JAN. 12 DISCUSSION NOTES
SECTION B05/B06, MATH 20D (WI21)

ABHIK PAL

1. REVIEW

1.1. Classification of Differential Equations. An ordinary differential equa-
tion (ODE) involves derivatives with respect to a single independent variable. A
partial differential equation (PDE) involves partial derivatives with respect to
more than one independent variable. The order of a differential equation is the or-
der of the highest-order derivative present in the equation. In a linear differential
equation the dependent variable and its derivatives appear as additive combina-
tions of their first powers. Hence a linear differential equation can be written as

ar dn—l d
U @) aa (@) oy o @)+ ao@)y = Fle)
where a,(x),...,ao(z), and F(z) depend only on . If a differential equation is not

linear it is non-linear.

@ Caution 1. Note that in a linear equation, the restriction is only made on the
dependent variable! Above, the ay(x) are still permitted to be arbitrary functions of
x. However y and its derivatives must appear as linear terms.

1.2. Separable Equations. A first-order equation is separable if it can be written
in the form
dy

p 9(x)p(y)-

1.3. Solving Separable Equations. Suppose we are given the (separable) differ-
ential equation

dy
7 = 9@)p(y).
We solve this using the following steps:
(1) “Separate” the x and y parts by multiplying both sides by dz and dividing
by p(y) to obtain

1
Z@dy = g(z)dx.
(2) Integrate both sides to get
1
P(y) = /@d = /g(x)d;v =G(z)+C.

The equation P(y) = G(x)+C gives an implicit solution to the differential equation.
We may now solve for y in terms of x to get an explicit solution.
1
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1.4. Linear Equations. Using the notation from (1), we can write a linear first-
order equation as

d
(2) ar(2) 22 + ao(a)y = F(a).
x
Here a;(x), ap(x), and F(z) depend only on z. We may divide by a;(x) to obtain

the standard form

(3) Lt Pla)y = Q)
of (2). Above,
_aolz) )
P(l‘) - al(x) d Q( ) al(x)'

1.5. Solving Linear Equations. We use the following steps to solve a first order
linear equation:

(1) First bring the equation in standard form as in (3).
(2) Calculate the integrating factor using the formula

Iu(g;) = exp |:/ P(x)daj] = 6f P(m)dz.
(3) Multiply both sides of (3) by pu(x) to obtain

L p(a)y) = @) %L+ P p(aly = p)Q).

(4) Integrate both sides and then divide by u(z) to get the general solution

1
ey = [ wa@is+ 0 — y= | [ o
@ Caution 2. Make sure you don’t forget to take the exponential while computing
the integrating factor!

2. PROBLEMS

Problem 1. Identify the independent variables, dependent variable, and the order
of the given equation. Classify the equation as ODE/PDE and linear /non-linear.

d

1. ih%\I’ =HV
2 2 2 2 2.2
3. %—‘;+%0252%=H/—r52—‘5/
4 CZ;S +sin(d) =0
5. ;;qu;;UnLe’\“O
Solution.

1. The variable t is independent and W is dependent. The given equation is a
first-order linear ODE.
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2. The variables t, z, y, z are independent and v is dependent. The given equa-
tion is a second-order linear PDE.

3. The variables ¢, S are independent and V is dependent. The given equation
is a second-order linear PDE.

4. The variable ¢ is independent and 6 is independent. The given equation is a
second-order non-linear ODE.

5. The variables x and y are independent and w is dependent. The given equa-
tion is a second-order non-linear PDE.

Problem 2. Suppose A and B are constants, show that y = Asin(2z) 4+ B cos(2z)
solves the differential equation y” = —4y.

Solution. Note that it suffices to compute 3" + 4y.

y' +4y = % % (Asin(2z) 4+ Bcos(2z))| + 4Asin(2x) + 4B cos(2z)

d
= [2A cos(2x) — 2B sin(2x)] + 4Asin(2z) + 4B cos(2x)

= —4Asin(2x) — 4B cos(2z) + 4Asin(2z) + 4B cos(2z)
=0.

Hence, the given value of y indeed solves the required equation.

Problem 3. Solve the differential equation 2’ = 2 + 2z +t + tx

Solution. Factoring the right hand side as (24 t)(1 4+ z), we see that the differential
equation is separable. We can now compute

dxr 1

o = @+l +a) = 1+xdx=(2+t)dt

1
:>/ dx:/2+tdt
1+

t2
= I(jo+1)=2t+5+C

2
- xKexp{2t+2} —1.

Above K = ¢© is a constant.

Problem 4. Solve the differential equation (22 + 1)y’ = xy.

Solution. Rewriting, we get
dy x
Ty 21 v
de x2?+1
Since the equation is separable, we can now compute
dy T

1 T 1 9

where C' is the constant of integration. To compute the integral with respect to =z,
we use u substitution with u = 22 + 1. We can now obtain the explicit solution by
taking the exponential on both sides. Hence

y=Kvz2+1
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where K = ¢© is a constant.

Problem 5. Find an implicit solution to the initial value problem

, _ sin(x) ™

 sin(y)’ y(0) = 2

Solution. Since the given differential equation is separable, we get

dy  sin(x) . . _
dr ~ sn(y) = sin(y)dy = sin(z)de = —cos(y) = — cos(z) + C.

From the given initial condition,
cos(m/2) =cos(0) —C = C =1.

Hence an implicit solution is cos(y) = cos(x) — 1.

Problem 6. When a raindrop falls, it increases in size. Suppose its mass at time
t is given by m(t). The rate of growth of the mass is km(t) for some k > 0 . When
we apply Newton’s Law of Motion to the raindrop, we get (mv)’ = mg, where v is
the velocity of the raindrop (directed downward) and g is the acceleration due to
gravity. The terminal velocity of the raindrop is lim; o, v(t). Find an expression
of the terminal velocity in terms of g and k. You may assume that the raindrop
begins at rest.

Solution. We first need to compute v(t). Since the raindrop begins at rest, we have
the initial condition v(0) = 0. Moreover, we are given

d
d—T =km and (mv) =mv +om’ = gm.

Hence
mv’ +v(km) = gm = v +vk=g.

Since the resulting differential equation is separable, we can compute v(t).

dv 1
=k — dv= [ dt
dt 9 v /g—kvv /

1
= —Eln|g—kv|:t+C’

9 A _n
—t = - — — .
V=TT
Using the initial conditions, we get A = ¢g and hence
o(t) = (1- e*kt) %

Now the terminal velocity can be computed by taking the limit ¢ — oo. Since
k >0, we get

. o -kt 9 T —kt\ 9 _
tlggov(t)—tgr&(l ¢ )k_(l tlggoe )k_

ENS]

Problem 7. Solve the differential equation

d
& + 322y = 62°.
dx
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Solution. Sinc the given equation is a first order linear equation and is already in
the standard form, we can directly compute the integrating factor

w(x) = exp {/ 3x2da:] = exp(z?).
Multiplying both sides by u(x), we see that

% [exp(xS)y] = 627 exp(z?).

Using u = 2, integration yields

exp(x?)y = /6x2 exp(x3)dr = /2exp(u)du = 2exp(z®) + C.
Hence
y =2+ Cexp(—2?)

is a solution to the given differential equation.

Problem 8. Solve the differential equation
y' +y = sin(e”).

Solution. Since the given equation is a first order equation and is already in the
standard form, we can directly compute the integrating factor

() = exp { / 1da:] _ et

Multiplying both sides by u(x), we see that
d

T [e®y] = e® sin(e®).

Using v = €, integration yields

e’y = /em sin(e®)dx = /sin(u)du = —cos(e®) + C.

Hence
y=Ce " —e *cos(e”)

is a solution to the given different differential equation.

Problem 9. Find a solution to the initial value problem
zy +y=wcos(z?),  y(Wm) =1

Solution. Since the given equation is a first order linear equation, we first divide by
x to bring the equation in standard form

dy 1 9

— + — -y =cos(x”).

i (%)
The integrating factor is given by

1(z) = exp [/ idx} — exp(In(fz])) = 2.

Multiplying both sides by u(x), we see that

% [zy] = x cos(z?)
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Using u = 22, integration yields

1 1
xy = /wcos(mz)daj = i/cos(u)du =3 sin(x?) + C.
Hence
_ sin(a?) C
L T
Using the initial conditions,
sin(r) C

1:2ﬁ+\/7?

Hence a solution is given by
sin(z?) 7
= — + .
2z z
Problem 10. Find a solution to the initial value problem
zy’ =y + 2% sin(z), y(m) = 0.

Solution. Since the given equation is a first order linear equation, we first bring it

in the standard form 1
y — = -y =wxsin(z).
T

The integrating factor is given by
1 1
u(x) = exp [— / xdw} = exp(—In(|z])) = =

Multiplying both sides by p(z), we see that
d
[Q} = sin(z).

dr Lz
Integration yields

% = /sin(x)dw = —cos(x) + C.
Hence
y = Cz — x cos(x).
Using the initial conditions,
0=Cr—mcos(m) = C =—1.
Hence a solution is given by

y = —x — xcos(x).



