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1. REVIEW

1.1. Complex and repeated roots. Recall that to find a solution to a homoge-
neous linear equation
d” dr 1y dy
an—+ap_1——+---+a1—+apy =0
"dm" n 1d$n_1 1d$ oY
we started with the ansatz y = €"” to get the equation
p(r)e™ = (anr™ + an 1" 4 arr +ag)e™ =0 = p(r) = 0.

Above, the equation p(r) = 0 is called the auxiliary equation associated to the
differential equation.

The case when p(r) is quadratic and has distinct real roots was discussed last
week. We treat the remaining two cases below. If rq, 79 are roots of the auxiliary
equation, then the different cases to determine the general solution are:

(1) If both r; and ro are real and distinct then the general solution is given by

y(z) = 1™ + cpe™”.
(2) If r = r; = ro then the general solution is given by
y(z) = 1™ + coxe™.
(3) If 12 = @ + i3 then the general (real) solution is given by
y(x) = e (c1 cos(Bz) + casin(fx)) .

Remark 1. If rg € C is a solution to p(r) = 0, then 7y is also a solution. Hence
when p(r) is quadratic and o € R, ro and 7y are the only solutions. This explains
why we only consider the case 11 2 = a £ i when p(r) = 0 has non-real solutions.

1.2. Method of Undetermined Coefficients. A non-homogeneous equation with
constant coefficients is a differential equation of the form
dny dn—ly dy
1 i RN p s R 4 = f(b).
(1) n g+ On1 oy + ot aroy +aoy f(@)
Any solution to (1) is of the form y(t) = yp(t) + yu (t) where yp(t) is any function
that satisfies

d"yp d" yp dyp
n et On-1—m = ot +aoyp = f(1)
and yy is the general solution to the homogeneous equation
dny dn—ly dy
andtin +anflw+"'+ala +a0y:0.

We call yp a particular solution to the in non-homogeneous equation (1).
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The method of undetermined coefficients helps us make educated guesses about
the particular solutions yp(¢). The general strategy is

(1) Make a guess for yp(t) with possibly unknown coefficients.
(2) Substitute guess into (1) to determine values of the coefficients.
The main difficulty lies in finding yp(¢). This is usually done by making educated
guesses that (obviously) depends on f(¢). The sections below summarise the general
strategy for determining yp(t) based on various forms of f(¢).

1.2.1. “Nice” f(t). If f(t) is “nice enough” we can make the following guesses:

f(t) Guess for yp(t)

Cert Aert

C'sin(\t) Asin(At) + B cos(At)
C cos(At) Asin(At) + B cos(At)

amtm+~~+a1t+a0 Amtm++A1t+A0

Above A,,,- -+, Ao, A, B are all constants that need to determined afterwards.

If we further assume that the given differential equation has order two then we
can treat two more forms of f(¢).

1.2.2. f(t) = Ct™e". Guess

yp(t) = t5(Amt™ + - - + Ayt + Ag)e™.
where the value of s depends on relationship between the associated auxiliary equa-
tion and r:

(1) s =0if r is not a root,
(2) s=1if r is a simple root, and
(3) s=2if r is a double root.

1.2.3. f(t) = Ct™e* cos(Bt) or f(t) = Ct™e* sin(Bt). Guess
yp(t) = t°(Apt™ +- -+ Ayt + Ag)e® cos(ft) + 15 (Bpt™ + - - -+ Byt + By )e™ sin(5t).
where the value of s depends on the relationship between the associated auxiliary
equation and « + i3:

(1) s =01if a + ¢ is not a root, and

(2) s=1if a+1if is a root.

Remark 2. You can remember the various conditions on s by noting that it is just
the multiplicities of v and a4 i3 as roots of the associated auziliary equation.

2. PROBLEMS

Problem 1. Find the general solution to the equation y” + 4y’ + 13y = 0

rt

Solution. Starting with the ansatz y = e™, we see that the auxiliary equation is

r’+4r+13=0.

Completing the square, we see that r; o = —2 £ 3i. So the general solution is given
by
y(t) = e (c1 cos(3t) + cosin(3t)) .
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Problem 2. Find the solution to the initial value problem

y' =2y +5y=0;  y(0)=1,9'(0)=-1.
Solution. Starting with the ansatz y = e", we see that te auxiliary equation is

2 —2r+5=0.
Using the quadratic formula
rio =134 2.
So the general solution is
y = e’ (c1 cos(2t) + ca8in(2t)).

Plugging in the initial conditions, we get

y0)=1 = ¢ =1

Y(0)=1= c1+2c0=-1 = ¢y =—1.
Hence the solution is given by

y = e'(cos(2t) — sin(2t)).

Problem 3. Find the solution to the initial value problem
y' =2y +4y=0;  y(0)=1,9'(0) =1

Solution. Using the ansatz y = et

2 —dr+4=(r—-2)%=0.

Since r = 2 is a double root, the general solution is given by

, we see that the auxiliary equation is

y = e*(c1x + o).

Plugging in the initial conditions

y0)=1 = ¢ =1

y(0)=1= 2c0+c1=1 = ¢; =—1.
So the solution is y = (1 — t)e?".
Problem 4. Find the general solution to the equation y” + 4y = ¢2.
Solution. The auxiliary equation is

r244=0 = ri2 = £21.

So yi(t) = c1cos(2t) + casin(2t). Since f(t) = 2, we must look for a particular
solution of the form yp(t) = At?+ Bt+C. Substituting into the differential equation,
we get

2A+4- (At* + Bt + C) = 4At> + 4Bt + (2A + C) = 2.
Matching the coefficients, we have A = %, B=0C= —%. Hence the general
solution is given by

1 1
y = ¢1 cos(2t) + co sin(2t) + ZtQ — 5

Problem 5. Find the general solution to the differential equation

y" +y 4y =2tel.
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Solution. Starting with the ansatz y = e" for the homogeneous system, we get

1 3
Prrdl=0 = T1’2:§ii§'

yu(t) = e 2 <01 cos (?t) + ¢osin (?t)) .

Since 2te! = 2 - tlel't, we start with the guess
yp(t) = (At + B)e' = Ate' + Be'.
Computing derivatives, we get
yp(t) = Ae' + (At + B)e' = Ae'(t + 1) + Be'
yh(t) = Ae'(t + 2) + Be'.

Substituting into the original equation, we get

Hence

2
2te’ = 3Ate' + (3A+3B)e! = A= 7B:—§.

W o

Hence the general solution is given by

y(t) = e 2 <c1 cos (?t) + ¢o sin <\g§t>> + get(t -1)

Problem 6. Find the solution to the initial value problem
y" +4y =2cos(t);  y(0)=0,y'(0) =1.
Solution. Starting with the ansatz y = e™ for the homogeneous system, we get
r?4+4=0 = r =42 = yg(t) = c1 cos(2t) + cy cos(2t).
Since f(t) = 2cos(t), we can guess
yp(t) = Acos(t) + Bsin(t).
Substituting into the differential equation
[—Acos(t) — Bsin(t)] + 4[A cos(t) + Bsin(t)] = 3A cos(t) + 3B sin(t) = 2 cos(t).

Hence we must have A = % and B = 0.

The general solution is given by
2
y(t) = 1 cos(2t) + co sin(2t) + 3 cos(t).

Plugging in the initial conditions

[UCRN N}

2
y(0)=0 - Cl+§:0 - C1 = — %

y/(O):]. = 2c0=1 = ¢y =

N =



