MATH 20C — MIDTERM 2
SOLUTIONS TO PRACTICE PROBLEMS

ALINA BUCUR

Problem 1: 4 (use change of variables 22 + y? + 1 = t).

Problem 2: (a) I only meant to ask for the traces through the origin, Namely the horizontal trace
for z = 0 (which consists of the y-axis and the graph of the function y = 2 in the xy-plane),
the vertical traces when = = 0 (the y-axis in the yz-plane) and when y = 0 (the graph of the
function z = —z* in the zz-plane; this is a steeper upside-down parabola).

(b) Vf = (y—4a3,z), so at (1,1) it becomes (-3, 1).
(¢) Aw =~ —3Az + Ay.

Problem 3: (a) f(z,y,2) = 23y + 2%, so Vf = (32%y,23,22) = (3,—1,4). The tangent plane is
3r—y+4z =4.

(b) f(z,y,2) = 322 — 4y? — 2, so Vf = (6z,—8y, —1). We want this to be a scalar multiple of
,2,2), hence we want 6z = 3\, =8y = 2\, —1 = 2. e point 1s (— , , .
3,2,2), h 6 3\, —8 2\, —1=2X. Th int i 1/4,1/8,1/8

Problem 4: (a) The volume is zyz = zy(l — 2% — y?) = zy — 2%y — xy>. Critical points: f, =
y—32%y—y>=0,f, =2 — 2> —3zy* = 0.

(b) Assuming z > 0 and y > 0, the equations can be rewritten as 1 — 322 —y? = 0,1 — 22 — 3y? = 0.
Solution: 22 = y? = 1/4, i.e. (z,y) = (1/2,1/2).

B —6zy 1— 322 — 3y?
(C) H(ZC, y) - |: 1— 3{E2 _ 3y2 —6l’y
0 and f,, < 0, the point is a local maximum.

—-3/2 —1/2

,s0 H(1/2,1/2) = [ -1/2 —3/2

] . Since det H >

(d) The maximum of f lies either at (1/2,1/2), or on the boundary of the domain or at infinity.
Since f(z,y) = zy(1 — 2% —4?), f = 0 when either + — 0 or y — 0, and f — —oco when
x — 0o or y — oo ( since 22 + y? — 00) . So the maximum is at (x,y) = (1/2,1/2) , where

F(1/2,1/2) =1/8.

Problem 5: (a) f(x,y,2) = xyz and g(x,y,2) = 2% + y*> + z = 1 : one must solve the Lagrange
multiplier equation Vf = AVg, i.e. yz = 2z, zz = 2\y,xy = A, and the constraint equation
224 y?+z=1.

(b) Dividing the first two equations by each other get y/x = x/y, so 2% = y?; since x > 0,y > 0 we
get = = y. Substituting this into the Lagrange multiplier equations, we get z = 2\ and z2 = \.
Hence z = 222 and the constraint equation becomes 422 = 1. Thus z = 1/2,y = 1/2,z = 1/2.

1
Problem 6: 2% — fuuy + fuvs = yfu + —fu and 2% = fuuy + fovy = afu— -5 fo.
oz Y 0y y?

Problem 7: Let f(z,y) = 2%y* — x.



(a) Vf = (2zy* — 1,22%y), so at (2,1) it becomes (3,8).
(b) 2—2=3(x—2)+8(y—1) or 3z + 8y — 2z = 12.

(¢) Az =19-2=—-0.1land Ay=1.1-1=0.1;s0 f(1.9,1.1)— f(2,1) = 3Az+8Ay = —0.3+0.8 =
0.5; since f(2,1) = 2, we obtain f(1.9,1.1) ~ 2.5

N <_1a1>

1 = < L 1 > . The directional derivative is

G

Daf=Vf-a:<3,8>~<—\}§,\}§>:j§.

Problem 8: (a) wy, = -6z —4y+16=0 = —3r—-2y+8=0andw, =—4z—-2y—12=0 =
4x + 2y + 12 = 0. So x = —20,y = 34. Therefore there is just one critical point at (—20,34).

Now H(z,y) = [ —6 -

4 _9 ] , so det H < 0 and the critical point is a saddle point.

(b) There is no critical point in the first quadrant, hence the maximum must be at infinity or on
the boundary of the first quadrant.
The boundary is composed of two half-lines:
e =0 and y > 0, on which w = —y? — 12y. It has a maximum (w = 0) at y = 0.
e y=0and x > 0, on which w = —322 + 162 (downwards parabola). It has a maximum
when w, = —6x +16 =0 = 2 = 8/3. Hence w has a local maximum at (8/3,0) and
the value is w = —3(8/3)% + 16(8/3) = 64/3 > 0.

We now check that the maximum of w is not at infinity.
e y>0andz —o0:w< —322 + 16z, which tends to —oco as & — +00.
e 0<z<Candy— oco:w< —y?+ 16C, which tends to —oo as y — +oo.

We conclude that the maximum of w in the first quadrant is at (8/3,0).

Problem 9: Let u = y/z, v =22 + y%, w = w(u,v).

1
(a) Wy = Wyl + Wy = —%wu + 22w, and wy = Wy ly + Wy = ;wu + 2yw,,.

1
(b) 2wy +ywy =2 (—%wu + 2xwv) +y (wu + Qywv) = (_Q + Q) wy + (222 4 2y w, = 2vw,
x x r oz

(¢) 2wy + yw, = 2vw, = 2v(5v*) = 100°.

Problem 10: (a) f(z,y,2) = x with constraint g(z,y,2) = a* + y* + 2* + 2y + yz + 22 = 6. The
Lagrange multiplier equation is

1= X423 +y+2)
Vf=AVge 0=\4y? +2+2)
0=A4z>+z+y).
(b) The level surfaces of f and g are tangent at (xo,yo, 20), so they have the same tangent plane.

The level surface of f is the plane x = x(; hence this is also the tangent plane to the surface
g =6 at (o, Y0, 20)-

Second method: at ((zo, Yo, 20), we have 1 = Ag;,0 = Ag,,0 = Ag.. So A # 0 and (gz, gy, 9-) =
(1/X,0,0). This vector is therefore perpendicular to the tangent plane to the surface at (zo, yo, 20)-
The equation of the plane is then %(m — ) = 0, or equivalently = = x.



Problem 11: The tangent line is the intersection of the tangent planes to the two surfaces. Therefore
it is parallel to the cross product of their normal vectors, Vf x Vg. Since Vf = (2z,3y?, —423) =
(2,3,—4) and Vg = (y + z,2,322 + x) = (2,1,4), the direction of the tangent line is given by
(2,3,—4) x (2,1,4) = (16, —16, —4). Therefore the equation is

L(s) = (1,1,1) + s(16, —16, —4).

Problem 12: lim <1 — 1) = lim % lim # 1.
(z,y)—(0,0) \ 22y xy(ay + 2) (z,9)—=(0,0) 2zy(Ty +2)  (2,9)—(0,0) 2(zy +2) 4



