
Mathematics 105 Final Exam Review Problems

Instructions: The following problems are meant to help you in your studying for the Final
Exam, which will be a cumulative exam. Note that inclusion of a topic on this sheet does not
guarantee that a similar problem will appear on the exam, nor does exclusion of a topic from this
sheet imply that that topic will not be on the exam.

1. Are there integers r, s so that 8r + 19s = 3? If so, find them.

2. Find an integer x so that 9x ≡ 1 (mod 76).

3. Recall that σ(n) :=
∑

d|n d is defined to be the sum of positive divisors of n. Suppose that
n = p1p2 · · · pr is the product of r distinct odd primes. Prove that σ(n) is divisible by 2r.

4. Suppose p, q are distinct primes. Prove that logp(q) is irrational.

5. How many different positive integers n are there such that 9 ≡ 109 (mod n)? You don’t need
to list all such n, only say how many there are.

6. Prove that the equation x2 − 4y3 + 4z2 = 3 has no integral solutions. Hint: Consider the
equation modulo 4.

7. The integer 3 is a primitive root modulo the prime 17 (take this as given.) What is the order
of 35 modulo 17? What is the remainder when 38 is divided by 17?

8. Find an integer d ≥ 1 so that 7d ≡ 1 (mod 400).

9. Find all solutions x to x2−9 ≡ 0 (mod 43). Find an integer n so that the congruence equation
x2 − 9 ≡ 0 (mod n) has more than two distinct solutions modulo n.

10. Find an integer x that satisfies x ≡ 2 (mod 19) and x ≡ 3 (mod 17).

11. Solve the congruence equations: x+ 2y ≡ 1 (mod 17) and 2x+ 3y ≡ 3 (mod 17).

12. Show that for infinitely many integers n, 28|n3 + n+ 26.

13. Show that the equation x2 − 4xy + 4y2 = 9 has infinitely many integer solutions.

14. Parametrize all rational solutions to x2 + 3y2 = 1.

15. Let p be an odd prime number. Suppose a is an integer for which the congruence equation
t2 ≡ a (mod p) has no solution. Show that the equation x2−ay2 = p has no integral solutions.

16. Find all solutions to the equation z3 = x2− 4y2 with x, y, z relatively prime positive integers,
and z odd.

17. Draw a 5× 5 magic square.

18. Find integers m,n so that 173 = m2 + n2.
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