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1. INTRODUCTION

Let Q = {%;a,beZ,b;ﬁO}.

Then we can regard Z as
Z={a€Q;f(e) =0 for some f(X)=X+beZ[X]}.

We can associate with Z the Riemann zeta function

— 1 1
- ioy L
n=1 a0
where each nonzero ideal a of Z is of the form a = nZ and Na = |n| = #(Z/nZ).

The above series converges for Re(s) > 1, and ¢(s) can be meromorphically contin-

ued to a function which is analytic everywhere except for a simple pole at s = 1,

1

where it has residue 1, so {(s) = =g

+9g(s), where g is an entire function of s. The

Riemann zeta function also has a functional equation

and an Euler product
_sy—1
) =J[a=-p)""
P
By studying ((s) as a function of s, one obtains information about primes and

integers, e.g. the existence of infinitely many primes.

Example Let

B 1 1\ yrl-p2% (s
9= 2 W—E[(”ps)‘nl—ps‘ws)

m square-free p
Then
. 1 6
61,1_{1%(3 —1g(s) = % )

SO R~ % of the integers are square-free.

Now let r(n) denote number of ways in which n can be written as a sum of two

squares.



Then

r(n) = 4[#divisors of nwhich are =1 (mod 4)]—[#divisors of nwhich are =3 (mod 4)]

Define
1 if n=1mod 4
x(n) =< -1 ifn=3mod 4
0 if n is even.

which is a character mod 4.

Then r(n) = 4Zx(d), o
d|n

S a3 (S n-5:4<2m—5> <Zx(d)d_s>=4C(S)L(S,X)
n=1 m=1 d=1

n=1 d|n

And now consider the field Q(7). The solutions of the equation with integer coeffi-

cients
224+br+c=0
in this field are
—b+ Vb2 —4c
r=——
2

if b2 — 4c = —m?2. If b is odd, the LHS is = 1 mod 4, but the RHS is = 0, 1 mod 4.
Therefore, b has to be even, b = 2V, and so v = —b' + m/s.

Hence the ring of integers is O = {a + bi;a,b € Z}. The ideals of this ring are
all of the form a = (a + bi) and Na = #(0/a) = a® + b

Thus

“O =Y ye =7 ¥ @i tid "W ((e)ns0)

a0 (a,b)#(0,0)

and
1,1 1 m
i — ) = L(1 —1l— 4+ - 4. ==
lim (s = 1)¢o(i) (s) = L(1, x) 3ty ==t 1

which can be written as
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For a general imaginary quadratic number field K = Q(v/—D), we have a class
number hg and a discriminant dg, and, for D > 3,

Thy
Vdk|

As we will see, for an arbitrary number field K, Ress—1 (x (s) encodes important

Ress—1 (r(s) =

arithmetic information about the field K.

2. FACTS ABOUT FIELDS - REVIEW

We assume a basic familiarity with Galois theory, so here we are only reviewing
the main facts that we will need later on.

Let A C C be an integral domain and let k be its quotient field.

For a € C let B denote the set of elements of k() satisfying some monic poly-
nomial with coefficients in A. Then B C k(«) and B is the integral closure of A in
k().

If f € k[X] is an irreducible polynomial over k and f(a) = 0, then k(«a) is a

2 ...,a" 1} is a k-basis

vector space over k of dimension n = deg(f) and {1,a, &
of k(a).

If o’ is some other root of the polynomial f, then k(o) = k(o) via the map that
sends a +— o/ and leaves k fixed. In this case o and o' are called conjugates over k

and k(«), k(a') are called conjugate fields.

If 6 =3 a;a’, a conjugate of §is 3 = 3 a;a”.

Theorem 1. (Primitive Element) Suppose the complexr numbers o and 3 are al-
gebraic over k. Then there is an element 6 € C, algebraic over k, such that

ke, B) = k(0)

Definition 1. An algebraic extension K = k(0) of k is normal over k if all the

conjugates of 0 are in K.
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Theorem 2. An algebraic extension K/k is normal iff for every a € K all the

conjugates of a are also in K.

Theorem 3. Let avq, ..., a, be the zeros of the polynomial f € k[X] and B, ..., Bm
be the roots of the polynomial g € k[X]. Then k(ay,...,an,B1,. .., 0m) is normal

over k.

Definition 2. Let K/k be a Galois extension of fields of Galois group G. We say
that an intermediate subfield L of this extension, k C L C K is fixed by an element
g € G if g fixes every element of L.We say that L is fivred by H C G if L is fized
by every element of H.

The field consisting of all the elements of K that are fized by H is called the

fixed field corresponding to H and is denoted by K.

Theorem 4. (Fundamental Theorem of Galois Theory) Suppose K is a normal
algebraic extension of k. Then there is a 1 — 1 correspondence between the inter-
mediate fields k C L C K and the subgroups H C G, given in one direction by
L+ Gal(K/L) and in the other direction by H — K.

Corollary 5. [K : K| = #H and [K? : K] = i%
Definition 3. If Ly and Lo are two subfields of k(0) containing k, their composite

is the smallest subfield of k(@) containing both of them and it is denoted by LqLs.

Note that, if L; = k(«;), j = 1,2, then L1 Lo = k(aq, as).
Also, if Hy, Hy are subgroups of a group G, then will denote by < Hy, Hy > the

smallest subgroup of G containing both H; and Hs.

For the foreseeable future, we will consider K/k to be a Galois extension with

Galois group G. (Recall that a Galois extension is by definition normal.)
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Theorem 6. Suppose Ly and Lo are two intermediate fields of the extension K/k
and Hj = Gal(K/LJ), j = 1,2 Then Ll D) L2 Zﬁ H1 - HQ.AZSO, Gal(K/Lng) =

HiN Hsy and Gal(K/L1 ﬁLQ) =< Hy,Hy >.

Theorem 7. Suppose k(o) C K and let oV, ... a™ denote the algebraic con-
jugates of a, where n = [k(a) : k]. Then the isomorphism k(a) — k(a®)
can be extended to an automorphism of K. If g € G maps g(a) = o, and
H = Gal(K/k(a)), then the [K : k()] elements of G that send o — o) are

exactly the elements in gH. Finally, Gal(K/k(aD)) = gHg™'.

Theorem 8. Suppose L is an intermediate field of the extension K/k and H =
Gal(K/L). Then L/k is normal iff H is a normal subgroup of G and in this case
Gal(L/k) =G/H.

Example Let K = Q(v/2,v/3). Then [K : Q] = 4 and K is a normal extension
of Q. Let A =42 B = -2, C =+3,and D = —/3. Let (A, B) denote
the automorphism of K/Q that sends A — B and leaves C and D fixed and let
(C, D) denote the automorphism of K/Q that sends C' +— D and leaves A and B
fixed. Then G = {1,(A4, B),(C,D),(A, B)(C,D)}. The subgroups of G are (1),
H, ={1,(A,B)}, H, ={1,(C,D)}, H; = {1,(A,B)(C, D)}, and G itself.

Then K™ = Q(v3), K2 = Q(v2), and K = Q(v/6).

We can also write K as K = Q(\/ﬁ—i— \/3) Let a = v/2+4 /3. The conjugates of
a are a itself, b = -2+ \/§7 c=+2— \/g, and d = —v/2—+/3. The automorphism
of K that sends

a — b has also the effect of sending ¢+ d

a — ¢ has also the effect of sending b+ d
a — d has also the effect of sending b+ c.

So G = {1, (a,b)(c,d), (a,c)(b,d), (a,d)(b,c)} and
K(a,b)(c,d) _ Q(\/g)

K(a,c)(b,d) — Q(\/i)
K(a,d)(b,c) _ @(\@)



3. THE IDEAL CLASS GROUP

Let K be an algebraic number field, i.e. a finite extension of Q, of degree n
and Ok its ring of integers. To avoid confusion, we will call the elements of Z
rational integers. Note that Ox NQ = Z. Indeed, if % is a rational number written
in lowest terms that is a root of some equation with rational integers coefficients
L™+ Q1™+ 4+ ag = 0, then r™ 4+ a1 ts + ... + ags™ = 0, hence
s | ™. But since ged(r, s) = 1, this implies that s = 41, hence © € Z.

Also note that if a4ma™ + @m_10™ 1 + ... +ag =0, a; € C,0<j <m,and
a € C, then a,,a satisfies the monic equation ™ + ayp—12™ 1+ ...+ afn“_lao =0,

S0 ama is integral over the ring Z[ag, . . . , am).

Lemma 9. Suppose f(X) is a polynomial with algebraic integer coefficients and u

fX

is a root of f. Then X ) is also a polynomial with algebraic integer coefficients.
—u

Proof: We prove this by induction over m = deg f. The polynomial f is of the
form f(X) =0, X™ + 0 1 X™ L+ ...+ 00 with 0y, ..., 0, are algebraic integers.

Therefore Z[6y, . . ., 0,,] is integral over Z.
(X)

If m =1, then f(X) = 61(X — u). Hence )J; = 01, which is an algebraic
integer.

Now assume the lemma holds for all polynomials of degree at most m — 1.
We want to show that it holds for the polynomial f. As we have seen, 0,,u is
integral over Z[fo,...,0y,], which, in turn, is integral over Z. Thus 6,,u is an

algebraic integer and the polynomial g(X) = f(X) —6,,(X —u)X™ ! has algebraic

integer coefficients. Also, degg < m — 1 and g(u) = 0. So we can apply the

X
induction hypothesis to g and, therefore, 9(X) has algebraic integer coefficients.
X X
But M = & +6,,X™ ! so the lemma also holds for f.[]
X—-u X-—-u

Lemma 10. Suppose f(X) = 0 (X —u1)...(X —uwm) has algebraic integer coef-

ficients. Then O,u1 ... u; is an algebraic integer for each j, 1 < j <m.
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Proof: If 7 = m, the product is actually equal, up to sign, to the constant term of f,

and therefore it is an algebraic integer. For j < m, the product is equal, up to sign,
J(X)

(X — ’(,Lj+1) e (X —um)

previous lemma, g has algebraic integer coefficients, so 0,,u; ... u; is an algebraic

to the constant term of the polynomial g(X) =

. By the

integer. [

Definition 4. If a and 8 are two elements of some algebraic number field, we say
that o divides 8 and write « | B if there is an element a of the ring of integers of

the field, such that B = aa.

Theorem 11. Let f(X) = ZaiXi and g(X) = Zﬂij be two polynomials
i=0 j=0
with algebraic integer coefficients and let h = fg. Suppose that § # 0 divides all the

coefficients of h. Then 6 | a;3; for all i and j.

Proof: Let f(X) = am(X —u1)... (X —up) and g(X) = 6-(X —v1) ... (X —v,).
Then @ = Oén(;ﬂr (X —u1) ... (X —up)(X —v1)...(X —v,) has algebraic integer

coefficients. So 6 | &, 3. By the previous lemma,

amBr

)

- (any product of the w;’s) - (any product of the v,’s)

is an algebraic integer. Now, by the Viéte relations for all 0 < ¢ < m and all

o ,
0 <j <r, — is a sum of products of the u;’s and & is a sum of products
am T

of the v;’s. Thus, afj = Otn;ﬂr & % is equal to a sum of terms of the form
Ay, Pp

e!

Wmfr (product of some u;’s) - (product of some v;’s) and, therefore, an algebraic

integer. [

Corollary 12. (Gauss) Suppose f,g € Q[X] and fg has integer coefficients. Then

there exists anr € Q s.t. rf(X) and 1g(X) have integer coefficients.
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Proof: Let h = fg. Choose r € Q s.t. rf has relatively prime integer coefficients.
Denote F(X) = rf(X) = iaiXi € 7[X] and G(X) = %g(X) € Q[X]. Let d € Z,
i=0
d # 0 for which dG(X) = XT: b; X7 has relatively prime integer coefficients.
Then d divides all the cz)zgﬁcients of the polynomial dh(X) = F(X)-dG(X). By
theorem 11 it follows that d | a;b; for all ¢, j. So, for any j, d | ged(aob;, a1bj, ..., amb;) =
b;, since the a; are relatively prime by construction. But the b;’s are also relatively

prime, so d = +1. Thus, G has integer coefficients. [

Corollary 13. A monic irreducible polynomial in Q[X] that has some algebraic

integer for a root has rational integer coefficients.

Proof: Let f(X) be such a polynomial and let « be its algebraic integer root. Then
there exists some monic polynomial A € Z[X] such that h(a) = 0. Since f is
irreducible, h = fg for some g € Q[X]. By Gauss’s corollary there exists r € Q s.t.
rf(X),19(X) € Z[X] and h(X) = rf(X)1g(X). Since the h is monic, it follows
that the leading coefficients of rf(X)and %g(X) are +1. But, since f is monic it

follows that r = +1, so f € Z[X]. [

Recall that K is an algebraic number field of degree n.

m
Definition 5. Ifay, ...,y € K, denote by [aq, ..., an] = {Zaiai;al,...,am € Z}
i=1

the Z-submodule of K generated by aq, ..., Q.

Theorem 14. Any Z-submodule a = [aq, .. ., an] of K has a Z-basis with at most

n=[K : Q)| elements.

Proof: Since a = [a1,...,q;] is a subset of the field K, it is a finitely generated
torsion-free abelian group, and thus a free Z-module of finite rank. Therefore it

suffices to show that a can be generated by n elements.
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n
Let 34, ..., B, be a Q-basis of K. Then each «; can be expressed as a; = Z ai;3;
j=1
with a;; € Q. Then any element o of a is of the form

o = Zlblal = Z (Z bﬂlw‘) ﬂj = Zlcjﬁj
i= Jj=

j=1 \i=1

m
for some b1, ...,by, € Z and where ¢; = Zbiaij, forall 1 <j <n.
i=1
Let 1, = ged(ain, - - - @mn). Then we can write ¢;, as a linear combination of

the Qi -

m
Choose b1 1, ...,b1,m € Zsuch that ¢y, = Z b1 iain is equal to ged(ain, - - - Gmn)-

i=1
m
Let c1; = Zbl,iaij, 1 <j <n—1. Then for each o € a there exists a d € Z such
m =t m
that Z biain = dcin, where o = Z b;a;.
i=1 i=1
n n—1
So, a — dzcldﬁj = Z 6jﬁj, for some eq,...e,_1 € Q.
j=1 j=1

Hence, for each 1 < ¢ < m, there exist d; € Z and d;; € Q, 1 < j <n —1 such

that
n n—1
ai—di Y 1B =Y dijB.
j=1 j=1
Therefore
n n—1 n—1 n
a= [041, ceey am] = |[&1,y...,0nm, ZCLjﬂj = Z dljﬁj, ey Z dmjﬁj, ch’jﬂj
j=1 j=1 j=1 j=1
m
Now choose b3 1, . .., b2.m € Z such that Z baidin—1 = gcd(d1n-1,---sdmn-1)-
i=1
Repeating the procedure, we get
n—2 n—2 n n—1
a= > diB > dmiByy Y e85 ) caibs
j=1 j=1 j=1 j=1

Keep going and finally obtain that
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n n—1
a=|> 18, 2B s cunbr]
=1 =1

so a can be generated by n elements. []

Definition 6. For any finitely generated Z-submodule a of K, the dimension of a

is the number of elements in a Z-basis of a, and it will be denoted by dim a.

Definition 7. If a = [aq,...,a,] and b = [51,. .., Bt] are two Z-submodules of K,

then their product is ab = {af;a € a,f € b} = [a;0;;1 <i<r,1<j <t

Clearly this definition is independent of the choice of the generators of the two
modules.

By the primitive root theorem, we can find § € K such that K = Q(¢). Then ¢
has n conjugates 811 ... 6 which uniquely determine the n embeddings of K
into Q.

K for 1 <i < nis defined by K = {a() : o € K. The K® are the conjugate

fields of K.
Definition 8. The discriminant of n elements oy, ..., o, of K is
2
agl) )
D(aq,...,an) = |det : . :
NCENN

Note that if aq, ..., «, are linearly dependent over Q, then D(ay,...,a,) =0.
Theorem 15. D(ay,...,a,) € Q, and, ifay,...,a, € Ok, then D(aq,...,a,) € Z.

Proof: Let K = Q (01),...,0(), where we recall that K = Q(¢). Then K£/Q is a
Galois extension and the effect of the action of the elements of Gal(X/Q) on the
matrix that defines the discriminant is to permute it rows, thus leaving the det?
unchanged. Hence D(aq,...,a,) € Q. If all the a;’s are algebraic integers, then
the discriminant is at the same time an algebraic integer and a rational number.

Therefore it has no choice but to land in Z. [
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Since K = Q(#), a field basis for K is {1,0,...,0" 1} and

1w g
. A 2
D(1,0,...,0" 1) =det | : " : = II (mn_gm) £ 0.

1o g ) asicEn

Assume that ay,...,ap,01,...,0, € K and (B1,...,0n) = (a1,...,a,)M for
some matrix M € Mat,x,(Q). Then for any i, 1 < i < n, applying the "

embedding of K into C, we get that (69, ... ,@(f)) = (agi), ... ,aﬁf))M. Hence

OB cY ORI
o= |
O ORI

s0 D(B1,...,0,) = D(ay,. .., ay,) (det M)

Since K has a field basis whose discriminant is nonzero, it follows that the dis-
criminant of any field basis is nonzero (two field basis differ by an invertible matrix).
On the other hand, if ay,...,a, € K, then (ai,...,a,) = (1,0,...,0" )M for
some n X n matrix M with rational entries. So, if D(aq,...,q,) # 0, it follows
that det M # 0, hence {aq,...,a,} is a field basis for K.

Note that by taking a field basis and clearing denominators, one can construct
a field basis consisting entirely of elements of Ok and the discriminant of such a

basis is a nonzero integer.

Theorem 16. Let a be an additive subgroup of Ok containing n linearly indepen-
dent elements (linear independence over Z is the same as over Q). Then a is an

n-dimensional Z-module.

Proof: Let ay,...,a, be the n linearly independent elements of a. They form a
field basis and |D(aq,...,a,)| € Z4.
Suppose [aq,...,a,] # a. Then there is an element o, 11 € a\ [a1,...,a,]. By

theorem 14, [a, ..., an41] has a Z-basis with n elements (1, ...,3,. Then
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(a1,...,apn) = (B1,...,0n)M, for some n x n matrix M with integral entries
and det M # 0. Also, |det M| # 1, since otherwise a;,4+1 would be an element
of [a1,...,ay]. Thus 0 < |D(B1,...,5:)| < |D(ai,...,a,)| and they are both
integers. Keep repeating the process. And some point it has to stop, and when it

does we have our n-dimensional basis. [

Corollary 17. O itself is an n-dimensional module.

Proof: Tt contains a field basis. []

Definition 9. A Z-basis for O is called an integral basis of K.

Note that if {a1,...,a,} and {B1,...,05,} are two integral bases of K, then
(a1y...,ap) = (B1,...,0,)M for some invertible matrix M € GL(n,Z). So M €
GL(n,Z) and M—1 € GL(n,Z); therefore det M = +1. Thus D(ay,...,a,) =

D(f,...,08n). So we can define

Definition 10. The discriminant of the field K, Dy, is the discriminant of some

integral basis of K.

Let {a1,...,a,} be an integral basis of K and a = [/, . .., 8] be an n-dimensional

subgroup of O. Then (51,...,0,) = (a1,...,a,)M for some M € Mat, xn(Z).

Claim |det M| = #Ok /a.

To see this, use the Elementary Divisors Theorem to find a Z-basis for a of the
form dyay, ..., dya, with dy, . .., d, nonnegative integers. Then (dyay, ..., dya,) =
(B1y. .., Bn) M’ for some M’ € GL(n,Z). So (diaq,...,dpoy) = (a1,...,00)MM'.
Then [Ok : a] =dy...d, = det Mdet M’'. But det M’ = £1 and d;...d,, > 0,
hence [O : a] = |det M.

If a is a Z-submodule of K, then it is clear that aOg O a.
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Definition 11. A Z-submodule a of K is called a fractional ideal of K if aOg = a.

If in addition a C Ok, then a is called an integral ideal.

Clearly any fractional ideal can be written as éa, where a is an integral ideal

and d € Ok. Also, the index of any integral ideal in Ok is finite.

Definition 12. If aq,...,a,, are elements of K, not all zero, then the ideal gen-
erated by aq,...,am s (a1, ..., 0m) = 01, ..., an]Ok. The product of two ideals
a=(a1,...,Qm) and b = (B1,...,0,) is the ideal ab = (a;0;;1 < i <m,1 < j <
).

Principal ideals are of the form (a), with o # 0.

Definition 13. If every ideal of Ok is principal, then Ok is called a principal

ideal domain.

Theorem 18. Given any fractional ideal a of K there exists another fractional

ideal b such that ab = Ok.

Proof: Let a = (ay,...,a,) and consider the polynomial f(X) = Zanj. Let
3=0

fO(X) = z’": agi)Xj and set
3=0
B = FDC0. fOX) and () = o = S
Let K be the normal closure of K over Q. Then the coefﬁcié;l(’;s of h are fixed
by all the elements of Gal(K/Q), and thus h € Q[X] and the coefficients of g are
fixed by all the elements of Gal(IC/K), so g € K[X]. Let N € Q denote the ged of

the coefficients of h(X).

Claim: (ag, ..., )(Bo, ... 0t) = (N)

Suppose the claim holds. If b = (?\?, R ]ﬁ\f_), we have ab = (1) = Ok and the

theorem is proved.

To prove the claim, apply theorem 11 to N and h(X). It follows that N | a; 3

for all j’s and I’'s. So (N) D (ao,...,)(Bo,-..0t). On the other hand, the
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coefficients of h are Z-linear combinations of the «;3’s, so they are contained
in (ag,...,a:)(Bo,-.-0:). But N, being the ged of the coefficients of h, can be

written as a Z-linear combination of these coefficients, so it is also contained in

(O[o, .. .,Oér)(ﬁo, . ﬁt) D

Corollary 19. The fractional ideals of K form an abelian group with Ok as iden-

tity.

Definition 14. We say that an ideal a divides an ideal b, and write a | b, if there

exists an integral ideal ¢ such that b = ac.

Note that a | b < a7'b C Ok.

Theorem 20. Let a and b be two ideals of K. Then a|b iff a D b.

Proof: a|b<a b C Ok < b C a0k =a. ]

Definition 15. If a = (a1,...,a,) and b = (B1,...,3:) are two ideals of K, then
their greatest common divisor s (a,b) = (a1,...,ar, B1,...,0t), the smallest ideal

containing both a and b.

Theorem 21. Letd = (a,b). Thend|a andd | b and, if c|a and c| b, then ¢ |D.

Proof: By definition ® D a and 9 D b. Now if ¢ | a and ¢ | b, then ¢ D a and ¢ D b,

so ¢ D0, that isc‘(alv"'aaraﬁlu"wﬂt):D'D

Definition 16. A prime ideal p is an integral ideal such that p # Ok and with the

property that if an integral ideal a divides p, then either a =p, or a = Ok

Theorem 22. Ifp is a prime ideal of K and a, b are two integral ideals with p | ab,

thenp |a orp|b.
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Proof: Since (p,a) is an integral ideal that divides p, it follows that (p,a) = p or
(pa Cl) = OK
In the first case, p | a. In the second case b = bOg = b(p,a) = (bp, ab). Clearly

p | bp, and p | ab by hypothesis. So by Theorem 21, p | (bp,ab) =b. [l

Exercise

(1) Let K/k be a degree n field extension and assume that Oy, is a PID. Show
that every ideal of K has a basis of n elements over Oy.
(2) Let K = Q(v/=5). Then Ok = [1,4/=5]. Which, if any, of the following
three Z-modules are ideals?
e [19+7y/—5,43 + 161/=5)
e [15+ 14y/—5,34 + 32y/-5]
o [—31+11y/—5, =71 + 25\/=5]

Corollary 23. If p is a prime ideal and o, 3 € Og with a8 € p, then o € p or

b Ep.

Proof: Let a = (a) and b = (3). They are both integral ideals and p | ab. Since p

is prime, it follow that p | aorp|b,so a € por B € p. [l

Theorem 24. Every nonzero fractional ideal of K factors uniquely into a product
r

of the form pr with a; € Z. For integral ideals all the a;’s are nonnegative

integers. =

Proof: Assume throughout that a is nonzero. It suffices to prove the assertion for

integral ideals. To see this, assume that a is a fractional ideal. Then there is a

d € Ok such that da is an integral ideal, b. Both (d) and b factor uniquely into

b

primes, and therefore so does a = U
Now consider an integral ideal a. First we are going to prove that a factors as
a product of primes. If a is prime or a = O, we are done. But suppose a can be

written as the product of two integral ideals: a = b;bs. Both b;’s strictly contain
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a, and so are of finite index smaller than [O : a]. The process has to stop at some
point and thus we get a prime factorization of a.

Assume that two such factorizations exist:

T t
a; b,
o= ITvt =TT o
i=1 j=1

Then for each i there exist a j such that p; | q;. Since they are both nonzero
prime ideals of K, they are maximal ideals of Ok and so they must coincide. We
get r =t and, by eventually reordering the factors of the product, p; = q; for all 4.

In the same fashion we get that a; = b; for all 4. [

Theorem 25. The integers of K, Ok, form a UFD iff every ideal of K is principal.

Proof: If every ideal of K is principal, then Ok is a PID and therefore a UFD.

Conversely, assume that O is has unique factorization. Since every ideal of K
factors uniquely into product of prime ideals and their inverses, it suffices to show
that every prime ideal is principal. First let m be an arbitrary prime element of Ok
and p = () the ideal generated by it. For the sake of contradiction, assume that
p is not a prime ideal. Then there exist integral ideals a and b such that p | ab,
but ptaand ptb,ie ppaandp pb. Choose o € a\pand 5 € b\ p. Then
af € p=(w), son | af. Since 7 is prime it follows that 7 | & or 7 | 3. But this
implies @ € p or § € p, which contradicts the choice of & and 3. Therefore (7) is a
prime ideal.

Now let p be any prime ideal of K. Choose a € p, a # 0. Then p | («). Since
Ok is a UFD, « has a unique factorization into primes, @ = my...m,.. Therefore
p| (m1)...(7), and, p being prime, this implies that p | (7;) for some 1 < j < r.

By the first part of the argument (7;) is a also prime ideal, so p = (7;). [J

Definition 17. The ideal class group of K, Cly, is the quotient group of the group
of fractional ideals of K by the group of principal ideals of K. Its order, hx is called

the class number of K.
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Theorem 26. Given two integral ideals a and b, there exists an integral ideal ¢

such that ac is principal and (b,¢) = (1).

T I
Proof: Let ab = Hpéi, where [; > 0, for every ¢, 1 < ¢ < r. Write a = pr", with
i=1 i=1
0 < a; <l; for each i.

For each j, 1 < j < r, define
o = e
i
So for each p; | ab, p; | 9; iff 4 # j and for i # j we have p?”‘l JE

Now (91,...,0;) = (1), so there are 7; € 0, such that 1 = Z’yj. Choose

j=1

aj € py’ \p;”“, so p’ | (o), but p?ﬁl f (o). Define w = Zaj%' For each
j=1

j, we have that p}’ | (cv;), but p;jH 1 (ovj7y;) and p;jﬂ | (o;y;) for all @ # j.

This is so because first we have ; € ;, hence ?; | (v;) and so p;’jH | (ery;) for

all i # j. But if p; | (v;) for any j, then p; would divide all the ’s, and therefore
would divide their sum, which is 1. This is clearly impossible.
Combining all this we get that for each j, p;j | (w), but p "t (w), so a | (w).

J

Let ¢ be the integral ideal for which (w) = ac. Then (ac,ab) = (w),Hpﬁ) =
i=1

Hp;“ = a, and thus (b, ¢) = (1). ]
i=1

Theorem 27. FEvery ideal of K can be generated by two elements.

Proof: Tt suffices to prove the assertion for integral ideals. So, let a be an integral
ideal. Then a~! = 1b for some a € Ok and b an integral ideal. Then ab = (c).
By theorem 26 there exists an integral ideal ¢ such that ac = (w) and (b, c) = (1).

Hence (ab, ac) = a, so (o, w) = a [

Let a be an integral ideal of K. Then Ok /a is a finite ring and we have the
canonical projection O — Ok /a given by @ — a. If p happens to be a prime

ideal of K, then Ok /p is a finite integral domain, and thus a field. Let p be the
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characteristic of the finite field Ok /p. Then p =0 (mod p), so p contains a rational
prime, namely p, i.e. there exist a rational prime p such that p | (p) = pOxk

The canonical projection O — Ok /p induces a canonical map Og[X7, ..., Xs] —
Ok /p[X1,...,X,] given by f(X1,...,X,) — f(X1,...,Xs).

Suppose that f,g € Og[X1,...,X;] and that every coefficient of fg is in p. Then

fg=01in Ok /p[X1,...,X,], 50 f =0o0r g =0, i.e. every coefficient of f is in p or

every coefficient of ¢ is in p.

Definition 18. Let f € K[Xq1,...,Xs]. The ideal I(f) of K generated by the

coefficients of f is called the content of f.
Theorem 28. If f,g € K[X1,...,X], then I(fg) =I1(f)I(g).

Proof: Let X = (Xi,...,Xs). Then f(X) = a; X" and g(X) = > b; X’ where i
and j are multi-indices. Without loss of generality, we may assume that f and g

have integral coefficients.

I(f)1(g) = {Z%%Zﬁjbg‘;aiﬁj € OK} 2 {Z%‘jaibj;’)’ij € OK} 2 I(fg)
Let a = I(f). This is an integral ideal, and there exists another integral ideal b

such that ab = (a), a principal integral ideal. Also, by theorem 26 there exists

an integral ideal ¢ such that be = (a’) principal ideal and (c¢,a) = (1). For any

) o be (a)
coefficient a of f we have a D (a), so a | (a), and 2% =% (a) = - C Ok.

!
o
Therefore —a € Ok.
o
/

It follows that — f(X) € Ox[X] and
(0%

I g/f () ) = o a,a| = gma =(c,a) = (1)
« o ab

/

Similarly, there exist 3, 3’ € Ok such that %g(X) € Ok[X] and

(1(59) . 10) = .
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Fix p a prime ideal dividing I(fg). Then all the coefficients of fg are in p, and
therefore, all the coefficients of f are in p or all the coefficients of g are in p, i.e.
p| I(f) orp|I(g). We will discuss the case p | I(f), the other case being similar.
Since (I (% f) 7I(f)) = (1), it follows that p{ I (% f)
Define v, 7/ € Ok as follows:

e if it also happens that p | I(g), let ¥ = 8 and 7/ = . Note that in this

case, by the same reason as for f, p{7 <% g) =17 (% g).
e if ptI(g),let v=+"=1. In this case, we also have that p{ (% g).

So, by the remark we made before, p{ I (% f g). Therefore

the power of p in I(fg) = the power of p in (;f:j,)
= the power of p in (%) + the power of p in (%)

= the power of p in I(f) 4 the power of p in I(g).
Hence 1(fg) = I(f)1(g). [

4. EXTENSIONS OF NUMBER FIELDS

Let K/k be a degree n extension of number fields.

Denote by KM ... K™ the n conjugates of K over k.

Definition 19. For every element o € K, the norm of « relative to k is

n

NK/k(a) — Ha(i)
i=1
Similarly, the norm of a polynomial f € K[Xy,...,X,] is Ngp(f) = Hf(i).
i=1

Clearly NK/;C(OZ) € k and NK/k(f) S k‘[Xl,. .. ,Xs]

Proposition 29. Suppose L is an intermediate field of the extension K/k. Then,
for any o € K and any f € K[Xy,...,X,], we have Np, (NK/L(a)) = Ng/i()

and Ny ;i (Ni/r(f)) = N (f)-

Proof: Let K be the normal closure of K over k. Then IC/k is a Galois extension with

Galois group G. Denote H = Gal(K/K) and H' = Gal(K/L). Write G = |_th,
h
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where L denotes a disjoint union. Also write G = |_| WH' and H = |_| h'H. Then

h/ h//

we have G = | |WH' = | |h'h'H.

For a € K, Ng (o Hh and Nz (o) = [ 2"(e)

h/l
For 3 € L, Np(8) = Hh’(ﬁ)
So
Np i (Ng/p (e Hh’ (H n (a > IT »»"(a Hh = Ng/p(@). O
h// h/ h//

We would hke to define N/ for ideals of K. The natural definition would
be Ng/i(a Ha( , where, if a = (aq,...,q,) is an ideal of K, then a® =

(af”,.

7"7

( ) C K (¥), the image of a under the canonical isomorphism K — K.

But we have to precisely define what we mean by the product of ideals of different
n

fields and we need to know that H a® C k. This is obviously an ideal of K that

i=1

is fixed by the Galois group, but this does not mean anything. Take, for instance,

(\/ﬁ) in Q (\/5)7 which is fixed by the Galois group, but that does not make it

rational.

Let ay,...,an € k. We will write ax = (a1, ..., amn)x for the ideal of k generated
by a1,...,am and ag = (a1,...,am)x = 0Ok for the ideal of K generated by
Alyeeey Q-

Theorem 30. ax Nk = ag

Proof: 1t is obvious that a; C ax Nk. To prove the other inclusion, pick any element
beagNk. Then b = aja1 + ...+ amay, for some aq, ..., q, € Og. Taking norm

of both sides of this equality, we get that

bt = ﬁ (agi)al +...+al )am) )

i=1
Consider the polynomial f(X1,..., X)) = a1 X1+. . Ao Xm € Og[ X1, ..., Xin)

and let g(X1,..., Xm) = Ni/i(f H Za“ o | € Oc[X1, ..., X,). This g

=1 \ j=1
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is a homogeneous polynomial of degree n and b = g(ay,...,a,). Therefore b™ =
a sum of products of the form acy...c, with a € O and ¢q,...,¢, € ai. This
implies that b™ € af, so af | (b)™. But, because of the unique factorization of the

ideals this means that a | (b), i.e. b € a;. L]

So we can define the equality of ideals in different fields as follows:

Definition 20. If a; is an ideal in the number field L;, i = 1,2, we say that a; = ay

if they generate the same ideal in a common extension of the two fields L1 and Lo.

Also, the multiplication of ideals of different number fields is done by performing

the multiplication in some larger common extension of the respective fields.

Example Let L1 = Q(v=5) and Ly = Q(V2), a1 = (2,1++v/=5) and ay =

(V2). Then a} = (4,24 2v/=5, -4+ 2y/=5) = (4,2+2y/-5,—6) = (2) and a} =

(2). So, in Q (v/=5,V/2) it really does make sense to say that a; = as.
In fact (v2) 2 (2,1 + +/=5), because 2 = /22 and 1+ /=5 = v/2

and Lﬁ are the roots of the polynomial X2 — /2X + 3.

Also, —2v/2 + 1_\/\2_75 (14+V=5) = V2, so (V2) € (2,1+V/-5).

1+v=5
5

Going back to our attempt to define the norm of an ideal, let a be an ideal of K
and let g € K[X] be a polynomial with I(g) = a. For instance, if a = (aq,..., ),
take g(X) = > ;X;. Then

[T-% =] (g(i)) =1 ( gw) = I (Nk/k(9)) € k.
i=1 i=1 1

So, now we can actually define the norm of an ideal:
n .
Definition 21. If a is an ideal of K, its norm relative to k is Ng(a) = H a®,
i=1

Also if L is an intermediate field of the extension K/k, then Ny (NK/L(a)) =

Nk (I (Ngyp(9))) =TI (Nkyz (99)) =1 (Ngyi(9)) = Nijx(a).
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And, if a and b are both ideals of K, choose f,g € K[X;,...,X,] such that
I(f) = aand I(g) = b. Then ab = I(f)I(g) = I(fg) and Nyc/i(ab) = I (Nic/u(f9)) =
I (Ngyi(F)Nkk(9)) = I (Nieyr(f)) I (Nii(9)) = Nicy(a) Nicyi(b).

So, if k = Q, then Ng /g(a) = (V) for some N € Z.

Definition 22. By convention, Nk q(a) = |N| and this is called the absolute norm
of a.

From now on, if K is clear from the context we will write N(a) for the absolute
norm of a.

Example We will see that in Q (\/5)7 for the prime p € Z, we have

(p) i (8)=-1
(p)=qp* i(D)=0
pipe if (D) =1
with Np = Np; = p and N ((p)) = p>.
Note: (%) is the Legendre symbol, defined by:
D 0 if p| D
(p> =41 if there exists some a such that > = D (mod p)

—1 if there is no such a

In general, if a = (1), l € Q and [K : Q] = n, then Na = |I|".

Also, note that if a is integral, then a | Nk, (a).

Lemma 31. Any ideal a of K may be written as a = («, 3), where (NK/k(a), NK/k(ﬂ)) =

N ji(a).

Proof: Take ¢ integral ideal with ac = («). Now take N /i (c) extended up to K
and choose an integral ideal b of K so that (b, Ni/,(c)) = (1) and ab = (3). Now,
¢ | Ngyi(c) and therefore (¢,b) = (1). So (o, ) = (ac,ab) = a(c,b) = a and we

have

(N k() N i(8)) = (N (a)Nicsi(€), Nic i (a) Nic 1 (b)) = Nicyi(a) (Nieyi (), Nicyii (b))
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But (b, Ng/(c)) = (1), hence (b®), N4 (c)) = (1) for each i. Thus (Ng 5 (b), Ng/x(c)) =
(1). U

Note that Ng /i, (o)) = (NK/k(a)).

Assume that Oy is a PID and recall that [K : k] = n.

Lemma 32. Let b = [$1,...,0s] and ¢ = [y1,...,7n] be two ideals of K. We

can write (Y1,...,%n) = (B1,...,Bn)M for some M € Mat,xn(k). Then det M |

Nic/r(e/b).

Proof: Let o € ¢/b. Then (a)b C ¢. So there exists an n x n matrix X with entries

in O such that a(f81,...,8n) = (Y1, -, )X = (B1, ..., Bn) M X. Therefore

a®p L ampd g g
A = o | MX
a(n)ﬁi”) o a(n)ﬁé") ﬂyl) o ﬂT(L")

and taking determinants we get N /5, (a) det (ﬁ;i)) = det (ﬂp) det M det X. Hence
Nk i(a) = det M det X, and, since det X € Oy, it follows that det M | N i ().
Now, there exist a1, ap € K such that ¢/b = (a1, a2) and Ng 5 (c/b) = (N (1), Ngjp(az)).

But this means that det M | Ng /i (), i = 1,2, so det M | Ng /i (c/b). L

Theorem 33. Let k be a number field with Oy a PID. Suppose K/k is a degree
n extension and choose wi,...,w, € K such that Og = [wy,...,wy]x. Let a =

(a1,...,0ap) be an ideal of K and write (aq,...,an) = (w1,...,w,)M with M €
Maty,xn (k). Let f(X1,...,Xn) = Nk Zanj
j=1

Then a = [, ..., an)k iff det M divides every coefficient of f, and in this case

Proof: Recall that I(f) = Ng/i(a).
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First assume that a = [ag,...,ap]k. Then by lemma 32, we have det M |

Nk i (a/Oy). But Nk, (a/Or) = Nk i, (a), so
(1) det M | Nk i (a)

Furthermore, (wi,...,w,) = (a1,...,0,)M~1, so det M~1 | NK/k((’)ka_l)
and therefore (det M~') | Nk i(a™'). Together with (1) above, this shows that
Niesu(a) | (det M),

Now suppose that a = [81, ..., Bn]k. Then (aq,...,ay) = (61, .., O8n)X for some
X € Maty,xn(Ok) and (B1,...,06,) = (wy,...,w,)Y for some Y € Mat,xn (k).
Hence (aq,...,an) = (wy,...,w,)YX, and so M = YX. By the first part of
the proof, it follows that (detY) = Ng/,(a) = I(f). Therefore (det M) | I(f) iff

(det X) | (1) which is equivalent to [a1, ..., ]k = [B1s- -+ Bl LI

Example Let K = Q(v/-5) and a = (2,14++/-5) C K. Then also a =
(2,14 V-5].
Here O = [1,\/——5] and
21V =) (1)
and det M = Ny ga = 2. The associated polynomial is f(X,Y) = Ng/g (2X + (1 +V/=5)Y) =
(2X +Y)2 +5Y2 =4X? +4XY + 6Y2. Note that 2 divides every coefficient of f,

and in fact I(f) = (4,6) = (2).
Corollary 34. If k=Q and a = [ay,...,ay], then Na = |O/a| = | det M]|.

Proof: Both quantities are equal to |det M|. [

5. RELATIVE DIFFERENTS AND DISCRIMINANTS

Take K = Q (@)

e If D =2,3 (mod 4), consider the integral basis {1, \/5} Then

(1 %) (P )=

1 —vD “o/D\ -1 1 S U
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So we obtained the dual pair of elements {% T} Note that
[%7 %} = (%) as [%, ﬁ} [ \F} is a fractional ideal. Note that
any element of this ideal looks like
(a +buVD ) °_ 4 b
2D 2VD 2

We define the trace of any element of K as follows: tr(a) = o™ + a(?). So

tr (a + b\/ﬁ) = 2a. For o € Ok, we clearly have tr(a) € Z. Also notice that for

the elements of (ﬁ), we have tr (2\‘}5 + %) = b € Z. What other elements of

K have the property that their trace is an integer? That is, what is tr—1 (Z)?
Consider o = 7+ sv/D € K. Then tr(a) = 2r. So if the trace is an integer, we

have r € 3Z. Furthermore, tr(v/ Do) = 2Ds. If this is an integer, then s € 752

Thus, we have:

(2\}5> - B 2\1@} = {a € K;tr(\a) € Z for all A € Ok}

Also, note that v/D is a root of the polynomial f(X)= X2 — D and f'(vVD) =
2vD, so N (f’(\/ﬁ)) = 4D = Dg.

e If D=1 (mod 4), consider the integral basis {17 LvD L Then

1 1 1

1 1+£5 . 13@ _1+5/B _ﬁ+§ ﬁ+§

_ - VD B 1 1

1 P -1 1 V5 7D
11 |- 1 1-vD| _ (_L
S0 [ mA—AL )= ()
Heretr( )( )):g—&—g:bez.

Also, 1+2\/5 is a root of the polynomial f(X) = X27X+% and f’ (1+2 D) =
VD. So N (f (142)) = D = Dx.

Recall that we are going to prove that (p) = p? iff p | D iff p | (\/ﬁ), SO primes

that ramify are precisely the primes dividing the different or the discriminant.
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Now, return to the situation in the previous section. That is, consider a degree
n extension of number fields K/k. By the primitive root theorem, K = k(6) for
some algebraic integer 6 € Ok. Let f € Ok[X] be the irreducible polynomial of 6
over k.

We want to write

1S N TCO L N A R 1
1o o T g g

signed minor corresponding to gr)i—1
det of the 6 matrix '

So 53(-70 =

The signed minor corresponding to #(™M7~1 is (—1)"*J times the determinant of
the minor obtained by deleting the n*® row and the j* column of the # matrix,

which is equal to the coefficient of X7~! in the polynomial

1 ew e
n—1
MX)=| : . : = ) — @ X — 90
1 gn-1 | e(n—l)”’1 1§i<1;£n71 ( ) jl;Il ( )
1 X o xn-1
Hence
n—1
the coefficient of X7~1in X — W
5 — the coefficient of X7~1in h(X) _ 11;[1 ( )
J (n) n—1
h(9 ) i—[ (Q(n) 9(2))
=1

Recall that f is the minimal polynomial of 6, so f(X) = H (X — G(j)> € O X].

Then nl:[j (x—00) = % € Ok [0™] [X]and 57 (6™) = II (0 —0).

Therefore

. =15 _f(X)
B the coefficient of X7 7" in =2 € 0, [e(n)}

(n)
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n—1
X
Let g(X) = )J;'(,)g = b X' € O[], where of course b,_; = 1. Then, for
1=0
n—1
X . ; ,
each 1 < i < n, we have Xf 9)(i) = g(")(X) = bl( = Oy, {9(1)] So,
1=0
(n)
gm - Y
J f! (9(n))
and similarly
o _ b
B} = -, foreachi,1 <i <n.
F(60)

In general if aq,...,«a, are k-linearly independent elements of K, then

(1, .. 0n) = (0D, ... 00" M for some M € GL(n, k). Hence

agl) a£}) 1 e . g
: . : = : i : M
o™ ol B I Gl
and thus
1 n
A\ —1 i1\ —1 . ry() ’Yi )
Ol GO REAICUR B
77(11) 77(7,70
So we proved the following result:
Theorem 35. If ay,...,a, € K are linearly independent over k, then
—1
oAl 1
o™ g ... g™

with B; € K for each 1 <i <mn.

In particular if (ay,...,a,) = (00, ...,00), with K = k() and 0 integral with

(i) o, fX)
minimal polynomial f over k, then 3;” = 7 EH(i))’ where X_4°- Z h X'
1=0

Note that (B1,...,0n) = (%) :

n
Definition 23. The relative trace of an element a € K is trg (o) = Za(i)
=1
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Note that for all & € K we have trg/,(a) € k and if L is an intermediate field
of the extension K/k, then try, (trK/L(a)) = trg k().

In the notation of the theorem we have

(@'”) (%w) = (45), so

ﬁ](l)a,gl) + —|—/Bj(-n)az(-") =05, L.e. trgp(Bjou) = d4j.

N -1
Lemma 36. Suppose oy, ..., a, € K are linearly independent over k and (ozz(»])) =
(ﬁ;i)). Then A\ € K has the property that trg ,(Aa;) € O for 1 < i < n iff

AE [ﬁlw"?ﬁn]k}'

Proof: Suppose X has the property that trg/,(Aa;) € Oy for all 4.
Then (A, ..., A™) (agﬂ')) = (by, ..., by) with b; € Oy.
So ()\(1), cee )\(”)) = (by,...,by) (@(z)) and thus each \(9) € [/BY), ceey 7(11)} K
Also note that, in this case, if we write A\ = )" ¢;08; with ¢; € k, then b; =
tric k(M) = trg e (O ¢jBji) = ciy so ¢; € O.

The converse is clear. [

Definition 24. Let a be an ideal of K. We will denote

tr/k(a) = {)\ € K :trg/p(Aa) € Oy for all a € a}
Lemma 37. If a is an ideal of K, then ti,(a) is also an ideal of K.

Proof: First note that if 8,7 € Og and A1, Ay € t(a), then tr (MF+ A2y)a) =
tr (A1 (Ba)) + tr (A2(yar)) € Oy, for any a € a. So A\ + A2y € t(a).

Therefore we need only show that t(a) is finitely generated, that is to say find
d € Ok such that dt(a) C O.

Let A € tg/x(a). Then, for any a € a we have trg (M) € Ok, s0 trgg(Aa) €
Z. Hence tg/i(a) C tr/g(a). Using the fact that Z is a PID, we may write
a = [oq,...,qn)z (Where m = [K : Q]), and let (agj))_l = (6§i))1gi,jgm

1<i,j<m
(here m = [K : Q). Since A\ € tg/g(a), it follows that tx,g(Aa;) € Z for all
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1 < i < m and therefore A € [31,...,0n]z. Choose d € Ok such that dj; € Ok

for each i. Then dt(a) € Of. L1

Definition 25. The ideal Dy, = t(Ok)~" is called the relative different of K /k.

If k = Q, then Dk = Dk q is called the different of K.

Theorem 38. If a is an ideal of K, then t(a) = a_lD;(}k and Dy, is an integral
ideal of K. If K = k() and Og = O[0], then Dy, = (f'(0)) where f is the

minimal polynomial of 6.

Proof: Let a,b be two ideals of K. Then at(a) = at(a)b™'b = (at(a)b™!)b.

Choose o € a, A € t(a) and z € b~! Pick any 3 € b. Then 28 € Ok and
therefore axf € a. Hence trg/p(AaxB) € Of. Since this holds for any § € b, it
follows that alz € t(b), that is at(a)b=! C t(b). So at(a) C bt(b).

By symmetry, we see that for any two ideals a and b of K, we have at(a) = bt(b).

In particular take b = Ox. We have at(a) = Ok t(Ok) = t(Ok) = D;(}k.

Pick any a, A € Og. Then tr(Aa) € O, so A € t(Ok) = D;(}k. Hence Ok C
Dy e D C© Ot = Ok

Now assume that K = k() and Ok = O[f]. Let (ﬂ]@) = (0(1')%1)71. By
theorem 35, (B1,...,0n) = (%) Recall that tr(6°8;) = 6i41,; € Oy, so B; €
t(Ok) for all j. On the other hand, for any A € t(Ok) we have, by lemma 36, that
XE By Bnlk € (B1,---,0n)

Hence D)y = H(Ok) = (B1, - 8) = (77457 ) 50 Dicp = ((0)). O

Theorem 39. Let a = [oq,...,ay,], where we recall that n = [K : k]. Define

. -1
Bi,...,Bn as usual by (55_1)) = (agj)) . Then a_lD;(}k =B, Bnlk-

Proof: Recall that if A € a’lDI_{}k = t(a), then lemma 36 implies that A €

[B1,- -, On]k. On the other hand, for each ¢ and j we have tr(a;8;) = 0;; € Ok, so

ﬁj € t(a). O
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SN 2
Definition 26. The relative discriminant of K/k is the ideal D), = (det (wf”)) ,

where Ok = [wy, ..., Wy

Corollary 40. If Oy is a PID, then N, Dk /i = D i In particular, N(Dk) =

| Dl

. -1
Proof: Let Ok = [wy,...,w,|x and (ﬁ](-l)) = (ng)) )

By theorem 39 it follows that [B1,...,0:]x = D;{}k. Write (wq,...,w,) =
(B1,. -, 0n)M for some n x n matrix with entries in k.

Then, by theorem 33, (det M) = NK/kDI_(}k.

We also have (ﬂ]@) = (ng)) M, so

(det (@“)) - (det (w§j>)) (det M) = (det (ng))) Nie/ Dyl

N 2
Therefore Ny, Drcjr, = (det (wf]))) = Dk

Theorem 41. If K O L D k are number fields, then D, = Dgyr - Dr k-

Proof: We will prove that D;(} = D;(} L° Dz/lk

Pick some « € D;(}L = tx/(Ox) and some a € Dz/lk =tr/x(Or) C L. Then,
for any w € O, we have try /. ((a)w) = trp p trg/r, (alaw)) = trp /s (atrK/L(aw)) €
trr /i (aOr) € Ok. Hence aa € tg/,(Or) = D}}k.

Now we want to prove the other inclusion, which is equivalent to showing that
Dy i -D}}k - DI_(}L. Choose a € D}}k =tg/x(Ok) and a € D/, € Or. Choose
w € Ok. Then for any b € O, we have try, (btrK/L(aw)) = trgp (a(bw)) € O,
since bw € Ok and a € tg/(Ok). Thus trg/(aw) € tp(OL) = ’Dg/lk, and
therefore try /r(aqw) = atrg,/p(qw) € aDz/lk C Dr- Dz/lk C Op. Hence aa €
tr/(Ok) =Dy}, . O

K/L*

Corollary 42. Suppose [K : L] =m. Then DT | Dk.
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Proof: Take k = Q in the previous theorem. We get that

|Di| = Nijo(Px) = Nijg (Nk/o(Pryr - Dr)) = Nkjo(Pk/L)Npjo(PE) =
DY - Nio(Dk/1)

and the theorem follows since Nk /q(Dk/1) is an integer. [l

Theorem 43. (Chinese Remainder Theorem) Suppose a and b are integral ideals

of K with (a,6) = (1). If o, 8 € Ok, then the system of equations

r=a (mod a)
r=03 (mod b)

has a solution in Ok and that solution is unique (mod ab).

Proof: [

Theorem 44. Let B be a prime ideal of K. Then p =P Nk is a prime ideal of k

andNK/k‘B:pf for some 1 < f <n=[K:kl.

Proof: If a,b € O C Ok and ab € p C P, it follows that a € P or b € P, and since
they are already elements of k, we get a € p or b € p. Therefore p is a prime ideal
of k.
Note that P | p , since pOx € POk = P. Now let K be a conjugate field of K.
p AN i n
Then O~ <£}3) C Ok, so PO | p. Thus NP | p", hence NP = p/

for some 1 < f < n. [

Lemma 45. Given a prime ideal P of K and an integral ideal a of K with (B, a) =
(1), there exists an element 0 € a such that K = k(0), 6 is a primitive root mod3

and for any m € Z% and any w € Ok we can find an element o € Olf] with

a=w (mod P™).

Proof: We know that (O /)" is a finite cyclic group. Choose 6; € O such that
01 (mod ) is a generator of this group. Then every element in Ok that is not in

B will be congruent to #° (mod B) for some 1 < i < NP — 1.
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We want to find 6, = 6; (mod ) such that 7 = )% — 6, € P\ B2. To do this,

set 03 = 61 + 3 for some B € P\ PB>. Then

0% = (0, + NP = oNF L NBONFTIs 4 32(0.) = 60MF  (mod B?)

since P | NP and § € P.

So Qé\m — 0y = G{V% —6; — 8 (mod PB?) and we can choose an appropriate 3.

Now, the Chinese Remainder Theorem allows us to pick 03 = 62 (mod B?) with
03 =0 (mod a).

Set (1) = 65 + Ip?ary where p is a rational prime such that B | (p), @ € an
Z nonzero, v € Ok such that K = k(v) and [ € Z. The determinant of the

matrix (H(Z)(i)J) looks like H (Géj) - 9§i) + Ip?a(y¥) —fy(i))), and since vU) —
7 = 0 we can choose [ lar;]enough to this determinant nonzero. In this case
the column vectors are linearly independent, hence {1,6(1),0(1)%,...,0(1)" '} are
linearly independent over k, hence we have K = k(6(l)). Put 6 = 0(1).

Note that 6 is an integer.

Change 7 to m = 0N% — 0 € P\ P? and set 4; = % for 1 < i < NP —1. Then the

m—1

numbers Z B;m € Ok[f] run through all the residue classes mod P™ as the 3;’s
§=0

run through {7;;1 <i < N — 1} U 0. This is because we have NB™ of the form

m—1

Z B;jm) and if two of them are congruent (mod ™), then 8; = B; (mod B) for
=0

each j. [

Theorem 46. If K = k(0) and 6 € Ok, let f € k[X] be the minimal polynomial
of 0. Then Dy, is the ged of all such f'(0). Also, if B is a prime ideal of K,
p=P Nk and p = Pa with (a,P) = (1), then, for the 0 in lemma 45, the prime

ideal B has the same power in both Dy, and (f'(0)).
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Proof: If 8§ € Ok and K = k(0) and (ﬂ;”) = (0(i)j_1>_1, then for any A\ €
Dl;/k = t(Ok) we have, by lemma 36, that X € [B1,...,8u)k € (B1,---,8). So

Dyl € (Brs- -, Ba) = (f/(6)) ™", by theorem 35.

Thus, (f'(0)) € Dk, i-e. Dy | (f'(0)).

Hence (f'(0)) = Dk /i3 for some integral ideal B of K.

The theorem will follow if we can show that with the choice of 6 from the
lemma 45, we have (B,9) = (1).

Now B | Nk /B = p"b for some integral ideal b of k with (p,b) = (1). Given

w € Ok, we can find o € O[f] with o = w (mod PB°") (see lemma 45).

Then

Dicsn (w—a)b(6)" _ (w—a) PTa'b (@))r
(f"(0)) Per B a
and each of the three terms is integral, so the LHS is an integral ideal.
(w—a)(b)(8)"
(f"(0))

. and therefore try (MHJ) € Oy, for all

Now choose b € b € O. Then b | (b), so Dk
(w—a)b(d)"
——— D
KON
1 < j < n. Again lemma 36 implies that M € B,y Bnlk € (B1,.--,0n) =

is an integral

ideal. Hence

(f(0))™", so (w — a)bd™ € Ok[f]. But abd” € O[f] and thus wbd” € O[6].

Hence trK/k (%) € O for all w € O and so Y- € D! Therefore

£7(0) K[k
; ®o) . . . )67
/k | (f 9))3 D;}}k(f/(e)) is an integral ideal. But (f'(0)) = Dk /1B, so
is integral. This is true for all b € b, hence B | b(6)". Since (p,b) = (1) and P |p ,

it follows that (b,) = (1) But we also have ((8),) = (1), so ((8)"b,B) = (1). As

B | b(0)", we get (B,P) = (1), exactly what we wanted. [

6. RAMIFICATION THEORY

Consider the field extensions
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We have that B | p for each P lying above p, i.e. such that p =P N k. Also, if
B | p, then P D p, i.e. P lies above p. Thus, we may write any prime ideal of k as
p = ][, a product of the primes lying above it. Then, taking the norm of both
sides and keeping in mind that Ny /3B; = pfi, we get p =[] (NK/k‘,BZ-)ei =pxeifi,
hence n = > e; f;. In particular, the number of the ,;’s must be < n.

Possibilities are:

(1) p splits completely in K if there are n distinct B;’s lying above it (each
with f; = ¢; = 1);

(2) p remains inert in K if there is just one prime ideal 8 lying above p (here
e=1,f=n)s0p="P;

(3) p ramifies in K if any of the e; > 1. In this case we also say that P; is a

ramified prime of K relative to k.

Definition 27. The degree of B is the residue class degree, i.e. the degree of the

algebraic extension Ok /P over Z/(p).

Therefore Nk o' = p! where f = the degree of P.
Now, Ok /B contains the field O /p in the following sense: suppose a,b € Oy

with @ = b (mod PB); then a —b e PN O, =p,s0a=> (mod p).

Claim Og /9 is a normal extension of Oy /p.

Proof: Say N ;B = p/ and Nyjob = pfo = q. Then #0x /P = ¢/. Let 0 be a
generator of the multiplicative group of the field Ok /P, so 9qf‘1 =1 and no
lower power of @ is = 1. For @ € Ok /B define &(a) = @. This defines an
automorphism of O /P that fixes Oy /p as (@+ §)? = a? 4+ 5 and for @ € Oy /p
we have a? =a (mod p).

Moreover, 7,52, ...,5/ =1Id are all distinct automorphisms of O /B over

Note that the above field extension is automatically separable, since any finite

field extension is separable.
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Thus, Gal ((Ok/%B)/(Ok/p)) is a cyclic group of degree f with generator o, given

by o(f) = 8, and the f conjugates of & over Oy /p are ?qI,O <i< f-1

Now assume K is normal over k with Galois group Gal(K/k) = G.
Suppose P¢||p (exactly divides), and let P, ..., P, be the r distinct images of P
r e
under the action of G. Then B¢||p for each i. So, p = <H ‘,BZ> a, where
i=1

(a,B;) = (1) forall 1 < i <r.

But H 9P = Ng /B = p/, so any prime ideal factor of p in K is one of the ¢%3’s,

geG
r ef
i.e. one of the 9B;’s. Hence a = (1) and H 9P = Ngi'B = pl = <H ‘Bz‘) .
geqG =1
Now let Gp = Gp(P) = {g € G; ¢B = B}.
Then
r #Gp

H 9B = <H im)

geqG =1
so #Gp =ef.

Note that if g € Gp, then g is an automorphism of Ok /P over O /p.

Let a = % and choose 6 € Ok so that § is a primitive root (mod ), 6 € a and
K = k(0), satisfying the conclusions of the lemma 45. Then

T=0—0N% =0—07 c P\ P2 and every element of Ok is congruent to an

element of Ok[f] (mod P™). The irreducible polynomial for 6 over k is

FX) =TI (X — 96) € Ox[X].

geqG

Reducing (mod p) we see that 6 is a root of f, so (mod p) H (X —g0) is

geG
f-1 .
divisible by | [ <X -9 >
1=0

Thus there is a g € G such that gf = 07 (mod PB). This g is called the

Frobenius automorphism of 9 and is denoted by o () = o (KT&)

Let o be the Frobenius automorphism of 4. Then o € Gp. Indeed, suppose this

was not so. Then o1 # P, hence (¢~ ",) = (1). So, we can assume that
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0 € o~ 1PB. Since 0 = 09 (mod B), we have that § = (¢c716)¢ (mod o~ 1P), so

o710 c o719, ie. O € P, and we arrived at a contradiction. Thus o € Gp.

Definition 28. G; = {g € G;gw = w (mod PB) for all w € O} is called the

inertia group of .

Now, if g € Gp, then g provides an automorphism of Ok /P over Oy /p, so
g0 = 69 (mod ‘B) for some i. But also 06 = g7 (mod ‘B), so g~ loid =0

lot € Gy, i.e.

(mod B), so g~ lotw = w (mod P) for all w € O. Hence g~
g € JiG].
It follows that Gy is a normal subgroup of G p, because

gBlgngH = g[_)lgjai(ﬂ) = 9519‘11 =597 =0 (mod B).

Claim Gp /Gy is a cyclic group of order f and is generated by cGj.
Proof: 0G is a generator as each g € o'G; for some 7, as seen above. The only
question is to determine the smallest ¢ such that 97 =0 (mod PB). Thisisi= f

since 6 is a primitive root (mod ). []

Note that #Gp = ef, so #G; =e. Also, Gp/G; = Gal (%/%)
We now have the field extensions corresponding to G 2 Gp 2 Gy:
K Ry
Grle

Start with an ideal 8 of K lying above the prime ideal p of k. Denote p; = PN k;

and pp =P Nkp =prNkp.
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Then

NP =[] 9B =9

9€Gp

At the same time, we know that Ng ;B = p’5 for some m € {1,...,ef}. (Recall
that ef = [K : kp].)
Now if O, /pp were a nontrivial extension of Oy /p, then it would exist a
nontrivial automorphism of Oy, /pp that fixes Ok /p. Any such automorphism
would extend to a nontrivial element of Gal (% / %) = Gp /Gy, so it would be
induced by some g € Gp. But all the elements of Gp fix O, /pp (contradiction).
Hence Oy, /pp = Ok/p.
Therefore Ny, ,opp = Nijop = q and Ny, /xpp = p.
Also, ¢f = Nk /0B = Nip/oNk/kpB = Nipobh = ¢, so f =m and

pef :NK/,CD‘B:pg. Hence pp = P°.

Since the elements of G fix Ok /P, we get just as before that O /P = O, /b1
why? and therefore Ny, /., pr = p{). It will also follow that Ng /i, B = p; and

that pr= ‘}36.

In conclusion, p splits completely in kp into r different primes. Each of this
primes of kp remains inert in kj, i.e. pp = p;. And each p; lying above p in kj is

totally ramified in K, i.e. p; = P° and ‘B is the only prime lying above p; in K.

So we have

L Gal(K/L) order of Gal(K/L) e(pr) f(pr) r(pr)

k G n=cefr e f r
k‘D GD ef e f 1
kr G e e 1 1

or
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kr  pr="P° Ngu, B =pr

kp pp =P° NK/kD’BZPZ

ko p="P Ngyi =p!
Now P is ramified in K/k ift #G;(B) > 1.

Recall that K = K1),

Then
£4G
OB || (9 - 9@')) = T - 99).
=2 geG

g#1
Now if B | (6 — gf), where g # 1, then g = 6 (mod B), so 0 = g~ (mod g~ 1P).

Assume that g~ # B. Then we may assume that § € g~ 1B, therefore also
g 10 € g7 1P, s0 0 € P (contradiction). Hence g~ 1P = P, so P = ¢'B, i.e.

g € Gp, and thus g € G;. why?

Thus B | (f'(0)) iff #G; > 1 iff e > 1. So we have the following result:
Theorem 47. If K/k is normal, then B | D, iff B is ramified in K/k.

Definition 29. Gy = {g € G;gw = w (mod P?) for all w € OK}

G, = {g € G;gw =w (mod P+ for all w € OK}, where m =0,1,2...

Note that Gy = G and G, = GR.

Theorem 48. Let g € G. Then g € Gy, iff g8 = 6 (mod PLmT1).

Proof: As before. []

Theorem 49. For all m > 0, G,,+1 is a normal subgroup of Gy,.
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Proof: gm+19m0 = gm0 (mod P 2), 50 gt gmr19mb = 0 (mod g,,'B™2). But

gm B =P as g, € Gp, and the assertion follows. []

Now, the exact power of B in D/, = the power of B in H (0 —gb) = Z i(g),

geG geG
g#1 97#1

where i(g) = max{i; g6 = 6 (mod P?)} = i such that go — 0 € P\ Pt

But this equals

S DD =D i#G - #G) =D (#G - 1)
j=1 7=0

i=1 | gea\{1}
i(g)=1i

So we have the following result:

Theorem 50. If K/k is normal, the exact power of B occurring in Dy, is

(#Gi(P: K/k)—1).

=0

Corollary 51. B | Dgy, iff e(p) > 1.
We will now show the following theorem:

Theorem 52. Let L be an extension of k (not necessarily normal), and pr, a

prime ideal of L. Then ypr | Dy, iff pr is a ramified prime ideal of L relative to k.
This has the following consequence:
Corollary 53. Ifp =pr Nk, then p | Dy iff p ramifies in L.

Proof of theorem: Let K/k be normal such that K O L, B a prime ideal of K

dividing pr. Then Gn(PB:K/L) =G, NH, where H = Gal(K/L) So, the power
of P in Dy, is Z #G; — 1) and the power of B in Dy, is Z #GrNH-1).
Clearly, G; " H ; OGi for all 7 iff Go N H = G, so the same pO\:ve(; of P occurs in
Dy and Dy, iff e(p) = e(pr).

Now pr, occurs in Dy, ;. iff the power of B in Dy is > the power of P in Dy

Therefore py, is ramified in L/k iff e(p) > e(pr) iff B | Dy iff pr, | Dy jp-why? L
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FINAL COMMENTS this are just facts, right?
Take K/k to be a normal extension of number fields. For m > 1, G,,,/Gpy1 is a

p-group, and every non-identity element has order p. Also, G,,/Gpn41 is abelian.

= {e—l ,ifpte

G;—1)=
:0(# ) >e—1+p—1>e+p—2>e ,ifp]le

i

p is called tamely ramified if p { e and wildly ramified otherwise.



PART II
ANALYTIC NUMBER THEORY
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Define

o) = Gal) =3 e = e =1L 0=
aCZ V4

Our aim is to prove that the function

satisfies the functional equation

g9(s) = g(1 —s),
is analytic for all s # 0,1, with simple poles at this points and residue 1 at s =1
and residue —1 at s = 0.

To do this, we first define
o(t) = Z e for t > 0

n=—oo

and prove that

This is a consequence of the Poisson summation formula: Let f(z) be a function

such that f(x) — 0 sufficiently fast as || — co. Then F(z) = Z fln+2)

converges for all z and F'(z + 1) = F(z). Thus F(z) has a Fourier expansion

F(z) = E A €*™ ™ wwhere
meZ

1
am = /F(a:)e_%imxdx
0

1 oo
/ Z f(n_’_m)e—%rimxdx
0

) 1
= Z / f(n 4+ z)e™2™me dy
n=—oov0

Making the change of variables 2’ = x + n, we see that
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o0 n+1 )
= Z/ fx)e 2™imedy

n—=—oo

/O:O f(z)e™2™me gy

f(m) (the Fourier transform of f at m).
Thus
S fatm)=F@)= Y fm)emime

n=—oo m=—0o0

and setting © = 0 we get the Poisson summation formula

Yo fm= ) f)

n=—oo n=-—oo

Now take fi(z) = e~ ™t Then

f(m) — / e—‘n’x2t—2ﬂ'imzdx

fim) = e_wtn/ e

o0 1 o0

2 n? 1 1
Thus 6(t) = Z R — Z et =—40|(-), as desired.
vt & Vit

n=—oo n=—oo

Now, for Re(s) > 1 we have
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and
r (f) :/ t%e_tﬁ
So,
s R
7 2T (g) C(s) = 7r_5/0 tEn:1Ee_tt

n=1
_ / 5 0 —1 dt
0 2t
* L 0(t)—1 dt oo -1 dt
:/ﬁLf+/ﬁ() ,
Now, as Re(s) > 1,
_1/1t;d’5__12t;|1__1
2 Jo t 2 s 0o
Also,
1t dt 1/t oo (1Ndt 1 [ 1, dt
7/ t(t)— = f/ 3730 - —:f/ () —
2 Jo t 2 Jo t)t 2/,

= t 2 7+7 t 2

and, as Re(s) > 1,

Hence, for Re(s) > 1,

a8 [P LW -ldt | [ b -ldt (1 1
T F(i)ds)*/l i t+/1 ! > 1 \s 15
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The two integrals converge for all s € C, so the RHS is analytic on C\ {0,1}, has

simple poles at s = 0,1 and reflects into itself as s — 1 — s.

Now, let K be a number field with [K : Q] = n. We define the Dedekind zeta

function associated to K to be

First, does this series converge?

Well, by unique factorization of the ideals, we may write
ey -1
Ckls) = (1—Np~*)
p

1
and this converges absolutely iff Z Nps converges absolutely. There are at most
p

n primes p lying above each rational prime ideal (p) O Z, and Np is smallest when
(p) splits completely, i.e. when (p) = Hp(i) with Np = p.
i=1
So X 7 <12
— Ny =y

P
Therefore, (i (s) converges for Re(s) > 1 also.

For the functional equation of (x(s) we will require a theta function that satisfies
itself a suitable function equation, and for this we will need an n-dimensional
Poisson summation formula.

So, let & = (x1,...,x,). If f(Z) is an infinitely differentiable function such that
f(Z) — 0 as || — oo sufficiently fast, then we have the n-dimensional Poisson

summation formula:

D fEmy =3 | f@e T TdE
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Definition 30. Let P be a real n X n symmetric matrix such that, for

x1
T = , 'wPx is a positive definite quadratic form in n variables.
Ty
U U1
Then, for u = and v = we define the generalized theta function
Up, Un
O(P,u,v) = Z e~ Y(m~+u) P(m+u)+2mi um

()

Note that in this case all the eigenvalues of P are positive and there exists an
€1

orthogonal matrix G such that 'GPG = , and, from this, there
exists N such that INPN = I.

First we have to address the question of convergence for the series defining the
theta function.

First note that for any such matrix P, the set {xPx;|z| = 1} has a minimum
d(P) >0

Fix Py a real symmetric positive definite n X n matrix and some yg > 0. Let

y >y and P = yPy.

Clearly d(P) = yd(P).

Moreover

_xt it —
E e~ ™ (mtw)Plmtu)+2mi vm| 0 0=2Y for some constants c1, ¢y > 0

meZ™\{u}

To see this, first look at the exponent in the expression of the theta function and

use the following facts:

'mPm| > yd(P,) Im|?
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and
{m+u)P(m +u) = 'mPm +'mPu+'uPm +'uPu.
So,
Z . f(m+u)P(m+u)+2mi 'om <c Z e*ﬂyd(P0)|m\2*7fC(u,v)|m|
mezm {u} mezm {u}

and the assertion follows.

Theorem 54.

—2miu-v e—27riu‘v

oP v, —u) = T (P!, —v,u)

e

vdet P

Proof: By Poisson summation

O(P,u,v) =

O (P, u,v) Z/ exp [—7 (w + u) P(w + u) + 27 vw — 271 'mw] dw
— Jn

Z /n exp [—7 ((w + u)P(w + u) — 2i (v — m)w)] dw
Set = w+u—iP~(v—m).

We have that
2Py = Yw+u—iP '(v—m))P(w+u—iP ' (v—m))
= Hw+u)P(w+u) —2i {v—m)(w+u) —(v—m)P (v—m)
So,

—7 (w +w)P(w +u) — 2i (v — m)w) = —7 (2 Pz + 2i (v — m)u+"(v —m)P~ (v —m))

and

O(P,u,v) = e 2™ uv Z exp [—m {m — v)P(m — v) + 2mi ‘um] / exp(—n ‘wPx)dw
m

n

Recall that z is a function of u, v, P and w.
Denote I,,(P,u,v) = / exp(—7 'z Px)dw.
This is an analytic function in each of the 2n variables making up u and v.

Setting v = m + ip, we get © = w +u + P~ !p, but the integral does not change as

p varies.
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Now I,,,(P,u,v) is independent of u and p, for all real u, p, and hence for all
complex u, p. Thus I,,,(P,u,v) is independent of u and v.
So,

In (P, u,v) z/ exp(—m 'wPw)dw.

n

To compute its value, choose N such that ‘NPN = I. Then det N?2det P = 1 and

making the change of variables w = Nz, whose Jacobian is |det N| = det p-1/2,

we get

1 , 1

exp(—m 2z z)dz = c.
Vdet P /n p( ) Vdet P
Setting P = I, u = v = 0, we obtain ©(Z,0,0) = cO(I~1,0,0), hence ¢ = 1 and

/ exp(—m 'wPw)dw =

—2miu-v

vdet P

Replacing m by —m in the definition of ©, we get that

O(P,u,v) = (P, —v,u)

O(P~ Y, —v,u) = ©(P~,v,—u), and we are done. []

Let K be a number field of degree n, 1 the number of real embeddings of K into
C and 2ry the number of the complex embeddings. By convention
K(ritr2td) — g(ri+d) for all j = 1, 7.

Let r = r1 +7r9 — 1 and define

1 L if1<i<n
e;, =
’ 2 Lifri<i<n

1, if K is totally real, i.e.rg =0
e=e =
rH 2, otherwise

and

D =Dk

3=

For an ideal b of K let C(b) = (|D| Nb?) "~

To prove the functional equation of (x(s) we will look at
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o(x,t1, .. Zexp

mac) (35 (50) w2 S [0

J€EDb i=r1+1
r+1
where z > 0, ¢t; > 0 for 1 <4 <7, and ¢,41 is defined by H ti = 1.
Note that -
r+1
o(z,t1, ... Z exp [—ch ]
d€b

n

By setting ty, 4ry4i = try4i for i =1,... 72, we get that Hti =1 and we may
i=1

write

o(z,t1,. .. Zexp [—77;30

d€b

Claim ¢(z,t1,...,t,0) = @ t7h . 67, Db Do e,
Proof: Write b = [ay, ..., ay]z. Hence any element 6 € b is of the form
r+1 2
d = (a1,...,a,)m for some m € Z™. Then Zei ’5(1)‘ t; is a positive definite

quadratic form in m, as

r+1 2 n 2 tl
i=1 i=1 t
n
s
where 6 = :
§()
Since § = (aq, ..., a,)m we get that
r+1 31

(2) Z €

fastm (@) ] ()

3]
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Then, clearly, Py = ‘Py and Py = Py, so P, is real and symmetric. Letting

P = z Py, we have that

1

o(z,t,b) = O(P,0,0) = TP

e(P~,0,0)

Now, det P = 2™ det Py and det Py = C(b)™

det (agi)) ‘2

But (ag.i)) = (wj(.i)) M, where wy, ..., w, is a Z-basis for Ok and |det M| = Nb,

N2 N2
so [det (af")|" = |det (w(”)[" Nb? = |D| Nb2.
Since, C(b)" = (|D| nbz)fl, it follows that det Py = 1, and det P = z™.

Now,

1
Pyt = C(b)! (a;”)fl 1 (o)

But (a?)il = (@(j)) and ’5(<)z§i))71 = (ﬂ;”), where [B1,..., 0] = b7 1Dy
!

Pyt = (o) (8)") (57)
=1

n

(D[ (ND~16~1)2) " = (b~ 1D 1)
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!
So, Py = 0o~ D) (3 ()
t—l
which is obtained out of z 71, tfl, ...,t- 1 and the ideal b=1D~1! just as Py was
constructed out of x, t1,...,t,. and the ideal b.

Also, P71t =z~ 'pP;h
Now, ©(P~1,0,0) = Zexp(fﬂsfl 'mPytm),

SO

o (z,t1,... t,,b) = Ny o(P~1,0,0)

I
8
)

r+1 2
—% Z exp fwxflC’(blefl)Zei’(S(z) t;ll

s€b—1D ! =1

= xifcp(xfl,tl_l,... t! blefl),

YT

as claimed. []

Now, write

where

((5,0)= > (Na)™*
uQOK
acC

for every ideal class C € Clk.
Fix such a C. Note that the series defining ((s,C) converges for Re(s) > 1.

Let b be an ideal in C~!. Then for any ideal a of K we have

a€C < ab= () for some § € K.



Also, if ab = (d), then a is an integral ideal of K iff § € b, in which case

(Na)=* = |N6|~* (Nb)*.

So,
¢(s,C) = (Nb)* > [Ng|".
(6)COK
6€b
Then,

(#2) e (3) s -

_ {22T27r"|Dr1Nb—2}_%r (8) T(s)2 Y |N6|™* =

2
(6)COK
d€b
= (Irce) re@)™™) "1 () T Y Ne
O

For, 1 <i < r; we have

() [150F] % = 1™ of e [ w|*| dxi
[7C(b)] F(2) Ué } —/0 x; eXp[ 7wx;C(b) ‘(5 ”
and for r; +1 <17 <rq 4+ ry we have
L1217° o 127 dex;
27C (b)) T(s) Ua@ ] :/ % exp {%xicw) \5@ ] xi
0 i

Here we used the fact that for any real number a and any s € C,

oo
d
a_SI‘(s):/ T
0 T

55



56

Multiplying and summing over () we obtain
DL 0 (Y rsyacs. o) =
() T3) o -

oo oo [ritr2 3
/ / H 8 Z exp
20 0 _\i=1

(9)
r1+7s fold seb\{0}

r1+72 2 r1+72 dos
*WC(b) Z €; (;(Z) SC;| H !

€T
i=1 i=1 ¢

T1+7T2
We want to make the change of variables z™ = H x;" and t; = £ for
i=1
1<i<r=ri+ry—1.

Also, set ty1 =ty pp, = 2172,

x

r+1 r1+72
Note that [[ /" =27 J] «f* = 1.
=1 =1

To find the Jacobian of this transformation, look at

logt; =logz; —logz for 1 <i<r

r+1

logx = Z %ngi

i=1

We are interested in these because our measure was d;?' =dlogx;.
i

Now,
1 _ € __ €2 __Er _ €r41
n n n
el e er  _Ert1
n n n
’ 9 (logt;, log ) )
O(log x;) e e | e _erm
n n n n
€1 €2 Er €r41
n n n n
1
1
_ _ €Er41 €
n n
1
e €2 er €r41
n n n n

and therefore
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() T ()" rorcinci -

[

¥

T

r+1
dt; d
a3 e | TT
i ti @

r fold

We would like to be able to sum over all the elements § € b, but for this we need
to be understand what happens when § is multiplied by some unit of K.
Let w = w(K) denote the number of roots of unity in K. If we count each ideal w

times in the formula above, we get

D s/2 -
w<22mrn> F(%) I'(s)"((s,C) =

IR

O 70 (s)ce

r+1 T
NE ti] dt; dz
K

—rzC(b )Z ‘ 5@

1 ti x
rfold

where 3" means that each ideal (§) is counted w times, i.e. if § is used, then pd is

used for each root of unity p € K.

We now begin a detour to deal with other units.

Theorem 55. (Minkowski) If S is a measurable convez body in R™, symmetric

about 0, and with volume |S| > 2", then S contains a point of Z™ other than 0.

Proof: First assume that S is bounded. We know that x € S = —x € S, and that
z,yeS=dx+(1-NyeSfor0<A<1

Define
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and

f@) = 3 g(2a — 2m).
mezZm™
As S is bounded, only finitely many terms of the sum are nonzero.

/C Fa)da|

Now use the fact that / |f ()| do > , where C' is the unit cube in
c

R™.

We have

[t = 3 [ ger—2mar =" [ geay

m m

= [ stpd=2" [ gwdy=21s)

On the other hand,

JRCIRE

Z Z /C g(2x — 2m)g(2x — 2m’)dx

= Z/Cg@m —2m)3dz + Z /Cg(Q:E —2m)g(2z — 2m')dx

m¥#£m/

But, just as before,

2/09(250 —2m)’dz = Z/Cg(zx —2m)dz = 27" ||

and

2
— (27"|S))* > 278 , since |S| > 2"

/C f(@)de

Thus

)

Z /Cg(Qx —2m)g(2z — 2m/)dz > 0

m#m/
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and so there exist  and m’ # m such that g(2z — 2m)g(2x — 2m’) #£ 0, so
2z —2m € S and 2z — 2m’ € S. Thus, by symmetry, 2m’ — 2z € S, and, by
convexity, m’ —m = $(2z — 2m) + £(2m’ — 2z) € S with m’ —m # 0.

If S is not bounded, approximate it by S’ bounded, with S’ C S and |S’| > 2". [

Corollary 56. If S is compact, |S| > 2™ suffices.

Corollary 57. Let ‘zPx be a positive definite quadratic form in n variables (P

symmetric). Then 'wrPxz < C has a solution in Z" \ {0} provided that

det P\ /" n
C>4 < 62 > , where v, = T denotes the volume of the
v2 L(1+%)

n-dimensional unit sphere.

Proof: Let S = {x € R"; 'wPx < C'}. This is clearly compact, convex and

symmetric about the origin. If INPN = I and Ny = z, then

d 1
&)~ |det N| = .
dy det P

So,

n
|S] = / ldx = (detP)_l/Q/ 1dy = ve U
S tyy<C vdet P

(det P)?/™

2/n
Un/

Everything works just fine if | S| > 2", so we require that C' > 4

Corollary 58. (Dirichlet’s theorem on linear forms) Let A = (a;;) € GL(n,R). If

n
Hbi > |det A|, then the system of inequalities
i=1

n
E aijri| < b
i=1

has a solution in Z"™ other than 0.

Proof: Let S = {z: ]3> ai;z;| < b; for all i}.
This set is clearly compact, convex and symmetric about 0.

Also, |S| :/ldx.
5
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Let y = Az. Then ’%‘ = |det A, so

[jp——— y=2ngi>2”

Apply corollary 56 to the set S and we are done. []

Corollary 59. Suppose A1,..., A\, are real numbers. Given € > 0, there exist
integers T, yi, ..., Yyn not all zero such that |xA; —y;| < € for 1 <i<n and
lz] <e ™.

Proof: Consider the (n+ 1) x (n + 1) system of inequalities

lys —xXi| <e forl1<i<n

lz] <e
This has determinant
1 -\
1 —Aa
=1
1 =\,
1

and []b; = 1, so we may apply the previous corollary. []

Theorem 60. (Kronecker) Let m be a positive integer. There exists a constant
d(m) > 0 such that if « is a nonzero algebraic integer of degree m and

|| < 1+ 6(m) for 1 <i < m, then a is a root of unity.

Proof: Let a be such an algebraic integer and let k& = Q(«).

As each [a)| <14 6(m) and N(a) = |[[Ja?] > 1, it follows that

; 1
la@] > for each i

T+ d(m)™
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Now consider a ball U of radius € around 1 in the complex plane and pick [ large
enough such that the set V = {z € C; |arg 2| < 27} intersects U but does not
contain it. Here arg z € (—m, 7] for all complex numbers z.

Want to choose integers z, y; such that for all i we have

x-arg (a?) — 27ry;| < 2%, By corollary 59 we can do this with || < 1™ and we
1

can choose them such that not all x,yq,...,y, are zero. To see this take
@
A = Mggia) for all 7 in corollary 59.
™

This means that, for each i, the complex number (a(i)) lies inside V. Since, for

all 4,

S SN () m

and

|z < 1™

we may pick d(m) such that (a(i))w € U for all i. Note that § may be chosen so
that it depends only on m and [, and that [ depends only on €. So § depends only
on m and €

Look at the polynomial

[ (- ()

This has rational integer coefficients, and, if the neighborhood U of 1 we started

with is small enough, these coefficients are within % of the coefficients of
m

H(T — 1), i.e. pick € small enough such that the polynomial H(T — ;) has

i=1 i=1

coefficients within % of the coefficients of H(T —1) for any Ay,..., Ay € U.
i=1
SoT —1=T — (a(i))w and therefore (a(i))w =1 for each 4. In particular, o® = 1.

To complete the proof, notice that x # 0, since otherwise y; = 0 for all 4, which

contradicts our choice. [

For o # 0 in K we can define a map f(a) = (e1 log|aM],... e, log|a(])
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Theorem 61. If ¢ is a unit of Ok and f(e) =0, then € is a root of unity.

Proof: Since ¢ is a unit, we have

n r+1

1=Ne= H e®] = H le®
i=1

=1

€q

S0,
r+1

Z eilogle®| =0
i=1

By hypothesis, log || = 0 for 1 <i < 7, s0 e,41log et | = 0.
Hence log ()| = 0 for all 1 <4 < n, and, by Kronecker’s Theorem (theorem 60),

€ is a root of unity. [

Proposition 62. Let u > 0 and let ny,...,n, be units of K with f(m),..., f(n.)
linearly independent over R. Denote by V,, the vector space spanned by
fm),..., f(nu). Then there exist 1,...,e, € Of such that every unit e of K

with f(g) € Vi, can be written uniquely as

Aoy,

ww with w a root of unity in K and ay,...,a, € Z.

e=we{' €

Proof: Let B, = ijf(nj); z;€R, 0<z; <1
j=1
Suppose, ¢ is a unit of Ok with f(e) € V,,. Then there exist mq,...,m, € Z such

that

13
f (m1 mu) € B,.
rrll ...fr]u

If {e1},>, is a sequence of units of K with f(e;) € B, for I > 1, then the sequence
{f(e1)},;>; has a limit point, so there exists a subsequence with

|f(e;) = fler,)| — 0 as j,m — oo.
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But, by Kronecker’s Theorem, eventually f(e;;) = f(e1,,), and so, by the above,
there are only finitely many distinct f(e)’s inside B,. They are given by

fm), - fu), f(us), - - - f(uta), for some A > 0.

If f(e) € Vi, then there are integers my,...,m,, such that f (W) = f(na)
for some 1 < a <u—+ A, so f(¢) is a Z-combination of f(n1),..., f(ut+a). Hence
V.. is finitely generated over Z.

Now pick 7,44 for any 1 < a < A. For each | € Z, f(n!,,) translates by integer
multiples of f(m),..., f(n.) to some f(g;) € By. So for two distinct Iy and lp will

have the same ¢;.

e e
. u+a o u+ta
fle)=1f (W) =f (W)

So, (11 = o) f(Mura) = Y _ (mi(1) = ms(2)) ().
i=1
Thus, {f(e);e € OF, f(e) € V,,} is u-dimensional over Q and, at the same time,

Then

finitely generated over Z. This implies that it is actually u-dimensional over Z.
Therefore, it admits a Z-basis f(e1),..., f(ey).

Hence if f(¢) € V4, then f (W) = 0 for some m; € Z, so € = wey"* --- gl

for some root of unity w.

mq (1) . my (1)
1 u

Moreover, if we € = wgsTl(Q) @ then m;(1) = m;(2) for all 4

and wy = we. [

We will now prove by induction that

For any 0 < u < r there exist units ny,...,n, € Ok so that f(n1),..., f(n.) span
a subspace V,, of dimension u in R".

This is certainly true for u = 0.

n
We then know that there exist €1,...,e, s.t. f(e) € Vy iff e =w H 5?'7, a; € Z.
j=1

Setti:exp(gvi) for1§i§r+1.Then%:%dviforalllgigr.
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r+1 r+1
Notice that, since H t:* =1, we have Z v; = 0.
i=1 i=1

There are two possibilities:

e K is totally real.

Thenr=ri—lande;=e;=...=e¢,=e¢=1, s0

n e dt -

% -1
f”—:Q” n”dv-.
e - ti - !

i=1 =1

e K is not totally real.

Then r > r; and e = 2. Also, — =

dti {2d1}1 s for 1 S 7 S 71
) tl .

dv; , for i >rq

So,

n yr dt; -
i -1
f” =2" n”dv'.
€ - tj, - ¢
i=1 =1

Hence

e %) oo 7’+1 r
2r1—1n/ x%/ / Z /exp l—mcC( ‘5(1 exp (21;1)] Hdvzdx
0 _

i=1

Let f(e1),..., f(eu)s Wyt1, - .., W, be a basis for R™ and let

u T
Dowifle)+ D yidy €R0<z; <1
j= j=u+1

Claim
D N2 s\ B

1 o0 ’VlS "
2" n / / Z exp
0

Vi (6)Cb

—7mzC(b) Zel

5G )’ exp <2v1)‘| Hdvzdx,



where 3" means that if § € b is counted, then de is also counted, for all & with

f(e) € Va.
Proof: Fix 6 € b and look at

r+1
/ Z exp —mcC(b exp (2”’)] I_Idvz
f(E)GV
This may be written as
r+1

—7mzC(b)

(%) - .
/, Z exp exp( (vﬁ—ellog\e |))Ll:[ldyZ

f(e)eVu

Let v} = v; +e;log @] for 1 <i <r+1,50 v =v+ f(e).

r+1 r+1
Note that we still have Z v = Z v; +log (Ne) = 0+ log1 = 0.
i=1 i=1

The above integral is therefore equal to

r+1

—7mzC(b )Z

/oo / exp

r fold

ah‘[dvz_

—mxC(b) Z e

25: /VHf(S) o

p

exp (2”‘)] ljldvi ]

Now, if every unit € has f(e) € V,,, then
Y=y
(6)cb  sev\{o}

Suppose this is true and u < r.
Now, let (v1,...,v,) be a point in the interior of V! and take a neighborhood of
radius p of this point lying inside V,, with p < % |, ].

We had, by (2),

7+1
ey ‘5@

i=1

exp (2”’> = 'mPym, m e Z",
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ty
where Py = C(b) t(ay)) (a?).
tn

Here det Py is a constant independent of the v;’s.
Thus, by corollary 57, if we pick an appropriate constant C, there is an m # 0

with |'mPym| < C for each point in the neighborhood of radius p.

So,
/. . / > e " . ( volume of the neighborhood )
—_—
neighborhood
Now, instead of (vy,...,v,) use (v1,...,v,.) + lW,, for any [ € Z, and the same

radius p. Add these up and the integral diverges (because we are summing over
all ¢ € b\ {0}, so over all m € Z™\ {0}, including the relevant one). This
contradicts the fact that the series defining (x (s) converges for s real, s > 1.
Thus, if u < r, then there exist some unit € with f(¢) ¢ V,,. Throw this in, and
eventually get uw = r. This concludes the proof by induction.

Therefore f(Oj) is an r-dimensional lattice in R”.

We have therefore proven the following result:

Theorem 63. (Dirichlet Unit Theorem)
There exist v units €1, ..., of K such that every unit € can be expressed
ar

uniquely in the form e = we{* --- &%, where w is some root of unity and a; € Z,

and such that the vectors f(e1),..., f(er) span R".

We now have
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T
[ .
where V! = E Z;
j=1

Definition 31. |V|

s/2
D]
w (227‘271-71 r

Y= ‘det (ei log \5§1)|)‘

(3) " rcis,e) =
/V S e

r 5eb\{0}

—7mzC(b )Z

i 2 (21}») " d dx
exp | =+ I I V; —
P\, 1 i

flg;);0<; <1

R(K) is called the regulator of K.

In terms of the function ¢ defined previously,

D] )"
w (227‘271-71 F(

Recall that

o(z,t1,. ..

So,

S T

>) TE)C(s,0) =
ART T e - dx
5 /0 x? /7{ [p(x,t1,...,tr,b Hd%

. (11 1
7trab = 2 7,*,...,*,1)_16_1
J=amie (a; R )

D s/2 -
v (2%“271’") r (;) F(S)TZC(&C) =

2Mn

Now,

1 TL&
/ / (z,t,b)
0 ’

as

Hence,

/le”;/# [@(m,t,b)—l]-k/loox";/T{ [z, t,b) — 1]

l_Idvz / / (z,t,b ﬁdvz———R

/ Hdvzdx = ﬁ when Re(s) > 1.

67
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1 T
ns d
/mT/ [o(x,t,b) —1Hdvl &
0
/ */ ER (e e D Hd ———R—
/ :c%(lfs)/ o(z,t7 oDt Hdvzf—fR
1 i

Now, replacing ¢ by ¢! is the same as replacing v; by —v;, which means
integrating over —V,/, which is the same as integrating over V!, as we need simply
replace § by 0 (unit).

So, in place of p(x,t=1 b=tD~1) we'll have ¢(z,t, b~ 1D 1).

Also, for Re(s) > 1

*® s 2R
5 (1-s d’UZ et
A e

rzl

We therefore get that

o (2) () o -
SR MECTUR

n(l—s) " d:L' 2R
te D —1 dv,— — ————
+/1 o /,(w(x” ) )H v’az ns(1 — s)

r i=1

Set

(5.0 = (o )S/QF (5)" T

22727'('"
Thus g(s,C) has meromorphic continuation to the entire s-plane, analytic

everywhere except for simple poles at s =0 and s = 1.

2R

Ress—1 9(s,C) = "
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Also, since (b_lD_l)_l D~ = b, we have
9(576) = g(l - Sacl)7
where b € C™1 and b=1D~t € C'71, i.e. ¢’ =C~1 - (the class of D).

Since g(s,C) is analytic everywhere except for simple poles at s = 0,1, it follows

that ((s,C) is analytic everywhere except for a simple pole at s = 1 and

27"1R 227"27.‘_17, 1/2 1 —T1 .
Ress—1 ((s,C) = w( D] ) F(2> r(1)="

T1

PIEREEY Y & a2
wy/[D]
oritranra R
wy/[D]

Here we used the fact that I' (1) = /7 and I'(1) = 1.

T1

Since g(s,C) has a simple pole at s =0 and I' (£)"" T'(s)™ contributes with a pole

of order r1 + 3, it follows that {(s,C) must have a zero of order r at s = 0.

If s is real and s > 1, we have g(s,C) > T%

, as the integral is positive.

So,

2" R | D| s/2 S\"1 o
w h< X0 = (i) T (5) Ter

which exists for real s > 1, and thus the class number must be finite.

Finally,

g(s)=> g(s,C)=> g(1—5,")=g(1-s)
=

c

and

oritragor2 R

wy/1D]

Ress=1 (k (s) =



