and only if

(trα)2 − 4 ̸∈ ⟨ϖ⟩.
This completes the proof. □

Lemma 120. For every prime p > 3, there exists {τi}5i=1 ⊆ SL2(Zp) such
that τ2i = −1 for all i, τ1τ2τ3τ4τ5 = 1, and the group generated by τi’s is
dense in SL2(Zp).

Proof. Suppose a ∈ Z/pZ generates (Z/pZ)×. It is well-known that

1 → {1 + px | x ∈ Zp} → Z×
p → Z/pZ → 1

is a splitting short exact sequence. Let a ∈ Z×
p be a lift of a. Let

τ1 :=

(
0 1
−1 0

)
, τ2 :=

(
0 −a
a−1 0

)
,

τ3 :=

(
1 2
−1 −1

)
, and τ ′3 :=

(
2 3
−1 −1

)
.

Then for all i, we have tr(τi) = 0, and so τ2i = −1. Moreover,

(314) tr(τ1τ2τ3) = a−1 − a and tr(τ1τ2τ
′
3) = 2a−1 − a.

If (tr(τ1τ2τ3))
2 − 4 ≡ (tr(τ1τ2τ

′
3))

2 − 4 ≡ 0 (mod p), then a−2 = 2/3, which
implies that p = 23. Thus, even for p = 23 only two values for a can be bad.
Hence, for all p > 3, we can choose a in a way that either

p ∤ (tr(τ1τ2τ3))2 − 4 and p ∤ (tr(τ1τ2τ ′3))2 − 4.

Therefore, by Lemma 119, there exist τ4, τ5 ∈ SL2(Zp) such that τ24 = τ25 =
−1 and either τ1τ2τ3τ4τ5 = 1 or τ1τ2τ

′
3τ4τ5 = 1.

Notice that the group generated by τ1 and τ2 modulo p is a binary dihedral
group of order 2(p − 1), and τ3 and τ ′3 modulo p are not in this subgroup
of SL2(Z/pZ). By Dickson’s theorem, the given binary dihedral group is a
maximal subgroup of SL2(Z/pZ). Hence, both subgroups ⟨τi | 1 ≤ i ≤ 3⟩
and ⟨τ1, τ2, τ ′3⟩ modulo p are equal to SL2(Z/pZ). Therefore, either τi’s or
τ1, τ2, τ

′
3, τ4, and τ5 satisfy the desired properties. □

Proof of Proposition 112. Suppose that G is either SU2(C) or SL2(Zp). By
Lemmas 117 and 120, there is {τi}5i=1 ⊆ G such that

τ2i = −1, τ1τ2τ3τ4τ5 = 1,

and the group generated by τi’s is dense in G.
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Then by Lemma 115, there are α1, β1, α2, β2 ∈ G such that

⟨α1, β1, α2, β2⟩ = ⟨τi | 1 ≤ i ≤ 5⟩,
and for every w ∈ w1,

(315) w(α1, β1, α2, β2)
2 = −1.

Let ρ : Π2,1 → G be given by ρ(ai) := αi and ρ(bi) := βi for i = 1, 2. Then

by (315) and Lemma 114, ρ(c) = −1. Hence, ρ ∈ R
(−1)
[w1]

(A) where A is either

C or Zp, and the image of ρ is dense in G. This completes the proof. □
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