Analytic Number Theory 18.785

HOMEWORK 3

DUE 30 SEPTEMBER 2008

1. The number of nontrivial zeros Define N(T') to be the number of zeros of ((s) in
the rectangle 0 < R(s) < 1, 0 < Y(s) < T. This denotes also the zeros of £(s) in the
same region, where

£s) = (s — r T (14 g) ¢(s).

(a) From the argument principle we know that if 7" is not the imaginary part of some
zero, then

27 N(T) = Arargé(s) the change in the argument of {(s) along R,

where R is the rectangle with vertices 2, 2 + ¢T', —1 + T, —1 in the counter-
clockwise direction. Show that actually

TN(T) = Aparg€(s),
where L is the path that consists of the line from 2 to 2 + i7" and the line from
2 +4T to & +4T.

(b) Estimating the change in the argument of the factors of {(s) along L, show that

T, T T 7T _
N(T):%log%—§+§+S(T)+O(T D),

where 7S(T') = Aparg((s) = .

(c) Show that for large T we have

1
S 5 = 0(logT).
—~)2
p=PB+iy 1+ (T ’Y)

nontrivial zero
(d) Deduce that the number of nontrivial zeros p with |3(p) —T'| < 1is O(logT) and
that

1
Y 5 =0(logT).

_ 2
p:Btijy,[Tlfvbl (T 7)

(e) Show that for large ¢ not coinciding with the imaginary part of a zero and —1 <
o<?2

¢'(o +it)
C(o +it) Z

1
—— 4+ O(logt).
p nontrivial zero B '0
[S(p)—t|<1

Deduce that S(T') = O(log T').
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2. Show that i((j)) < log(2]s]).
0 if0<y<l,
3. Denote 6(y) =< & ify=1,
1 ify>1.

1 c+1i00 ys 1 c+iT ys
We have seen that §(y) = — “dsforany ¢ > 0. Nowset I (y,T) = — “—ds.
21 Jo—ioo S 2t Jo_ir S

Show that, for y > 0, ¢ > 0, T' > 0, we have the following estimate

y© min <1, m> ify # 1,

% if y=1.

[1(y, T) —o(y)| < {

4. (a) Deduce that, with the convention A(x) = 0 for non-integer x,

‘m:o _ 2% /_*TT _Ccl(f)) . f”:ds‘ < ;A(n) (£)" min <1, W) + @),

(b) Takec =1+ loém in the above inequality. Show that the contribution on the right

hand side of the terms corresponding to |n — z| < 7 adds up to

<3(-59) <t

T

(¢) Under the same conditions show that the contribution of the terms with %x <n<

2
x except the closest prime power to z adds up to < xlojgi £, while the contribution

of the closest prime power z1 is < A(z1) min (1, ﬁ) < log x min (1, ﬁ) .

(d) Write < x > for the distance for = to the nearest prime power. Show that

1 [T (s) af rlog?x x
LT e ogrmin (1,75,
'@ZJ@) 271 /C_iT C(s) s 8' < T +logzmin T<xz>
(e) By using the Residue Theorem from complex analysis for the function
¢(s) a*
((s) s

along the rectangle v, 7 with vertices ¢ — i7", c+iT —(2k + 1) + T and —(2k +
1) — 4T (here k is some positive integer) and then letting k& — oo show that

P(z) =2 — Z l:—i/((g))—;log(l—x_z)+R(:p,T),

p nontrivial zero
[S(p)I<T

where
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xlog?(zT)
T
Hint: You’ll probably need to use the estimates in 1(e) and 2.

|R(z,T)| < + (log ) min (1 L) .

'T<z>

5. (a) Using the zero-free region for ((s) we proved in class show that there exists a
constant C' for which

D

p nontrivial zero
[S(p)I<T

xﬂ‘ <:L‘(10gT)26_CIng/IOgT.

(b) Take T such that (logT)? = logx, with = some integer, in the estimates in 4(e)
and 5(a) and show that there exists a constant C' such that

lih(z) — x| < ze”CVIoeT,
(Recall that this proves the Prime Number Theorem!)



