
Mathematics 100B Homework 1
Due: Wednesday January 18 2023

Instructions: Please write clearly and fully explain your solutions. It is OK to work with
others to solve the problems, but if you do so, you should write your solutions up separately.
Copying solutions from your peers or a solutions manual will be deemed academic misconduct.
Chapter and problem numbers refer to Algebra, second edition, by Michael Artin. Please feel free
to reach out to me or the TAs if you have any questions.

1. Chapter 11, Exercise 1.2. Hint: Here is one way to proceed. Define the so-called Chebyshev
polynomials by the recurrence relation T0(x) = 1, T1(x) = x and Tn+1(x) = 2xTn(x) −
Tn−1(x). Using expressions for cos(nθ+ θ) and cos(nθ− θ), prove that Tn(cos(θ)) = cos(nθ).
By specializing θ to 2π/n, deduce the problem statement. Note: Later in the term, we will
give a much simpler way of solving this problem.

Proof. Expand cos(nθ + θ) and cos(nθ − θ) via angle addition formulas and add to obtain

cos((n+ 1)θ) + cos((n− 1)θ) = 2 cos(θ) cos(nθ).

Rearranging gives, by induction, that Tn(cos(θ)) = cos(nθ) for all θ. It is also clear by
induction Tn(x) has integral coefficients. Finally, if pn(x) = Tn(x)−1, then pn(x) has integral
coefficients and pn(cos(2π/n)) = 0, as desired.

2. Chapter 11, Exercise 1.5. Note that a subset T of R is said to be discrete if, given any element
t ∈ T , there exists ϵ > 0 so that if t′ ∈ T and t′ ̸= t, then |t− t′| ≥ ϵ.

Proof. It is clear that the integers Z is a subring of the real numbers, and that it is discrete.
Now, suppose S is some subset of R that is discrete. We claim that S = Z. To see this, first
observe that, because 1 ∈ S and S is closed under addition and substraction, S contains Z.

Suppose there exists x ∈ S which is not an integer. We will derive a contradiction to dis-
creteness. Because S contains the integers, the fractional part y = x− n of x, where n is the
floor of x, is in S. But now y ∈ (0, 1). Considering the powers yk, k = 0, 1, 2, 3, . . ., we see
that S cannot be discrete because these powers tend to 0.

3. Chapter 11, Exercise 1.6 (a)

Proof. This set S is a subring of the rational numbers. One checks immediately that it
contains 1, and is closed under addition and multiplication.

4. Chapter 11, Exercise 1.8. For part (c), feel free to use Corollary 2.3.6 in the text.

Proof. Here is the solution for part (c). The answer is that the units consist exactly of the
residue classes u where u is relatively prime to n. To see this, observe that u is a unit if and
only if there exists v so that uv = 1. But uv = 1 exactly means that n divides uv − 1; in
other words, u is a unit if and only if there exists integers v,m so that uv − nm = 1. From
Corollary 2.3.6, this happens precisely when u and n are relatively prime.
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5. Chapter 11, Exercise 2.1.

Proof. One divides f(x) = x2 + x+ 1 into g(x) = x4 + 3x3 + x2 + 7x+ 5 in Z[x] to obtain a
quotient q(x) and remainder of r(x) = 7x+7. Thus, g(x) = q(x)f(x)+ r(x). Taking residues
modulo n, one obtains g(x) = q(x)f(x) + r(x). Thus f(x) divides g(x) precisely when 7x+7
is zero in Z/(n)[x]. This happens precisely for n = 1, 7.
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