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Nutation " For a group G ,
S ≤ G

,
a c-G define

as = {as : ses} I ats

Sa = {sa : se 53 I Sta

as a-
'
= {asa- ' i SES} i in additive notation

1st = number of elements
in S

Define: let G group, H ≤ G subgroup , a c-G.
• aH is the left-cosetofltcontain.mg#
a is called a co£etrepresentativeofaH_

• Ha istheright-cosetofltcontainhga.aeis called acosetrepresentativeofltq .



*
subgroup

lem.FI : let G group, H
≤ G

,
a
,
be G.

Then aH=①bH ⇔ a bit⇔ b- 'aÉH
Furthermore, either aH=bH or aHnbH =∅

.

(similarly Ha = Hb⇔ a c- Hb⇔ a b-
'
e H

and either Ha = Hb or Han Hb =∅ )
Pfi . ④ ⇒② ) Assume aH=bH .

Since EEH we have

a = ae c- AH = bH
(20--430) Assume a c- bit . Then there is he H with

a = bh
.

So b- 'a = he H .

(③ ⇒D) Assume b- '
a c- H . Seth

,

= b- '
a c- H

.

Notice hi
'
= a-

' b
.

since hoh EH(aH≤bH) For any
he H we have

↓
ah = lbb-1)ah = b- (b- 'a) h = bhoh c- BH

(bit ≤ alt) For any he H we have since hi ' h EH

bh = laa-jbh-ala-lbh-ahjhcka.lt
Now we prove the

✗Furthermore ".

Cases : aHnblt = 0 Done .

Cases : attn bit ≠∅ .

Pick any c
c- attn bH .

Then CEAH and cob H .

By ②⇒①, cH=aH and cH=bH .

Therefore alt = bit
. ☐



le-m.TT : The collection of left -cosets &alt : a c- G}
partitions G. Also laltl = IHI for all a c-G.

(similarly { Ha : aece} partitions G and)I Hal = IHI for all a c- G

E : since e c- H
,
we have a= ae c- a-11 . So

the union of the alt Ca c-G) is equal to Ei .
By Lem T.lt the sets aH (a c-G) are disjoint
when they are not equal . This shows that§alt : atGB is a partition of G.

lastly , laHI = IHI since the map from H to a H

sending he H to ah c-alt is one-to-one and onto . ☐

Warning : Generally , alt #Ha .

However . . .

lem-T.ci . AH = Ha ⇔ aHat = It

Pfi Multiplication on the right by a
"

is a

one-to-one operation that sends alt to aHat
and sends Ha to H . ☐



EI: Set HI = {a c- Sg :
a (1) = I } = SEE

,
123) } .

A subgroup of 53 .

The left coats of H are
EH = It = { E

,
1230} = C23) H = {a c- Sz : a 40=-13

62) It = { 420
,
4230} = 423) H = {a c- 53 :O (D= 2}

(B) It = § 430, 432)} = (132) H = {a c-Ss :O (1) =3}

The right coats of H are
HE = H = § E

,
(2303 = H (23) = {a c-Sz :

a CD = I }
H 42) = { 420

,
( 13203 = It432) = ¥0 C-Sz : a (2) = I }

HU 3.) = § ( I3)
,
( I 2 3)3 = H ( 123) = §a ESz : a (3) = 13

LagrangésThm
If G is a finite group and It ≤ G is a

subgroup then / HI divides 1Gt
. Moreover

,

the number of distinct left Cor right]
ÉH I

E
Called the index of H in G and is
denoted IG : HI

.



Pt : let r = IG : HI = # of distinct left •sets of H .

let a
,
H, aah, - - jar H be the distinct

left coats of It . Then by LemT.BA
,
H
,

-

-

jar H partition G so

I G / =

la.lt/tlazHlt---tlarHl%f1HltH.t---tlHl--r.lHl
.

Therefore 111-1 / 1Gt and
IG : HI = r = 1%-1 . ☐


