Mathematics 100C
Kummer theory handout

In this document, we give an overview of some results from Kummer theory.

We will use the following result, which will be a homework problem.
Theorem: Suppose V' is a finite dimensional F vector space and T € Endp(V'). Suppose p(z) =
2"+ ap_12" N+ -+ ag € Flz], and

e p(T)=0o0nV;
e p(z) =(x—a1) - (x — ayp) with the a; € F distinct.

Then V = @, Va,, where Vo = {v € V : Tv = av} is the a-eigenspace.
As mentioned, this will be a homework problem; an application of the CRT. An immediate
corollary is:
Corollary: If p CF andT" =1 on 'V, then V = ®¢ep, Ve
Theorem: Suppose F' is characteristic 0, u, C F.

1. Suppose L/F is finite Galois with Galois group cyclic of order n. Then L = F(f) where
B € L* satisfies B" € F*, and B ¢ F* for all d|n,d # n.

2. Conwersely, if B € L*, and satisfies B € F*, and B ¢ F* for all djn,d # n, then L/F is
Galois with Galois group cyclic of order n.

Proof. We prove the second part first. For this, first note that L is the splitting field of 2™ — 5™ €
F[z], so L/F is Galois. From a homework question, you know the map ® : Gal(L/F) — pn,
®(0) = o(B)/P is an injective group homomorphism. To see that it is surjective, note that if
not, then its image is py C pyn, where m|n, m # n. Thus ®(o)™ = 1 for all o € Gal(L/F), so
o(f™) = p™ for all o, so f™ € F* contradicting our assumption on 3. Thus ® is surjective, so an
isomorphism, proving Gal(L/F) is cyclic of order n.

Now we prove the first part. Let o be a generator for Gal(L/F). If ( € iy, let L¢ denote the
(-eigenspace of the F' vector space L for the linear map o : L — L.
Claim: There exists a primitive n* root of unity ¢ such that L¢ #0.

Proof of Claim. Let H = {§ € p, : Ls # 0}. One sees easily that H is a subgroup of pu,,, because
if x € L¢,, y € L¢, then 2y € L¢y¢,. Thus H = piy,, some m|n. One thus has ¢ =1 on L. But o
has order n, so H = u, and the claim is proved. ]

Continuing with the proof of the first part, we have a § € L* so that o(8) = (8 with ¢ a
primitive n!* root of unity. Now L D F(B8) D F. But now it is easy to see that Gal(F(B)/F) ~ pn,
via the map ®, because ( is primitive. Thus L = F(3). Additionally, we cannot have g™ € F* for
m|n, m # n, again because ( is primitive.

This completes the proof. ]

Definition: For an abelian group A, set A = Hom(A,S1), where §* = {z € C* : |z| = 1} is the
unit circle. Note that, if A has exponent n, then A= Hom(A, ).

It is a fact that if A is a finite abelian group, then A is a finite abelian group of the same size as
A. Actually, in this case, A and A are abstractly isomorphic as groups, although not canonically.

Definition: For a finite extension of fields L/F, set A(L/F) = ((L*)" N F*)/(F*)".



We can generalize the above result via the following two theorems. For both of these theorems,
we suppose char(F) =0 and u, C F.
Theorem: Suppose L/F is finite Galois with group G = Gal(L/F), and G is abelian of exponent
n. Define

—

®: A(L/F) — Gal(L/F)
as t — By, where & (0) = o(t*/™)/tY/". Then @ is an isomorphism.

Proof. Note that ®; is well-defined (independent of the choice of n'" root t'/", because yu, C F.)
One easily checks that ® is a group homomorphism.

To see that ® is injective, suppose t € A(L/F), and ® = 1. Then o(t'/™) = /" for all
o € Gal(L/F), so t'/» € F* and thus t € (F*)",sot=1¢€ A(L/F).

The surjectivity uses what we’ve already proved. Thus suppose x : Gal(L/F) — p,. Let
H = ker(x) and K = L. Then  induces

X:Gal(K/F) ~ py C pin

for some m|n. Thus K/F is Galois with group the cyclic group of order m, so by Theorem above,
K = F(v'/™) for some v € F*. Moreover, if o generates the Galois group and X (o) = ¢, then
the proof above shows we may select v so that a(vl/m)/vl/m = (. Indeed, simply take 8 # 0
to be in K¢ (which we verified is nonzero), and v = ™. Now if u = V™™ € F*, one has
ut/m =vl/m e KX C L*, and @, = x on Gal(L/F). This proves surjectivity. O

Here is the second theorem.
Theorem: The association L/F — A(L/F) induces a bijection between finite Galois extensions
L/F with Gal(L/F) abelian of exponent n and finite subgroups of F* /(F*)"™. The inverse map is
A F(AY™) = F(t'/"  t € A).

Proof. We first check that both maps of the bijection have the correct image.

1. If L/ F is finite Galois abelian with exponent n, then A(L/F) is finite: Indeed, by the previous
theorem, |A(L/F)| = |Gal(L/F)].

2. If A C FX/(F*)" is finite, then F(AY™)/F is finite Galois with Galois group abelian of
exponent n: Indeed, F(AY™) is a splitting field over F, so is finite Galois. Let G be the
Galois group. Then ¥ : G — A via W, (t) = o(t'/™)/t'/". The map ¥ is easily seen to be
a well-defined group homomorphism. It is injective, because if O'(tl/ "= t/7 for all t € A,
then o acts trivially on F(Al/”) so 0 = 1. Thus, G is abelian with exponent n, because A
and thus A are.

We now take care of the bijectivity.
1. A L = F(AY") s A(L/F): Clearly A C A(L/F). But Gal(L/F) < A via the map ¥
above, and Gal(L/F) ~ A(L/F) by the previous theorem. By counting, A = A(L/F).
2. L A(L/F) — F(AY"): Clearly F(AY™) C L. But Gal(L/F) ~ Aﬁ/\F) by the previous
theorem; and Gal(F(AY™)/F) = A(L/F) by just proved. Thus F(A'/") = L by counting.
0



