
Mathematics 100B Homework 2
Due: Wednesday January 25 2023

Instructions: Please write clearly and fully explain your solutions. It is OK to work with
others to solve the problems, but if you do so, you should write your solutions up separately.
Copying solutions from your peers or a solutions manual will be deemed academic misconduct.
Chapter and problem numbers refer to Algebra, second edition, by Michael Artin. Please feel free
to reach out to me or the TAs if you have any questions.

1. Chapter 11, Exercise 2.2

Proof. Suppose f(x) =
∑

n anx
n and g(x) =

∑
m bmxm are two power series. Then f(x) +

g(x) =
∑

n (an + bn)x
n and f(x)g(x) =

∑
n≥0

(∑
j,k≥0 with j+k=n ajbk

)
xn. Using these for-

mulas it is easy to check directly that F [[x]] satisfies the ring axioms.

We claim that, in the notation above, f(x) is a unit precisely if a0 ̸= 0. First suppose that
a0 = 0. We claim that f(x) cannot be a unit. Indeed, f(x)g(x) has constant term equal to
0, so f(x)g(x) is never equal to 1 in F [[x]].

Conversely, suppose a0 ̸= 0. We must prove that there exists g(x) so that f(x)g(x) = 1. To
see this, first note that, by scaling by a0, it suffices to consider the case a0 = 1. We prove that
g(x) exists by determining the coefficients bm inductively. To see how to do this, observe that
the nth coefficient of f(x)g(x) is (using that a0 = 1) bn+a1bn−1+a2bn−2+ · · ·+an−1b1+anb0.
We would like this to be 0 for all n > 0. Thus we define b0 = 1, and inductively set bn =
−(a1bn−1 + a2bn−2 + · · ·+ an−1b1 + anb0). Then f(x)g(x) = 1 and the proof is complete.

2. Chapter 11, Exercise 3.2

Proof. Suppose I denotes this nonzero ideal. By definition, I contains some element z = a+ib,
which is not zero. Let z∗ = a − ib. Then z∗ is also a Gaussian integer, so z∗z ∈ I. But
z∗z = a2 + b2 is a nonzero integer, so we are done.

3. Chapter 11, Exercise 3.3 (a),(b),(c)

Proof. For part (a), the kernel is (x, y). For part (b), the kernel is the principal ideal (x2 −
4x+ 5). For part (c), the kernel is the principal ideal (x2 − 2x− 1). I’ll explain the proof for
part (b). First note that, because (x − (2 + i))(x − (2 − i)) = x2 − 4x + 5, this polynomial
is contained in the kernel. Now suppose f(x) is in the kernel of the map. We apply division
with remainder to obtain f(x) = q(x)(x2 − 4x+ 5) + ax+ b for some a, b real numbers. But
then a(2 + i) + b = 0, from which one concludes a = b = 0.

4. Chapter 11, Exercise 3.4

Proof. Observe that f(x, y) = y − (x − 1)2 + 1 is in the kernel of φ. We claim that K =
(f(x, y)). To see this, suppose g ∈ K. One considers f as a degree one polynomial in
y, and applies division with remainder to obtain g(x, y) = q(x, y)f(x, y) + r(x). But then
φ(r(x)) = r(t+1) = 0, from which one concludes r(x) = 0. Thus f divides g, so g ∈ (f(x, y)).
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For the second part, suppose I is an ideal that contains K. Let I ′ = I ∩ C[x] be the
intersection. One checks immediately that I ′ is an ideal of C[x], and thus is principal, say
I ′ = C[x]p(x). We claim that I = (f(x, y), p(x)). Indeed, if g(x, y) ∈ I, then applying
division with remainder again, we obtain g(x, y) = q(x, y)f(x, y) + r(x). But now r(x) ∈ I ′,
so r(x) = h(x)p(x). Thus g ∈ (f(x, y), p(x)) as desired.

5. Chapter 11, Exercise 3.9

Proof. For part (a), observe that (1 + x)(1− x+ x2 − · · ·+ (−x)N−1) = 1± xN = 1, so 1 + x
is a unit. For part (b), first observe that, if x, y ∈ R, then (x+ y)p = xp + yp because all the
middle terms in the binomial expansion disappear (they are divisible by p, which is 0 in R
because R has characteristic p). We obtain (1 + a)p = 1+ ap, and inducting on this formula,
obtain (1 + a)p

n
= 1 + ap

n
. For some n sufficiently large, ap

n
= 0, because a is nilpotent.

This proves the claim.
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